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Convergence of the fractional Yamabe flow for a class of initial data

HARDY CHAN, YANNICK SIRE AND LIMING SUN

Abstract. This work is a follow-up on the work of the second author with
P. Daskalopoulos and J. L. Vazquez [12]. In this latter work, we introduced the
Yamabe flow associated to the so-called fractional curvature and proved some ex-
istence result of mild (semi-group) solutions. In the present work, we continue
this study by proving that for some class of data one can prove actually conver-
gence of the flow in a more general context. We build on the approach in [27] as
simplified in the book of M. Struwe [30].

Mathematics Subject Classification (2010): 35K55 (primary); 35B40 (sec-
ondary).

1. Introduction

The resolution of the Yamabe problem, i.e., finding a metric in a given conformal of
a closed manifold with constant scalar curvature has been a landmark in geometric
analysis after the series of works [5,25,31,33]. Later a parabolic proof of the
previous elliptic results, was somehow desirable and in his seminal paper Hamilton
[18] introduced the so-called Yamabe flow. Given a compact Riemannian manifold
(M, go) of dimension n > 2, Hamilton introduced in [18] the following evolution
for a metric g(t)

{ dg(t) = —(Scalgm - Scalg<r>)8 () (1.1)
8(0) = go,

where Scaly ;) is the scalar curvature of g(r) and

scalg() = VOlg(t)(M)_I/ Scalg sy dvolg ().
M

This gave rise to an extensive literature, see, e.g. [6,7,11,27,34].
On the other hand, in a seminal paper [16] Graham and Zworski constructed for
every y € (0,n/2) a conformally covariant operator Pf on the conformal infinity
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of a Poincaré—Finstein manifold. These operators appear to be the higher-order
generalizations of the conformal Laplacian. They coincide with the GJIMS operators
of [15] for suitable integer values of y. This paved the way to define an interpolated
quantity Rf, for each y € (0, n/2), which is just the scalar curvature for y = 1, and
the Q-curvature for y = 2. This new notion of curvature has been investigated
in [9,13,14,21,24] and is called the fractional curvature. Unfortunately, this notion
of curvature (except in the case y = % (see [9])), at the present knowledge, does
not carry any clear geometric meaning. Nonetheless, from the analytical point of
view, it interpolates between several well-known geometric quantities and one can
hope that their investigations will shed some light on these matters.

In the aforementioned series of papers, all the technqiues used in studying the
so-called fractional Yamabe problem are of elliptic nature. The aim of the present
article is to develop a parabolic theory. The paper is twofold. We first collect all the
necessary tools to deal with this new fractional flow. Then we prove convergence
for certain class of initial data.

We now introduce the flow under study. On the conformal infinity of a Poin-
caré—Einstein manifold (M, [go]) let PS5, where y € (0, 1) C (0, 5) be the confor-
mal fractional Laplacian satisfying

P8O (uf) = u%Pf(f) forall f € C®(M), (1.2)

under the conformal change
4

g =um%g. (1.3)

In particular on (R”, |dx|?) we have P}l,dx|2 = (—Arn)”.

The volume element on (M, go) is denoted by duo. By replacing go by its
constant multiple we may assume the (M, go) has unit volume, puo(M) = 1. With
a conformal metric (1.3) we write

2n
du =dpg =u"2 dpuy.
n+2
Let R = R§’; = Pf (1) = u_ﬁ P,;go (u) be the fractional curvature. As previously

mentioned, this is the scalar curvature when y = 1 and the Q-curvature when
y = 2. Its average is denoted by

s:sg:/ Rédu.
% Y

Consider the volume-preserving fractional (note the suppressed y) Yamabe flow

{”:EV dig=(s—R)g

g(0) = go,
ie.,

{Btu=(s—R)u (14)

u) = 1.
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This new geometrical problem has been firstly introduced by Jin and Xiong in [20]
where the authors investigate the flow on the sphere M = S" with the round metric,
the conformally flat case. Only in this context was the flow actually introduced, but
the generalization on any compact manifold M is straightforward and has been done
in [12]. That the flow preserves the volume in time is a rather important property
for the global existence.

Depending on the need, the flow (1.4) is sometimes alternatively expressed as
a fast diffusion fractional equation, namely

n—2y n+2y n42y
n— _— g g n—
n+2y8l(u 2y)_ POu) + syur=.

It is convenient to define the Yamabe functional

/ uPgouduo
M

n—=2y °’

()
M

as it appears naturally in the variational formulation throughout the paper. Then the
Yamabe constant for the class [g] containing go is given by

E(u) =

(1.5)

Y,(M,[g)= inf E(u). (1.6)
0s£ucHY (M)

A feature in all the proofs of the convergence of the Yamabe flow is the use at
some point the so-called Positive Mass Theorem, as has already been present in
[6,7,25]. This is associated to the Green’s function. Suppose M is the conformal
infinity of a Poincaré—Einstein manifold (X ”+1, g+). Assume Y, (M, [g]) > 0 and
r(gy) > % — y2. Then for each y € M, there exists a Green’s function G (x, y)
on X \{y} (see [21, Prosposition 1.5]). In the fractional case, the Positive Mass
Conjecture can be formulated in terms of the expansion of Green’s function.
Conjecture 1.1. Assume that y € (0, 1), n > 2y and (M, [g]) is the conformal
infinity of a Poincaré-Einstein manifold with Y, (M, [g]) > 0. Fix any y € M.
Then there exists a small neighborhood of y in ()_( , 8), which is diffeomorphic to a
small neighborhood N C R’fl of 0, such that

G(x,0) = g, 1x|7") + A+ y(x) forx e N.
Here g, = 7 ~"/2272'T'(y)~'T'(4 — y) and ¥ is a function in V" satisfying
W)l < Clx[™™ 52 and |V (x)] < ClxmM02r 1

for some constant C > 0.
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The Positive Mass Theorem for the operators P;f' even for y € (0, 1) is out of
reach at the moment, for several reasons due to the non-locality assumption of the
operator and the lack of tools to treat this case. So we naturally assume that Positive
Mass holds in our main theorem as follows.

Theorem 1.2. For y € (0, 1), assume that Y,(M,[g]) > 0 and L(—Ag,) >
2
n

T y2. Assume also the Positive Mass Conjecture holds with A > 0. If E is
initially small in the sense that'

50 = [0 (M. gD + v, ], (1.7)

then the flow (1.4) converges.

Remark 1.3. For y = % [1] has proved the convergence of flow under more gen-

eral assumptions. As previously mentioned, the operators P}‘,g , hence the fractional
curvatures, are defined for every number (up to resonances) between O and n/2.
However, several major difficulties arise when one considers y > 1. First the
maximum principle fails at the elliptic level and second the parabolic theory is
completely open in this range. We leave as an open problem the investigation of
these higher order curvatures. However, we will mention in the present paper the
argument working in the larger range y > 1.

Remark 1.4. In our main theorem, we didn’t specify in which sense the flow con-
verges. Following previous works, the flow is globally defined and Holder continu-
ous. It is an open question to prove that this is actually smooth, though such a result
is expected. Implicitly, we assume the flow to be smooth in order to use Simon’s
inequality. The only proof of smoothness of the flow is in the Euclidean setting
(see [32]) and the proof does not adapt straightforwardly to the manifold case. We
postpone such result to future work.

Let us also remark that, on the other hand, singular solutions do exist, at least
for the elliptic problem. For the classical Yamabe problem, solutions with a pre-
scribed singular set have been constructed by Mazzeo and Pacard [22] in 1996.
This is recently extended by Ao, DelaTorre, Fontelos, Gonzéalez, Wei and the first
author [3] to the fractional case y € (0, 1). By a result of Gonzalez, Mazzeo and
the second author [13], the dimension k of the singularity satisfies an inequality that
includes in particular k < (n — 2y)/2. When y = 1, such dimension restriction is
sharp according to the celebrated result of Schoen and Yau [26]. This is also known
to Chang, Hang and Yang [10] when y = 2.

