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Generic cycles, Lefschetz representations, and the generalized
Hodge and Bloch conjectures for Abelian varieties

CHARLES VIAL

Abstract. We prove Bloch’s conjecture for correspondences on powers of com-
plex Abelian varieties, that are “generically defined”. As an application we estab-
lish vanishing results for (skew-)symmetric cycles on powers of Abelian varieties
and we address a question of Voisin concerning (skew-)symmetric cycles on pow-
ers of K3 surfaces in the case of Kummer surfaces. We also prove Bloch’s conjec-
ture in the following situation. Let y be a correspondence between two Abelian
varieties A and B that can be written as a linear combination of products of sym-
metric divisors. Assume that A is isogenous to the product of an Abelian variety
of totally real type with the power of an Abelian surface. We show that y satisfies
the conclusion of Bloch’s conjecture. A key ingredient consists in establishing
a strong form of the generalized Hodge conjecture for Hodge sub-structures of
the cohomology of A that arise as sub-representations of the Lefschetz group
of A. As a by-product of our method, we use a strong form of the generalized
Hodge conjecture established for powers of Abelian surfaces to show that every
finite-order symplectic automorphism of a generalized Kummer variety acts as
the identity on the zero-cycles.

Mathematics Subject Classification (2010): 14C25 (primary); 14C15, 14C30,
14K10 (secondary).

1. Introduction

Throughout this note, Chow groups are with rational coefficients. Let X be a
smooth projective complex variety of dimension d and let y be a correspondence in
CHd(X x X) such that y,CHy(X) = 0. The Bloch-Srinivas argument [14] implies
that y*H*(X, Q) is supported on a divisor, which in turn implies that y*H"0(X) =
0 for all integers i. The Bloch conjecture stipulates that, conversely, should
y*H0(X) vanish for all integers i, then y acts nilpotently on CHp(X). (In fact,
the conjecture predicts that y should act as zero on the graded pieces of the conjec-
tural Bloch-Beilinson filtration on CHg(X).)
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More generally, if y,,CH, (X) = 0 for all » < n, then the Bloch-Srinivas ar-
gument implies that y*H*(X, Q) is supported on a subscheme of codimension 7,
which in turn implies that y*H%/ (X) = 0 for all integers i and j < n. The gener-
alized Bloch conjecture is the following converse assertion:

Conjecture 1.1 (Generalized Bloch conjecture). Let X be a smooth projective
complex variety of dimension d, and let y € CHY(X x X) be a correspondence.
Suppose that y*H?/(X) = 0 for all j < n, or, equivalently in terms of the Hodge
coniveau filtration, y*H*(X, Q) € N7, H*(X,Q). Then y, acts nilpotently on
CH, (X) forall r < n.

The conjecture is widely open, but has notably been established for surfaces with
H%0 = 0 not of general type [13], for certain surfaces with H>? = 0 of general
type [52,55], and for finite-order symplectic automorphisms of K3 surfaces [28,54].

Conjecture 1.1 follows from the combination of (a) the generalized Hodge con-
jecture (for smooth projective varieties, and not just for X) and (b) the existence of
the conjectural Bloch-Beilinson filtration. Indeed, if y*H"»/(X) = 0 for all j < n,
then the generalized Hodge conjecture for X implies that y*H* (X, Q) is supported
on a closed subscheme X of codimension n. By [7], the standard conjectures (for
Z x X,where Z — Zisa desingularization) then provide a self-correspondence
p € CHY(X x X) supported on Z x X such that p induces in cohomology a projec-
tor with image y*H*(X, Q) (see Conjecture 2.6). It follows that y o (Ax — p) acts
trivially on H*(X, Q), i.e., that y o (Ax — p) is homologically trivial. In particu-
lar, if F* denotes the conjectural Bloch-Beilinson filtration, y, o (Ax — p)« sends
F/CH, (X) to F*'CH, (X) for all [ and all r. Since conjecturally F"*!CH, (X) = 0
for all r, we find that y, o (Ax — p). is nilpotent. (Alternately, the conjectural
Kimura-O’Sullivan finiteness for X implies that y o (Ax — p) is nilpotent). Finally,
for support reasons, p, acts as zero on CH, (X) for r < n, and we conclude that y,
acts nilpotently on CH, (X) forr < n.

We note that by applying Conjecture 1.1 to y = Ax — ) ; naﬁ’é, where the

flig are projectors on the degree-2i Hodge classes (which conjecturally exist), one

recovers the more classical version of the generalized Bloch conjecture stated, e.g.,
in [56, Conjecture 1.9]. We also note that one cannot conclude in general that y,
acts as zero on CH,(X) for r < n. Consider indeed a smooth projective curve
C of positive genus and the correspondence y = C X «, where « is a non-zero
degree-0 O-cycle on C; then y*H*(C,Q) = 0 and (y o y),CHp(C) = 0, but
y«CHy(C) = Qu # 0.

Our main results are Theorem 3.15 and Theorem 4.14. We establish the gen-
eralized Bloch conjecture for certain correspondences between Abelian varieties,
that are of two types: either “generically defined”, or belong to the sub-algebra
generated by symmetric divisors (with some further assumptions on the Abelian
varieties). In both cases, the strategy consists in first showing that the Hodge sub-
structure y*H*(X, Q) is supported in codimension # in a strong sense (existence of
acycle p € CHY(X x X) as in the discussion above with additional properties), in
particular that the generalized Hodge conjecture for y*H*(X, Q) holds; see Propo-
sitions 3.13 and 4.12. For that matter, we formulate in Conjecture 2.6 a strong (but

T



ON BLOCH’S CONJECTURE FOR ABELIAN VARIETIES 1413

equivalent, when considered for all complex smooth projective varieties) version of
the generalized Hodge conjecture. This information on the cohomological support
of y is then lifted to rational equivalence thanks either to Kimura-O’Sullivan finite-
dimensionality (Theorem 2.1) or to a recent result of O’Sullivan (Theorem 2.2).
In the latter case, that is, when y is in addition symmetrically distinguished (see
Section 2.2), then one can conclude that y,CH, (X) = 0 for all r < n (see Theo-
rems 3.15(2) and 4.14).

1.1. Generically defined cycles

A generically defined cycle on the m-fold power of a polarized complex Abelian
variety A of degree d? and dimension g is a cycle (with rational coefficients) in
CH*(A™) that is the restriction, for some integer N > 3 (in fact, by Remark 3.2,
for any integer N > 3), of a cycle on the m-fold power of the universal polarized
Abelian variety of degree d* and dimension g with level-N structure; see Defini-
tion 3.1. A generically defined self-correspondence on the m-fold power of complex
polarized Abelian varieties of degree d> and dimension g is a generically defined
cycle of codimension mg on the 2m-fold power of polarized complex Abelian vari-
eties of degree d? and of dimension g.

Our first main result is Theorem 3.15, a special instance of which is the fol-
lowing:

Theorem 1.2. Suppose that y is a generically defined correspondence on the m-
fold power of polarized complex Abelian varieties. Assume that y*H"/(A™) = 0
for all j < n for some (equivalently, for all) polarized complex Abelian variety
A of dimension g and degree d*. Then y, acts nilpotently on CH,(A™) for all
r<n.

The proof consists in first establishing Theorem 1.2 for a very general complex
Abelian variety A. For such a variety, a strong form of the generalized Hodge
conjecture (as in Conjecture 2.6) holds (Hazama’s Theorem 3.12) and makes it pos-
sible to interpret the n-th Hodge coniveau part (see Definition 2.4) N;, H*(A™, Q)
as a “generically defined” sub-motive of A” whose Tate twist by n is effective
and, in fact, isomorphic to a direct summand of a finite direct sum of motives of
A™; see the key Proposition 3.13. One can conclude by using the Kimura finite-
dimensionality [29] of motives of Abelian varieties. One establishes Theorem 1.2
for all Abelian varieties by specialization.

Recall from Beauville [11] that the Chow group of zero-cycles on an Abelian
variety A of dimension g splits into eigenspaces as

CHo(A) = CHo(A)0) @ --- ® CHo(A) (),
where CHo(A) ) = {a € CHp(A) : [nlsa = n‘aforalln € Z) with[n]: A — A

the multiplication-by-n homomorphism. As an application of Theorem 1.2, we
obtain:
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Corollary 1.3 (Theorem 5.1). Let A be an Abelian variety of dimension g, and let
i be a nonnegative integer. Let N > (‘f’) and suppose that aj, 1 < j < N, are

zero-cycles on A such that [nl.a; = nla j for all integers n. Then the following
holds.

e Fori odd, the symmetrization of ay X --- X ay vanishes, i.e.

Z s(1) X+ X agny)y =0 in CHO(AN);

oeBy

e For i even, the anti-symmetrization of a; X - -- X ay vanishes, i.e.

Z sgn(0) do(1) X -+ X agyy =0 in CHp(A").

(TEGN

1.2. Lefschetz sub-representations

Let A be an Abelian variety. We define
R*(A) € CH*(A)

to be the sub-algebra of CH*(A) generated by symmetric divisors. Note that if B is
another Abelian variety, then the class of the graph of any homomorphism A — B
belongs to R*(A x B) (see Proposition 4.11). As a link to Theorem 1.2, we note
that all generically defined cycles on the m-fold power of an Abelian variety A that
we consider in explicit examples belong to R*(A™); see however Question 3.8. We
can prove the generalized Bloch conjecture for correspondences that belong to R*
on certain Abelian varieties (which are not necessarily very general).

Definition 1.4 (Abelian varieties of totally real type). An Abelian variety A is
said to be of rotally real type if the center of its endomorphism ring End®(A) :=
End(A) ®z Q is isomorphic to a product of totally real fields. Equivalently, A is of
totally real type if it is isogenous to A'I"' X -+ x A" with the A; simple of type I,
II, or III (see Section 4.2).

Our second main result is Theorem 4.14, a special instance of which is the
following:

Theorem 1.5. Let A and B be two Abelian varieties, and let y be a cycle in R* (A x
B). Suppose that A is of totally real type. If y*H"J(B) = 0 for all j < n, then
v«CH, (A) =0 forallr < n.

There are two main arguments entering the proof of Theorem 1.5. First, as ex-
plained in Section 4.1, the fact that y belongs to R*(A x B) implies that the Hodge
sub-structure y*H* (B, Q) is a sub-representation of the Lefschetz group of A acting
on H*(A, Q). The first step does not consist in establishing the generalized Hodge
conjecture for A but, instead, consists in showing that any sub-representation of the
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Lefschetz group of A acting on H*(A, Q) satisfies a strong form of the general-
ized Hodge conjecture (as in Conjecture 2.6); see Proposition 4.12. We note that
if A is a very general complex Abelian variety, then End’(A) = Q and, by coinci-
dence of the Lefschetz group of A with its Hodge group, every Hodge sub-structure
of H*(A™, QQ) is a Lefschetz sub-representation. The generalized Hodge conjec-
ture for self-powers of the very general complex Abelian variety was established
by Hazama [26] (see Theorem 3.12). By shifting our attention to Lefschetz sub-
representations, we can generalize the aforementioned result of Hazama (we refer
to Theorem 4.7 for a more precise statement):

Theorem 1.6 (Strong GHC for Lefschetz sub-representations of Abelian
varieties of totally real type. Let A be a complex Abelian variety, and let
H < HY(A, Q) be a Lefschetz sub-representation of Hodge level < k — 2n. Sup-
pose that A is of totally real type. Then H satisfies the strong generalized
Hodge Conjecture 2.6, in particular, H is supported on a closed subset of codi-
mension n.

