
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. IV (2005), 319-355

Improved estimates for the Ginzburg-Landau equation:
the elliptic case
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Abstract. We derive estimates for various quantities which are of interest in the
analysis of the Ginzburg-Landau equation, and which we bound in terms of the
GL-energy Eε and the parameter ε. These estimates are local in nature, and in
particular independent of any boundary condition. Most of them improve and
extend earlier results on the subject.
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1. Introduction

Let � be a smooth bounded domain in RN , N ≥ 2. For 0 < ε < 1 we consider the
complex elliptic Ginzburg-Landau equation

−�uε = 1

ε2
uε(1 − |uε|2) on � (GL)ε

for maps uε : � → C. This equation is the Euler-Lagrange equation for the
Ginzburg-Landau (GL-) energy functional

Eε(uε) =
∫

�

eε(uε) ≡
∫

�

|∇uε|2
2

+ (1 − |uε|2)2

4ε2
,

and we will be concerned only with solutions uε with finite GL-energy.
The purpose of this paper is to derive estimates for various quantities which are

of interest in the analysis of (GL)ε, and which will be bounded in terms of the GL-
energy Eε and the parameter ε. These estimates are of local nature, and in particular
independent of any boundary condition. Most of them extend and generalize earlier
results on the subject.

The GL-energy has two components: the kinetic energy |∇u|2
2 on one side,

and the potential energy Vε(u) ≡ (1−|u|2)2

4ε2 on the other. Our first result yields an
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