! Indeed, since u(0) = 1, the initial energy is given by

R(0)d
Eu(0)) = IM(—)J”:O = so.

po (M)~ n
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Our strategy follows the one in the book of M. Struwe [30] simplifying his
original argument in virtue of the works of Brendle [6,7]. This is based on a series
of curvature bounds which allow compactness and a recent global compactness
result [23] in the spirit of Struwe’s original one, developed by Palatucci and Pisante
(holding actually for all powers of y € (0,n/2)). The nonlocality of the flow
induces several difficulties that one has to overcome using new inequalities which
will be described over the paper.

2. Preliminaries and technical tools

In this section we provide several tools to deal with our conformally covariant op-
erators of fractional orders.

We will always assume that (M, [go]) is the conformal infinity of (X, g+), both
equipped with appropriate metrics. A function p is a defining function of M in X if

p=0onM, p=>0inX and |dp| # 0O on M.

For each representative metric g € [go], there is a unique geodesic defining function
o associated to g such that g, = p~2(dp” + gp) where g, is one parameter family
of metrics on M satisfying g,|» = g. Moreover, g, has an asymptotic expansion
which contains only even powers of p, at least up to degree n. Consequently M is
totally geodesic in (X, p2g.).

Assume A1(—Ag,) > % — yz. According to [9, Theorem 4.7], there exists a

special defining function p* enjoying the following extension property. More pre-
cisely, for any smooth function f on M, one can find extension U on X satisfying

—div((p")'"*VU) =0 in (X, (0%)*g4)
u=rf on (M, g) 2.1)
(P§ — Ry f =—cy limo(p*)l_zyap*U on (M, g),

pE—>

where ¢y, is a positive constant (which can be found in [9]).

Proposition 2.1 (Integration by parts). For any v, w € C*°(M), we have

fPﬁ(v)wdu:/ P}é’(w)vdu.
M M

Proof. First we prove that

/Pf"(v)wduo:/ P;}'O(w)vduo.
M M



1708 HARDY CHAN, YANNICK SIRE AND LIMING SUN

Indeed, denoting V and W to be the extension of v and w respectively, we have

/M<P]§O(v)w—P)§°(w)v) duo:/M((Pfo—R)(v)w—(P§0—R)(w)v) duo

=cy lim | p'™2 (W3,V — V3, W) diio
p—0 M,

=cy/ div (pl—ZV (WVV—VVW)) djio=0.
X

_4_
Here M, denotes the level set at level p. For a conformal metric g = u"=% go, we
have

n+2 2n
/ P;}’(v)wdu:/ u_#Pf;’"(uv)wum duoz/ Pﬁ"(uv)uwd,uo.
M M M

Hence the result follows. O

We now compute crucial quantities involving the time-derivatives of R and s.
These computations can be justified by a standard approximation argument. Here-

after we also write R(t) = Rﬁ(l), etc.

Lemma 2.2. We have:

1. 9 R(t) = #5LR(R — ) — PS(R =) = —(P§ — R)(R) + ;25 R(R — );

2. 9s(t)=—2 [, IR —s*du.

Proof. 1. Using the definition of the flow, we have

O R(t) = —

n+2
nE2 g ()
n—2y u Y \u

2
_nt “R(R —s) = PSR —s).
n—2y
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2. Similarly we compute, using additionally Lemma 2.1,

ats(t)=8t/ Rdﬂ
M

2
=f Ridu+ —" /Rﬂdu
M n—=2y Ju u

2
_nt ”/ R(R—s)du—/ PS(R —s)du
n—=2y Ju M
2n
— /R(R—s)du
n—2 Ju

2 2
= nt Y _q- " /(R—s)zd,u
n—2y n—=2y/)Ju

= —2/ (R — s)zd,u.
M
This completes the proof. O

Next we show that R(¢#) > O for all # provided that R(0) > 0. Quantitatively
we have:

Lemma 2.3. For anyt > 0, we have
_4_?’5(0), .
R(t)>e % nlll/lln R(©O) > 0.

Proof. First we claim that for any smooth f on M, we have

/M(P,é’ —R)(f)fdun = 0. (22)

Indeed, since (M, g) is conformal to (M, gg), we can find an extension of f to X,
denoted by F, such that

div(p!"* F) =0 in (X, p?g1)
¢y lim p!=2/0,F = (P{ = R)(f) in (M, g);
p—>

here p is the “improved” boundary defining function with respect to (M, g), see
(2.1). Then

/ (P§ = RY() fdu = ¢y f p!THIVFPdp = 0. 2.3)
M X

4ys(0)t

Now define f = e "2 R(t). Lemma 2.2(1) implies

Y fR— s+ s(0)).
2y

0+ (P = R)If = —
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Denote f~ = min{f — miny; f(0),0}. Multiplying the above inequality by f~
and integrating, one gets

4
/ o ff ~dp < —Y / Ff(R =5+ s0)dp, 24)
M n—=2y Ju

that is

1
Eat/ (f_)zdﬂ_ e /(f_)z(S—R)d,u,
M n—=2 Ju

4
< /ff(R—s—i—s(O))du.

n—=2y Ju

As long as R(¢) > 0, we have ff~ < 0 and s(¢) is decreasing. Then

1 0
3 f (f)dp < —2 / (F 2 = Rydp < 5O / (fYdp.
M n—=2y Ju n—=2y Ju

Since f~(0) = 0, it follows from Gronwall’s inequality that f~ () = 0. That is

4
R@) > ¢ 7 O min R(0),
M
as desired.

O
Proposition 2.4. Given any T > 0, we can find positive constants C (T) such that

C()™' <u@) < C(T)
forall0 <t <T.

Proof. The function u(t) satisfies

oru = —(R — s)u < sO)u; (2.5)

then u(r) < eOT for0 <t < T. Since R() >0for0 <t <T,then

nt2y
P}é’ou = R(®u? >0. (2.6)

It follows from [8, Lemma 4.9] that u satisfies a Harnack inequality such that

infu > C(T)supu,
M M

for some C(T) > 0. Then the proposition is proved.
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For g > 1 consider the functionals
Sq(8) = fM<R§>‘f dpg. Fe(g) = /M RS — 5819 dpug. 2.7)

In particular s)é,’ = 51(g).

Lemma 2.5. For1 < ¢ < % we have

Fy1(2(0) < C(T, q, g0), 2.8)
forall0 <t < T. If the flow exists for all t > 0, then
liminf Fy, 1(g(¢)) = 0. 2.9)
1—00

n

Proof. We compute, for g € [1, 2)>

0 Sq (€9)

2
M n—=2yJu u

4

z—q/(Pyg—R)(R—s)ququ v /R(R—S)qudu

M n—=2y Ju

2n

n—2y
2Q2yq —

z—qf (PS—R)(R)Rq—ldquMf RY(R —s)du

M n—=2 Ju

__2n=2yq)
- on=2y Ju

(2.10)

/ RI(R —s)du
M

RI(R—s)du <0,

the last inequality is following from the claim (2.2) similarly. Integrating (2.10), we

have
o0 o0
/ Fyr1(g(1)dr = / f IR — 5|9t dpdr
0 0 M

= /OO/ (R — s?)(R — s)dudt
0 M

< "2 g e
= 0~ 0)-
20— 2yq) 18

In particular,
htgégf Fyy1(g() =0. 0
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3. Long time existence and convergence

The short time and long time existence of u# has been studied by [12]. One can use
the method in [4] to show that for any 7 > 0, u € C*((0, T] x M) for some «.
Here we are providing a proof following Brendle’s approach [6].