In the second step, instead of using Kimura’s finite-dimensionality which would
only yield that y acts nilpotently on CH, (A) for all r < n, we utilize a recent pow-
erful result of O’Sullivan [41] which in particular implies that the ring R*(A) injects
into cohomology for all Abelian varieties A. We refer to the proof of Theorem 4.14
for the details.

Unfortunately, our method for establishing (a strong form of) the generalized
Hodge conjecture for Lefschetz sub-representations of H' (A”, Q) for A of totally
real type does not seem to extend in a direct way to the interesting case of Abelian
varieties of type IV or even to that of Abelian varieties of CM type; see Remark
4.9. As far as we know, the conjecture is still open for the product of four pairwise
non-isogenous CM elliptic curves.

Nonetheless, the generalized Hodge conjecture was established by Abdulali [1]
for powers of a simple Abelian surface of CM type (see Theorem 4.10). Abdu-
lali’s proof yields a strong form of the generalized Hodge conjecture (as in Con-
jecture 2.6) for powers of Abelian varieties of dimension < 2 (see Corollary 4.13).
Using Abdulali’s theorem, we establish in Theorem 4.14 a slightly more general
version of Theorem 1.5 by allowing A to be isogenous to the product of an Abelian
variety of totally real type with either the power of a CM Abelian surface or a
product of powers of three CM elliptic curves. Again the key input consists in
establishing a strong form of the generalized Hodge conjecture for Lefschetz sub-
representations (Proposition 4.12). Since the case of powers of Abelian surfaces is
particularly telling due to the link with so-called generalized Kummer varieties, we
single out the following statement from Theorem 4.14:

Theorem 1.7. Let A and B be two Abelian varieties, and let y be a cycle in R*(A x

B). Suppose that A is isogenous to a power of an Abelian variety of dimension < 2.
If y*H"/(B) = 0 for all j < n, then y,CH,(A) =0 forallr < n.
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1.3. Applications

Section 5 is concerned with concrete applications of the above results. Specifically,
Theorems 5.1, 5.3 and 5 .4 provide vanishing results for (skew)-symmetric cycles on
powers of Abelian varieties and generalized Kummer varieties, while Theorem 5.6
settles a conjecture of Voisin about K3 surfaces in the case of Kummer surfaces.
All these results are proved as consequences of Theorem 1.2, so that the reader
interested only in those can skip reading Section 4 entirely. Finally, in Section 5.4
we establish a variant of Theorem 1.7 (Theorem 5.7) which we use in Section 5.5 to
show that a finite-order symplectic automorphism of a generalized Kummer variety
acts as the identity on the Chow group of zero-cycles (see also Proposition 5.11):

Theorem 1.8 (Theorem 5.10). Let A be an Abelian surface. If f is a finite-order
symplectic automorphism of the generalized Kummer variety K, (A), then fy :
CHp(K, (A)) — CHo(K,(A)) is the identity map.

ACKNOWLEDGEMENTS. I would like to thank Robert Laterveer for bringing to my
attention the questions posed by Voisin in [53, Section 3], and Giuseppe Ancona for
very useful discussions.

2. Preliminaries

2.1. Polarized Abelian varieties, and level structures

A polarization L on a complex Abelian variety A of dimension g is by definition
the first Chern class of an ample line bundle £. We denote A= PicO(A) the dual
Abelian variety and P4 the Poincaré line-bundle on A x A. Let ¢r A — A be
the morphism given on points by a + £ ® L£~!. By definition, the degree of
the polarization L is the degree of the isogeny ¢, : A — A; it is a square since
we have deg(L) = g (£)?. We will often view the Poincaré line-bundle P4 as a
line-bundle on A x A, by pulling back along id4 x ¢ the Poincaré line-bundle on
A x A. The Fourier-Mukai transform of £ is the sheaf F(L) := P2.+(Pa ® piL);
it is a vector-bundle on A. The dual polarization L on A is the first Chern class of
det(F (L))~ "; see [12].

Denote tp : A — A x A the diagonal embedding. We define a correspondence
Al, in CH; (A x A) as follows:

. L& ifi <g:
A=A L @.1)
Fo(axL'"8)oF ifi>g.

Note that A’A induces an isomorphism H! (A, Q) =, H2e—i (A, Q).
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Following [38, Section 6], for a projective Abelian scheme A — S over a
Noetherian scheme S, we define its dual A — S to be the projective scheme that is
the open sub-group-scheme of Pic(.4/S) whose geometric points correspond to the
invertible sheaves some power of which are algebraically equivalent to zero, and
we define a polarization on A — S to be a S- homomorphism A — A such that,
for all geometric points § of S, the induced A; — A is of the form ¢ for some
ample line-bundle £ on Agj.

Let A — S be a projective Abelian scheme of relative dimension g over a
Noetherian scheme S, and let N be an integer > 2. Assume that the characteristics
of the residue fields of all closed points of S do not divide N. A level-N structure
on A — § consists of 2g sections o7, ..., 02 Of A — S such that their restriction
to any geometric point § of § provide a basis of the N-torsion of the fiber of A — §
over §, and such that [N] o 0; = 0.4 for all i, where [N] denotes the multiplication-
by-N morphism and where 0 4 is the identity section of A — S.

2.2. Motives of Abelian varieties, symmetrically distinguished cycles

We will use freely the language of Chow motives, as is described for instance in
[8]. The unit motive is denoted 1 and the motive of a smooth projective variety is
denoted h(X). Our convention for the Tate twist is such that h(P!) = 1 @ 1(—1).
The Chow motives of Abelian varieties have particularly nice properties. First
they are finite-dimensional in the sense of Kimura [29]. Without going into the de-
tails of Kimura’s notion of finite-dimensionality, let us only mention the following

property:

Theorem 2.1 (Kimura [29]). Let A be a complex Abelian variety of dimension g,
and letT' € CH8(A x A) be a self-correspondence on A. Assume that T is numer-
ically trivial. Then T is nilpotent, i.e., there exists a positive integer N such that
I'°N = 0in CHS(A x A).

Second, O’Sullivan [41] has recently identified a sub-algebra of CH*(A) consisting
of cycles that are called symmetrically distinguished (see [41, page 2] for a defini-
tion), with the following property:

Theorem 2.2 (O’Sullivan [41]). Let A be a complex Abelian variety. The sym-
metrically distinguished cycles in CH*(A) form a graded Q-sub-algebra, denoted
DCH*(A), that contains symmetric divisors and that is stable under pull-backs and
push-forwards along homomorphisms of Abelian varieties. Moreover the composi-
tion

DCH*(A) <> CH*(A) — CH (A)
is an isomorphism of Q-algebras. Here, C_H*(A) denotes the Chow ring of A mod-

ulo numerical equivalence. In particular, a symmetrically distinguished cycle that
is homologically trivial is rationally trivial.

The following definition will be relevant to our work concerned with Lefschetz
representations; see, e.g., Lemma 4 4.
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Definition 2.3. For a complex Abelian variety A, we denote
R*(A) c CH*(4)

the Q-sub-algebra generated by symmetric divisors and we denote R*(A) its image
in CH (A), or equivalently, since homological and numerical equivalence agree on
complex Abelian varieties, its image in H*(A, Q) under the cycle class map.

By O’Sullivan’s Theorem 2.2, R*(A) is a sub-algebra of DCH*(A) that maps
isomorphically onto R*(A) via the cycle class map!. Note that a polarization of A is
a symmetric divisor on A, and that the first Chern class of the Poincaré line-bundle

is a symmetric divisor on A x A. We note that by Proposition 4.11 below the cycles
Ay of (2.1) belong to R*(A x A).

2.3. Hodge structures and the generalized Hodge conjecture

A QQ-Hodge structure H is a rational vector space of finite dimension together with
a decomposition of Hc := H ®q C as a direct sum of complex linear subspaces
HP-4 for integers p, g such that HP-4 = H?P and such that the grading by p + ¢,
called the weight grading, is defined over Q. The level of a Hodge structure H is
defined as

€(H) :=max {|p —q| : H"? # 0},

with the convention that we declare H = 0 to have level —co. A Hodge structure
H is said to be effective if H?9 =0 for p < 0.

Definition 2.4. Let H be a rational Hodge structure of weight k. The Hodge coni-
veau filtration is

N’ H = the largest Hodge sub-structure of H of level < k — 2n.

In other words, N, H is the largest Hodge sub-structure H’ of H such that H' ®
Q(n) is effective. Here Q(n) denotes the 1-dimensional Hodge structure of weight
—2n and level 0.

Conjecture 2.5 (Grothendieck’s generalized Hodge conjecture). Let X be a
complex smooth projective variety. If H is a sub-Hodge structure of HX(X, Q)
of level < k —2n,ie. H C N’}in(X, @), then H is supported in codimension
n, i.e. there exists a closed subscheme Z C X of codimension n such that H is
mapped to zero under the restriction homomorphism H* (X, Q) — H¥(X\Z, Q).

Combining the above with the standard conjectures, a theorem of Yves André
[7] on motivated cycles allows us to formulate the following conjecture (see, e.g.,
the proof of [4, Proposition 4.1]).

! That R*(A) maps isomorphically onto R* (A) was also established independently by Ancona [5]
and Moonen [37].
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Conjecture 2.6 (Strong form of the generalized Hodge conjecture). Let X be a
complex smooth projective variety of dimension d. If H is a sub-Hodge structure
of H*(X, Q) of level < k — 2n,ie. H C N’},Hk (X, QQ), then there exists a closed
subscheme Z C X of codimension n and a correspondence p € cH? (X x X)
supported on Z x X such that p* : H*(X, Q) — H*(X, Q) is an idempotent with
image H.

We note that the standard conjectures are implied by the (generalized) Hodge
conjecture. Therefore, the generalized Hodge Conjecture 2.5 for all complex smooth
projective varieties implies the validity of Conjecture 2.6. In particular, Conjec-
tures 2.5 and 2.6 are equivalent when considered for all complex smooth projective
varieties. This stronger formulation of the generalized Hodge conjecture will be
crucial to our main results; see Propositions 3.13 and 4.12.

3. Generically defined cycles

3.1. Generically defined cycles on self-products of Abelian varieties

A fundamental result of Grothendieck and Mumford [38, Theorem 7.9] is that, for
N > 3, the fine moduli scheme A, 4 n for polarized Abelian varieties of degree
d? and dimension g with level-N structure exists, and that it is moreover quasi-
projective over Spec Z.

