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Galerkin averaging method and Poincaré normal form
for some quasilinear PDEs

DARIO BAMBUSI

Abstract. We use the Galerkin averaging method to construct a coordinate trans-
formation putting a nonlinear PDE in Poincaré normal form up to finite order. We
also give a rigorous estimate of the remainder showing that it is small as a dif-
ferential operator of very high order. The abstract theorem is then applied to
a quasilinear wave equation, to the water wave problem and to a nonlinear heat
equation. The normal form is then used to construct approximate solutions whose
difference from true solutions is estimated. In the case of hyperbolic equations
we obtain an estimate of the error valid over time scales of order ε−1 (ε being the
norm of the initial datum), as in averaging theorems. For parabolic equations we
obtain an estimate of the error valid over infinite time.
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1. Introduction

1.1. Presentation of the results

In this paper we study the dynamics of a partial differential equation of evolution
type in the neighborhood of an equilibrium solution. In particular we prove a the-
orem allowing to put the equation in Poincaré normal form up to a remainder of
any given order. The key idea is to make a Galerkin cutoff, i.e. to approximate
the original system by a finite-dimensional one, to put in normal form the cut-offed
system, and then to choose the dimension of the cut-offed system in such a way
that the error due to the Galerkin cutoff and the error due to the truncation of the
normalization procedure are of the same order of magnitude. The system one gets
is composed of a part which is in normal form and of a remainder which is small
when considered as an operator from a Sobolev space to a Sobolev space of much
smaller order. As a consequence the remainder is a small, but very singular per-
turbation. Therefore the transformed equations cannot be used directly to study the
dynamics. Neglecting the remainder one gets a normalized system whose solutions
are approximate solutions of the complete system.
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