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The Grunwald problem and specialization of families
of regular Galois extensions

JoACHIM KONIG

Abstract. We investigate specializations of infinite families of regular Galois
extensions over number fields. The problem to what extent the local behaviour of
specializations of one single regular Galois extension can be prescribed has been
investigated by Debes and Ghazi in the unramified case, and by Legrand, Neftin
and the author in general. Here, we generalize these results and give a partial
solution to Grunwald problems using Galois extensions arising as specializations
of a family of regular Galois extensions. These are so far the most comprehensive
results for groups G over a number field £ under the only condition that G occurs
regularly as a Galois group over k.

Mathematics Subject Classification (2010): 11R32 (primary); 11520, 14H10,
14H30 (secondary).

1. Introduction and statement of main results

Grunwald problems: let G be a finite group, k be a number field and S be a finite
set of primes of k. For each p € S, denote by k,, the completion of k at p, and let
Fplk), be a Galois extension with Galois group embedding into G. By a Grunwald
problem (for G over k), we mean the following question:

Problem 1.1 (Grunwald problem). Does there exist a Galois extension F'|k with
group G such that the completion of F|k at a prime of F extending p equals F) |k,
foreach p € §?

In the case where all F |k, are unramified/ at most tamely ramified, we speak
of an unramified/ tamely ramified Grunwald problem. Of course, in the case of
existence of a solution field F'|k, the Galois group D), := Gal(F|k)) is a subgroup
of G (the decomposition group at p), and the Galois group I, := Gal(Fp|F ;,”),
with the maximal unramified subextension F}" of F,|k,, is a normal subgroup
of D, (the inertia group at p). Note that, since the embedding of F|k into the
completion Fylk, = F - kplk, is only well-defined up to automorphism, the pair
(I, Dp) is well-defined up to conjugation in G.

This work was supported by the Israel Science Foundation (grant no. 577/15).

Received January 18, 2018; accepted in revised form July 03, 2019.
Published online December 2020.



1532 JoACHIM KONIG

A question related to the above is the following:

Problem 1.2 (Grunwald problem, group version). Given pairs (/,, D) of sub-
groups of G which occur as inertia and decomposition group of some Galois ex-
tension of k, (for all p € §), does there exist a Galois extension F|k with group
G possessing (I, D) as inertia and decomposition group at p (up to conjugation
in G)?

We also speak of the Grunwald problem (for G over k), meaning the question
of precisely which Grunwald problems (in the sense of Problem 1.1 or Problem 1.2)
possess a solution. Famously, Grunwald problems are known to have a solution for
Abelian groups, with a possible exception at primes extending the rational prime 2.
This is known as the Grunwald-Wang theorem. Results by Harari [9] give positive
answers for Grunwald problems for groups which are iterated semidirect products
of Abelian groups (again, upon excluding a finite set of bad primes). Recent work
of Harpaz and Wittenberg [10] gives a positive answer for all supersolvable groups,
and thus in particular for all nilpotent groups. A different direction was exhibited
by Saltman, who showed that all Grunwald problems have a positive answer if the
group G has a generic Galois extension over k [21].

Finally, we note that solvability of Grunwald problems outside some finite set
of primes (depending on G) for all finite groups G would follow immediately from
a famous conjecture by Colliot-Thélene (see [22, Conjecture 3.5.8]).

Main results and structure of the paper: A reasonable approach to solve the
above problems for large classes of groups is via specialization of k-regular Galois
extensions with group G. This has been used successfully by Debes and Ghazi [6]
to solve the unramified Grunwald problem for groups occurring as k-regular Galois
groups, under the condition that the set S of primes is disjoint to some finite set So
only depending on the given k-regular G-extension. On the other hand, it has been
shown in [16, Section 6] that the same result cannot be obtained in generality for
ramified Grunwald problems.

The main insight of this article is the fact that the obstructions to solving all
ramified Grunwald problems for a group G which occur in the case of specializ-
ing just one regular extension (or also, finitely many) may vanish by adding just
one more parameter. In particular, we obtain a partial positive answer for ramified
Grunwald problems (see Theorem 4.1), via specialization of not just one regular
G-extension, but rather a one-parameter family (with certain extra conditions) of
k-regular G-extensions.

We state here a special case in which the result of Theorem 4.1 becomes par-
ticularly nice:

Theorem 1.3. Let E|k(s)(t) be a one-parameter family of regular Galois exten-
sions with group G, and let t — t; € k(s) U {oo} be a k(s)-rational branch point
of Elk(s)(t). Let (I, D) be the inertia and decomposition group at t +— t; in
E|k(s)(t), and let F|k(s) be the residue field extension at t — t; in E|k(s)(t).

Assume that F|k(s) is k-regular. Then for every finite set S of primes of k, disjoint
from a finite set of “bad” primes (depending only on E|k(s)(t)), and for every tuple
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(xp € D)pes, there exist infinitely many Galois extensions of k with Galois group
G whose inertia and decomposition group at p equal I and (I, xp) respectively
(for each p € S). More precisely, such extensions may be chosen as specializations
Esy.1lk of Elk(s)(1).

Note that decomposition groups at primes of tame ramification in number field ex-
tensions are necessarily metacyclic. Furthermore, from computational evidence,
decomposition groups D in geometric Galois extensions have a tendency to be “as
large as possible”, i.e., to contain the full centralizer of 7 in G. In such a scenario,
Theorem 1.3 then ensures a best possible answer to Problem 1.2 (outside of a finite
set of bad primes) under the extra assumption that the inertia group remains all of 7.

Our precise notion of “family” is given in Definition 3.1; it implies in particular
that the members of a family have the same inertia canonical invariant (with finitely
many exceptions). It is obviously unclear whether, for a given number field %,
all finite groups possess such families, but there are known theoretical criteria in
inverse Galois theory which yield existence for certain classes of groups.

While it is not surprising that such families should allow for a wider variety of
specializations than any single regular extension, this intuition has not previously
been quantified (and obviously there are also exceptions to the rule). Our most
general result in this direction is contained in Theorem 3.5.

In Sections 4.2 and 4.3, we give sample applications, one for the case of
a simple explicitly given family of polynomials, and one more theoretical about
elementary-Abelian groups. We use the first example to demonstrate an application
of our results to the problem of existence of parametric sets, showing that the exis-
tence of a one-parameter family of regular Galois extensions with group G and with
some mild technical assumptions already prevents the existence of finite parametric
sets (see Corollary 4.4). Recall here that a set S of k-regular Galois extensions of
k() with group G is called parametric, if every G-extension of k arises as a spe-
cialization of some element of S. Existence of such sets was investigated in several
previous papers [15-17].

We end by stating a strong version of the regular inverse Galois problem which,
if true for some group G, would imply positive answers to all Grunwald problems
for G (via our methods) outside some finite set of primes (depending on G), over
many number fields. See Theorem 4.7.