Proposition 3.1. For any fixed 5 < p < "‘ZL)%V leta =2y — 2 > 0. Then for

any T > 0, there exists a constant C(T') such that

u(x1, 11) — u(x2, )| < C(T)((t1 — 1) % +d(x1, x2)%).

n+2y
2y

Proof. Using Lemma 2.5 and Proposition 2.4, for % <p<

/ |PSu)|Pdp < C(T) (3.1
M
forall0 <t < T and
/ |0;ulPd < C(T). (3.2)
M

By [17, Theorem 4], the inequality (3.1) implies that
lu(x, 1) —u(y, )l < C(Td(x, y)*,

where =2y — % and ¢t € [0, T]. Using (3.2), we obtain

lu(x, t1) —u(x, )]

<C(t — )2 / lu(x, 1) —u(x, )| duo(y)
B =)

<Clti— 1)} / Wy, 1) — u(y. )| do(y) + C(TY (11 — )%
B i=r ()

n—2 a
<C(t1 —t)” 2z sup [0;ul dpo(y) + C(T)(t) — t2)2

1€ty n] /Bm(x)

<C(y —lz)]_% sup (/M |3zu|pduo(y)>p +C(T) (11 —1)?

telt,n]

<C(T)(t1 — 1) "%

forall x € M and 11, 1, € [0, T'] satisfying 0 < #; — o < 1. Thus the assertion is
proved. O

Now we show that the convergence is uniform.
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";y%, Fy(g(t)) = 0ast — +oo.

Lemma 3.2. Forany p € [1,

Proof. We use the notation z” = |z|P~!z. Using the Stroock—Varopoulos inequality
- 4p—-1 L i
f FPUPS fdu = —2f 115PE (1715) du
M p M

together with the Sobolev inequality

PSfd
0<Y,(M,[g)= inf JulPrf A
01 €C (M) N
(fu 17175 dn)

we compute

_ n+2
8tFp(g)=—p/(R—S)” "PS(R—s)du+p y/ IR —s|”du
M n—2y Ju

2
" f|R—s|Pﬂdu
n—2y Ju u

p(n+2y)—2n

+ 2pstf (R—s)P"Vdu+
M
4p—1)

n—=2y
S————Fp@ " + Fpi
pY,(M.[g) " n—2y 7
(n+2y)
+ %SFP + 2pF2(g)Fp71(g),

where we denote p* = %. Using Holder’s inequality with the conjugate expo-

_ n=2y _n _ 2y(pthH-—n _ * _
nents 6 = 7 and 1 — 0 = n—2yp suchthat p +1 =6p* 4+ (1 —0)p, and

Young’s inequality with o = oy < 1, we have

Fr () Fp-1(8) < Fp11(8),
2y(p+D—n

n=2y
Fpy1(8) < Fpe(g) 27 Fp(g) 2
n=2y

n-zy 1+ 2y
SSFP*H +C(5)Fp(g) 2yp—n

for any § > 0. Combining with the above estimates, we have
8 Fp(8) < CFp(g) + CFy(9)'*,
with g = — 2 0. Recalling (2.8), standard ODE analysis implies that

p(l—a) 2yp—n

lim Fj,(g(t)) =0. O
t—00
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Now we have proved u(t) exist for (0, oo) and it is Holder continuous in space
and time for any finite time interval. We want to study the convergence of u(¢).

Let ro > O denote a lower bound for the injectivity radius on (M, go). Fix
¢ € CX(B(0)) such that ¢ = 1 on B, C R". Forx,y € M, let ¢y(x) =
<p(expy_1 (x)), where exp is the exponential map in the metric go. Let us also denote,
for functions u and u defined on M and R” respectively,

2n - 2n
vol(u) = u(M) = / u% duo, vol(i1) = / u=2 dx.
M n

For any sequence of time, we have the profile decomposition by [23].

Lemma 3.3. For any sequence ty — 00, there exist an integer L and sequences
Xk, €1, ! = 1...L such that, passing to a subsequence if necessary,

L
U(t) = Y U(g e = oo in HY (M, go), (3.3)
=1
where Uy > 0 solves
n+2y
P®us = soouss”  on (M, go), (34)

and
o) () = 0 (07 (£} expi! ().

_n=2y
with it = ay, (1 + |x|2) 2, the standard bubble solving

n+2y
(=Ap)Yu=u"m? onR".
Moreover,
vol(u(tx)) = vol(us) + L - vol(it) + o(1). (3.5)

Proof. Consider the functional (1.5). By [23], such profile decomposition holds as
long as the Palais—Smale condition is verified?. Indeed, from Lemma 3.2,

n+2y 2n 2n
|P)§OM—SM"_2V|"+2Vd/L0: |R—S|"+2ydﬂ,—>0.
M M

Hence the result follows. L

2 The authors proved the result in R”. In the manifold setting, the proof is almost identical.
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Actually (3.5) means

L (E(uoo)>% L (YﬂS”))%’
Soo Soo

2y

n

which is
oo = [ E(oe) ¥ + LY, (8" |

Obviously E(us) > Y, (M, [g]). By Lemma 2.2 and the assumption (1.7),

=|Q’

soo = 50 = [ (X, (M. [gD)¥ + ¥, M F |
By the Aubin inequality (see [14])
Y, (M, [g]) < Yy (8", (3.6)
we conclude that either

1. L=0and uy > 0, 0r
2. L=1land uy =0.

Remark 3.4. The Aubin inequality (3.6) can be proved using concentration-
compactness (as opposed to test functions) for any y € (0, n/2).

Using the version of strong maximum principle, again proved in [14], one has:
Lemma 3.5. Either uoo > 0 0r uso = 0.

Thus the above cases are a dichotomy and are to be referred to as the compact case
and the noncompact case respectively.

The following proposition is crucial in proving the convergence, and its proof
is the content of Sections 4-5.

Proposition 3.6. For any sequence t, — oo there exist constants § € (0, 1) such
that for a subsequence there holds

n+2y
$(te) =00 < CF_au_(2(t)) (1+5)
nrzsy

One consequence of this proposition is:

Lemma 3.7. There exist constants 6 € (0, 1) and T such that for allt > T there
holds

14
s(1) — 500 < CF2(g(1)) 2.
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Proof. Suppose this is not true. One can find a sequence #; — oo such that

14+1/k
s(te) — S0 = F2(g(tr)) "2 .

However, Proposition 3.6 can be applied to this sequence
n+2
$(16) = 300 = CF 2 (8(0)) "+ < CRy(g() 7,
n+2y

the last inequality following from Holder’s inequality. Putting the two inequalities
together, we obtain

s=1/k
1 =<CF(g) 7,

which contradicts Lemma 3.2 when £ is sufficiently large. U

Lemma 3.8. We have

/OO Fa(g(1))2d1 < oo.
0

Proof. Recall the relation

d
160 = s00) = —2F2(8(1) = =C(s(1) = 500) T,

where § € (0, 1). This differential inequality implies

_ 148
S(t) — Soo < Ct™ 13

for some constant C > 0 and ¢ sufficiently large. Using Holder’s inequality, we
obtain

2T 1 1 r ? T% 1 8
/ Fy(g(1))2dt < T2 / Fa(g(n)dt ) =< T(S(T) —s@2T)2 <CT" 1=
T T
if T sufficently large. Since é € (0, 1), we conclude that

k+1
2 )

foo Fa(g()}dr < Z/ Pgupidr<cy otk <c. 4
1 k=0 V2 k=0

Proposition 3.9. Given any €y > 0, there exists a real number r > 0 and q > %
such that

/ IR(g()|?du(t) < €
By (x)

forallx e Mandt > 0.
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Proof. We can find a real number 7 > 0 such that

f ” ( / w5 (R(g (1) —S(l))zd,uo) <<
T M n

Choose a real number r > 0 such that

_2n_ €
/ w7 dpo <
By (x) 2

forallx e Mand0 <t < T. Then for any ¢t > T, we have

_2n_
/ u(®)"=2 duo
By (x)

< / WP dao + f ( / u(r)nf'%y(Mg(t)—s(t)fduo)
B, (x) T M

=< €.

