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Linear independence of linear forms in polylogarithms

RAFFAELE MARCOVECCHIO

Abstract. For x ∈ C, |x | < 1, s ∈ N, let Lis(x) be the s-th polylogarithm
of x . We prove that for any non-zero algebraic number α such that |α| < 1,
the Q(α)-vector space spanned by 1, Li1(α), Li2(α), . . . has infinite dimension.
This result extends a previous one by Rivoal for rational α. The main tool is a
method introduced by Fischler and Rivoal, which shows the coefficients of the
polylogarithms in the relevant series to be the unique solution of a suitable Padé
approximation problem.
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1. Introduction

The aim of this paper is to prove the following statement: for x ∈ C, |x | < 1,
s ∈ N, let Lis(x) be the s-th polylogarithm of x :

Lis(x) =
∑
k≥1

xk

ks
;

then for any non-zero algebraic number α such that |α| < 1, in the sequence of com-
plex numbers 1, Li1(α), Li2(α), . . . infinitely many terms are linearly independent
over the number field Q(α).

More precisely, for any non-zero algebraic number α let h(α) be the Weil ab-
solute logarithmic height of α (see (4.7) below). Let δ(α) = [Q(α) : Q] if α is
real, and let δ(α) = [Q(α) : Q]/2 otherwise. Let τα(a) be the dimension of the
Q(α)-vector space spanned by 1, Li1(α), . . . , Lia(α).

We prove the following:

Theorem 1.1. For any ε, ω, H such that ε, H > 0 and 0 < ω < 1, there exists an
integer ã = ã(ε, ω, H) such that for every a ≥ ã and for every non-zero algebraic
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