Ideas used in the proofs: for the proofs of the main results Theorem 3.5 and
Theorem 4.1, we study the behaviour of the residue class field at a branch point in
an extension E/k(s)(z) under specialization of the extra parameter s, which more
precisely is a reduction of the field of constants. In particular, we use the theorem
of Lang-Weil to ensure that, for a given prime p of k (not in some exceptional finite
set) and a suitable specializiation s — sg, the Galois groups of the mod-p reduc-
tion of these specialized residue class fields can be prescribed to some extent. The
reduction to Lang-Weil was also used as a central idea in the solution of unrami-
fied Grunwald problems in [6], however in the context of mod- p reductions of the
underlying G-cover itself rather than on the level of residue field extensions.
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Then, using the results of [16] about the local behaviour of specializations of a
single regular Galois extension, as well as a theorem of Beckmann about ramifica-
tion in specializations of regular Galois extensions, we relate the mod- p behaviour
of suitable specializations of E/k(s)(¢) to the above mod- p reduction of the residue
class field at a branch point, as well as to suitable geometric inertia groups.

ACKNOWLEDGEMENTS. I thank Pierre Debes, Francois Legrand and Danny Neftin
for helpful discussions.

2. Prerequisites

2.1. Basics about regular Galois extensions

Let K be a field. A Galois extension F'|K (t) is called K-regular (in the following
simply regular), if F N K = K. For any tp € K U {oo} and any place p of F
extending the K-rational place r +— #, we have a residue field extension Fy | K.
This is a Galois extension, not depending on the choice of place p. We call it the
specialization of F|K (¢) at tg.

Now let K be of characteristic zero, and let F|K (¢) be a K-regular Galois
extension F'|K (¢) with group G. Such an extension has finitely many branch points
Pl, ..., pr € K U{oo}, and associated to each branch point p; is a unique conjugacy
class C; of G, corresponding to the automorphism (¢ — piVe v ¢t — pp)l/e of
the Laurent series field K (((r — p,-)l/ ¢)), where ¢; is minimal such that L embeds
into K(((r — pi)l/ €)), and ¢ is a primitive e;-th root of unity.l This e; is the
ramification index at p;, and equals the order of elements in the class C;. The class
tuple (Cy, ..., C;) is called the inertia canonical invariant of L|K (t), and the tuple
(p1, ... pr), (Cy, ..., C})) the ramification structure.

Note that K -regular Galois extensions F|K (¢) with group G correspond one-
to-one to G-Galois covers f : X — P!, defined over K, of compact connected
Riemann surfaces. In this paper, we will mainly stick with the function field view-
point (except for a few places with an explicitly geometric flavor, such as Lang-Weil
theorem, which make a wording in terms of covers more natural).

2.2. Ramification and residue fields in specializations

Let £ be a number field, E|k(¢) be a regular Galois extension with group G, and
to € P! (k). We will make extensive use of previous results relating inertia groups,
residue fields etc. at primes p in the specialized extension E; |k to those in the
regular extension E|k(t). The case of inertia groups is contained in work of Beck-
mann [1].

Lyf pi = 00, one should replace r — p; by 1/¢.
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Let k£ be a number field, ap be an algebraic integer, f € k[X] be its minimal
polynomial, and p be a finite prime of k. Define Iy(a, ap) as the multiplicity of
p in the fractional ideal generated by f(a). Obviously, we have Iy(a, ag) # 0
only for finitely many prime ideals p of k. With this notation, we can state an
important criterion of Beckmann, relating ramification regular Galois extensions to
ramification in specializations.2 See also [19, Theorem 1.10.10], which is closer in
wording to our version.

Proposition 2.1 (Beckmann). Let k be a number field and E|k(t) be a regular
Galois extension with Galois group G. Assume that all branch points of E|k(t) are
finite and algebraic integers. Then for all but finitely many primes p of k (with the
exceptional set depending on E|k(t)), the following holds:

If a € k is not a branch point of E|k(t) then the following condition is necessary
for p to be ramified in the specialization Eg|k:

Iy(a, a;) > 0 for some (automatically unique) branch point a; .

Furthermore, the inertia group of a prime extending p in the specialization E, |k
is then conjugate in G to (t!»\@%)) where T is a generator of an inertia subgroup
over the branch point t — a; of k(t).

We only note briefly that this theorem remains true for more general situations, and
in particular also for the case that k is a function field of characteristic zero (see [3]).

Next, we deal with residue fields and decomposition groups at ramified primes
in specializations. For a regular extension E|k(¢), a value #y € P'(k) and a prime p
of k, we use the notation I;, , and Dy, y, for the inertia and decomposition group at
(a prime extending) p in the residue field extension E;|k.

The following proposition contains some of the main results in [16] (and occurs
there in a somewhat more general setting, namely for more general fields k and
more general branch points #;). It relates the residue field, decomposition group
etc. at ramified primes in specializations to the respective data in the corresponding
regular extension. Statements 1) to iii) are contained in [16, Theorem 4.1], whereas
statement iv) is in [16, Theorem 4 .4].

Proposition 2.2. Let k be a number field or a function field of characteristic zero.
Let E|k(t) be a regular Galois extension with group G.
Let t; € kU {oc} be a k-rational branch point of E|k(t), and let p be a prime
of k, not in some explicit finite set of “exceptional” primes (depending on E|k(t)).
Let tg € k U {00} be a non-branch point such that Iy(ty, t;) > 0. Denote by 1
and D the inertia and decomposition group at (a fixed place extending) t +— t; in
Elk(t).

2 Compared with Beckmann’s original criterion, we include the assumption that all branch points
of a regular extension E|k(¢) are algebraic integers. This is always possible via fractional linear
transformations in ¢, and eases the notation (in particular because of the definition of intersection
multiplicities in [1, Definition 1.1 and 4.1], which requires a distinction in cases in general).
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Then the following hold:

i) The completion at p of E;, |k is contained in the unramified part of the comple-
tion at p of Elk.
In particular, the residue extension at p in Ey |k is contained in the residue
extension at p in E;|k;

i) Up to conjugation in G, the inertia group Iy, p equals a subgroup of I, and the
decomposition group Dy, p fulfills (Dyy p) = Dy, p, where ¢ : D — D/I is
the canonical epimorphism;

iii) In particular, if in addition Iy(ty, t;) is coprime to e; := |I|, then Dy,  equals
¢! (Dy;,p). Furthermore, the residue extension (respectively completion) at p
in E |k equals the residue extension (respectively completion) at p in Ey|k;

iv) Conversely, every Galois extension Fylky, whose Galois group respectively in-
ertia group are isomorphic (under the same isomorphism) to (p_l(D,l.,p) re-
spectively I, occurs as the completion at p of Ey |k, for infinitely many ty € k.

Since the proof of Proposition 2.2 is somewhat involved and technical, we refer to
the proofs (of the more general version) given in [16].

3. Families of regular Galois extensions

3.1. Definition and first properties

From now on, always let k denote a number field. In the following we will treat
one-parameter families of regular G-Galois extensions of k(¢) (for a finite group
G). We define more precisely what we mean by this.

Definition 3.1. Let s, ¢ be independent transcendentals over k Let E|k(s)(¢) be a
regular Galois extension with group G, with branch points py, ..., p, € k(s) U {00}
and inertia canonical invariant (Cy, ..., C,) (where the C; are non-identity con-
jugacy classes of G). We call E|k(s)(¢) a one-parameter family of regular G-
extensions (with ramification structure ((p1, ..., pr), (Cy, ..., Cy))).

