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p-Harmonic measure is not additive on null sets
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Dedicated to the memory of Tom Wolff.
Without his work this note would not have been possible.

Abstract. When 1 < p < ∞ and p �= 2 the p-harmonic measure on the
boundary of the half plane R2+ is not additive on null sets. In fact, there are
finitely many sets E1, E2,...,Eκ in R, of p-harmonic measure zero, such that
E1 ∪ E2 ∪ ... ∪ Eκ =R.
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1. Introduction

We consider the p-harmonic measure associated to the operator

L p(u) = div
(
|∇u|p−2∇u

)
,

the p-Laplacian of a function u, for 1 < p < ∞. A p-harmonic function in a
domain � ⊆ Rn(n ≥ 2) is a weak solution of L pu = 0; that is, u ∈ W 1,p

loc (�) and∫
�

〈|∇u|p−2∇u, ∇ϕ〉 dx = 0

whenever ϕ ∈ C∞
0 (�). Weak solutions of L p(u) = 0 are indeed in the class

C1,α
loc , where α depends only on p and n ([DB], [L1].) A lower semicontinuous

v : � → R ∪ {∞} is p-superharmonic provided that v �≡ ∞, and for each open
D ⊂ D ⊂ � and each u continuous on D and p-harmonic in D, the inequality
v ≥ u on ∂ D implies v ≥ u in D.

Let E be a subset of ∂�. Consider the class C(E, �) of nonnegative p-
superharmonic functions v in � such that

lim inf
X∈�,X→ζ

v(X) ≥ χE (ζ )
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