Definition 3.1 (Generically defined cycles on Abelian varieties). Let m, g and d
be positive integers. A generically defined cycle on the m-fold power of a polarized
complex Abelian variety A of degree d?> and dimension g is a cycle in CH*(A™)
that is the restriction, for some integer N > 3, of a cycle on the m-fold power of
the universal polarized Abelian variety of degree d> and dimension g with level-N
structure.

For the sake of this paper we only consider cycles with rational coefficients,
but of course the definition of generically defined cycles on Abelian varieties makes
sense for Chow groups with integral coefficients. However, with rational coeffi-
cients, the definition is independent of the choice of a level structure:

Remark 3.2. By considering the natural finite étale morphism A, 4 v — Ag.a.n
for integers M, N > 3 such that N divides M, we see that generically defined
cycles on the m-fold power of a polarized complex Abelian variety A are in fact the
restriction, for all integers N > 3, of a cycle on the m-fold power of the universal
polarized Abelian variety of degree d* and dimension g with level-N structure. In
particular, generically defined cycles on the m-fold power of a polarized complex
Abelian variety A form a Q-sub-algebra of CH*(A™).

Remark 3.3 (Universally defined cycles on Abelian varieties). In our applica-
tions, the generically defined cycles that we are going to consider will actually sat-
isfy the following stronger condition. Let m and g be nonnegative integers. A uni-
versally defined cycle on the m-fold power of polarized Abelian varieties of dimen-
sion g consists, for every polarized Abelian scheme A — B of relative dimension g
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over a smooth quasi-projective complex variety B, of a cycle z4 € CH* (.A 's) such

that for every morphism f : B’ — B of smooth quasi-projective complex Varletles
Z A Testricts to z 4x , p under the natural morphism (A x g B’ );”B, — A’/"B. Here the

Abelian scheme A x g B’ — B’ is understood to be equipped with the polarization
induced by that of A.

Remark 3.4. It is clear that, when restricted to the mn-fold powers of polarized
Abelian varieties of dimension g, a cycle that is generically defined for m-fold
powers of polarized Abelian varieties of dimension ng is generically defined for
mn-fold powers of polarized Abelian varieties of dimension g.

Example 3.5. The polarization of a polarized Abelian variety is generically de-
fined. Likewise, the first Chern class of the Poincaré line-bundle (see Section 2.1)
and the correspondences A', of (2.1) are generically defined on 2-fold products of
polarized Abelian varieties.

For future use, let us give the following examples of generically defined self-cor-
respondences on Abelian varieties:

Lemma 3.6. Suppose that (A, L) is a polarized complex Abelian variety of dimen-
sion g. Then there exist, for all integers k and n, idempotent correspondences
pk" € DCHE(A x A) that are generically defined for 2-fold products of Abelian
varieties, and whose action in cohomology are the orthogonal projectors

PP HA(A, Q) - L"H (A, Q)prim — H (A, Q).
In particular, the Chow-Kiinneth projectors nf\ =y, ph are generically defined.

Proof. Kleiman [30, Proposition 2.3] showed that the orthogonal projectors p*”
are algebraic for all smooth projective complex varieties that satisfy Grothendieck’s
Lefschetz standard conjecture. In fact, given a polarized Abelian variety (A, L)
it is shown in [30, Proposition 1.4.4] that the projectors p*" are the classes of
cycles (denoted abusively also p%™) that belong to the sub- algebra of CH*(A x A)
generated by the A’ for0 < i < 2g (see (2.1)). Since the cycles A’ are generically
defined for 2-fold products of Abelian varieties (Example 3.5), so are the cycles
p*". Finally, note that the cycles A, belong to DCH*(A x A) by O’Sullivan’s
Theorem 2.2 so that the cycles p*” belong to DCHE (A x A); these are idempotents
by O’Sullivan’s theorem. O

Remark 3.7. The cycles p*” can be defined explicitly in terms of the AIA by car-
rying cohomological computations similar to [10, Proposition 1] or [44, Propo-
sition 7.3] (note that in [44, Proposition 7.3] there is a sign error (—1)! should
read (—1)'7€). Moreover, since the Chow-Kiinneth projectors k A= 2o plon
of Lemma 3.6 are symmetrically distinguished, they coincide with the ones of
Deninger-Murre [17]. In particular, writing h*(A) for the direct summand of the
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Chow motive h(A) corresponding to the Chow-Kiinneth projector nf‘, we have the

Beauville decomposition [11]:

CHY(A) ;) = CH' (42 (4))
. - @3.1)
- {a € CHI(A) : [n]*a = n'~Ya forall n € Z}.

Here, [n] : A — A is the multiplication-by-rn homomorphism.

Question 3.8 (Generically defined cycles and symmetrically distinguished cy-
cles. It is tempting to ask whether generically defined cycles on powers of Abelian
varieties are symmetrically distinguished in the sense of O’Sullivan [41], in partic-
ular whether generically defined cycles are invariant under the multiplication by —1
homomorphism. (All the explicit cycles that we consider that are generically de-
fined are also symmetrically distinguished.) Since the Q-sub-algebra of CH*(A™)
consisting of symmetrically distinguished cycles injects in cohomology, and since
Hodge classes on A™ consist of polynomials in p;'L and p; jcl(PA) for A very
general (see Theorem 3.12), this would imply that generically defined cycles on m-
fold powers of Abelian varieties are polynomials in p;L and p; €l (PA); see also
Proposition 4.11(a) below. This would constitute a generalization (with rational
coefficients) of the Franchetta conjecture for Abelian varieties; see the recent [19]
where it is shown in particular that a generically defined cycle (with rational coeffi-
cients) of codimension 1 on polarized Abelian varieties is a rational multiple of the
polarization.

Given the fact that a general complex principally polarized Abelian threefold is
isomorphic to the Jacobian of a smooth projective curve of genus, one could be led
to think that the Ceresa cycle (which for a very general such Abelian threefold is not
symmetrically distinguished) provides a generically defined cycle for principally
polarized threefolds. This is however not the case. Indeed, the morphism C3 y —
Aj,n from the moduli space of genus 3 curves with level N structure to the moduli
space of principally polarized Abelian threefolds with level N structure (N > 3)isa
degree 2 morphism, due to the fact that a general curve of genus 3 has no non-trivial
automorphism whereas an Abelian variety always admits an involution. Since the
Ceresa cycle is sent to minus itself under the multiplication by —1 homomorphism,
we see that the Ceresa cycle is in fact fiberwise zero over A3 y. We refer to [40]
for more details.

Question 3.9 (Generically defined cycles on hyperKéahler varieties). It is also
tempting to ask whether the sub-ring of the Chow ring consisting of generically de-
fined cycles on polarized hyperKahler varieties of a fixed deformation type injects
into cohomology; see [21] for precise statements and some evidence. Note that con-
trary to the case of Abelian varieties, we do not expect generically defined cycles
to be sums of intersections of divisors or even Chern classes; for instance, for hy-
perKihler varieties that are deformations of Hilb" (K 3), the Beauville-Bogomolov-
Fujiki class defines a generically defined Hodge class on the 2-fold product, and we
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expect the existence of a generically defined cycle L in 2-fold powers of such vari-
eties whose cohomology class is the Beauville-Bogomolov-Fujiki class; see [44].

3.2. The generalized Hodge conjecture for very general Abelian varieties
We recall the well-known fact that for a very general Abelian variety the Hodge
coniveau filtration coincides with the primitive filtration.

Definition 3.10. Let (X, L) be a smooth projective complex variety of dimension
d, equipped with a polarization L. The primitive filtration (with respect to L) is

P/H*(X, Q) = P L"H ¥ (X, Q)prim,

r>j

where H (X, Q)prim = ker (L= : H (X, Q) — H*~*2(X, Q)) fori < d,and
isOfori > d.

Note that when A is a very general Abelian variety, there is up to scalar only one
symmetric ample divisor on A. In particular, in this case, the primitive filtration
does not depend on the choice of a polarization. The following theorem is folklore.

Theorem 3.11 (Generalized Hodge conjecture for very general Abelian vari-
eties. Let A be a very general polarized complex Abelian variety. Then

P*H (A, Q) = NjH (4, Q)
forallk > 0.

Proof. Since A is very general, its Hodge group is dense in the symplectic group
Sp(H!(A, Q)). The proof thus reduces to a representation-theoretic argument. We
refer to Hain’s argument in [18, Proposition 4.4], or to [26, page 135]. O

3.3. The generalized Hodge conjecture for self-powers of very general Abelian
varieties

A crucial step towards the proof of Theorem 1.2 is the following generalization due
to Hazama [26, Theorem 3.11] to self-powers of A.

Theorem 3.12 (Hazama). Let A be a very general polarized complex Abelian va-
riety. Then, denoting 1p : A™ — A™ x A™ the diagonal embedding, we have

NEHN(A™, Q) =) ((1a)«0)H 72" (A™, Q)
0

for all m,k > 0, where the sum runs through all cycles Q € CH"(A™) which
are products of cycles of the form (p;)*L, (p; ;j)*P. Here p; : A™ — A and
pi,j + A" — A? are the natural projections, and P € CH'(A x A) is the first
Chern class of the Poincaré line-bundle (see Section 2.1).
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Proof. This is due to Hazama [26, Theorem 5.1]. (Note that a very general Abelian
variety is such that End’(A) = Q (hence of type I), and is such that its Hodge group
coincides with its Lefschetz group (and hence stably nondegenerate in the terminol-
ogy of [26])). The proof is representation-theoretic and involves understanding the
irreducible representations of Sp(H ! (A, Q)) that appear as direct summands of the
representations /\kl HAQ® - ® /\k’ H'(A, Q) withky + - - - + k = k. For
a proof, we also refer to Theorem 4.7, where we will generalize Hazama’s theo-
rem. O

As a consequence, we can prove (a finer version of) Conjecture 2.6 for powers
of a very general Abelian variety:

Proposition 3.13. Let A be a very general polarized complex Abelian variety of
dimension g, and let m be an integer. Then for every integers k and n there exists
an idempotent correspondence g*" € CHS™(A™ x A™) inducing the projection
H*(A™, Q) — N’I‘{Hk(Am, Q) — H*(A™, Q), which is a linear combination of
correspondences of the form

hA™) —25 h(A™)(n) —> H(A™),

where p and ¢ are both symmetrically distinguished cycles and generically defined
cycles on 2m-fold powers of Abelian varieties of dimension g. Moreover, such a
correspondence is unique modulo homological equivalence.

Proof. By Theorem 3.12, we have
HH (A", Q) = [LH(B,Q),

where B := [] 0 A™ is the disjoint union of copies of A” indexed by the cor-

respondences Q, and I' := ZQ(LA)*Q € CH®™*" (B x A™). Since the corre-
spondences Q are symmetrically distinguished and generically defined for 2m-fold
products of Abelian varieties, the correspondence I" is symmetrically distinguished
and generically defined for 2m-fold products of Abelian varieties. We view [ as
a morphism of Chow motives h(B)(n) — h(A™). In the proof below, we are go-
ing to construct idempotent correspondences g%, with the factorization property
stated in the proposition, whose action on cohomology is the orthogonal projector
on ', H*=2"(B, QQ), for all Abelian varieties A (the hypothesis that A is very gen-
eral is only used to compare I',H*=?"(B, Q) with N’}in (A™, QQ); these coincide
when A is very general by Theorem 3.12).

