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Boundary Trace of Positive Solutions of Nonlinear
Elliptic Inequalities

MOSHE MARCUS – LAURENT VÉRON

Abstract. We develop a new method for proving the existence of a boundary trace,
in the class of Borel measures, of nonnegative solutions of −�u+g(x, u) ≥ 0 in a
smooth domain � under very general assumptions on g. This new definition which
extends the previous notions of boundary trace is based upon a sweeping technique
by solutions of Dirichlet problems with measure boundary data. We also prove a
boundary pointwise blow-up estimate of any solution of such inequalities in terms
of the Poisson kernel. If the nonlinearity is very degenerate near the boundary, for
example if g(x, u) ≈ exp(−ρ−1

∂�(x))uq , we exhibit a new full boundary blow-up
phenomenon.
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Introduction

Let � be a bounded open domain in R
N with a C2 boundary ∂�. This

paper is concerned with the study of the generalized boundary value problem
for the equation

(0.1) −�u + g(x, u) = 0 in �,

where (x, r) �→ g(x, r) is a continuous function defined on �×R, nondecreasing
in the r variable, and nonnegative if r ≥ 0. When g(r) = rq this problem has
been thoroughly investigated with a probabilistic approach by Le Gall [19],
[20] in the case N = 2 = q, then by Marcus and Véron [21], [22], [23] in the
general case q > 1, N > 1 by analytic tools. Related studies were carried on
by Dynkin and Kuznetsov [10], [11] with a mixing of probabilistic and analytic
methods. In [16] the same problem is investigated with g(r) = exp(r). In
all those cases, the boundary trace dichotomy argument is settled upon duality
techniques which were first introduced by Baras and Pierre [1], but in the case
of general nonlinearity, this method fails.
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