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The recurrence dimension for piecewise
monotonic maps of the interval

FRANZ HOFBAUER

Abstract. We investigate a weighted version of Hausdorff dimension introduced
by V. Afraimovich, where the weights are determined by recurrence times. We do
this for an ergodic invariant measure with positive entropy of a piecewise mono-
tonic transformation on the interval [0, 1], giving first a local result and proving
then a formula for the dimension of the measure in terms of entropy and charac-
teristic exponent. This is later used to give a relation between the dimension of a
closed invariant subset and a pressure function.
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1. Introduction

In the last years there was much interest in generalized notions of dimension. In
[14] a theory of dimension structures is developed. Special cases of these structures
are weighted versions of Hausdorff dimensions. We define them only on the interval
[0, 1]. Let |U | be the diameter of a subset U of [0, 1]. For δ > 0 a δ-cover of a set
A ⊂ [0, 1] is a finite or countable collection of intervals of length ≤ δ covering A.
For a set function w with values in R+ and s, t ∈ R we define for A ⊂ [0, 1]

νs,t (A) = lim
δ→0

inf
C

∑
U∈C

w(U )s |U |t

where the infimum is taken over all δ-covers C of A. It follows from the general
theory in [14] that for fixed s ∈ R there is a critical value tc ∈ [−∞, ∞] such that
νs,t (A) = ∞ for t < tc and νs,t (A) = 0 for t > tc. We denote this critical value tc
by ds(A) and call it the dimension of the set A.

If m is a probability measure on [0, 1] and if one sets w(U ) = m(U ), one gets
the dimension introduced by Olsen in [13] and called multifractal generalization of
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