Of course it is perfectly reasonable to define n-parameter families as well, for
any n > 2, and indeed, the techniques used in the proofs of our main results remain
valid for n > 2 as well. The point of our results in Section 4 is however that,
at least potentially, already consideration of the case n = 1 may suffice to solve
all Grunwald problems for a given group G (away from some fixed finite set of
primes). See in particular Section 4 .4.

The following lemma clarifies what happens to the ramification type of families
under specialization of the extra parameter s. Its assertion also follows easily using
Hurwitz spaces and their corresponding universal families of coverings; however
we prefer to give a more elementary proof here.

Lemma 3.2. Let E|k(s)(t) be a one-parameter family of regular Galois extensions
with group G, with ordered branch point set (p1, ..., pr), and let I; < G denote
the inertia group at the branch point p;, for=1,...,r.
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Then for all but finitely many specializations s +— so € k, the extension
E,|k(t) is regular with Galois group G (up to a canonical isomorphism, indepen-
dent of so), with branch point set ((p1(s0), - - -, pr(80)) and with inertia group I; at
the branch point p;(so) (i = 1, ...,r). Here the evaluation p;(so) is to be under-
stood in the following way: set p;(sg) := oo for p; = 0o, and assume from now on
that all p; are # 00. Set L := k(s)(p1, ..., pr) C k(s). Then p;(so) is the image of
Di under specialization Ly, |k. 3n particular, if p; is a zero of f (s, X) € k(s)[X]
and so € k is such that f(so, X) is defined and separable of maximal degree, then
pi(so) is a root of f(so, X).

We call the extension Ej,|k(t) a non-degenerate member of the family E|k(s)(t),
if it fulfills the assertions of Lemma 3.2.

Proof. The place s — sg of k(s) defines a non-archimedean valuation on k(s). Let
v be a prolongation to E - k(s), such that v(r) = 0. Then v induces a constant
reduction E, |k(t) of E|k(s)(t), mapping a branch point p; to p; (sg) as described in
the lemma.

Here, the image p;(so) is independent of the choice of prolongation v, up to
algebraic conjugates over k. However, by a special case of Fried’s branch cycle
lemma, algebraically conjugate branch points have the same inertia group up to
conjugation in G. Therefore, the following arguments are independent of the choice
of v.

With the exception of finitely many sq, this constant reduction is a good re-
duction (in the sense of [7]) meaning that the resulting reduced extension is again
a regular function field extension, say E|k(z), of the same degree as E|k(s)(¢) and
such that the genus g(E) equals g(E). In these cases, [11, Lemma 8.2.4] yields the
following: There exists an isomorphism

sy + Gal(E|k(s)(1)) — Gal(Ej, |k(1)),

such that for each branch point 7 +— b (with b in the algebraic closure of k(s)),
the inertia group I is mapped under ¢y, into the inertia group I at b in E. Now
choose s such that the images of the branch points of E|k(s)(#) under constant
reduction are pairwise distinct. Obviously this excludes only finitely many more sg.
Then the inertia groups /7 cannot be of strictly larger order than I, or otherwise
g(E\ ) > g(E). Therefore b +— bisa bijection from the set of branch points
of E|k(s)(t) to the set of branch points of E|k(¢) such that the respective inertia
groups are isomorphic under ¢y, .

Furthermore, Gal(Eq,|k(¢)) is canonically isomorphic (for all non-branch
points so € k) to the Galois group of the completion E,-k(#)((s—s0))|k(#)((s—50)),
where the compositum is uniquely determined up to embedding of E|k(f) into an
algebraic closure of k(¢)((s — so)). Fix such an embedding for one given value

3 Note that this specialization map is unique only up to conjugation in Gal(k), and a priori this
ambiguity exists separately for each sy € k. See however the proof below on how to render these
maps unique using a continuity condition.
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s0,0; then embeddings for all other values sy € k are determined by continuous
paths in P!, Since closed paths induce a simultaneous conjugation action of (the
monodromy group) G on the tuple of inertia group generators, the resulting identi-
fications of Gal(Ej,|k(¢)) and Gal(E|k(s)(?)) are unique up to conjugation. Thus,
up to identifying Gal(E|k(s)(?)) and Gal(Ey,,|k(?)), all but finitely many values
so € k in fact yield inertia group /; at the branch point p; (so) up to conjugation in
G,foralli =1, ...,r.

This shows the assertion. O

In order to avoid technicalities, we have not excluded cases which should not
really be considered as “families” in Definition 3.1; e.g. extensions given by poly-
nomials constant in s (in which case E|k(s)(¢) is isotrivial in the sense that it can be
defined over k(¢)); or extensions given by things like f(X) — (¢ 4 s), in which case
E|k(s)(t) can be defined over k(¢ + ). In this last case, the regular extensions aris-
ing from specializing s +— sg are “weakly equivalent”: They only differ by linear
transformations in the variable 7.

It should be noted that such “trivial cases” automatically do not satisfy the
assumptions of the theorems below, especially Theorem 3.5.

3.2. Background on Hurwitz spaces and universal families

Non-trivial one-parameter families arise naturally in inverse Galois theory, via ra-
tional curves on Hurwitz spaces. The following is a brief introduction into this
subject; see, e.g. [8] or [20] for more in-depth introductions.

Let G be a finite group, C := (C4y, ..., C,) be a k-rational r-tuple of conjugacy
classes of G. Assume that there exists (o1, ..., o) € C1 X...xC, with {0y, ..., 0;) =
Gandoj---0, = 1.

Riemann’s existence theorem then asserts, for any r-set of branch points
Pls ... pr € PI(C), the existence of a Galois covering with group G and rami-
fication type ((p1, ..., pr), (C1, ..., C;)). Via an equivalence relation, induced by
isomorphism of the covering manifolds, the set of all such Galois coverings can
be turned into a topological manifold, and moreover into an r-dimensional quasi-
projective algebraic variety, commonly denoted by H"(C), the (inner) Hurwitz
space of C. Cf., e.g., [8, Section 1.2], [20], or also [13, Section 2.3] for detailed
introductions, as well as for several slight variants of the spaces H!"(G).

A famous result by Fried and Volklein (see [8]; and [5, Theorem 1.7] for the
version below) then links the regular inverse Galois problem over k to existence of
k-rational points on Hurwitz spaces:

Theorem 3.3. Let G be a finite group with Z(G) = 1, and let C be an r-tuple of
conjugacy classes of G such that H'"(C) is non-empty and connected.

There is a universal family F : T (C) — H™(C) x P (C) of ramified cover-
ings, such that for each h € H"(C), the fiber cover F~'(h) — P'(C) is a ramified
Galois cover with group G and inertia canonical invariant C.

