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Combinatorial mapping-torus, branched surfaces
and free group automorphisms

FRANÇOIS GAUTERO

Abstract. We give a characterization of the geometric automorphisms in a cer-
tain class of (not necessarily irreducible) free group automorphisms. When the
automorphism is geometric, then it is induced by a pseudo-Anosov homeomor-
phism without interior singularities. An outer free group automorphism is given
by a 1-cocycle of a 2-complex (a standard dynamical branched surface, see [7]
and [9]) the fundamental group of which is the mapping-torus group of the au-
tomorphism. A combinatorial construction elucidates the link between this new
representation (first introduced in [16]) and the classical representation of a free
group automorphism by a graph-map [2].
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1. Introduction

Let S be a compact surface, with fundamental group π . Any homeomorphism h of
S induces an outer automorphism h# of π , which only depends on the isotopy-class
of h. A classical question is to know to what extent we can go back from an outer
automorphism of a surface group π , i.e. a group isomorphic to the fundamental
group of a compact surface, to an isotopy-class of surface homeomorphisms. More
precisely, let π be a surface group and let α ∈ Out(π) = Aut(π)/Inn(π); does
there exist a compact surface S with fundamental group π and a homeomorphism h
of S such that h# = α? If so, then we say that α (or any automorphism in the class)
is geometric.

If π is isomorphic to the fundamental group of a compact surface with empty
boundary, then this surface is unique up to homeomorphism and an old result of
Nielsen tells us that any α ∈ Out(π) is geometric. Assume now that π is iso-
morphic to the fundamental group of a compact surface with boundary, i.e. π is a
rank-n free group, denoted by Fn . Up to homeomorphism, there are a finite num-
ber of distinct surfaces with fundamental group Fn . Is any element of Out(Fn)

geometric? Nielsen again (see for instance [10, 11]) provides an answer: “the au-
tomorphism α is geometric if and only if there exists a free basis B of Fn such that
α preserves, up to reduction and change of orientation, a set of reduced words in
B whose union contains exactly twice each element of B”. A reduced word in an
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