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Laplace type operators: Dirichlet problem

WOJCIECH KOZ�LOWSKI

Abstract. We investigate Laplace type operators in the Euclidean space. We
give a purely algebraic proof of the theorem on existence and uniqueness (in the
space of polynomial forms) of the Dirichlet boundary problem for a Laplace type
operator and give a method of determining the exact solution to that problem.
Moreover, we give a decomposition of the kernel of a Laplace type operator into
SO(n)-irreducible subspaces.
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1. Introduction

In geometric and analytic investigations there appears, in a natural way, a whole
class of elliptic self-adjoint operators of form

L = La,b = adδ + bδd, a, b > 0,

called Laplace type operators. If a = b = 1 then L = � = dδ + δd is sim-
ply the Laplace-Beltrami operator. Another example is the Laplace-Ahlfors op-
erator S�S. Originally, the Laplace-Ahlfors operator was defined as an operator
acting on the space of smooth vector fields in Rn: S�S = 1

2� + n−2
2n grad div . If

n = 3, S�S = 0 reduces to the elasticity equation considered by H. Weyl ([14]).
(For more details we refer to [1] or [11]). Because of the natural duality between
the space of vector fields and 1-forms in Rn , the operator S�S can be identified
with the operator L = L n−1

n , 1
2

= n−1
n dδ + 1

2δd, acting on the space of 1-forms

in Rn . A generalization of the Ahlfors-Laplace operator to Riemannian mani-
folds was done by A. Pierzchalski (see [9, 10]). It is worth to note that if a Rie-
mannian manifold is Ricci flat then the Ahlfors-Laplace operator has exactly the
form L n−1

n , 1
2
.

Laplace type operators have some properties similar to �. For example La,b =
(
√

aδ + √
bd)�(

√
aδ + √

bd), where the star denotes the operator adjoint with
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