From Lemma 3.2, we can find p, g € (%, % + 1) such that ¢ < p and

/ IR(gNPd ey < C
M

for some constant C independent of ¢. By the previous part of this proof, one can
find » > 0 independent of ¢ such that

/ du(t) < €.
By (x)

Using Holder’s inequality, then

q

f R(g(0)[9du(t) < Cep .
B, (x)

Since €( can be chosen arbitrarily small, the proposition is proved. O

Proposition 3.10. Suppose the assumptions of Theorem 1.2 are satisfied. Then we
have uniform upper and lower bounds of u(t), that is

supu(r) < C, infu(t) >C7 ',
M M

where C is a positive constant independent of t.
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Proof. We will need Proposition A.2 and verify its assumption is satisfied. Since
our flow is volume preserving, then

/ dirgay =1
M

/ R(g()d g =/ u(®) PRu(t)dpo < so.
M M

and Lemma 2.2 implies that

Now Proposition 3.9 means that we can find a uniform radius for any point x € M
and ¢ > 0. Therefore we can arrive at an uniform upper bound of u# by Proposition
A 2. For the lower bound of u, it is just a consequence of the Harnack inequality
of [8]. O

Our next goal is to prove Proposition 3.6 for the two cases.

4. The compact case

In this case we have uy, > 0. We first need a spectral decomposition with respect
to weighted eigenfunctions of P°.

Proposition 4.1. There exist sequences {V,}qen C C°(M) and {Ag}aen C R,
with Aq > 0, satisfying:
(i) For alla € N,

PgOWa —)‘a y‘pa»
(ii) Foralla,b € N,

; 1 ifa=b
/wa‘pbuoo dpo = {0 Z;Z;éb

(iii) The span of {Wa}aen is dense in L*(M).
(iv) We have lim,_, o0 Aq = 00.

Proof. Since we are assuming Ry, >0, foreach f € L?(M) we can define T(f)=u,
where u € HY (M) is the unique solution of

4y
.
Plu = fus™” in M.

It has been proved in [14] that the first eigenvalue of the operator is positive, hence

/ uPyou duo
M
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defines an (equivalent) norm in HY (M) which is compactly embedded in L>(M),
and the operator T : L?(M) — L*(M) is compact. Integrating by parts, we see
that 7 is symmetric with respect to the inner product

Ay
(Y1, ¥2) > / Vivauss” dpo. 4.1
M
Then the result follows from the spectral theorem for compact operators. O

Corollary 4.2. For any u,v € HY (M), we have

/ uPvdpo < llullgy lvll gy -
M

Proof. This follows directly from the eigenfunction expansion. If u = )", ua¥y
and v = ), vp¥p, then

Ay
/ ubyovdpo = f D taWa - vhputss™ Ypdpo =) Mpitavbab
M M>mb a,b

< \/Zxaug\/zxavg = el 0l - O
a a

Our next goal is to show the coercivity in HY (M, go) of the second variation op-
erator of the Yamabe functional at certain error wy (defined below in (4.4)). This
is the content of Proposition 4.5 and requires a projection onto a finite dimensional
subspace that we now introduce.

Let A C N be a finite set such that A, > ZS; Seo for all a ¢ A, and define the
projection

non =3 ( /| wafduo) SRS ( | llfafduo) Vol |

a¢A acA

Note that this definition facilitates the computations for the lemma below and is not
the canonical projection with respect to the inner product defined in (4.1), which

would read "
o=y ( fM Vo fuls” duo) Va.

a¢A
We are going to construct functions i, which are perturbations of u in a finite
dimensional subspace, and whose derivatives satisfy nice orthogonality conditions.

Lemma4.3. There exists { > 0 with the following significance: for all
z = (21, ...,2)4)) € RIAl with |z] < ¢, there exists a smooth function u, satisfy-
ing,

4y
/ uls” (it — oo)Vaduo =z forall ac A, 4.2)
M
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and
n+2y

I <P§°ﬁz — sooﬁz”‘”> =0. (4.3)

Moreover, the mapping 7 +— u, is real analytic.

Proof. This is just an application of the implicit function theorem and a standard
argument to reach real analyticity. O

Lemma 4.4. There exists 0 < § < 1 such that
2y
/ Y <PJ§0”_‘Z — Soo ’/_‘zr.l_zy) do
M

Proof. Observe that the function z +— E(i;) is real analytic. According to results
of Lojasiewicz (see equation (2.4) in [28, page 538]), there exists 0 < § < 1 such
that

1+8
E(u;) — E(uo) < Csup

acA

’

if |z| is sufficiently small.

146
|E(uz) — E(uoo)| < sup

acA

’

%E@)

Za

if |z| is sufficiently small. Now we can follow the lines in [6, Lemma 6.5] to calcu-
late the partial derivative of the function z — E(i;),

n+2y
- —n=2 ~
/ (Pf/gouz — Scolly y> Va,z d 1o
M

a
—FE@;)=2
aZa ( Z) 21; n—nzy

(o)

M
n+§1/ »
/ "_lzpfo’zzdﬂo f iu; " WVazdpo
2L M —

where &a,z = %ﬁz fora € A. According to (4.2) and (4.3), we know that @a,Z
satisfies

dy_ 1 a=2»>b
n—=2y
v d =
/M Uoo a,zd’b Mo {0 L b,

4y

forb € A and I1 (P);g0 &a,z — sooﬁz'v'*zy &a,z) = 0. Moreover, (4.3) implies

n+2y n+2y 4;;
n—zy

-~ ~n=2y = ~n=2y
PR, — sty T = Z (/ (P;,g"uZ — Soolly ) Vbl oo
beA \YM

duo) V.
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We therefore obtain

! E(u;)
—Eu
024 ¢
n+§y
/ (Pfollz — Sooll; y) /T
—9IM
- n—2y
2n n
(f il duo)
M
/ (Pfoﬁz — Sooll? ) i d g f oo iz d g
+22 2 2n "
beA / L—,Z"—W duo
M
ni2y
[ i
M
n=2y ?’

2n n
( / T d#o)
M

for all a € A. Then the bounds for u, and i, yield

P n+2y
sup |— E(u;)| < C sup / Y <P}§’012Z - sooﬁZ”Zy) duo| .
acA|9Za acAlIM
From this, the lemma follows. L]

For any k € N, we consider the best approximation in HY (M) of u; = u(ty)
among the family {i,}. More precisely, we choose z; with |zx| < ¢ such that

(g — uk)Pfo(ﬁz,{ — up) duy = min (u; — uk)PJ‘fO(L_tZ — up) dug.
M lzI=¢ Jm

By (3.3), we have uy — uqo in HY (M). As g = uo, this implies that zz — 0 as
k — 00. One can decompose

Up = Uz, + wi, 4.4)

such that
lwllgr — 0 ask — oo.

It also follows from the variational properties of u, that

/ Pfo(wk)l/;a,zk dug =0,
M
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for any a € A. Again noticing the fact that zz — 0 as k — oo one can deduce, via
Corollary 4.2, that

xa/ o Wawkduo—/ kagwaduo—/(wa Fiae0) Pwi dito
M M
< ”l/fa - l//a,zk Y

4.5)

lwill gy = o) lwiell v

forany a € A.

Proposition 4.5. There exists ¢ > 0 such that

n+42 o
J/soo/ uoozywdeOS(l_c)/ wi PO wi d o,
n—2y M M

for all k sufficiently large.

Proof. Suppose this were not true. Then there would be a subsequence, still denoted
wg , such that we may rescale them to wy satisfying

2 4y
1 =/ ﬁ)kP;}"’zI)k dug < liminf = + ysoo/ uls wk du.
M k— 00 2)/ M

Then wy is bounded in H” and consequently wy — w weakly in HY for some w.
The above inequality implies in particular that

2
1_n—|— ys /ugOZVw dug,
n—2y M

so that w # 0. On the other hand,

e~ n+2 2,
/ wPfodeLO = J/Soo/x uoozyw duo,
M n—2y M

or

Ay 2 n+2 Ay 2
S ([T wanan) = 3V s ([ wET vaam)
n—2y M

aeN aeN

However, (4.5) shows that

4y
}\a/ o 2y Yowdpo =0,
M

for any a € A, from which we arrive at a contradiction by the choice of A. O

We now estimate wy quantitatively.