By Lemma 3.6, the endomorphisms p/" € End(H*(A’, Q)) are induced by cy-
cles that belong to DCH™8 (A’ x A’) and are generically defined on 2-fold products
of Abelian varieties A" of dimension mg. Restricting to 2m-fold products of Abelian
varieties of dimension g, we see by Remark 3.4 that the p/" € End(H*(A™, Q)) are
in fact induced by generically defined cycles on 2m-fold products of Abelian vari-
eties of dimension g. Hence, the endomorphisms s;:=) " (—1)" pI" €End(h(A™))
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and the Chow-Kiinneth projectors nl o= >, pj " € End(h(A™)) are cycles that
belong to DCH™8(A™ x A™) and are generically defined on 2m-fold products of
Abelian varieties of dimension g.

Denote s := @Q Sk—2n € End(h(B)) and Ap = ]_[Q Ai’fnﬁzn_k. Since the
Hodge structure H2"—k+21(B Q) (= Do H28m—k+2n(Am (Q)), equipped with
the pairing o« ® ¢ — fB o U (s o Ap)y¢,is polarized, we have (see, e.g., [50, Lem-
ma 1.6])

im ((F osoAgo'To A’gn,)*) = im (Iy) = N, H¥(A™, Q).

Moreover the correspondence s o Ag o 'T o A’;‘m acts as zero on the orthogonal
complement of I',H*=2"(B, Q). By the theorem of Cayley-Hamilton, we may thus
express the orthogonal projector on I',H*=2"(B, Q) as a polynomial (with zero
constant term) in the endomorphism (1" osoAgoillo A]fw)* € End(H(A™, Q)).

This shows that the orthogonal projector on I'yH*=2"(B, Q) is induced by a cycle
that is a linear combination of cycles with the factorization property stated in the
proposition.

Finally, concerning the uniqueness of g% modulo homological equivalence,
let us prove more generally that an endomorphism of a Hodge structure H of weight
k, with image N}, H is unique. Assume g and ¢’ are two such endomorphisms. By
definition of the Hodge coniveau filtration, ¢ and idy — ¢’ are mutually orthogonal
projectors. Therefore g and ¢’ commute; we conclude by using the elementary fact
that two idempotent endomorphisms of a vector space coincide when they commute
with one another and have the same image. O

Remark 3.14 (Refined Chow-Kiinneth decompositions). Without going into the
details, we simply note that Proposition 3.13 shows that the refined Chow-Kiinneth
projectors of [50] can be constructed unconditionally for the powers of a very gen-
eral Abelian variety. Due to Proposition 4.12 and Corollary 4.13 below, the same
holds for self-powers of elliptic curves or Abelian surfaces. In particular, since gen-
eralized Kummer varieties are motivated by an Abelian surface (see Section 5.4),
they admit a refined Chow-Kiinneth decomposition in the sense of [50].

3.4. Generically defined cycles and the generalized Bloch conjecture

Our main result concerning generically defined cycles is the following slight gener-
alization of Theorem 1.2:

Theorem 3.15. Let y € CH*(A! x A™) be a generically defined cycle on the

(I + m)-fold power of a polarized complex Abelian variety A of dimension g. As-

sume that y*H*(A™, Q) C N';IH*(AI , Q) for some (equivalently, for all) polarized

complex Abelian variety A of dimension g and degree d*. We have:

(1) Ifl = mandy € CH™8(A™ x A™), then Yy acts nilpotently on CH, (A™) for all
r < n. Inparticular, if y is an idempotent correspondence, then y,CH, (A™) =
Oforallr < n;
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2) If y is a symmetrically distinguished correspondence, then y,CH, (A™) = 0
forallr < n.

Proof. The notation is that of Proposition 3.13 and its proof. First assume that A
is very general. By assumption, 'y has same homology class as ), gk"oly. In
particular, after transposing the above equality, y is a linear combination of mor-
phisms that factor through the morphism of homological motives 'T" : hiom(A™) —
hPom(B)(—n) = &b 0 hhom(A™)(—n). Since all the cycles considered in the proof
of Proposition 3.13 are generically defined for 2m-fold powers of Abelian vari-
eties of dimension g, the above conclusion in fact holds without assuming that the
Abelian variety A is very general.

(1) We are assuming that y is a self-correspondence on A™ of degree O; i.e.,
that it is a morphism h(A™) — h(A™). By finite-dimensionality of the motive
of Abelian varieties [29], some power of y, say y°V, factors through the mor-
phism of Chow motives ‘T : h(A™) — h(B)(—n). Therefore the action of y°V
on CH, (A™) factors through CH,_, (B); the group CH,_, (B) is obviously zero for
r<n.

(2) Finally, in order to see that y,,CH, (A™) = O for all r < n if y is assumed
to be symmetrically distinguished, it suffices to note that all the cycles appearing in
Proposition 3.13 and its proof are symmetrically distinguished, so that”y is equal to
Yk g*" o'y modulo rational equivalence, and hence is a linear combination of mor-
phisms that factor through the morphism of motives 'T" : h(A™) — h(B)(—n) =

Do hA™ (—n). O

4. Lefschetz representations

4.1. The Lefschetz group

In this paragraph, we fix definitions and notations as well as recall the basic prop-
erties of the Lefschetz group. A rational Hodge structure H of pure weight k can
be described as a Q-vector space of finite dimension with a homomorphism of R-
groups Resc/rRG,;, — GL(HR), where Res denotes restriction of scalars a la Weil.
The Mumford-Tate group MT(H) of a rational Hodge structure H is the Q-Zariski
closure of the image of this homomorphism,; it is connected. If H is of pure weight,
we will be interested in a smaller group called the Hodge group of H: Hdg(H) is
the Q-Zariski closure of the image of the circle group Ker (Res(c RGp — Gm) —
GL(HR). (Concretely, a Hodge structure H of weight k£ determines a homomor-
phism Ay : S' — GL(Hg) where S' is the unit circle in the complex plane,
such that Ay (z) acts on HP9 by multiplication by z”~9, and conversely such
a homomorphism induces an eigenspace decomposition of Hg that satisfies the
Hodge symmetry H?-¢ = H9P). The Hodge group is a connected group charac-
terized by the property that its invariants in H” ® (H")" are precisely the Hodge
classes for all non-negative integers m and n. Moreover the Hodge sub-structures
of H™ ® (HY)" are precisely the sub-representations of the Hodge group of H. The




1426 CHARLES VIAL

element C := Ay (i) is called the Weil operator. A polarization of H is a morphism
of Hodge structures ¢ : H ®g H — Q(—k) such that ¢ (x, Cy) is symmetric and
positive definite on Hg. When H admits a polarization, then its Mumford-Tate and
Hodge groups are reductive.

Let A be a complex Abelian variety. Cup-product defines an isomorphism of
graded Q-algebras \*H'(A, Q) — H*(A). Via the isomorphism

2
H?(A, Q) ~ Hom (/\ V(A),@(l)), @.1)

the cohomology class of a divisor D on A defines a skew-symmetric pairing ¢p :
V(A) x V(A) — Q(1), where V(A) := Hi(A, Q). When D is ample, ¢p is non-
degenerate and defines a polarization on the (Q-Hodge structure V (A). We let pp
denote the involution of the (Q-algebra Endg(V (A)), which to an endomorphism of
V (A) associates its adjoint with respect to ¢p; its restriction to

End’(A) := End(A) ®7 Q

is the Rosati involution defined by D. By definition, the Hodge group Hdg(A) of a
complex Abelian variety A is the Hodge group attached to the polarized Q-Hodge
structure

V(A) := Hi(4, Q).

Due to the semi-simplicity of the category of polarized (Q-Hodge structures, the
Mumford-Tate group and the Hodge group of a polarized Hodge structure are re-
ductive groups.

Definition 4.1. For a complex Abelian variety A endowed with a polarization L,
the Lefschetz group L(A) is defined to be the algebraic subgroup of GL(V (A)) such
that, for all commutative (Q-algebras R,

L(A)(R) ={y e C(A) ®g R : pL(y)y = 1}.

Here C(A) is the centralizer of EndO(A) in Endg(V (A)). The Lefschetz group can
also be viewed as the centralizer of EndO(A) in Sp(V (A), ¢r).

The Lefschetz group does not depend of the choice of a polarization: given any
two ample line-bundles £ and L', there is an element € End’(A) and a positive
integer m such that m¢, = ¢,/n. In what follows, the polarization will usually be
understood from the context, and we will therefore write simply p for the Rosati
involution, and ¢ for the skew-symmetric form. In general, we have the inclusions

Hdg(A) € L(A) < Sp(V(A), ¢).
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The Lefschetz group of A naturally acts on the Q-vector spaces
VAR @ (V(A)Y)®",

and we will refer to these as Lefschetz representations. While the Hodge group
doesn’t behave well with respect to products, the Lefschetz group enjoys the fol-
lowing property:

Lemma 4.2 (Murty [39]). If A is isogenous to a product A} x --- x AS", with
the A; simple and pairwise non-isogenous, then

L(A) = L(A1) x --- x L(Ay),

with the factor L(A;) acting diagonally on Hy(A;, Q)®™ and acting as zero on
Hi(Aj, Q%" for j #1i.

Recall that R*(A) € CH*(A) denotes the Q-sub-algebra generated by symmetric
divisors and that it maps isomorphically onto its image R*(A) in H*(A, Q) via
the cycle class map by O’Sullivan’s Theorem 2.2. The statement of the following
theorem is taken from Milne [35, Theorem 3.2] where it is proved more generally
for Abelian varieties defined over any algebraically closed fields, but its origin can
be traced back to work of Tankeev [48], Ribet [43], Murty [39], and Hazama [25].

Theorem 4.3. The Lefschetz group L(A) of a complex Abelian variety A is such
that R'(A") = HZ (A", Q)L@ inside HX (A", Q) for all non-negative integers r
and s.

Since the Hodge classes in H2* (A", Q) are precisely the invariant classes under the
action of the Hodge group Hdg(A), it follows from the Lefschetz (1, 1)-theorem
that the Hodge conjecture holds for powers of Abelian varieties for which the inclu-
sion Hdg(A) € L(A) is an equality. This is for example the case for elliptic curves,
and Abelian varieties of prime dimension; see [48] and [43].