This cover is defined regularly over a field k C C if and only if h is a k-rational
point.
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In particular, for a k-rational class tuple C as in Theorem 3.3, the family F gives
rise to a Galois extension F|k(H)(¢t) with group G, where k(H) is the function
field of the Hurwitz space H := H"(C). Now if this space contains not only a
k-rational point, but a rational curve defined over k, then restriction to this curve
yields a Galois extension E|k(s)(¢) with group G.

There are however well-known theoretical criteria guaranteeing (in some
cases) the existence of such rational curves, via the action of the Hurwitz braid
group. One such criterion is contained in [19, Theorem III1.7.8]. These criteria have
yielded existence of one-parameter families of regular G-extensions E|Q(#)(s) for
many “small” simple groups, and several papers have been dedicated to explicitly
parameterizing such families (sample papers are [18] and [14]).

3.3. Decomposition groups in specializations of one-parameter families

In what follows, let E'|k(s)(¢) be a one-parameter family of regular G-Galois exten-
sions of k(¢). We investigate the behaviour of local extensions at ramified primes
in number fields arising from E|k(s)(¢) via specialization of both variables. In par-
ticular, we investigate to what extent a prescribed pair (I, D) can be obtained as
inertia and decomposition group in specializations Ej, ;,|k at a prescribed prime
of k. Our main goal in this section is Theorem 3.5. It shows that, under certain
additional technical assumptions, the situation in specializations of one-parameter
families becomes considerably richer than for specialization of single regular ex-
tensions. See Remark 3.6 for a comparison with the situation of one single regular
extension.

We begin with a lemma about behaviour of residue fields and decomposition
groups under evaluation of the extra parameter s. Note that, since we defined inertia
and decomposition groups in E|k(s)(¢) with respect to the parameter ¢ (over the
constant field k(s)), we should view evaluation s — sy € k as a constant reduction,
and denote the reduced function field extension by E, g, [k(%).

Lemma 3.4. Let E|k(s)(t) be a one-parameter family of regular Galois extensions
with group G, with a k(s)-rational branch point t — m(s) € k(s). Let F|k(s) be
the residue field extension at t — m(s) in E, and let D (respectively, I) denote the
decomposition group (respectively, inertia group) at t — m(s) in E.

Then for almost all s — so € k, the following hold:

a) The residue field R of places extending the “reduced” place t — m(sg) in
Eg sy, |k(t) equals Fy, |k,

b) The decomposition group Dy at t — m(so) in Eg 4 |k(t) is a subgroup of D
containing I and such that Do /I equals Gal(Fy,|k) up to canonical isomor-
phism.

Proof. We first show:

Claim 1: Fg; C R.
In the setting of Proposition 2.2, take k(s) as the base field, #y := m(sg), #; := m(s)
and p the ideal of k[s] generated by s — s9. Then I(fp, ;) > 0, and so (E)s,
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(which is just the residue field of Ey |k(s) at p) fulfills (E;)s, 2 (Ep)sy = Fy, by
Proposition 2.2i). Now denote by v a prolongation to E of the valuation induced
by p. The theory of constant reduction asserts that for almost all sg, the field E,
equals the residue field of Eg, of E|k(¢)(s) at (a place extending) (s —so) C k(£)[s].
Thus, for almost all so € k, one has (R =)(E,)s, = (Eg))s. To show Claim 1, it
therefore suffices to verify that the two specializations commute, which is of course
always the case, as (E;))s, = (Ej,)y, 1s the residue field of a point over (sp, fp) of
the algebraic variety corresponding to E|k(s, t). Therefore Fy, C R.

Now if m(s) € k is a constant, then fp = #; and equality Fy, = R is thus
obvious from the above. But otherwise, there are only finitely many so € k such
that I, (70, ;) # 1 (Otherwise (s — s0)2 would have to divide m(s) — m(sg), and as
m(s) —m(Y) € k[s, Y] is separable, this can only happen at finitely many sp (roots
of the discriminant)). So by Beckmann’s theorem, for all but finitely many s¢, the
inertia group at s +> sp in Ey|k(s) has the maximal possible order (namely the
ramification index of ¢ — m(s) in E|k(s)(?)), and now equality Fy, = (Ej;)s, =
(E4)s, = R follows from Proposition 2 .2iii).

As for b), the containment of I as the inertia group is clear from Lemma 3.2.
Then, it is well known that Dy /I is canonically isomorphic to the Galois group of
the residue field extension R|k. O

We will now investigate local behaviour in specializations of one-parameter
families, under some relatively mild assumptions. These include, e.g., that the
residue field extension F|k(s) at some branch point is “somewhat close” to be-
ing regular over k. Note that we cannot expect F'|k(s) itself to be regular in general,
as {, € F where n is the ramification index at the branch point in question (see,
e.g.,Lemma 2.3 in [16]).

Theorem 3.5. Let E|k(s)(t) be a regular Galois extension with group G, and let
t +— m(s) € k(s) be a k(s)-rational branch point. Let I < D < G denote an
inertia and decomposition group at this branch point. Assume that furthermore the
residue field extension F|k(s) over t +— m(s) € k(s) in E is not a constant field
extension of k(s). Then the following hold:

i) For all but finitely many primes p and for all subgroups U < I, there are
infinitely many sq, to € k such that the inertia group at a prime extending p in
Egy 1|k equals U (up to conjugation in G ) and the decomposition group is not
contained in I ; o

il) For all but finitely many primes p which split completely in Fy == F N Q,
for all x € Gal(F|Fy(s))(< D/I), and all subgroups U < I, the following
holds:

There are infinitely many sg, ty € k such that the inertia group at a prime
extending p in Eg, 1, |k equals U and the decomposition group is mapped onto
(x) under the canonical epimorphism D — D/I ;%

4 Note that, of course, in the important special case of “full inertia”, i.e., U = I, the subgroup of
D with these properties is unique.
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Finally, assume that F |k(s) even contains a non-trivial k-regular Galois subexten-
sion F|k(s). Then:

iii) For all but finitely many primes p of k, for all x € Gal(F|k(s)) and all sub-
groups U < I, the conclusion of ii) holds, when the epimorphism D — D/I
is replaced by D — D/N with N < D the Galois group of E - k(s)((t —
m(s))/F((t —m(s))).

Remark 3.6. We briefly compare the different statements of Theorem 3.5 with the
case of one single k-regular extension of k(¢).

a) The assertion of i) can never be reached via specializing one extension E|k(t).
Indeed, as a consequence of Proposition 2.2, there exist infinitely many primes
p of k such that decomposition groups at all specializations Ej,|k in which p
ramifies are contained inside the respective (geometric) inertia group of E|k(¢).
See [16, Proposition 6.3].

b) Weak analogs of the assertions of ii) and iii) hold in the case of one extension
E|k(t); however only for infinite sets of primes p. As in a), the same results
for all primes, or all primes which are totally split in some prescribed finite
extension of k, are impossible.

Proof of Theorem 3.5. Our general goal is to first specialize the parameter s suit-
ably in order to obtain a single k-regular extension with a “good” decomposition
and inertia group at some branch point, and then to apply Proposition 2.2.

Firstly, by a linear transformation in the variable 7, we can and will assume all
branch points to be finite and integral over Og[s], so m(s) € Og[s].

