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Abstract. In this paper we study the solutions of Toda systems on Riemann
surface in the critical case, proving a sufficient condition for existence.
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1. Introduction

Let (�, g) be a compact Riemann surface with unit area 1. Ding-Jost-Li-Wang
[8] studied the differential equation �u = 8π − 8πheu on (�, g), the so-called
Kazdan-Warner problem [17] related to the Abelian Chern-Simons model (see [3,
4, 6, 5, 7, 1, 2, 9, 10, 11, 23, 13, 14, 24, 21], etc). They pursued a variational
approach to the problem, trying to minimize the functional

J (u)= 1

2

∫
�

|∇u|2dVg +8π

∫
�

udVg −8π log
∫

�

heudVg ≥C, in H1,2(�) (1.1)

for some constant C > 0. Because it is the critical case of the Moser-Trudinger
inequality (1.1), the analysis is subtle.

Let K denote the Cartan matrix for SU(N + 1), i.e.

K = (ai j ) =




2 −1 0 . . . . . . 0
−1 2 −1 0 · 0

0 −1 2 −1 . . . 0
. . . . . . . . . . . . . . . . . .

0 . . . . . . −1 2 −1
0 . . . . . . 0 −1 2
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