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Quaternionic maps and minimal surfaces

JINGYI CHEN AND JIAYU LI

Abstract. Let (M, Jα, α = 1, 2, 3) and (N ,J α, α = 1, 2, 3) be hyperkähler
manifolds. We study stationary quaternionic maps between M and N . We first
show that if there are no holomorphic 2-spheres in the target then any sequence of
stationary quaternionic maps with bounded energy subconverges to a stationary
quaternionic map strongly in W 1,2(M, N ). We then find that certain tangent
maps of quaternionic maps give rise to an interesting minimal 2-sphere. At last
we construct a stationary quaternionic map with a codimension-3 singular set by
using the embedded minimal S

2 in the hyperkähler surface M̃0
2 studied by Atiyah-

Hitchin.
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1. Introduction

A Riemannian manifold is called hyperkähler if it possesses covariant constant
complex structures I, J, K which satisfy the quaternionic relation

I 2 = J 2 = K 2 = I J K = − identity.

Associated to I, J, K there is a natural family of covariant constant complex struc-
tures aI + bJ + cK where (a, b, c) is a unit vector in R3. A hyperkähler manifold
is Ricci-flat with dimension 4k. Let M and N be two hyperkähler manifolds with
complex structures Jα and J β respectively for α, β = 1, 2, 3 which satisfy the
quaternionic identities. A smooth map f : M → N is called a quaternionic map if

3∑
α,β=1

AαβJ β ◦ d f ◦ Jα = d f (1.1)

where Aαβ denote the entries of a constant matrix A in SO(3). Since SO(3) pre-
serves the quaternionic identities, we can always choose complex structures Jα for
M and J β for N such that Aαβ = δαβ in (1.1).
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