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On naturally reductive left-invariant metrics of SL(2, R)

STEFAN HALVERSCHEID AND ANDREA IANNUZZI

Abstract. On any real semisimple Lie group we consider a one-parameter fam-
ily of left-invariant naturally reductive metrics. Their geodesic flow in terms of
Killing curves, the Levi Civita connection and the main curvature properties are
explicitly computed. Furthermore we present a group theoretical revisitation of a
classical realization of all simply connected 3-dimensional manifolds with a tran-
sitive group of isometries due to L. Bianchi and É. Cartan. As a consequence
one obtains a characterization of all naturally reductive left-invariant Riemannian
metrics of SL(2, R).
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1. Introduction

Naturally reductive homogeneous spaces may be regarded as a generalization of
symmetric spaces and have revealed to be an important source of examples in Rie-
mannian and pseudo-Riemannian geometry. Our interest in these spaces has its
origin in the study of their adapted complexifications. Indeed in this situation it is
possible to characterize and eventually describe the unique maximal adapted com-
plexification associated to the Levi Civita connection (cf. [HI]).

For a real, noncompact semisimple Lie group G let k ⊕ p be the Cartan de-
composition of its Lie algebra g with respect to a maximal compact subalgebra k.
Denote by B the Killing form of G and consider the distinguished one-parameter
family of left-invariant metrics νm ( degenerate for m = 0 ) uniquely defined by

νm |g(X, Y ) = −m B(Xk, Yk) + B(Xp, Yp)

for any X = Xk + Xp and Y = Yk + Yp in k ⊕ p ∼= TeG. These arise as
a natural continuation of the left-invariant naturally reductive Riemannian metrics
νm , with m > 0 , appearing in the classification given by C. Gordon in [G]. Note
that they are all invariant with respect to the product group L = G × K , with K

Partially supported by DFG-Forschungsschwerpunkt “Globale Methoden in der komplexen Geo-
metrie”.
Received November 3, 2005; accepted in revised form May 5, 2006.


