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Heat flows for extremal Kähler metrics

SANTIAGO R. SIMANCA

Abstract. Let (M, J, �) be a closed polarized complex manifold of Kähler type.
Let G be the maximal compact subgroup of the automorphism group of (M, J ).
On the space of Kähler metrics that are invariant under G and represent the coho-
mology class �, we define a flow equation whose critical points are the extremal
metrics, i.e. those that minimize the square of the L2-norm of the scalar curva-
ture. We prove that the dynamical system in this space of metrics defined by the
said flow does not have periodic orbits, and that its only fixed points are the ex-
tremal metrics. We prove local time-existence of the flow, and conclude that if the
lifespan of the solution is finite, then the supremum of the norm of its curvature
tensor must blow up as time approaches it. While doing this, we also prove that
extremal solitons can only exist in the non-compact case, and that the range of
the holomorphy potential of the scalar curvature is an interval independent of the
metric chosen to represent �. We end up with some conjectures concerning the
plausible existence and convergence of global solutions under suitable geometric
conditions.
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1. Introduction

We define and study a new dynamical system in the space of Kähler metrics that
represent a fixed cohomology class on a given closed complex manifold of Kähler
type. The critical points of this flow are extremal metrics, that is to say, minimizers
of the functional defined by the L2-norm of the scalar curvature. We derive the
equation, describe some of its general properties, and prove that, given an initial
data, the equation has a unique classical solution on some time interval. It would be
of great interest to know if the solution exists for all times, or whether it develops
some singularities in finite time. We have no general answer to this yet. However,
we show some evidence indicating that, in some specific cases, the solution should
exist for all time and converge to an extremal metric as time goes to infinity.

In order to put our equation in proper perspective, we begin by recalling a
different but related one, the Ricci flow. Let M be a compact manifold M of dimen-
sion n. Given a metric g, we denote its Ricci tensor by Riccig and its average scalar
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