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Refined Hardy inequalities
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Abstract. The aim of this article is to present “refined” Hardy-type inequalities.
Those inequalities are generalisations of the usual Hardy inequalities, their ad-
ditional feature being that they are invariant under oscillations: when applied to
highly oscillatory functions, both sides of the refined inequality are of the same or-
der of magnitude. The proof relies on paradifferential calculus and Besov spaces.
It is also adapted to the case of the Heisenberg group.
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1. Introduction

The aim of this article is to prove a “refined” version of the Hardy inequalities [11,
12]. Those inequalities have some importance in Analysis (among other applica-
tions we can mention blow-up methods or the study of pseudodifferential operators
with singular coefficients). Many works have been devoted to those inequalities,
and our goal is first to provide an elementary proof of the standard Hardy inequality,
and then to prove a refined inequality in the spirit of the refined Sobolev inequal-
ity proved in [10]. The setting will be both the classical RN space, as well as the
Heisenberg group Hd (for an application of the Hardy inequality on the Heisenberg
group we refer for instance to [1]).

1.1. Elementary Hardy inequality

The simple case of RN with N ≥ 3 with one derivative gives the following inequal-
ity: ∫

RN

u2(x)

|x |2 dx ≤ C‖∇u‖2
L2 . (1.1)

In order to prove this inequality, it is enough to observe that we have

1

|x |2 = −1
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R

(
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|x |2
)

with R = x · ∇.
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