Let p be a given prime of k, not in some explicit finite set of primes depending
only on E|k(s)(t) (to be specified by the following). Denote the residue field of a
place extending the ramified place ¢ +— m(s) in E|k(s)(¢) by F|k(s). By Lemma
3.4, we may assume, up to excluding finitely many so € k, that Fj|k is the residue
field at ¢ > m(sp) in Egy|k(¢) and that the decomposition group Dy at ¢ > m(so)
fulfills Dy/I = Gal(Fy,/k) < D/I.

Assume now (as in 1)) that F'|k(s) is not a pure constant field extension, and let
Fy be the exact field of constants. Now there are only two possibilities:

Case I: p does not split completely in Fp|k. Since every specialization Fj |k con-
tains the constant field Fp, we know that Fy |k has non-trivial Frobenius element
at p (for all so € k). But then by Proposition 2.2, for all but finitely many primes
p and for all #y € k fulfilling ord,(ty — m(sp)) > O, the inertia group at a prime
extending p in E, 4 |k is contained in /, whereas the image under canonical pro-
jection D — D/I of a decomposition group is nontrivial. Note that the finite set of
primes which are excluded from this conclusion depends a priori on so! However,
it will be shown below that this dependency can be removed.

Case 2: p splits completely in Folk. > Let p’ be a prime extending p in Fy. In
particular, O, /p’ is canonically isomorphic to Oy /p. Let F|Fy(s) be the splitting

5 Note that for those primes, assertion ii) implies i).
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field of the absolutely irreducible polynomial p(s, X) (of degree > 1 and without
loss of generality in Og[s, X]).

For all but finitely many of these p, p(s, X) is defined over O/p, and after
excluding finitely many more p, we can assume that p even remains absolutely
irreducible over Oy /p, with the same Galois group as F|Fy(s).

We are looking for specializations s > so such that Frob, (Fy,|Fo) equals a
prescribed element x € Gal(F|Fy(s)) (up to conjugation). Note here that, since
p is completely split in Fplk, the completions of Fy,|Fy at p’ and of Fy |k at p
are canonically isomorphic. Since F|Fy(s) is Fp-regular, the existence of such
specializations follows (after excluding finitely many p) from [6, Theorem 1.2];
see also the proof of [4, Proposition 5.1.]. Here, we can even assume sg € k (not
just sop € Fp); this is obvious from the proof of [6, Theorem 1.2], but since it is not
explicitly contained in the statement, we briefly recall the argument:

Take a Galois cover f) : X — P! (k) ®x kp corresponding to the constant ex-
tension F -k, |k, (s) of F|Fy(s) by the complete field k,, (with Galois group canon-
ically isomorphic to Gal(F|Fp(s)), since the latter extension is Fp-regular), and
consider the unique unramified epimorphism ¢, : G, — (x) sending the Frobe-
nius of k,, to x. Then the existence of kj,-points in the fiber over s¢ in the “twisted
cover” of f, by ¢, is sufficient for Frob,(Fy,|k) to equal x (up to conjugacy).
Now the mod-p reduction of f), corresponds to the regular extension generated by
the roots of p over Oy/p. By Hensel’s lemma, every unramified rational point of
this mod- p reduction lifts to a k,-point of f,. By the Lang-Weil theorem, the ex-
istence of such mod-p points is guaranteed for all but finitely many p (and in fact
the number of such mod-p points is O (N (p))). Hensel lifting then yields infinitely
many integral specializations s — sg € Oy (in fact, arithmetic progressions) with
the prescribed Frobenius Frob,(Fy,|k). By Proposition 2.2ii), this yields for all 7
fulfilling ord, (19 — m(so)) > 0, that the decomposition group at p in Eg 4 |k is of
the form (1, 5, 4, X), Where I, g ;, is the inertia group and X is a suitable preimage
of x under the canonical projection D — D/I.

Note that we have to make sure that after specialization s — sy € Oy as
above, the prime p has not become an exceptional prime (in the sense of Proposi-
tion 2.2) in the extension Ey,|k(¢). The following lemma asserts that this can be
achieved.

Lemma 3.7. There exists an integer m € N, only depending on E|k(s)(t) (and
not on the prime p!) such that the set of values so € Oy for which p becomes an
exceptional prime of E,|k(t) is contained in a union of at most m residue classes
mod p.

Proof. From the proof of Proposition 2.2 in [16], the exceptional primes are either
bad primes in the sense of Beckmann’s theorem, or contained in one of four fur-
ther explicitly given finite sets S;,i = 1, ..., 4. First consider the bad primes of
Beckmann’s theorem. Since p can be assumed without loss of generality to not
divide |G/, there are only three further types of bad primes (cf. Definition 2.6 and
the subsequent “Specialization Inertia Theorem” in [17]):
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a) Primes that have vertical ramification in E|k(t);
b) Primes at which two branch points of E,|k(f) meet;
¢) Primes p such that some branch point of E,|k(¢) is not p-integral.

Case c) will not occur since we assumed all branch points to be integral over Ok[s]
and specialized s +— sgp € Og. Condition b) can be transformed into sg being a
root modulo p of at least one of finitely many polynomials of bounded degree (not
depending on sp or p). Obviously, there is at most a bounded number of such roots
modulo p.

Finally, to exclude vertical ramification, we may use the following criterion,
mentioned e.g. in [6, Addendum 1 .4¢)]:

Let P(z, X) be the minimal polynomial of a primitive element & of a regular
Galois extension E|k(t), and assume P € Og[t, X] monic in X. Then E|k(¢) has
no vertical ramification at p if the discriminant A(P) € k[t] (with regard to X)
is % 0 mod p. In our situation, take P (s, #, X) to be the minimal polynomial of a
primitive element & of E|k(s) (), and assume without loss of generality (after linear
transformation in &, if necessary) that P € Og[s, ¢, X] is monic in X. Firstly we
can assume that p does not divide the discriminant A(P) € Ogl[s, t]. But then,
vertical ramification at p in E,|k(¢) (for so € O) can only happen if (sp mod
p) € Or/p is aroot of A(P) (viewed as a polynomial in s over (Oy/p)[t]). Since
A(P) € (Ox/p)ltlls] is not 0 mod p and has a bounded degree (independent of
choice of p or sp), this can only happen for sp in a bounded number of mod-p
residue classes, as claimed.

Next, consider the additional exceptional sets S; in the proof of Proposition 2.2.
Due to our assumption of a k(s)-rational branch point, the sets S| and S3 are au-
tomatically empty by definition, whereas Sy is the set of primes modulo which
the number of distinct roots of the minimal polynomial of a primitive element of
Ey,/k(t) decreases - this set can be dealt with just like case b) above. Finally, the
set Sp contains the primes dividing denominators of coefficients of a fixed finite set
of Puiseux expansions (namely, of a primitive element of Eg,/k(¢) and of its in-
termediate fields). Again, these denominators are specializations of denominators
d(s) € k[s] belonging to primitive elements of E/k(s, t) and intermediate fields.
Therefore once again, it suffices to choose so € Oy outside of the mod-p roots of
any of finitely many polynomials. This concludes the proof of the lemma. O

Due to Lemma 3.7, we can ensure, for all p with sufficiently large residue field,
that Lang-Weil above yields sufficiently many points mod p in order to guarantee
that at least one of them has s-value not in the set of exceptional residue classes of
Lemma 3.7. We have therefore shown:

Claim 1: For all but finitely many primes p of k (with the exceptions only depend-
ing on E|k(s)(t)), there exist specializations s — sg € O such that the prime p is
a good prime for the resulting regular Galois extension Eg,|k(t). Moreover, the set
of such s — s¢ contains full cosets modulo p.