4.2. Lefschetz groups and the Albert classification

Let A be a complex Abelian variety. The proof of Theorem 4.3 proceeds through
the computation of the Lefschetz group L(A). We start this paragraph by review-
ing how the Lefschetz group of a simple complex Abelian variety can be com-
puted via the characterization of the possible algebras End’(A); for this we follow
Murty [39], and we refer to Shimura [46] for the classification of such algebras
via the Albert classification of division algebras with a positive involution. Set
D := End’(A) = End(A) ®z Q. The Rosati involution p of the semi-simple Q-
algebra D induced by a polarization of A defines a positive involution of D in the
sense that D has finite dimension over Q and the reduced trace trp,g(xp(x)) is
positive for all non-zero x € D. From now on, we assume that A is simple; in that
case, D is a division algebra. The involution p restricts to a positive involution of
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the center Z of D, and we denote F the set of elements z € Z such that p(z) = z.
As we have tr(z?) > 0 for every non-zero element z of F, the field F must be a
totally real field. We set d := [D : Z1Y/% and f = [F : Q). According to Albert
the following possibilities can occur for division algebras endowed with a positive
involution:

Type I. D = F is a totally real field;
Type II. D is a central division algebra over F such that D ®g R is isomorphic to
the product of f copies of the matrix algebra M;(R);
Type IlI. D is a central division algebra over F such that D ®q R is isomorphic to
the product of f copies of the quaternion algebra H;
Type IV. D is a central division algebra over a totally imaginary quadratic extension
Fo of F.

Accordingly a simple Abelian variety A is said to have type I, II, III, or 1V, if
D = End’(A) has type L, I, III, or IV, respectively. For endomorphism rings of
simple complex Abelian varieties of dimension g, there are further dimension re-
strictions on the division algebras, coming from that fact that D acts faithfully on
the 2g-dimensional vector space V (A) = H| (A, Q) (and the fact that the action of
D commutes with the complex structure for type I), namely f|g for type 1,2 f|g for
types IT and III, and fd?|2g for type IV. Shimura [46] showed that every division
algebra with a positive involution occurs as the endomorphism algebra of a simple
complex Abelian variety, except in 5 exceptional cases; in particular [46, Proposi-
tion 15], for a simple Abelian variety of type III, 2 f must divide g strictly.

We now fix a skew-symmetric non-degenerate pairing ¢ : V(A) x V(A) - Q
determined by a polarization of A, via (4.1). For each type, there exist a unique
non-degenerate F-bilinear form?

B:V(A)xV(A) — D
such that ¢ (x, y) = trp,B(x, y), B(ax, by) = aB(x, y)b,and B(y,x) = —p o

B(x,y) forall x,y € V(A) and all a,b € D. The Lefschetz group is then the
restriction of scalars, from F to Q, of the unitary group of B:

L(A) =Resp/g U(B) = Resp,g Autp(V(A), B).

Let S be the set of embeddings of F into R. We can then write

V(AR =P Vi,

reS

where V; ;= V(A) @r  R={v e V(ARr: f(v) =A(f)vforall f € F}isareal
vector space of dimension 2g/f. In fact, since D commutes with Hdg(A)g, V) is

2 The trace pairing D x D — Q, (a,b) — trD/Q(ab) is non-degenerate, and B(x, y) is the
unique element in D satisfying trp /Q (aB(x,y)) = ¢(ax,y) foralla € D.
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a real Hodge sub-structure of V (A)gr. Since L(A) commutes with the action of F,
we have L(A)r € [[GL(Vy) and thus

L(A)g =[] Ly with L, = Autp, (Vy, By),
AES

where L acts trivially on Vj/ unless A = A’. Here D, := D ®pF,, R and B, is the
non-degenerate real bilinear form that is the restriction of B ®g R to Vi x Vj.

For types II and III, there exists an F-basis 1, «, 8, «f for D, with o? totally
negative, B2 totally positive for type II and totally negative for type III, and a8 =
—Ba. Denoting E := F[«a], we have D = E @ EB, and we can write

B(x,y) = Bi(x,y) + Ba(x, y)B, with Bi(x,y), B2(x,y) € E.

Then By : V(A) x V(A) — E is a non-degenerate skew-Hermitian form, and
By : V(A) x V(A) — E is a non-degenerate skew-symmetric form for type II
and a non-degenerate symmetric form for type III. Given an embedding A : F —
R, we denote 0,0 : E < C the conjugate extensions of A to E. We define
Vo := V ®E,s C, and we remark that B, := (B ®qg O)|v,xv, = 0, while
B> == (B2 ®q O)|v, xv, is non-degenerate (and similarly with ¢ in place of o).

The group L and its action on V) are given as follows (see [39], but also [35]):

Typel. L, = Sp2 (V,, By) is a symplectic group acting via its standard repre-
7

sentation on Vjy;

TypeIl. L), ®r C = Sp% (Vo B2, is a symplectic group acting on Vy Qg C =
Vs @ V5 as one copy of the standard representation and one copy of its
contragredient representation (which is isomorphic to the standard repre-
sentation);

TypeIll. L, g C =0 g (Vo, Ba.o) is an orthogonal group acting on V) ®g C =
Vs @ V5 as one copy of the standard representation and one copy of its
contragredient representation (which is isomorphic to the standard repre-
sentation);’

Type IV. L) ®r C = GL £ (C) acts on V;, ®g C as the direct sum of the standard

representation and its contragredient representation.

In particular, the Lefschetz group L(A) is a reductive group. The Lefschetz group
L(A) was first computed by Ribet [43] for type I and IV in the case D = F. It was
computed in general by Murty [39]*.

Here is a useful basic fact (which is made more precise in the proof of [6,
Théoreme 6.1]) that can be derived from the reductiveness of the Lefschetz group:

3 In that case % is an even number > 4 by [46, Proposition 15].

4 For type IIT Murty finds that L) ®p C is a special orthogonal group; this is because, contrary
to the convention we adopted here, he considers the connected component of the identity of the
Lefschetz group.
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Lemma 4.4. Let A be a complex Abelian variety, and let H C H*(A, Q) be a
Hodge sub-structure. Then H C H*(A, Q) is a L(A)-sub-representation if and
only if there exists a projector H* (A, Q) — H*(A, Q) with image H that is induced
by an idempotent correspondence in Ri™MA(A x A).

Proof. Thanks to the fact that L(A) is reductive, H is a L(A)-sub-representation
of H*(A, Q) if and only if there exists a L(A)-invariant projector H*(A, Q) —
H*(A, Q) with image H. By Theorem 4.3 a L(A)-invariant projector H* (A Q) —
H*(A, Q) with image H is induced by an idempotent correspondence in R (A

A), and by O’Sullivan’s theorem 2.2 such an idempotent correspondence can be
lifted to an idempotent correspondence in R4MA(A x A). O

Finally, we observe that, since D ®g C = Endngga). (Hi (A, C)), the action
of D ®g C on V(A)c = Hi(A, C) commutes with the Hodge decomposition. In
particular, if E is a field sitting inside D, the decomposition V¢ = @4:gc Vs is
compatible with the Hodge decomposition, so that writing V-0 = v1.9' NV, and
similarly for Vf l,we have

V, =v0gvol (42)

We note also that
Vot = vl
The following lemma will be crucial to the proof of Theorem 4.7. Since it does not

hold in general for simple Abelian varieties of type IV (e.g., CM elliptic curves),
our focus until Section 4.5 will be on Abelian varieties of totally real type.

Lemma 4.5. Let A be a simple complex Abelian variety of type 1, Il or 111. Let E
be a maximal subfield of End’(A), which we choose as above to be a CM field
for types 1l and 1I1. Let V, := V(A) Qg.o C for an embedding o : E — C.
Then the decomposition (4.2) is a decomposition into isotropic subspaces for the
non-degenerate form’

B := Bclv,xv, : Vo x Vo = D ®qC.
In particular, V; is “numerically Hodge symmetric”, meaning that
dimc V' = dim¢ V2!

Proof. Recall that, for x, y € V¢, Be(x, y) is the unique element in D ®g C such
that
trpeec/claBe(x, y)) = ¢clax,y), foralla € D ®qC.

Since V-0 and V! are isotropic subspaces for the form ¢c and since the action
of D ®g C on V¢ is compatible with the Hodge decomposition, we deduce that
Bc(x, y)=0forall x, y e V1.0 (respectively forall x, y € VO !). The lemma follows
by restricting to the o -component in the decomposition V¢ = @4.gsc V- O

5 Note that for types Hand IlI, By = B3 ;.



ON BLOCH’S CONJECTURE FOR ABELIAN VARIETIES 1431

In summary, for simple Abelian varieties of totally real type, Lemma 4.5 pro-
vides the following relations between the Hodge decomposition and the decompo-
sition of the Lefschetz group after base-change:

Type I. The Hodge decomposition Vy, @rC = Vxl O Vf Tisa decomposition into
isotropic subspaces for the non-degenerate skew-symmetric form ¢; ®r
G
Type II. The Hodge decomposition V, = V(}’O @ Vf’l is a decomposition into
isotropic subspaces for the non-degenerate skew-symmetric form B2 ;
Type III. The Hodge decomposition V, = V!0 @ V%! is a decomposition into
isotropic subspaces for the non-degenerate symmetric form B .

4.3. Around Weyl’s construction

Let V denote the standard representation of one of the classical groups Sp,,, or O2,,.
Precisely, given a basis (eq, ..., ey, e—1, ..., e—_,) of V,we will be interested in the
representations of the following groups:

(a) G =Sp,,(V, Q), where Q is the skew-symmetric bilinear form dual to

n
W=Z€i®e—i—€—i®€i€V®V;
i=1

(b) G =09,(V, Q), where Q is the symmetric bilinear form dual to

n
W=Z€i®€—i+e—i®ei ceVeV.
i=1

For each pair I = {p < ¢} of integers between 1 and d, the skew-symmetric form
O (respectively the symmetric form Q) determines a contraction

@y VO yBED)

VI® @V > Qp, VIV @ ® Dy @ R Dy @+ ® vy,

where a “hat” means that the term is omitted. Denote V@) the intersection of the
kernels of all these contractions, i.e.,

yid) .~ ﬂker(cbl).
I
We can also define
R A

by inserting v in the p, g factors. We have a direct sum of G-representations (see
[24, Example 17.13] for the case G = Sp,,,; the case G = O3, is similar)

y®d — yid) g Zim (¥)). 4.3)
1
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By considering the action of the symmetric group &, on V¢, we also have a direct
sum decomposition of & -representations [24, Example 4.50]

=@Psv. 4.4)

Ad

Here the direct sum runs through all standard Young tableaux in d entries, and S, V
is the Schur symmetrizer attached to the underlying Young diagram. Moreover,
for each standard Young tableau A, there is an idempotent p; € Q[&,] (a rational
multiple of the Young symmetrizer c;) such that S; V = p; - V®?, and these idem-
potents are mutually orthogonal meaning that p; p,, = 0 for two distinct standard
Young tableaux A and f.

Clearly a permutation 6 € &, commutes with the decomposition (4.3), and
hence so do the idempotents p;. It follows that V@) further decomposes into a
direct sum of G-representations as

=@ SwV. whereSp)V =S5, vnv. (4.5)
rd

In order to state the next proposition, we need to introduce some notations. We
follow Bourbaki [15, Chapter VIII, Section 13.3 and Section 13.4]. Let E; ; be the
2n x 2n matrix expressed in the basis (e, ..., e,, e_1, ..., e_,) whose entries are
all zero except for the (i, j)-th entry whichis 1. For 1 <i < n, we define

Hi:=E; —E_

and we let (g1, ..., &,) be the dual basis of (Hy, ..., Hy).

