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The motion of a fluid in an open channel

SIMINA BODEA

Abstract. We consider a free boundary value problem for a viscous, incom-
pressible fluid contained in an uncovered three-dimensional rectangular channel,
with gravity and surface tension, governed by the Navier-Stokes equations. We
obtain existence results for the linear and nonlinear time-dependent problem. We
analyse the qualitative behavior of the flow using tools of bifurcation theory. The
main result is a Hopf bifurcation theorem with Zk -symmetry.
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0. Introduction

In this work we investigate the motion of a viscous, incompressible fluid contained
in an uncovered three-dimensional rectangular channel. The upper surface changes
with the motion of the fluid, so we deal with a free boundary problem. We consider
small perturbations of a uniform flow with a flat free surface. We include the effect
of surface tension; the external forces are gravity, and the wind force which acts on
the free boundary (in Section 5).

The motion of the fluid in the channel is governed by the Navier-Stokes equa-
tions. The variables are, as usual, the velocity and the pressure of the fluid in the in-
terior of the domain and a function parameterizing the free boundary. The pressure
can be expressed in terms of the other two variables, which are coupled as follows:
the fluid velocity at the free boundary prescribes the speed of the boundary, and the
mean curvature of the free surface creates a pressure jump via the surface tension.

We consider the system to be periodic in the direction of the length of the
channel. Technically, we identify the inflow boundary with the outflow boundary
of the channel and then we consider the second spatial variable belonging to the
circle S1. In order to obtain a well-posed model, we have to prescribe the value
of the dynamic contact angle between the walls and the free boundary (see [11, 9])
and we choose it to be π

2 . As boundary conditions, we consider that the walls are
impenetrable together with a perfect slip condition, and a no slip condition for the
bottom.
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