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Lie description of higher obstructions to deforming submanifolds

MARCO MANETTI

Abstract. To every morphism χ : L → M of differential graded Lie algebras
we associate a functors of artin rings Defχ whose tangent and obstruction spaces
are respectively the first and second cohomology group of the suspension of the
mapping cone of χ .

Such construction applies to Hilbert and Brill-Noether functors and allow to
prove with ease that every higher obstruction to deforming a smooth submanifold
of a Kähler manifold is annihilated by the semiregularity map.

Mathematics Subject Classification (2000): 13D10 (primary); 14D15 (sec-
ondary).

Introduction

This paper is devoted, as its ancestors [26, 27], to develop algebraic tools that are
useful to handle deformation problems over a field of characteristic 0. The phi-
losophy underlying this project, due to Deligne, Drinfeld and Kontsevich, is that
every “reasonable” deformation problem is the truncation of an extended deforma-
tion problem which is governed by a differential graded Lie algebra (DGLA) and
every morphism of deformation theories is induced by an L∞-morphism.

Usually, the formal deformations of an algebro-geometric structure are de-
scribed by a functor of Artin rings [1, 31]. The link between differential graded
Lie algebras and functors of Artin rings is given by the Maurer-Cartan equation.
More precisely, to every differential graded Lie algebra L it is associated the func-
tor [13, 14, 24, 25]

DefL : {local Artinian rings} → {Sets}

DefL(A) = {x ∈ L1 ⊗ mA | dx + [x, x]/2 = 0}
gauge equivalence

where mA is the maximal ideal of A. The functor DefL depends only on the quasi-
isomorphism class of L . In practice, the advantage of this approach concerns espe-
cially the study of higher obstructions. Classically these obstructions were studied
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