Note also again that by Lemma 3.2, we can assume that the place ¢ — m(sp)
of E,|k(t) has the same inertia group [ as the place ¢t +— m(s) in E|k(s)(t). Let
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n := |I|. Beckmann’s theorem then yields that for any divisor 71|n and for #y with
ordy(ty —m(so)) = n/n, the inertia subgroup of p in Eg ; |k equals the subgroup
U of I of order 7.

Together with the above results about the decomposition groups, the claims of
1) and ii) follow.

Finally, the proof of iii) is completely analogous to ii), just with the Fy-regular
extension F|Fy(s) replaced by the k-regular extension F lk(s). O

4. Problems of Hilbert-Grunwald type

We will now derive results on prescribing local behaviour at finitely many (ramified
and unramified!) primes at a time for specializations of a family E|Q(s)(¢) of
regular Galois extensions. This may be seen as a generalization of the “Hilbert-
Grunwald” type theorems proved in [6] and [4].

4.1. Main result

Throughout this section, let E|k(s)(¢) be a one-parameter family of regular Galois
extensions, and assume that all branch points are integral over Og[s]; this assump-
tion is without loss of generality via linear transformation in .

Theorem 4.1. Assume additionally that there exist k(s)-rational branch points
t1, ..., ty of E\k(s)(¢), with inertia and decomposition groups (11, Dy), ..., (I, D),
and such that the residue field extension over t; contains a regular Galois subexten-
sion K;lk(s),fori =1, ...,r. Set G; := Gal(K;|k(s)). (One then has G; = D;/N;
for some normal subgroup I; < N; < D;.)

Let S\ and S> be disjoint finite sets, both disjoint to some finite set of “bad”
primes only depending on E|k(s)(t).

e For p € Sy let C(p) be a conjugacy class of G;
o forp e Syleti =i, € {l,...,r}, and let (A;, x;) be such that 1 # A; is a
subgroup of I; and x; is some element of G; .

Then there exist infinitely many specializations Eg, ; |k, with so, to € Oy such that

a) Forall p € S1, the extension Ey, ;) |k is unramified at p with Frobenius element
in class C(p);

b) Forall p € Sy, the extension Eg, ; |k is tamely ramified at p with inertia group
A; and decomposition group B; (up to conjugation in G) fulfilling ¢; (B;) =
(x;) with the canonical projection ¢; : D; — D;/Nj.

More precisely, the sets of such sy and to contain full arithmetic progressions in Oy.

6 Note the important special case N; = I; in case the whole residue field extension is regular. In
this case, we retrieve the special case of Theorem 1.3.
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The main point of Theorem 4.1 is to quantify the intuition that specialization of one-
parameter families should provide more towards solving the Grunwald problem for
a given group G than just single regular Galois extensions. Of course, it should not
be expected to obtain a complete answer to the problem via this approach (simply
due to the difficulty of the regular inverse Galois problem). However, given suitable
families of regular G-extensions, Theorem 4.1 yields that certain (often non-cyclic)
subgroups can be realized as decomposition groups in G-extensions of k at all but
finitely many primes of k! Compare once again the results of [16], where it is shown
that this is never true for G-extensions arising as specializations of a single regular
extension, as soon as the subgroup in question is non-cyclic.

Proof of Theorem 4.1. First, consider the primes p € S,. The claim for each indi-
vidual prime p follows directly from Theorem 3.5iii). It is important to note that,
by the proof of Theorem 3.5, the set of specializations s +— sg € Oy that allow the
specialized extension Eg,|k(t) to possess specializations with the prescribed iner-
tia and decomposition group at some p € S is a congruence set, i.e. contains full
residue classes mod p. Chinese remainder theorem then yields that for any finite set
S> :={p1, ..., pm} of primes (disjoint from the set of exceptional primes for Theo-
rem 3.5), the set of specializations of s that are “good” for all p; simultaneously (in
the above sense) still contains full residue classes mod J (with J = [/ pi).

Note also once again that for the field E|k(?) obtained in this way and for any
p € 8, all specializations ¢ +—> to which fulfill 1, (1, ;) = d; := [1; : A;] yield the
prescribed pair of inertia and decomposition group at p. But again, the conditions
Ip,; (1o, t;) = d; (for finitely many primes p;, k-rational branch points #; and integers
d;) can be fulfilled simultaneously for an arithmetic progression of values #y. This
shows part b) of the assertion.

Furthermore, for the regular G-extensions E |k(f) obtained above, assume
that p € S is not a bad prime in the sense of Beckmann’s theorem, and let C(p) a
conjugacy class of G. Then by [6], the set of fo € O such that E, ;, |k is unramified
at p with Frobenius in class C(p) is a union of cosets mod p. Moreover, this
union is non-empty if p is not in some explicit finite set of exceptional primes
- which depends only on |G|, the number of branch points of E |k(f) and the
genus of Ey,. Via excluding finitely many so € k, we may assume without loss
of generality that the extension Ej|k(¢) is a non-degenerate member of the family
Elk(s)(t); see Lemma 3.2. Then the number of branch points of Ej,|k(t) equals
the number of branch points of E|k(s)(¢) (i.e. is independent of the choice of sp),
and also the orders of inertia subgroups are the same as the ones at the respective
branch points of E|k(s)(¢), whence the genus is also independent of sy. Therefore,
the set of exceptional primes can be chosen to depend only on E|k(s)(¢). Since
once again we have obtained mod-p congruence conditions (for all p € S7), there
exist arithmetic progressions of o € O fulfilling them simultaneously for all p €
S1, and also simultaneously with the conditions for the p € S, by the Chinese
Remainder Theorem.