FRACTIONAL YAMABE FLOW 1723

Lemma 4.6. There exist constants C > 0 and ko such that for k > kg there holds

n+2y
2n

_2n
lwellgr < C (/ [R(tr) — Sool "+27 d/’Lg(lk))
M

We need some elementary inequalities, see also [6, (137),(156)].
Lemma4.7. Leta,b > 0. For p > 0, we have
laP —bP| < Cla — b|P + CaP~|a —b.
Forp > 1,
la? — b? — paP~V(a — b)| < Ca™P=20} g — pminir.2} | Clq — p|P.
Moreover, for p > 2,

a? —b? — pa®a—-b) + Mbp—l
2

< Camax{p73,0}|a _ blmiﬂ{Pﬁ} +Cla — bIP.

(a — b)*

Proof. Let h = a — b. The first one follows directly from

CaP~ Y| for|h| <

p _ — P <
ja” — (a )|—{C|h|P for || >

[NSTESESTEN]

The second estimate is similar when p > 2, where we expand to the second order,

CaP~2|h|*> for |h| <

P_(a—hP — paPh <
l¥ — (@ =) ~ pa |_{C|h|l’ for || >

[SSIESIISTENY

When p < 2, in the regime |h| < § we simply bound aP=% < C|h|P~2.

The same argument applied to the last estimate reads

p(p—1)

a? — (a—h)? — pa?~'h + (a — h)P~2h?
CaP=3|h*  for|h] <%,

<

“|Clnl? for || > 5,

hence the result. O
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Proof of Lemma 4.6. Denote Wy, to be the projection of wy onto the subspace {y/, |

a ¢ A},
de=) (/M s Wawkduo> Va,

agA

so that

%
/ > yl/fawkdﬂo—o
M

for any a € A. Moreover, (4.5) shows that

4y 2
| o = w0 P~ wido=" 1 ( | i ”wawkduo) = o(D)lwely-
M M

acA

In other words, ||[wr — wrllgyr = o(D)|wk|lgr. With the decomposition u; =
iz, + wy, we calculate the linearization

n+2y n+2y
2 -2
(R(tx) = sco) uy " = PSup — soout "

n+2y n+2y n+2y

- —n—2 2
= POz, — Soolly, | + PSOwi — sty 7+ Seollz, (4.6)
n+2y 4y
— —n=2 n + 2V 2
= P)f’oqu _Soo”;k i’ +P50w - Sooltso | Wi + Ik,
where
n+2y n+2y 4y
- n—=2y n—=2y n—2y
Ik—soo( Uz — — Uy + 2 Uoco wk)
_ n + 2)/ - n— 2y n— 2y
= 2y Sco | Uz, " — U
+2 +2
Z 215 2—2){ + 2)/ - n 2y
=+ Soo qu — Uy —I— 2)/ wg | .
Using Lemma 4.7,

6y—n
k] < Cule™ iz, — ool lwi| + Clitz, — Mool” % ||

4y
max{O,m—l} mm{yﬁ%;’ } n+2y
|we|

+ Cuig + Clwg |2

2n
By the Sobolev embedding H? < L”-2 and the smallness of u;, — u and wy,
we conclude

/ IIkﬁ)kIdMosf | Ikl lwi | dpo < o(1) [[wll7y
M M
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as k — oo. (Note that we need uso > ¢ > 0 in case 6y < n.) Notice that the
projection wy, satisfies

n+2y
/ (P;E'Oitzk — sooﬁZ"ﬁV) Wrdpo =0
M

because of (4.3). Now, using Proposition 4.5,

n—+2y e
cllwllgy < / <P§°wk - Soolthe Wi | wi dpto
M n—2y

N n—+2y ,i—’ .
= [ (P;Owk— socttl™ wi ) i dpto + o(D)llwel %
M n—2y

n+2y
= [ <(R(tk) — Soo) Uy g — Ik@k> dpo + o(1)[lwll3
M
n+2y

_2n 2n
=C </ |R(tx) — Sool "2 dug(;k>) lwill ey + o) llwi |7y
M

and the claim follows by making k large enough. O
A related computation completes the estimate in Lemma 4 .4.

Lemma 4.8. There exist C > 0 and kg such that for k > kg there holds

n+2y
on 5, (1+9)
E(uy) — E(usc) =C (/ |R(tx) — Sool "2 dﬂg(zk)>
M

Proof. Recalling (4.6),

n+2y n+2y n+2y n+2y
— —n—=2y n=2y —n=2y n=2y
Pf;")qu — Seollz, | = (R(tx) — Soo) uy, ~ — Pf"wk — Soo (qu —uy ) ,

it suffices to bound the projection of each term on the right-hand side onto the finite
dimensional subspace spanned by v,, where a € A. We have

/ P9 (Ve dpto < Cllwelus
M

by Corollary 4.2. Also,

_% % 4y
Soo | Uz T —uy Vaduo < C | (ur + |wi|)"=2 |wihal dpo
M M

< Cllwg | gr-
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Using Lemma 4.6, we get

sup
acA

n+2y
_ _n=2
/ (P;}'Ouz,( — Soollz) y) VYo d o
M

n+2y

_2n 2n
<C (/ [R(tk) — Scol "+ d,ug(tk)>
M

Our claim follows from Lemma 4 4.

We can finally turn to the proof of Proposition 3.6 in the compact case.

Proof of Proposition 3.6. By the conformal relation (1.2), we compute

B = [ e+ w0 Pt + wn) dpg
M

n+2y
= /M iy PRz, dpo + 2/ R(tu. ™" w dpo — /M wi PEOwi d o
n+2y

—soo+2/ (R(t0) — s00) 0! wi dpto

n+2 e
— / (kafowk — ysooqu a w,%) duo + Ji
M n—2y

where

n—=2y n—=2y

n 2n n
Je = (i) — s00) < / ﬁ;’ﬂduo) 5 < / ﬁ;’ﬂduo) i
M M

n+2y 4y
- n+2y % o,
+s 2u wy — L Twy ) due.
oo/( k k n—2y Zk k Mo

Since x — x 7 is a concave function,

n=2y

2n n _2
(/ ﬁz"k“duo) 1< V(/ az"k”duo—1>
M M
_2 2n
= y/ (ﬁ;kzy —u; 2V) d wo.
M

Then we can estimate the error term as

n—=2y

2n n
Ji = (Eliiy) = 520) ( [ duo)
M

n—2y % n-2y 3% — n+2y 2%
- u, 7 — iy = 2u, T w+——i., T wy )dpe.
oo/M( n k n Zk k k n—2y Zk kA0
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Recalling uy = uz, + wg, the last integrand is a multiple of

I o 1 2n n+2y_i%
=y (o W) T wik g g,

hence the pointwise estimate in Lemma 4.7 applies to yield

Jy

max;0, SV:" il 213 o
< C/ i, { 2y}|wk|“““{"-2y’ }dﬂo - C/ w7 dpuo
M M

) ) 2
- =x mm{nféyﬁ}
<C / |wi["=2 d o
M
min{nz—’éyj}

< Cllwill gy

2 2 +2 4
n— 2y nfréy n— 2)/ —n:;y 272; n—+ 2y —nféy
u, " — Uy, " = 2wy 7w + ———=— Uy
n n n—2y

wi | dpo

Now the results of Lemma 4.6 and 4.8 imply
n—=2y

~ _’ﬁiféy n min{nz—'éy,?)‘l
Ji < (E(itz) — Soo) (/ Uz dﬂO) + C”wk”HV
M

o 4% (145)
<C (/ IR(tk) — Sool "2 dﬂg(tk))
M

n+

2,
< CF o (3(1) 7 ) 4+ Cls(0) = 500)' .
n+22y

It follows from Holder’s inequality, Proposition 4.5 and Lemma 4.6 that the remain-
ing terms are also bounded by

n+2y

2 f (R(t) = so0) uy " widiag
M

+2y

_2n 2n
<C </ |R(tr) — Soo| ™27 dMg(zk)> llwe |l
M L

_2n
<C </ [R(tk) — Soo| "+?r dﬂg(u))
M

n+2
< CF 2 () 5 1) 4 Cls() = 500)' .
n+2y

2
2 _C”wk“HV

n—zy

n+2y
n

Combining our expansion of E (uy) and the previous estimates, we get

n+2
$(10) = o0 = Eu) = 300 = CF (213 ¥ 4+ C(s(10) = 500) 2.
n+2y
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Since s(t;) — so0 ask — oo and § € (0, 1), then
n+2
$(16) = 500 = CF 2 (g(1)) 30 4,
n+2y

as desired. O

5. The noncompact case

In this case we have uy, = 0. Following [21] with the assumption of Positive Mass
Theorem for our operators, there is a test function u such that