Given a standard Young tableau XA on d entries, we denote (A > Ay > --- >
Aq) the underlying partition of d. Subsequently, the number d = ) _; A; will also be
referred to as the length of A and will be denoted £(1).

Proposition 4.6. Assume that G is either Sp,,, or Oy, withn > 1. Then S,V is
an irreducible representation of G.

(@) If G = Sp,,,, then S3yV # 0 if and only if ,+1 = O; in that case S\ V is the
irreducible representation of $p,,, with highest weight 1e1 + - - - + Anép;

(b) If G = Oy, then S(3yV # 0 if and only if the sum of the lengths of the first two
columns of the Young tableau A is at most 2n

o If = (A >---> %, =0),then S,V is the irreducible representation of
500, with highest weight A1 + - -+ + A&y,

6 Representations of associated partitions restricted to SO,,, are isomorphic. Two partitions (each
with the sum of the first two column lengths at most 2n) are said to be associated if the sum of
the lengths of their first columns is 2n and the other columns of their Young diagram have the
same lengths.
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o If A= (A = ---> A, > 0), then S,V is the direct sum of the two irre-
ducible representations of §07, with highest weight Aje1+- - -+Ap—16p—1+
Mn&n,and Ae1 + -+ Ap—18n—1 — Anén.

Proof. If G = Sp,,,, this is [24, Theorem 17.11 and Corollary 17.21]. If G = Og,,
this is [24, Theorem 19.19 and Theorem 19.22]. O

4.4. Lefschetz representations and the generalized Hodge conjecture for
Abelian varieties of totally real type

The generalized Hodge conjecture was established by Hazama [26] for Abelian va-
rieties whose simple factors are of type I or Il and whose Hodge group coincides
with their Lefschetz group, for n-dimensional simple Abelian varieties of type I
with n/e odd (e = dimg End®(A)) by Tankeev [49] (and in particular for odd-
dimensional simple Abelian varieties of type I), for certain simple Abelian varieties
of CM-type by Tankeev [49]. Abdulali [1] and Hazama [27] showed that the gener-
alized Hodge conjecture for Abelian varieties of CM-type is implied by the Hodge
conjecture for the same class of Abelian varieties. Here we take a different approach
and establish a strong form of the generalized Hodge conjecture for Lefschetz sub-
representations of Abelian varieties of totally real type.

Theorem 4.7 (GHC for Lefschetz sub-representations of Abelian varieties of
totally real type). Let A be a complex Abelian variety, and let H € HF(A, Q)
be a Lefschetz sub-representation of Hodge level < k — 2n. Suppose that A is of
totally real type, i.e., that the simple factors of the isogeny class of A have type 1,
I, or 111. Then

H < Im (K”(A) @ H2(A, Q) - H (A, @)) . (4.6)

In fact, we are going to show a stronger statement, namely that the conclusion
of Theorem 4.7 holds, after tensoring with C, for L(A)c-sub-representations of
HE(A, C); see (4.7).

The key point towards the proof of Theorem 4.7 consists in computing the
“Hodge level” of the representations S(3)V for G = Sp,,, or Oy,. Strictly speak-
ing, the spaces V we are going to deal with are not Hodge structures. Rather, as
described in Section 4.2, they are complex vector spaces V, endowed with a basis
(e1,...,en,6—1,...,e—_y) and a (skew-)symmetric form ¢ = Z;’:l(ei ®e_; £
e_; ®e;), together with an action of GL; givenby z-¢; = ze; and z-e_; = 7 le_;
for 1 <i < n. Since the action of GL; on 1 is the identity and since it commutes
with the action of permutations in S, on V®d the decompositions (4.3) and (4.4)
commute with the action of GL. In particular, for a Young tableau A of length d,
we have a decomposition

S()L)VZ @ (S()\)V)p’q»
p+q=d
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where
(S(MV)p’q = {w eSnV:iz-w=z""%wforallz € GLl(C)}.

Our Theorem 4.7 generalizes Hazama’s [26, Theorem 5.1] by taking into account
Lefschetz sub-representations and by including factors of type III. The proof is in-
spired by loc. cit., but differs from it in that we focus on the representations S, V:
on the one hand, by Weyl’s construction outlined in Section 4.3, we completely
avoid resorting to understanding the irreducible sub-representations of tensor prod-
ucts as in [26, Lemma 5.1.2]; on the other hand, as explained before Lemma 4.5,
these representations SV are not in general the complexifications of sub-Hodge
structures, as seems to be assumed in [26, Proposition 4.3]. However, an important
feature will be that these irreducible sub-representations are numerically Hodge
symmetric.

Lemma 4.8. Let V be an even-dimensional complex vector space with basis
(e1,...,en,e—1,...,e—_y),and assume that G is one of the following groups:

(@) G =Sp(V,y), where y =) [ (e, ®e_j —e; ®e);
(b) G =0V, ¥), where Y = Z?:l(ei Re_i+e_iQe)andn > 1.

Consider the action of the torus GLy on 'V given by z7-¢; = zej and z-e_; = 7 e ;
for 1 <i < n. Let A be a Young tableau of length d. Then S,V is numerically
Hodge symmetric, that is, dimc (S V)P4 = dimc (S V)PP for all integers p
and q. Moreover, if Sy V # 0, then

(Sw V)" #o0.

Proof. Our strategy of proof is taken from Hazama’s proof of [26, Proposition 4.3]
where the case G = Sp,,, was treated. Contrary to Hazama, we do not assume
that V is the complexification of a Hodge structure (since when extending scalars
to C the irreducible representations of the Lefschetz group that arise are not Hodge
structures).

We view S;,V as a representation of the Lie algebra g. In both cases (g =
5Py, O 502,), let us recall that, as in Bourbaki [15, Chapter VIII, Section 13.3 and
Section 13.4], we let E; ; be the 2n x 2n matrix expressed in the basis (e, ..., e,,
e_1,...,e_p) whose entries are all zero except for the (i, j)-th entry which is 1.
For 1 <i < n, the elements

Hi:'=E;—E__i
define a basis of a Cartan sub-algebra  of g, and we let (1, ..., &,) be the dual

basis of (Hy, ..., Hy,).
Viewing S,V as a subspace of V®“, we have the description

(va)p,q = {w €SV : Hy(w) = (p— q)u)}, where Hy := ZHi'
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In particular, we have ((SO») V)p’q)v = (SpyVY)?P, and since V. >~ VV as g-
representations for our Lie algebras g = sp,,, or s02,, this immediately yields that
S,y V is numerically Hodge symmetric. We also find that max{p—q : (S;y V)P9 #
0} is equal to the maximum of the eigenvalues of Hp acting on S;) V. We are going
to show that if S3)V # 0, then max{p — ¢ : (Spy V)79 #0} =d.

First consider an irreducible representation W of g = sp,,, or §02, with highest
weight . Let v € W denote one of its dominant vectors. Then for any element H
in the Cartan sub-algebra b of g, we have

HWw) =w(H)v.
Denote «; the simple roots of g. Specifically, if g = s05,, then o7 = ¢ —
€2y .., Up_1 = Ep—1—&n, 0y = 2&y,and if g=s5p,,, thena; =¢e1—&2,...,0p—1 =

En—1 — &n, 0y = &y—1 + &,. Since the weights of W are of the form

n
w— Z pidi
i=1

for some nonnegative integers p;, we find that

max{p —q: SV #O}:max {(w—Zp,u,-) (Hy) : p1y-..,pn =0
=w(Hp).

In our case, by Proposition 4.6, S(yV corresponds either to an irreducible rep-
resentation of g with highest weight A1e; 4+ --- + A,&,, or in case g = 502,
and A, > 0 to the sum of two irreducible representations with highest weight
reEL 4o+ Agep and Ajep 4+ oo + Ay—18n—1 — An€y. In any case, we find that
max{p —q : (S V)9 # 0} is equal to w(Hp), where w = Ajgq + - -+ + Ayéy,
and hence is equal tod := ), A;. O

Proof of Theorem 4.7. We first note that it is enough to establish the theorem with
complex coefficients. Precisely, we are going to show that for H € H¥(A, C) a
L (A)c-sub-representation of Hodge level < k — 2n, we have that H is numerically
Hodge symmetric and that

H CIm (ﬁ”(A)c @ H21(A, C) -2 HE(A, C)) . 4.7

Here, by Hodge level we mean the following: since L(A)c contains the circle
group (defining the Hodge structure on H; (A, QQ)), a L(A)c-sub-representation H
of H¥(A, C) has an eigenspace decomposition &b =k H P-4 and the Hodge level
isthen £(H) := max{|p —q| : HP*9 # 0}. For ease of notation, we write from now
on H*(—)¢ for H*(—, C).
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Second, by considering the surjective homomorphism of Lefschetz representa-
tions H! (A)®*F — HK(A) given by cup-product, we note that we may assume that
H is an irreducible Lefschetz sub-representation of HI(A)(%/‘ C H(A)c.

Suppose then that A is isogenous to AVI"1 x -+ x A}, where the A; are pair-
wise non-isogenous, simple Abelian varieties. The L(A)c-representation H'(A)¢
is isomorphic to the (L(A1)c X - -+ x L(Ag)c)-representation Hl(Al)(ECBm1 ®---b
Hl(As)ng, where each L(A;)c acts diagonally on Hl(A,-)(GCami. If H is an irre-
ducible Lefschetz sub-representation of Hl(A)%k, then up to permutation of the

factors we may view H as an irreducible sub-representation of H! (Aq )gkl R Q®

H(IC(AS)@’/‘S for some non-negative integers k; such that > _k; = k. Since H is a
(L(A1)c x -+ x L(Ag)c)-sub-representation, H must be of the form

H=H Q- Q Hs

for some irreducible L (A;)c-sub-representations H; C H' (A,-)gki .