What is left to show is that we can choose sop € Oy such that (the above con-
gruence conditions for all p € §, are fulfilled and) none of the primes p € S
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become bad primes for Eg,|k(#). By Lemma 3.7, this is achieved by additionally
requiring so to fulfill suitable congruence conditions mod all p € S7, under the sole
condition that Sy is disjoint from some finite set of primes of k£ (depending only on
Elk(s)(1)). O

Remark 4.2 (Discriminant (and other) estimates). The fact that the sets of val-
ues fo and so fulfilling the assertions of the above theorem contain arithmetic pro-
gressions yields immediately that the specializations Ej, s, |k can always be chosen
such that they have the full Galois group G = Gal(E|k(s)(t)), as a direct conse-
quence of Hilbert’s irreducibility theorem. Furthermore, our methods can be ap-
plied to yield lower bounds for the number of distinct G-extensions with the above
properties and with discriminant of norm at most some prescribed integer B. Such
bounds were obtained for specializations of a single regular extension, fulfilling
only part a) of the previous theorem, in [4, Theorem 1.1]. We sketch briefly how
to obtain such results in the context of Theorem 4.1. For simplicity, set k = Q.
Let f(s, ¢, X) be the minimal polynomial of a primitive element of of E|Q(s)(z).
Without loss of generality, we may assume f(s,?, X) € Zl[s, t, X] to be monic
in X. Up to replacing s and ¢ by suitable values ms + my and nit 4 ny, with
m;, n; € Z (depending of course on the sets S; and S3), we can assume that all inte-
ger specializations of s and ¢ which preserve the Galois group fulfill the assertions
of Theorem 4.1. By Hilbert’s irreducibility theorem, “most values (so, fp) € Vi
satisfy this, e.g. the number of (so, 79) € Z? with |sol, |to]| < B is at most B3/>*¢
for sufficiently large B € N (see [2]). Fixing one specialization value for s, say
so = my as above, in [4, Theorem 1.3] yields that, for sufficiently large B, these
values (so, 7o) lead to at least B ~1/1G1—¢ different number fields with Galois group
G and fulfilling the assertions of Theorem 4.1. Furthermore, all these number fields
have discriminant of absolute value at most |A(f (m3, ty, X))| < C; - B€2. Here
the constant C» > 0 depends only on f,i.e.on E|Q(s)(¢), whereas C; > 0 depends
also on m,, and therefore on the sets of primes S; and ;. It would be interesting to
obtain stronger estimates by allowing sg to vary.

Remark 4.3. The assumption of k(s)-rational branch points in Theorem 4.1 of
course cannot be fulfilled for all groups. E.g., if G is an Abelian group and C a
conjugacy class of elements of order » in G, then the residue field k(#;) of a branch
point #; with inertia group generator in class C always has to contain ¢,, as a special
case of Fried’s branch cycle lemma.

Variants of Theorem 4.1 taking such situations into account can easily be de-
rived. Just as an example, for a branch point 7 +— #; € Q U {oo} of E|k(s)(?),
which is non-rational, but constant (in s), the above proofs show that conclusion b)
of the above Theorem 4.1 at least holds for all but finitely many primes p which are
completely split in k(#;)|k - while conclusion a) does not require the branch point
condition and therefore still holds in full generality.

Note that this additional restriction on the primes p is not necessarily an ob-
struction to solving Grunwald problems for G, since certain primes may not even
ramify in any G-extension of k. See Theorem 4.5 and its proof for an example.
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4.2, Example: the group P SL3(2) and application to parametric sets

We demonstrate application of the above criteria with a sample one-parameter fam-
ily with Galois group PSL3(2). Let

F(s. 6, X) =X —25XO0+ (7 + 52+ 35 —2)X* 4 (—25° — 452 + 55 —8) X +
(3 +4s2—10s +16) X2 + (=5 + 55 — 12)X —s +4+1 X2 (X — D(X? —sX +5).

Let k£ be a number field, K |k(s)(¢) be a root field of f and E|k(s)(¢) be the
Galois closure. This extension has regular Galois group P SL3(2) (the polynomial
f is a specialization of a multi-parameter family given by Malle in [18]). We are
only interested in the inertia group and residue field extension at # — co. Note that
f is of t-degree 1, and therefore K is a rational function field, say K = k(s)(x).
The splitting behaviour of f shows that there among the places extending ¢ + 0o
in K, there are two of ramification index 2 and residue degree 1 (namely, x — 0
and x — 00, as well as two unramified places, of degree 2 and 1 respectively. In
particular, the inertia group is of order 2 (with cycle type (2%.1%) in the degree-
7 action of PSL3(2) on the roots of f), and the decomposition group has orbit
lengths 2,2, 2, 1 in the degree-7 action. From the subgroup structure of PSL3(2),
one verifies quickly that this group then has to be a subgroup of C2 x C3, and in
fact equality holds, since the residue extension over ¢ — 0o contains a quadratic
regular subextension k(s, v/s2 — 4s)|k(s).

Application of Theorem 4.1 then shows that, for any finite set S of primes
of k (disjoint from a fixed finite set), there are k-specializations s — sp, ! — 1
such that E 4|k is a G-extension with inertia group C» and decomposition group
Cy x Cy atall p € § (and of course, one can also replace this by “inertia group C»
and decomposition group C»” for any subset Sop C S, etc.).

By Remark 3.6a), such a phenomenon would be impossible when specializing
only a single regular Galois extension L|k(¢).

In fact, the above observations suffice to yield a non-existence result about
finite parametric sets for the group PSL3(2). Recall that a set S of k-regular
G-extensions of k(t) is called parametric if every G-extension of k occurs as a
specialization of some element of S, ¢f. [16, Definition 7.1]. Non-existence of fi-
nite parametric sets over number fields was first proved, for many finite groups G,
in [15], and for the first family of simple groups (namely the alternating groups)
in [16, Section 7].

Using the above results, we now obtain:

Corollary 4.4. Let k be a number field and G := PSL3(2). Then there is no finite
parametric set for G over k.

Proof. As shown above, for almost all primes p of &, there exists a G-extension of
k with the Abelian, but non-cyclic decomposition group C, x C; at p. The assertion
now follows immediately from [16, Theorem 7.2]. L]

It should be understood that the same argument is immediately applicable to
further simple groups G, using families of regular extensions which exist in the
literature, such as in [18] or [14]. The main point of our approach (which is new
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compared to the treatment in [16]) is that the existence of one-parameter families
with group G (and with certain technical assumptions) contradicts the existence of
finite parametric sets for G.

4.3. Example: elementary-Abelian groups

As a further example, we present a case where one-parameter families of regular
extensions suffice to give, via specialization, a complete answer to Grunwald prob-
lems away from a finite set of primes.

Theorem 4.5. Let G = (Cp,)" be an elementary-Abelian p-group and k be a num-
ber field. Then there exists a one-parameter family E\|k(s)(t) of regular Galois
extensions with group G and a finite set Sy of primes of k such that the following
holds:

Let S be any set of primes of k, disjoint from Sy, and for each v € S let (1, D,)
be a pair of subgroups of G and let L, \k, be a local Galois extension with Galois
group embedding into G, such that there exists an isomorphism D, — Gal(L, |k,)
which maps I, to the inertia subgroup of L, |k, .

Then there exist infinitely many specializations Eg, 1|k of E|k(s)(t), still with
Galois group G, whose completion at v is L, |k, and whose inertia and decompo-
sition group at v equal (I,,, D) (forallv € S). 7

Proof. As in the proof of Theorem 4.1, it suffices to consider one prime at a time,
and it is not necessary to verify the property Gal(Ej, k) = G.

We first assume that we can construct the k(s)-regular Galois extension
E|k(s)(t) such that the following holds:

(*) For each cyclic subgroup I of G there exists a k(s)(¢p)-rational branch point
of E|k(s)(¢t) with inertia group I, decomposition group G, and k(¢,)-regular
residue field extension.