/ uPgou duo
M

n—=2y

2n n
(o)
M

Such u is found through the rescaling and relocation of standard bubble i, possi-
bly truncated or perturbed. By specifying the relocation and rescaling parameters
(x0, &) of such test function, we use the notation uy, ¢) for a more precise purpose.
Near xq, U(y,,¢)(x) is comparable to

E(u) =

<Y, ).

n—=2y

— it _n=2y _ _ _
an,)/soo ’ € 2 u <8 lexpxol(x)> ’

where @, ,, can be found in [21, 1-23].
From the profile decomposition, we know that u; = u(#;) approaches some
U(x,ep) In HY . We prefer to use the best approximation in the following sense,

/ (uk — it o)) PR (ug — gt (xy,e)) d ko
M

= min /M (uk - oeu(x,s)) Pf” (uk — au(x,g)) dug.

a>0,xeM,e>0

Then
Uk = Okl(xy,ep) + Wk =1 Vg + Wi

with some suitable xx, &; and oy — const > 0. Then we have the following lemma
from the variation of three parameters «, £, and x respectively:

Lemma 5.1. As kK — o0, there hold:

n+§y
1. / v, T wrdpo = o(D)||lwll gy
M

2y 2 2
5 /vﬁ*—zgsk—d(x,xk)
M

wr dpo = o(1)||wyg ;
o = ol
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242y erexpl(x)
3./ v ——wpdpo = o(1) | wi || v -
M

© el d(x, x)?

Proof. By the choice of oy, we get

/ Wi PS0U (xy e d1to = 0.
M

Moreover, one can expand

n+2y n+2y
-2 —2y
akugOu(xk,sk) = Pﬁo(uk — wk) = R(tk)u,'; v~ Pﬁou}k = soov,:' + Iy — Pfou}k,

where

n+2y n+2y n+2y 2n
I = (R(1) — seo) 7+ Soo (uf_zy - vkn_zy) — 0 in L7,

Then

n+2y
- 2
% k e dpo = oM lwell 20+ lwillzgy = o(D)llwkll v,
s w Pfov s
M =

establishing Claim (1). Claim (2) and Claim (3) can be proved similarly. O

Lemma 5.2. There exist constants ¢ > 0 and ko such that for k > kg there holds

2 Ay
nt )’Soo/ vkn_2y w,%d,uo < (1 —C)/ ka}é’Owkd,uo.
n—=2y " Ju M

Proof. Suppose it were not true. Then one would be able to extract a sequence of
rescaled wy = a;wy such that

n+2 Ay
1 :f Wy P3Oy dpo < lim inf + ysoof vknfzy d)zd,uo.
M k—oo n — 2y M

Define

n—=2y

Wi (x) =&, > wi(exp,, (&k§)) : Br/e (0) C Ty M — R

for some R < 19, the injectivity radius of (M, gg). Then w; is bounded in

HY (Bg/g, (0)) and consequently w; — w weakly in HIZC(R”) for some w satis-
fying
A 2
L)zz de > 0
re (14 1§97
and

4 A 2
. R iy 42y w(&)
,/Rn D) (AR (E) dE =< any n—2y Jgn (1+ 622

dt. (5.1)
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However, it follows from Lemma 5.1 that

n+2y

1
[ (o) awae =
L\ kP
/Rn<1+lél2> gl © 9 =0 (5:2)

T )

We want to prove the above three equalities and (5.1) together imply w(§) = 0,
which will clearly give us a contradiction. To this end, it is better to work on sphere
S". Denote by X the stereographic projection of the sphere S” onto R” with respect
to the north pole. More precisely,

V=1, ... 004 €S!, S(x)=E=(&,..., &) e R where & = — .
I —xp41

It is known that the standard metric of S” and R” are related by

n—2y
2

4

dg 2 = p(§) 7 |dg 2, ma=(_ﬁ_)
T+ P

_ 4
8= U+ P2

For any w(£) € HY(R"), we define a function v on S by v(x) = (p~')(&),
& = X (x). The conformal property reads as

(—Arn) W = pm=27 P (v).

Consequently,
/ ﬁ)(—ARn)Vﬁ)dg?:/ VP (v) dpsn, (5.3)
n NA
i a2 2
A pr=r w(§) d§ = Y (x) dptgen - (5.4)

The spectrum of P;,QS" is known; for example, see [20]. Namely, for any & > 0

n

P (Y
v Tk+5—-y)

’

where Y ®) are spherical harmonics of degree k > 0 and I' is the Gamma function.
The three equalities in (5.2) mean exactly that v is orthogonal to any ¥ and YD,
Therefore

., re+4%+y
/ VP (v) duse > 2 v () djtge -

“Te+i-9 Jo
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Combining the above fact with (5.1), (5.3) and (5.4), we shall obtain

n 4 ~2
re+s+vy p’i—éVﬁ)z(E)dé - ar,},yyzyn—i-Zy w* (&) dt
FrQ+5-vy) Jpn =0T n =2y Jre (416D

4y 2 4
— a7 BT 2y / ()T B2(E) dE.
n—2y Rn

Retrieving o, ,, from [21] gives
n—=2y
r'G-v)
It is not difficult to see

n 4y
F(2+i+y) >(x,'[,}éyn+2y2_2”
re+s-vy) n—2y

for y € (0, 1) and n > 2y . Thus we conclude
Ay 5
[ p75iare s =o.
Rn

implying that w (&) = 0, a contradiction. O

With the above estimate we now give the proof of Proposition 3.6 in the non-
compact case.

Proof of Proposition 3.6.

E(ux) = / (v + wi) PS° (v + wi) d o
M

n+2y
=/ ka}‘?OdelL0+2/ R(l‘k)u]:_zywkduo—/ kafowkdu,o
M M M

n+2y

N / (R(t) — so0) > we dpto
M

n—+2y Ay 2
— wi P8Owy — SeoVy T wi | duo + Ji,
/M( kL7 Wik n_2yook k o k

where

n=2y n=2y

_2n n _2n n
Jie = (E(vg) — S00) (/ v,:_zy duo> + Soo </ v,é'_zy duo> —1
M M

n+2y 4y
= n+ly 75
—I—soo/ <2uk 7w — Yy 2yw,%> duo.
M

n—2y k
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Since E(vx) < So0, We have

n+2y 4y

— n-—+ 2 =i

+2u; 7w — yv,: 2yw,% du.
2y

Similar to the case when u, > 0, one can get the estimate

min{ 243}
Ji = Cllwell gy -

Lemma 5.2 yields that

n+2y A
“wk”}ZL]V <C /M (kafou)k - 72)/5001)]( 7 w/%) do

for k > ko. The rest of the proof follows from almost same lines as in the compact
case ux > 0. O

Appendix
A. Some elliptic estimates

Here we prove a Moser Harnack inequality; similar results can be found at [2,
Appendix A] and [14, Theorem 3.4]. For a fixed boundary point (pg, 0) € 90X, we
consider local coordinates (x, p) € R” x R and use the notation

BY ={(x,p) € X:p>0,ds((x,p), po) <r},

I = {(x,0) € M : dgy(x, po) <r},

I ={x.p) eX:p=0,dg((x,p), po)=r}.
Proposition A.1. Let U be a nonnegative weak solution to

div(p'=?*VU) + E(p)U =0 in Bg;,
- lim p!"?0,U = f(x) onT},
p—>

where |E(p)| < Cp'=2. Then for each p > 1 and q > oL

supU +sup U
B ro

_nt2-2y _n 2y—1
=Cpgq|r P ||U||LI3(B;;”0172V) +r 7 ”U”Lﬁ(l"gr) +r ||f||Lq(r‘2)r)

for some Cj5 4 > 0 depending on p and q.
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Proof. The Moser iteration process is by now a very standard approach. We will
just sketch the main steps. Details can be found in [2] and [14]. Since we are just
using the local information, we will prove the Harnack inequality in the Euclidean
case and use y > 0 as the extension variable.

