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A finiteness theorem for holomorphic Banach bundles

JÜRGEN LEITERER

Abstract. Let E be a holomorphic Banach bundle over a compact complex
manifold, which can be defined by a cocycle of holomorphic transition functions
with values of the form id + K where K is compact. Assume that the character-
istic fiber of E has the compact approximation property. Let n be the complex
dimension of X and 0 ≤ q ≤ n. Then: If V → X is a holomorphic vector bundle
(of finite rank) with Hq (X, V ) = 0, then dim Hq (X, V ⊗ E) < ∞. In particular,
if dim Hq (X,O) = 0, then dim Hq (X, E) < ∞.
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1. Introduction

By a holomorphic Banach bundle we mean a topological vector bundle E whose
characteristic fiber is a complex Banach space B and whose structure is defined
by a cocycle of holomorphic transition functions with values in the automorphism
group of B. Set rankE = dim B.

Many of the results on holomorphic vector bundles on Stein spaces are valid
also for Banach bundles, as it was proved by L. Bungart [1] (1968). This is no more
true on non-Stein spaces. For example, it is clear that there is no Kodaira finiteness
theorem for holomorphic Banach bundles on compact spaces. Moreover, already on
the Riemann sphere P1, there exist holomorphic Banach bundles E with a Hilbert
space as characteristic fiber such that H1(P1, E) is even not Hausdorff [3]. Hence,
to get finiteness theorems for holomorphic Banach bundles, we have to impose
additional conditions.

We shall say that a holomorphic Banach bundle with characteristic fiber B is of
compact type if it can be defined by a cocycle of holomorphic transition functions
with values of the form id + K where K is compact. For such bundles, on the
Riemann sphere P1, we have the Gohberg splitting theorem [4] (1964), which is a
generalization of the Grothendieck splitting theorem and plays an important role in
operator theory:
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