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Singular Levi-flat hypersurfaces
and codimension one foliations

MARCO BRUNELLA

Abstract. We study Levi-flat real analytic hypersurfaces with singularities. We
prove that the Levi foliation on the regular part of the hypersurface can be holo-
morphically extended, in a suitable sense, to neighbourhoods of singular points.
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1. Introduction

Let X be a complex manifold of dimension n. A smooth real hypersurface M ⊂ X
is said to be Levi-flat if the codimension one distribution

T C M = T M ∩ J (T M) ⊂ T M

is integrable, in Frobenius’ sense. It follows that M is smoothly foliated by im-
mersed complex manifolds of dimension n −1. We shall denote by FM such a Levi
foliation.

If M is moreover real analytic, then its local structure is very well understood:
according to E. Cartan (see for instance [1, Section 1.7]), around each p ∈ M we
can find local holomorphic coordinates z1, . . . , zn such that M = {�mz1 = 0},
and consequently the leaves of FM are {z1 = c}, c ∈ R. In particular, the Levi
foliation FM extends on a neighbourhood of p to a codimension one holomorphic
foliation, with leaves {z1 = c}, c ∈ C. It is then easy to see that these local
extensions glue together, giving a codimension one holomorphic foliation F on
some neighbourhood of M .

In this paper we are interested in finding a similar structure in the case of singu-
lar Levi-flat hypersurfaces, a subject sistematically initiated by Burns and Gong [2].
Let us firstly recall some terminology.

A closed subset M ⊂ X is real analytic if it is locally defined by the vanish-
ing of a (finite) collection of real analytic functions. A real analytic subset M is
irreducible if it cannot be expressed as M = M1 ∪ M2, with both M1 and M2 real
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