With notations as in Section 4.2, L(A;)¢ is isomorphic to f := [F : Q]
copies of the group G, which is either the symplectic group (types I and II) or the
orthogonal group (type IIT), and H! (A;)c splits as the direct sum of f copies of the
standard representation V of G (type I) or as the direct sum of 2 f copies of the
standard representation V of G (types II and III). Thus H; is an irreducible sub-
representation of V1®dl Q- V,®d’ , where the j-th factorof G*' =G x --- x G
acts on V; as the standard representation and where the other factors act trivially.
Hence, H; is of the form

Hi=H;® - -QH;

. . . d
for some irreducible G-sub-representations H; ; C V;z) ..
Now, by Proposition 4.6, each H; ; must be of the form

Hl,] el \IJII O-+++0 ‘.Ijlki,j (SO‘IJ)V])

for some Young tableau A; ; and some pairs of integers Iy, ..., Iy ;- From Lem-
ma 4.5, we know that V; decomposes as le O V]Q’l in such a way that both
le,o and V]Q’l are isotropic for the non-degenerate bilinear form on V; (which is

skew-symmetric for types I and II, and symmetric for type III). The assumptions
of Lemma 4.8 are thus met for V;, and we therefore see that H; ; is numerically

Hodge symmetric and satisfies (H; ;)%/:* # 0, where d; ; is the length of the Young
tableau A; ;. We deduce that H is numerically Hodge symmetric and satisfies

L(H) = di.
i

Now we can conclude, because composing with W; amounts to cupping with a
divisor with complex coefficients.
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Remark 4.9. Our method for establishing the generalized Hodge conjecture for
Lefschetz sub-representations of Abelian varieties of totally real type, which in fact
consists in establishing it after extending the scalars to C, is too crude to work
for powers of simple Abelian varieties of type IV. Let us briefly describe a simple
example. Beforehand, on a positive note, we simply mention that the method works
for powers of a CM elliptic curve. Let then A be a simple Abelian surface of type I'V;
it is known that A must be of CM type, so that its Lefschetz group is GL(1) x GL(1)
after extending the scalars to C and we may write H'(A,C) = (V@ VY) & (W @
WV), where V.= V510 and W = W0 and GL(1) x GL(1) acts on V via the first
projection and on W via the second projection. Consider then for instance the 1-
dimensional L(A)c-sub-representation V @ W" inside H>(A, Q) = /\2 H'(A, Q).
On the one hand, it has Hodge type (1, 1) but is not acted upon trivially by L(A)c
and thus is not spanned by a Hodge class. That type of phenomenon does not occur
for Abelian varieties of totally real type because their Lefschetz representations are
numerically Hodge symmetric (Lemma 4.5). On the other hand, we deduce that the
Galois orbit of V. @ W" inside H2(A, Q) has Hodge length 2; this suggests that it is
not straightforward to read the Hodge length of the Galois closure of a L(A)c-sub-
representation from its Hodge length without resorting to a detailed Galois analysis.

4.5. Lefschetz representations and the generalized Hodge conjecture I1

In this section, we would like to improve slightly on Theorem 4.7 by allowing our
Abelian varieties to be isogenous to the product of an Abelian variety of totally real
type with some power of an Abelian surface of CM type, or with the product of
powers of three elliptic curves. Our main result is Proposition 4.12. In particular,
we recall a strong version of the generalized Hodge conjecture for self-powers of
Abelian surfaces; see Corollary 4.13.

Let us start with the case where our Abelian varieties have no factor of totally
real type. The following theorem is due to Abdulali [1, Examples 2 and 3]:

Theorem 4.10 (Abdulali [1], strong GHC for powers of CM Abelian surfaces
and certain products of CM elliptic curves). Let A be an Abelian variety that is
isogenous to either

(1) E]f‘ X E§2 X E§3 for some CM elliptic curves E;;
(ii) The power of a CM Abelian surface S.

Let H € H*(A, Q) be a Hodge sub-structure of Hodge level < k — 2n. Then

HSY Im (Rdim”"(A x B) ® H*"2"(B, Q) —> H'(A, Q)) ,
B

where I’ @ y +— ['*(y) and where the sum runs over all Abelian varieties B.

Proof. For a proof, we refer to Abdulali [1]. Let us mention that in case (i) the sum
can be taken over Abelian varieties of the form E ']"‘ X E'Z" 2 x Eg" 3 and in case (ii)
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over powers of S, unless S is an Abelian surface with CM by a field E not Galois
over QQ, in which case, denoting S’ the other Abelian surface with CM by E, the sum
runs through Abelian varieties of the form S’ x (S’)/. That the correspondences in
the sum can be chosen to be in R* is due to the fact that for Abelian varieties of the
form E|"' x E5? x E5*,or §' x (§)/ as above, the Hodge group coincides with
the Lefschetz group, so that all Hodge classes on E}"' x E3? x E3~ or §' x (§)/
belong in fact to R". O

Proposition 4.11. We have the following three statements:

(a) Let A be an Abelian variety and let m be a positive integer. Then any symmet-
rically distinguished cycle on A™ that is generically defined for m-fold powers
of polarized Abelian varieties belongs to R*(A™);

(b) Let A, B and C be Abelian varieties, and let y € R*(A x B) and y’ € R*(B x
C) be two correspondences. Then y' o y belongs to R*(A x C);

(c) Let f : A — B be a homomorphism of Abelian varieties. Then the graph T ¢
of f belongs to R*(A x B).

Proof. By O’Sullivan’s Theorem 2.2, a symmetrically distinguished cycle in
DCH*(A) whose cohomology class belongs to E*(A) belongs to R*(A) for any
Abelian variety A. Thus (a) follows from the fact that the cohomology class of
a generically defined cycle on the m-fold power of a polarized Abelian variety A
belongs to F*(Am); see Theorem 3.12. (More precisely, Hodge classes on A™,
with A a very general polarized Abelian variety, consist of polynomials in p; L and
pifjcl (P.4), where L is the polarization of A.)

For (b), observe that the composition of two correspondences in R yields
a correspondence in R"; indeed a correspondence belongs to R" if and only if it
commutes with the action of the Lefschetz group. Case (b) then follows from this
fact together with the fact that by O’Sullivan’s Theorem y’ o y is symmetrically
distinguished (since y and y’ are).

For (c), since 'y = (f,idp)* A, it suffices to show that Az € R*(B x B).
This can be found in [47, Section 5]. O

As a consequence of Theorems 4.7 and 4.10, we have the following analogue
of Proposition 3.13, which in particular establishes Conjecture 2.6 for Lefschetz
sub-representations of certain Abelian varieties:

Proposition 4.12. Let A be a complex Abelian variety of dimension g, and let H C
H*(A, Q) be a Lefschetz sub-representation of Hodge level < k — 2n. Assume that
A is isogenous to Ag X Ay with

e Aq isomorphic to E’fl X Elz<2 X E§3 for some CM elliptic curves E;, or to the
power of a CM Abelian surface;
e Aj isomorphic to an Abelian variety of totally real type (cf. Definition 1.4).
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Then there exists an idempotent correspondence py € R8(A x A) inducing the
projection H*(A, Q) — H — H*(A, Q), which is a linear combination of corre-
spondences of the form

h(A) —2> H(B)(n) — b(A),

for some Abelian varieties B and some correspondences p and ¢ that belong to
R*(A x B) and R*(B x A), respectively.

Proof. First we show a strong version of the generalized Hodge conjecture for Lef-
schetz sub-representations of A; namely, we show that

H<Y Im (Rdim3+”(A % B) @ H*"(B, Q) —> H¥(A, Q)) .48
B

where I' ® y — ['*(y) and where the sum runs over all Abelian varieties B. As
outlined after the proof of [2, Proposition 4] in the context of Hodge sub-structures,
there is a slight subtlety: one needs to use the stronger statement of Theorem 4.7 de-
scribed in its proof, namely, that for H; C Hf1(A;,C)aL(A 1)c-sub-representation
of level’ < ki — 2n, we have that H; is numerically Hodge symmetric and that

H, C Im (E”‘ (A)c @ H1=21(A,. C) -5 HA (A, (C)) . (4.9)

Let H be an irreducible Lefschetz sub-representation of H*(Ag x Ay, Q). Then H
is a sub-representation of L(Ag x A1) = L(Ap) x L(A) acting on some Kiinneth
component HX (Ag, Q) ® H* (A1, Q) for some kg 4+ k; = k. Let then V be an
irreducible sub-representation of L(Ag x Aq)c acting on Hc. It is of the form Vy®c
V1 for some L(Ap)c-sub-representation Vg C H*(Ap, C) and some L(A;)c-sub-
representation Vi C Hki (A1, ©). Moreover the Galois conjugates of Vo ®c Vi span
Hc; indeed, the span is defined over Q and defines a non-trivial sub-representation
of the irreducible L(Ag x Aj)-representation H. The subspace spanned by the
Galois conjugates of Vp inside H*0(Ag, C) is defined over Q; we denote it Wy.
Then Wy is a L(Ag)-sub-representation of Ho (Ao, .

We note from Theorem 4.7 and its proof that V; and its Galois conjugates V{
are Hodge symmetric of same level. We find

L(H) = m;le(VOU QVy) = max (evg) +€vy))
= max £(Vy) + £(V1) = £(Wo) + £(V1).

Here the maximum is taken over all elements o € Autg(C), and the second equality
holds because V[ is Hodge symmetric. Let us then write

L(Wy) = ko —2n9 and £(Vy) =k —2ny, forn;+ny=n.

7 See the proof of Theorem 4.7 for the notion of level of a L(A)¢-sub-representation.
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By the above (4.9), there are an integer s and correspondences I | € R*(A1x Aj)c,
1 <r <y, such that
Vi € er,l,*Hkl_znl(AL 0.
r

Since each I, is a C-linear combination of elements in R*(A; x Aj), up to in-
creasing s, we may assume that each I', 1 is in fact in the image of R*(A| x A1) —
R*(A; x A})c, so that for every o € Aut(C), we have

V7€) TriaHO2(A, O).
r

On the other hand, there are finitely many non-zero correspondences I' 5 o € R*(B x
Ap) indexed by Abelian varieties B, such that

Wo € ) Tpo.HO2"(B,Q).
B

Since Vo € Wy ¢, we have

He= Y (MecWw’c Y (WecVi)=Wece Y Vf
oeAut(C) o,7eAut(C) teAut(C)

c (Z I'p.0.cHO2"(B, C)) ® (Z Tr1cHI 72" (A, C))
B r

c Z (FB,O ® Fr’l)c’*Hko-i-kl—2(no+n1)(B x Ay, C).
B,r

This establishes (4.8).

Now, since H is a Lefschetz sub-representation of Hk(A, Q), there exists by
Lemma 4.4 an idempotent 7y € R8(A x A) such that (rg)«H"(A,Q) = H.
Composing 7y with the correspondence > I'p o ® I, 1, we see that

H= (7o) Tpo®Tn) H(B x AL Q).
B,r

In order to conclude the proof of Proposition 4.12, we observe that we may proceed
as in the proof of Proposition 3.13; indeed, all the correspondences appearing there
are compositions of correspondences in R*, and therefore thanks to Proposition 4.11
belong to R*. O

As a corollary, let us mention the following result, cf. [3, 8.1(2)].

Corollary 4.13 Strong GHC for self-powers of elliptic curves, or Abelian sur-
faces). Let A be an Abelian variety of dimension < 2, and let m be a positive
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integer. Let H € HK(A™, Q) be a Hodge sub-structure of Hodge level < k — 2n.
Then

H<Y Im (Rdim3+"(Am x B) ® H*"2"(B, Q) —> H'(A™, @)) ,
B

where ' @ y +—> T'*(y) and where the sum runs over all Abelian varieties B.

Proof. The case where A has CM was covered in Abdulali’s Theorem 4.10, while
the case where A is without CM is covered by Theorem 4.7 (recall that in these
cases, Hdg(A) = L(A)). Thus it only remains to treat the case where A = E x E’,
where E is an elliptic curve without CM and E’ is an elliptic curve with CM. In
that case, we still have Hdg(A) = L(A) (see, e.g., [36]) and one concludes with
Proposition 4.12. U

4.6. Lefschetz representations and the generalized Bloch conjecture

We are now in a position to prove the theorem announced in Section 1.2 of the
introduction.