We show the assertion under the above assumption. So let v € S, and (/,,, D)) a
pair of subgroups of G and L, |k, be a local extension whose inertia and decom-
position group at v equal (/,, D)), such that D, is isomorphic to Gal(L,|k,) and
I, is isomorphic to the inertia subgroup of L, |k, . Up to excluding finitely many v,
we may assume L, |k, to be tame. Of course it then holds that |D,| < p2, since
I, and D, /I, must be cyclic. Since the unramified case is dealt with in [6], we
may and will assume I, to be non-trivial. Thus D, = (I, x) with |I,| = p and
x € G. It suffices to show that, for suitable sg, #p € k, the specialization E, s |k
has inertia and decomposition group (/,, D,) at v. Due to the above assumptions
on Elk(s)(t), Theorem 4.1 immediately yields this claim if one replaces the con-
stant field k by k(¢p) (and the prime v by a prime extending it in k(¢,)). However,
note that v must be completely split in k(¢p)|k (or else there would be no totally

7 Recall once again that this last equality is understood up to canonical identifications (and up to
conjugacy in G, which however is trivial in this case), not just up to abstract isomorphism.
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ramified C,-extension of k). In particular, the values so, 7p € k(¢)) obtained from
application of Theorem 4.1 can be assumed to lie in k,. Of course they can then be
approximated by values in k, and via Krasner’s lemma we can assume the assertion
for E(Zp)sy,101k(Ep), with k-rational values sg, f. Furthermore, combining the pre-
vious argument with Hilbert’s irreducibility theorem, we can additionally assume
that Ey, s,k has group G and is linearly disjoint from k(¢,)|k. Since v is completely
split in k(¢ )|k, the completion k, equals the completion at any prime extending v
in k(¢)), up to canonical isomorphism. The local extension at v in Eg 4 |k is then
the same as the corresponding local extension in E(£)s.1|k(¢p). This shows the
assertion.

It remains to show that a k(s)-regular extension E|k(s)(¢) with the above prop-
erties actually exists. It is well-known that the elementary-Abelian group G pos-
sesses a generic extension (over (Q and then a fortiori over k(s)(¢)). In fact this
follows directly from the analogous result about cyclic groups of prime order (see
e.g. [12, Corollary 5.3.3]). A result of Saltman ( [21, Theorem 5.9]) then implies
the following: If Fy|k(s)(?)sp, ,..., Fy |k(s)(t)sp, are any given r Galois extensions of
completions of k(s)(¢) at distinct primes By ,..., B, and ¢; : Gal(F; |k(s)(t);) —
D; < G are isomorphisms, then there exists a Galois extension E|k(s)(t) with
these prescribed local extensions and prescribed decomposition groups. Clearly, as
soon as ‘B3; has residue field k(s)(¢p), there is a totally ramified C)-extension of
the completion at *13; of k(s)(z). Compositum of this extension with a k-regular
(& p)”_l -extension of k(s) yields the desired local extension.

Finally, it is easy to ensure that E|k(s)(?) is k(s)-regular; in fact it suffices to
have linearly disjoint (over k(s)) residue field extensions at two primes of k(s)(¢),
which can be achieved via Saltman’s result, just as above, adding more local exten-
sions if necessary. O

Remark 4.6. Recall that of course Grunwald problems for G = (Cp)" have long
been known to always have a solution, due to the Grunwald-Wang theorem and also
due to the existence of generic extensions. It is, however, interesting to note that by
the above, the necessary dimension (in the sense of transcendence degree over k) to
solve Grunwald problems (away from some finite set of primes) via specialization
is only 2, whereas the generic dimension (that is, the minimal transcendence degree
of a generic extension) is > n for (Cp)" (see Corollary 8.2.14 and Proposition 8.5.2
in [12]). It should be an interesting object for further study to investigate the above
“Hilbert-Grunwald dimension” for more general groups G. At present, we can
only add that this dimension is > 2 for many finite groups, but we do not know of
any example where it is provably larger than 2.

4.4. Conjectural implications for the Grunwald problem

To conclude, we present a strong (of course, hypothetical) version of the regular
inverse Galois problem. We show that Theorem 4.1 implies that this hypothesis
would yield positive answers over many number fields k to all Grunwald problems
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(Problems 1.1 and 1.2) away from a finite set of primes (depending on k and the
group G).
So let G be a finite group, and assume the following hypothesis:

(H) There exists a one-parameter family E|Q(s) (¢) of G-extensions with only Q(s)-
rational branch points, such that each conjugacy class of cyclic subgroups of G oc-
curs at least once as an inertia subgroup of E |Q(s)(r), and such that the decompo-
sition group at each branch point equals the full centralizer of the respective inertia
group in G.

Theorem 4.7. Given a finite group G fulfilling Hypothesis (H) above, there exists
a number field ko such that for all number fields k 2 ko, Problems 1.1 and 1.2 have
a positive answer as long as the set S is disjoint from some fixed finite set of primes
of k (depending on G).

Proof. Of course E |@(§)(t) in Hypothesis (H) is defined over ko(s)(#) for some
number field ko, say as E|ko(s)(z). Up to increasing ko, we may assume the follow-
ing:

a) All branch points are kg (s)-rational,
b) the |G|-th roots of unity are contained in kg.

Let k 2 ko be a number field. Due to condition b), all inertia groups in Ek|k(s)(t)
are central in the respective decomposition groups. Since decomposition groups
at a given branch point in Ek|k(s)(t) cannot be smaller than in E |@(s)(t), they
must still equal the full inertia group centralizer, and the residue extensions must
be k-regular over k(s). Now let S be any finite set of primes of k (away from some
finite exceptional set depending on E|Q(s)(¢)), and for each p € Slet (A,, B,) be
a pair of subgroups of G such that A, is central in B, and B,/A, is cyclic. Via
choosing branch points of Eklk(s)(t) with inertia group A, Hypothesis (H) above
together with Theorem 4.1 then imply that the induced Grunwald problem (Problem
1.2) is solvable via specialization from E k|k(s)(¢). But again due to condition b),
the decomposition group at any tame Galois extension of the complete field &,
with ramification index dividing |G|, centralizes the inertia group (and has cyclic
quotient group). So Problem 1.2 for the group G always has a positive answer
over k, with the exception of some finite set of primes of k. Finally, the analog for
Problem 1.1 follows via Proposition 2.2iv). O

Note that the condition of existence of a one-parameter family as above is
equivalent to existence of a rational genus-zero curve on a certain Hurwitz space
(of a class tuple containing each conjugacy class at least once). As for the extra
condition on “large” decomposition groups, it is a “generic” case that can in some
sense be expected to be fulfilled most of the time (even though it is of course not
easy to turn this intuition into a strict proof).

It should be noted that a simpler “strong version” of the regular inverse Galois
problem, also implying positive answer to all Grunwald problems, is the existence
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of a generic polynomial for the group G (this implication is due to Saltman [21]).
However, Saltman himself gave examples of groups which do not possess generic
polynomials over any number field. Therefore this approach is too restrictive to
solve the Grunwald problem in full. On the other hand, I am not aware of any
group for which the above Hypothesis (H) is known to fail.
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