After scaling we can assume r = 1. Let £ = ”f”Lq(Fg) and0 <n € CC1 (B;).

We will work with the case £ > 0, for otherwise we may let an arbitrary positive £
tend to zero. Set U = U + ¢ and, for simplicity,a = 1 — 2y . Firstly by multiplying
the equation by n>U” for some B > 0 and integrating by parts, we have

2/+ YnUPVyVU dxdy + ,3/+ Y UP VU dxdy +/0 n*UP f(x)dx
B B

2 2

= /z;* E(y)nzl_]ﬂJrl dxdy.

2

Using Holder’s inequality to handle the cross term, we simplify it using Young’s
inequality as

211

- - C - C
/ yn?UP~\VU > dxdy < —2/ y“|vn|Uﬂ+‘dxdy+—/ UPHdx
B} B J; B Jro
C a 2r7p+1
+ — Yin U " dx.
B s}
Define w = U =a and insert it to the above equation. One gets
| 19w dxdy
By
+1)2 +1 A.l
fc(ﬂﬂz) / a(1vy] +n2)w2dxdy—|—C('B ) / 2 2|J£| (A.D)
2
=11+ Db.

For the left-hand side above, one uses the trace Sobolev and weighted Sobolev
embedding (see [14, Corollary 5.3 and Proposition 3.3]) to obtain

n—=2y 2

2)‘1 n E
C / y“W(nw)Fdxdyz(/ (nwr—zvdx) +< / y”(nw)kdxdy>, (A2)
B rs B

2

where C > 0 is some constant and k € (1,2(n + 1)/n).
Next we estimate /5 in (A.1). We have
”77 ||L2q/(q I)(FO)

oot
r? k La(rY) (A3)

< E||77w||LG/<n 2n(r9) + € %= "||77w||L2(F0)
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Choosing € small enough, the first term of the right-hand side can be absorbed in to
left-hand side of (A.2). Plugging (A.3) and (A.2) back into (A.1), one gets

n=2y 2

n k
/ (nw)™ dx + / y* (qw)* dxdy
ry Bf

L a 2, 2.2 2
<C(+p)ra YAVl +nwdxdy + | (qw)”dx |
BZ r2

(A4)

Forany 1 <ry <rp; <2, we choose 1 as a cut-off function satisfying 0 < n < 1,
n<2/(ra—r)andn =1in B} andn =0on B;\B;g. With this 7 in (A.4), we
obtain, in terms of U,

n—=2y

1
_ (B+Dn n _ K
/ U2 dx + / YU BTV gxdy
r B

0
1

_4rq
< LEpF f
(ra —r1)? r
1

- 1

p 4

O(p,r) = (/ Updx> + (/ y“U”dxdy)p
ro B

and 6 = min{#, k} > 1, then (A.5) becomes

(AS)

UPH dx +/

- yeuht! dxdy) )

0
rp )

If we set

2
_2rq_\ B+I
1 2yqg—n
e e B )

Now we can iterate the above inequality by setting R, = 1+ 1/2" and 6,, = 0™ p.
Then

SO, 1) < DO Rn) < (16)2 T 19 0(5,2) < CO(5.2)
for some constant C, because the series Y o i/ 6' is convergent. Finally, since

lim ®(p, 1) =supU +sup U,

we have

supU +supU' = C (1011555 v + 1V 1Loqety + 1F 1oy ]
I B;

Rescaling back to th , we conclude the proof of theorem. O
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Proposition A.2. Suppose (M",go) is the conformal infinity of a Poincaré-Einstein
manifold with n > 2y. For each q > % we can find positive constants ng =

no(M, go,q,Cq) and C = C(M, go, q, C1) with the following significance: if g =
4

un=2v ggo is a conformal metric and R = P)‘? (1) satisfying

2n
/ U2 dpyg +/ uP)é’Ouduo <Ci and / [RI7dpng <no (A.6)
M M r9 (x)

for x € M, then we have
ux) <C.

Before we prove this proposition, we collect some useful estimates.

Lemma A.3. Let x € M. Under the same assumptions as in Proposition A.2, there
hold

r—2/+ p! U dpg, < Ca (A7)
B (x)

and
r_n/ dﬂg S C25
I3, @)
where C, depends only on C.

Proof. For the first assertion, using Holder’s inequality,

n—2y
2n+2-2y) n+2-2y
p' U dpg, < Cr? P ITHU T dpg, :
B B
2r 2r

It follows from the weighted Sobolev embedding in [19, Theorem 2] and the
weighted Poincaré—Hardy inequalities (see [29]) that

n—2y
21+2-2y) nt+2-2y
1-2 = _
</ P 14 U 2 dMg0>
B+
2r

1-2 2 _ —1-2 2 _
5C/B+p V|VU|§()dMgO+C/+p YU dug,

2r 2r

<C [ p2IVUR dug
X

SC/ uP}é’Ouduo+C/ u2dM0§CC1,
M M

where C is a large enough constant that depends only on (X, go).
The second estimate is immediate. O
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Proof of Proposition A.2. The proof is similar to [1, Proposition A.3] where the
author deals with the y = % case. The key step is to obtain [6, (187)] in our setting.
This is the consequence of Proposition A.1, which, we stress again, holds on the
manifold (M", go). Let U be the extension of u to X, which satisfies

—div(p' "' VU) 4 Egy(p)U =0 in (X, 20)
U=u on (M, go) (A.8)
—cy lirr})pl_zyapU = P’u on (M, go).

p—

It follows from Proposition A.1 that for any center on M and any small radiusr > 0,

+
2r

+Cr_# /
ro,
1
n q
+Cr e (/0 |P§°ulqdu0> :
l—‘2r

Notice that Lemma A.3 and our assumption (A.6) imply

2
101_27/ U d“éo)

n—2y
2n

= MO) (A9)

n4+2-2y
supU +supU <Cr~ " 2 /
ro B B

1

n—2 n—2 n+2 n 4
rT sup U szrTy +Cr Ty / |PSul?dpo | - (A.10)
B (x) I, (x)

Now let us suppose rg is a real number such that rg < r and

n=2y n=2y
r—s)z supU=<(@r—rg) 2 supU
B (x) B (x)

for all s < r. Moreover, we can find xg € Br‘g (x) such that

sup U = U (xp).
B} (x)

We can assume r is small that d(xo, M) is achieved by a unique point x; on M. By
the definition of rg and xp, we have

sup U < sup U§2%U(xo).

Brfro (xg B-r:»ro ()C)
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We want to show that (A.10) implies the existence of a fixed constant K =
K (C3) such that for all s < 52,

P Uxo) < K + K" 22U (xg)) 2 112'5&(/ |Rg|qdug>q. (A11)
B

-t (x)

To that end we distinguish two cases according to the size of s. If 0 < s <
min{2d (xo, M), =™}, then the interior Harnack inequality yields

1

- 2
STVU(X())SCS_I </ pl_szzd;Lg(,) <K,
By

for a ball By C X, using estimates similar to (A.7). On the other hand if
min{2d (xo, M), 52} < s < 52, then xo € B;f(x}) and ng(x ) C F (x).
We get from (A.10) that

1/q
n+2 n
U(xo) < Cos =t +Cs - </0 |P§°u|qdﬂo)
(x)

g (A.12)
n—2y n+2y _n n+2y
<Ks 2 4+Ks 2 ¢ </ un=24"n= 2V|R|qa’/ig> ,
(x)

r—ro

so again we get (A.11). Therefore (A.11) holds for any s < —
Now we choose 179 > 0 such that

n+2y 2n

1
QK)H E ad <

N —

We claim that
n=2y

r—ro 2
( 2 ) U(xg) <2K.

