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On Volumes of Arithmetic Quotients of SO(1, n)

MIKHAIL BELOLIPETSKY

Abstract. We apply G. Prasad’s volume formula for the arithmetic quotients of
semi-simple groups and Bruhat-Tits theory to study the covolumes of arithmetic
subgroups of SO(1, n). As a result we prove that for any even dimension n
there exists a unique compact arithmetic hyperbolic n-orbifold of the smallest
volume. We give a formula for the Euler-Poincaré characteristic of the orbifolds
and present an explicit description of their fundamental groups as the stabilizers of
certain lattices in quadratic spaces. We also study hyperbolic 4-manifolds defined
arithmetically and obtain a number theoretical characterization of the smallest
compact arithmetic 4-manifold.
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1. – Introduction

In this article we consider the problem of determining the smallest hyper-
bolic manifolds and orbifolds defined arithmetically. This problem has a long
history which goes back to Klein and Hurwitz. Its solution for the hyperbolic
dimension 2 was known to Hurwitz which allowed him to write down his fa-
mous bound for the order of the automorphisms group of a Riemann surface.
The first extremal example for the bound is the Klein quartic. Many interesting
facts about this classical subject and far reaching generalizations can be found
in the book [Le]. For the dimension 3 the problem is also completely solved
but the results are quite recent [CF], [CFJR]. For the higher dimensions very
little is known.

Probably the most interesting case among the dimensions higher than 3 is
in dimension 4. Recently it has attracted particular attention due to a possible
application in cosmology: closed orientable hyperbolic 4-manifolds arise as
the doubles of the real tunnelling geometries if the cosmological constant is
assumed to be negative. In this context there are physical arguments in favor of
using the smallest volume orientable hyperbolic 4-manifold as a model of the
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