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Hardy-type inequalities related to
degenerate elliptic differential operators

LORENZO D’AMBROSIO

Abstract. We prove some Hardy-type inequalities related to quasilinear second-
order degenerate elliptic differential operators L pu := −∇∗

L (|∇L u|p−2 ∇L u). If
φ is a positive weight such that −L pφ ≥ 0, then the Hardy-type inequality

c
∫
�

|u|p

φ p |∇Lφ|p dξ ≤
∫
�

|∇L u|p dξ
(

u ∈ C 1
0 (�)

)
holds. We find an explicit value of the constant involved, which, in most cases,
results optimal. As particular case we derive Hardy inequalities for subelliptic
operators on Carnot Groups.
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1. Introduction

An N -dimensional generalization of the classical Hardy inequality is the following

c
∫

�

|u|p w−pdx ≤
∫

�

|∇u|p dx, u ∈ C 1
0 (�), (1.1)

where p > 1, � ⊂ RN and the weight w is, for instance, w := |x | or w(x) :=
dist (x, ∂�) (see for instance [5, 10, 23] and the references therein).

A lot of efforts have been made to give explicit values of the constant c, and
even more, to find its best value cn,p (see e.g. [5, 10, 23, 24, 31, 40, 41, 42]).

The preeminent rôle of the Hardy inequality in the study of linear and nonlinear
partial differential equations is well-known. For instance, let us consider the linear
initial value problem{

ut − �u = λ u
|x |2 , x ∈ Rn, n ≥ 3, t ∈]0, T [, λ ∈ R,

u(x, 0) = u0(x), x ∈ Rn, u0 ∈ L2(Rn), u0 > 0.
(1.2)
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