Indeed, if, on the contrary, 2K < (=52 rO) 0 (x0), then we let s = (-2 Do ))" 5
™ in (A.11), which yields

L
q

|Rg|q dﬂg)

m2y o 1L
<K+ KQK)= »apg.
Clearly this contradicts the choice of 7. Thus we must have

n—2y

r—ro 2
< > ) U(xg) < 2K.
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Using (A.12) with s replaced by 5™, we obtain

n—=2y
r—ro 2 Uxo)
X
) 0
n—2y 1 n—2y
r—ro\ 2 y _ w1 T (r—rg\ 2
<K +KQK)r= =24 [Rg|?dpyg U (xp).
2 o (x 2
2r
n+2y 2n 1

1 1 1
Since (fl“g,(x) |Rg|? dug)q <ng and 2QK)"2 " mwapl < %,then

—2y n—=2y

_ =t _ = e
(r 2”)) Uxo) < 2K (r 2”’) <2Kr" 27,

Thus we conclude that

n—=2y n—2y
r 2 U(x) <(r—ro) 2z Ulxo)

n42-"2y n—2y
<272 Kr 2

’

as desired.

References

(1]
(2]
(3]

(4]
(5]
(6]
(7]
(8]

(9]

S. ALMARAZ, Convergence of scalar-flat metrics on manifolds with boundary under a
Yamabe-type flow, J. Differential Equation 259 (2015), 2626-2694.

S. ALMARAZ and L. SUN, Convergence of the Yamabe flow on manifolds with minimal
boundary, Ann. Sc. Norm. Super. Pisa CI. Sci. 20 (2020), 1197-1272.

W. Ao, H. CHAN, A. DELATORRE, M. A. FONTELOS, M. D. M. GONZALEZ and
J. WEL, On higher dimensional singularities for the fractional Yamabe problem: a non-
local Mazzeo-Pacard program, Duke Math. J. 168 (2019), 3297-3411.

I. ATHANASOPOULOS and L. A. CAFFARELLI, Continuity of the temperature in boundary
heat control problems, Adv. Math. 224 (2010), 293-315.

T. AUBIN, “Some Nonlinear Problems in Riemannian Geometry”, Springer Monographs in
Mathematics, Springer-Verlag, Berlin, 1998.

S. BRENDLE, Convergence of the Yamabe flow for arbitrary initial energy, J. Differential
Geom. 69 (2005),217-278.

S. BRENDLE, Convergence of the Yamabe flow in dimension 6 and higher, Invent. Math.
170 (2007), 541-576.

X. CABRE and Y. SIRE, Nonlinear equations for fractional Laplacians, I: Regularity, max-
imum principles, and Hamiltonian estimates, Ann. Inst. H. Poincaré, Anal. Nonlineaire 31
(2014),23-53.

S.-Y. A. CHANG and M. D. M. GONZALEZ, Fractional Laplacian in conformal geometry,
Adv. Math. 226 (2011), 1410-1432.



(10]

(1]

(12]

(13]
(14]
(15]
[16]
(17]

(18]

(19]
[20]
(21]
(22]
(23]

[24]

[25]
[26]
(27]
(28]

(29]

(30]

(31]

FRACTIONAL YAMABE FLOW 1739

S.-Y. A. CHANG, F. HANG and P. C. YANG, On a class of locally conformally flat mani-
folds, Int. Math. Res. Not. IMRN 4 (2004), 185-209.

B. CHOW, The Yamabe flow on locally conformally flat manifolds with positive Ricci cur-
vature, Comm. Pure Appl. Math. 45 (1992), 1003-1014.

P. DASKALOPOULOS, Y. SIRE and J. L. VAZQUEZ, Weak and smooth solutions for a
fractional Yamabe flow: The case of general compact and locally conformally flat manifolds,
Comm. Partial Differential Equations 42 (2017), 1481-1496.

M. D. M. GONZALEZ, R. MAZZEO and Y. SIRE, Singular solutions of fractional order
conformal Laplacians,J. Geom. Anal. 22 (2012), 845-863.

M. D. M. GONZALEZ and J. QING, Fractional conformal Laplacians and fractional Yam-
abe problems, Anal. PDE 6 (2013), 1535-1576.

C.R.GRAHAM, R. JENNE, L.J. MASON, and G. A.J. SPARLING, Conformally invariant
powers of the Laplacian. 1. Existence, J. London Math. Soc. (2) 46 (1992), 557-565.

C.R. GRAHAM and M. ZWORSKI, Scattering matrix in conformal geometry, Invent. Math.
152 (2003), 89-118.

G. GRUBB, Fractional Laplacians on domains, a development of Hormander’s theory of
u-transmission pseudodifferential operators, Adv. Math. 268 (2015), 478-528.

R. S. HAMILTON, The Ricci flow on surfaces In: “Mathematics and General Relativity
(Santa Cruz, CA, 1986)”, Contemp. Math., Vol. 71, Amer. Math. Soc., Providence, RI,
1988, 237-262.

T. HORIUCHI, The imbedding theorems for weighted Sobolev spaces, J. Math. Kyoto Univ.
29 (1989), 365-403.

T. JIN and J. XIONG, A fractional Yamabe flow and some applications, J. Reine Angew.
Math. 696 (2014), 187-223.

S. KiM, M. Musso and J. WEI, Existence theorems of the fractional Yamabe problem,
Anal. PDE 11 (2018), 75-113.

R. MAZZEO and F. PACARD, A construction of singular solutions for a semilinear elliptic
equation using asymptotic analysis, J. Differential Geom. 44 (1996), 331-370.

G. PALATUCCI and A. PISANTE, A Global Compactness type result for Palais Smale se-
quences in fractional Sobolev spaces, Nonlinear Anal. 117 (2015), 1-7.

J. QING and D. RASKE, Compactness for conformal metrics with constant Q curvature
on locally conformally flat manifolds, Calc. Var. Partial Differential Equations 26 (2006),
343-356.

R. SCHOEN, Conformal deformation of a Riemannian metric to constant scalar curvature,
J. Differential Geom. 20 (1984), 479-495.

R. SCHOEN and S.-T. YAU, Conformally flat manifolds, Kleinian groups and scalar curva-
ture, Invent. Math. 92 (1988),47-71.

H. SCHWETLICK and M. STRUWE, Convergence of the Yamabe flow for large energies,
J. Reine Angew. Math. 562 (2003), 59-100.

L. SIMON, Asymptotics for a class of nonlinear evolution equations, with applications to
geometric problems, Ann. of Math. 118 (1983), 525-571.

Y. SIRE, S. TERRACINI and S. VITA, Liouville type theorems and regularity of solutions
to degenerate or singular problems part I: even solutions, https://arxiv.org/abs/1904.02143,
submitted.

M. STRUWE, “Variational Methods”, Ergebnisse der Mathematik und ihrer Grenzgebiete.
3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Re-
lated Areas. 3rd Series. A Series of Modern Surveys in Mathematics, Vol. 34, Applications
to nonlinear partial differential equations and Hamiltonian systems, 4th edition, Springer-
Verlag, Berlin, 2008.

N. TRUDINGER, Remarks concerning the conformal deformation of a Riemannian structure
on compact manifolds, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3) 22 (1968), 265-274.



1740 HARDY CHAN, YANNICK SIRE AND LIMING SUN

[32] J. L. VAZQUEZ, A. DE PABLO, F. QUIROS and A. RODRIGUEZ, Classical solutions and
higher regularity for nonlinear fractional diffusion equations,J. Eur. Math. Soc. (JEMS) 19
(2017), 1949-1975.

[33] H. YAMABE, On a deformation of Riemannian structures on compact manifolds, Osaka
Math. J. 12 (1960), 21-37.

[34] R. YE, Global existence and convergence of Yamabe flow, J. Differential Geom. 39 (1994),
35-50.

Department of Mathematics
University of British Columbia
Vancouver, B.C., Canada, V6T 172
hardy @math.ubc.ca

Department of Mathematics
Johns Hopkins University
3400 N. Charles St.
Baltimore, MD 21218, USA
sire@math.jhu.edu
sunlimingbit@gmail.com