Theorem 4.14. Ler A and A’ be two Abelian varieties, and let y be a cycle in
R*(A x A’). Assume that A is isogenous to Ay x Ay with

o Ag isomorphic to EllCl X EIQ62 X E];% for some CM elliptic curves E;, or to the
power of a CM Abelian surface;
e A isomorphic to an Abelian variety of totally real type (cf. Definition 1.4).

If y*HI (A" = 0 for all j < n, then y,CH,(A) =0 forallr < n.

Proof. Since y is a cycle in R*(A x A’), we have that y*H*(A’, Q) is a Lefschetz
sub-representation H of H*(A, Q). By the assumption y*H’/(A’) = 0 for all
Jj < n and by Proposition 4.12, we see that, modulo homological equivalence,
y = y o py is a linear combination of cycles in R*(A x A’) that factor as

h(A) —2> h(B)(n) — h(A),

for some Abelian varieties B and some correspondences p and ¢ that belong to
R*(A x B) and R*(B x A’), respectively. Since all the correspondences involved
belong to R*(—), O’Sullivan’s Theorem 2.2 tells us that the latter in fact holds mod-
ulo rational equivalence. It follows that y factors through a morphism h(A) —
@Dp h(B)(n), where the direct sum runs through the Abelian varieties that ap-
peared above. In particular, the map y, : CH,(A) — CH,(A’) factors through
amap CH, (A) — @5 CH,_,(B), and hence y, : CH,(A) — CH,(A’) is zero for
r<n. O

Remark 4.15. In the case where A is isogenous to the power of an Abelian variety
of dimension < 2, we will use Corollary 4.13 to prove in Theorem 5.7 that if y is a
cycle in CH*(A x A) such that y*H"/ (A) = 0 for all j < n, then y, acts nilpotently
on CH, (A) forall r < n.
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5. Applications

The simplest form of Bloch’s conjecture predicts that if a smooth projective com-
plex variety X satisfies h9(X) = 0 for all positive integers i, then CHp(X) = Q.
If now S is a smooth projective complex surface that satisfies £1°(S) = 0 and
h20(S) = 1, then since A\>h%°(S) = 0 one would expect that a x b = b x a
in CHo(S x §) for all zero-cycles a, b € CHy(S)num, where CHo(S)qum denotes
the zero-cycles of degree zero. This expectation was studied by Voisin in [53] who
conjectured it for K3 surfaces, and established it for Kummer surfaces and for a
certain 10-dimensional family of K3 surfaces; see also [31,32]. Another prediction
of Bloch’s conjecture is the following. Let f : X — X be an automorphism of a
smooth projective variety such that f* acts as the identity on HO(SZ"X) for all i; then
f should act unipotently on CHy(X). This was checked for finite-order automor-
phisms of K3 surfaces by Voisin [54] and Huybrechts [28].

In this section, we answer questions of that type for curves, Abelian varieties,
Kummer surfaces and generalized Kummer varieties. In Sections 5.1,5.2 and 5.3,
we use our results on generically defined cycles, while in Sections 5.4 and 5.5,
we use the strong form of the generalized Hodge conjecture for powers of Abelian
surfaces.

5.1. Symmetric and skew-symmetric cycles on powers of curves or of Abelian
varieties

Recall from Shermenev [45] and Deninger-Murre [17] that the Chow motive of an
Abelian variety A of dimension g admits a weight decomposition

2g .
h(a) =EPh 4
i=0
with the property that
CH/(h'(A)) = {a € CH'(A) : [n]*a = n'a forall n € Z}, (5.1)

where [n] : A — A is the multiplication-by-n homomorphism, and the property
that the diagonal embedding A < A’ induces a canonical isomorphism

hi(A) = Sh'(A),

where the right-hand term denotes the i-th symmetric power of the motive h!(A),
seen as a direct summand of the motive of A’.

The following result generalizes to integers i # g a result of Voisin [56, Ex-
ample 4.40]. Note that in the proof of loc. cit., one has to check that o sends
hE(A) ® h8(A) into h8(A) ® h8(A) (a priori o sends h# (A) ® h#(A) into h28 (A x
A) =@, b (A) @ h*¢(A)).
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Theorem 5.1. Let A be an Abelian variety of dimension g. Let i be a nonnegative
integer.

e Fori odd, we have CHy (Sthg”‘ (A)) =O0forall N > (‘;’.’);

e Fori even, we have CHy (/\N f)zg_i(A)> =O0forall N > (f)
In particular, if N > (‘f) and ifaj, 1 < j < N, are zero-cycles on A such that
[nlva; = na j for all integers n, then the following holds.

e Fori odd, we have ZUEGN
e Forieven,we have ) . Sgn(0) a1y X - -+ X agn) = 0in CHy(AM).

dg(l) X ++* X dg(N) = 0in CH()(AN),‘

Proof. The reason for considering symmetric or anti-symmetric powers when i is
odd or even, respectively, is because the cohomology ring of a smooth variety is
graded-commutative. As for the second part of the theorem, this follows simply
from the description (5.1) of CHy(h%8 (A)).

Given a permutation 0 € Gy, let us denote Ty, € CHM8(AN x AN) the graph

of the morphism (xy, ..., x,) — (Xg=1(1ys -+ - XU—l(n)). The symmetric projector
and the alternate projector are respectively
1 1
PsN = | Z I'c and p,~v = | Z sgn(o) I'y; 52)
oceSy oeBy

they are generically defined idempotent correspondences for N-fold products of po-
larized Abelian varieties of dimension g. For i odd, the generically defined corre-
spondence p g~ o(nig_l Q- - -®nig_l) acts trivially on HN@e=D.0(ANY for N > (f)
For i even, the generically defined correspondence p  ~ o (nig ®--- ®nf‘g ")acts

trivially on HY8=0-0(AN) for N > (¢). In both case, we conclude by invoking
Theorem 1.2. U

Remark 5.2. Of course, one can state and prove many variants of Theorem 5.1.
For example, given integers n < i with say i odd, since the Hodge numbers

hN(Zg—i),O hN(Zg—i)—l,l hN(Zg—i)—n,n

of SV h28¢~I(A) vanish for N>3""_ (f) (l.fj) ,we can prove that CH, (SVh28~1(A)) =

0 for all r < n. One could also consider the motives /\M SN f)zg ~i(A), various
images under Schur functors, efc. Via the Abel-Jacobi map, one also recovers the
fact that for a smooth projective curve C of genus g we have

Z Ao(l) X+ X ag(yy =0 in CHO(CN),

O'EGN

for any integer N > g and any degree-0 zero-cycles ay, ...,ay € CHo(C). This
is originally due independently to Voisin [53, page 267] and Voevodsky [51]; since
algebraically trivial cycles are parametrized by curves, this establishes that, for any
smooth projective variety X, any algebraically trivial cycle a € CH" (X) is smash-
nilpotent, thatis,a x --- xa =0 € CH M (XN) for some N > 0.
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5.2. Zero-cycles on generalized Kummer varieties

Let A be an Abelian surface. The n-th generalized Kummer variety K, (A) associ-
ated to A is a fiber of the isotrivial fibration Hilb"T!(A) — A that is the composite
of the Hilbert-Chow morphism Hilb"t!(A) — A"*T!/&,,; with the sum mor-
phism ¥ : A"*1/&, 1 — A. The variety K,,(A) is known to be a hyperKihler
variety [9], in particular h%0(K,(A)) = 1 for0 < i < n,and h**+1.0(K,(A)) =0
for all i. A generalized Kummer variety of dimension 2 is nothing but a Kummer
surface.

In [22], we established that the Chow ring CH* (K, (A)) of generalized Kum-
mer varieties admits a grading that splits the conjectural Bloch-Beilinson filtration.
We write

CH*(K,(A)) = €D CH* (K, (A)) ().
J

In the case of zero-cycles, this grading has the following simple description (see
[33]). The restriction of the Hilbert-Chow morphism provides a birational mor-
phism from K, (A) to the variety A(’)’Jrl /Sn11, where Ag“ is the fiber over O of the

sum morphism X : A"*! — A and the action of the symmetric group &, is the
one induced from the action on A"*! permuting the factors. Then CHo (K, (A))(})

identifies with (CHO(A6’+1)( j))6"+1 via the restriction of the Hilbert-Chow mor-
phism, where CHo (Al ™) () is defined in (3.1). Let us identify A3*! with A", and

let us write
1
= r
P (n+ 1) Z ’

0€Gy 4

for the projector on the G,,-invariant part of the motive of A”; it is a generically
defined correspondence for n-fold products of polarized Abelian surfaces. Then we
have

. *
CHy(K,(A))(j) = p*CHo(A")(j) = (ﬂf‘n o p) CHo(A"),

where 7 /Jw is a Chow-Kiinneth projector as in Lemma 3.6, in particular generically
defined.

The following theorem is due to Hsueh-Yung Lin. We provide a short proof
based on our Theorem 1.2.

Theorem 5.3 (Lin [33,34]). CHo(K,(A))2j+1) = 0 for all integers j.

Proof. We know that p*H?/t1.0(A") = HZ/1-0(K,,(A)) = 0 for all integers j, so
that (rrf‘{t“ o p)*H*(A", Q) C N},{H*(A”, Q). The theorem is then a straightfor-
ward application of Theorem 1.2. O

The following theorem generalizes a result of Voisin [53, Proposition 3.2] for
Kummer surfaces to the higher dimensional case of generalized Kummer varieties.
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Theorem S5.4. Let a and b be two cycles in CHo(K,,(A))2). Then
axb=>bxa inCHy(K,(A) x K,(A)).

Proof. Let p 2 be the generically defined idempotent Agn —I'; € CH?"(A" x A™)
where 7 @ A" x A" — A" x A" is the morphism permuting the factors. Since

H20(AMSit = HYO(K,(A)) = 1, we have (p.2 o 755 o p)*H* (A", Q) C
N}{H*(A”, Q). We may now conclude by invoking Theorem 1.2. O

5.3. On a conjecture of Voisin

Let N > 2 be an integer, and let S be a K3 surface. Denote pr : S¥ — SV~! the
projection to the first N — 1 factors; it induces for all / > 0 a morphism

pre: (pav),CH/(SY) — (pav-1),CH/(SV 1),

where p v is the anti-symmetrization projector defined in (5.2). As a consequence
of the Bloch-Beilinson philosophy, Voisin [53, Conjecture 3.9] stated:

Conjecture 5.5 (Voisin). The anti-symmetrization projector p ,v+1 acts as zero on
ker(pry) @ CHo(S)qum forall/ < N.

Voisin established this conjecture for N = 2 in the case where S is a Kummer
surface by a lengthy calculation; see [53, Theorem 3.10]. A variant of our The-
orem 1.2 makes it possible to prove (a stronger form of) Voisin’s conjecture for
Kummer surfaces for all values of N.

Theorem 5.6. Conjecture 5.5 is true for Kummer surfaces for all integers N > 2.

Proof. Let A be a polarized Abelian surface, and let S be the Kummer surface at-
tached to A. We view S as the quotient of the blow-up A of A along its 2-torsion
points by the involution induced by the multiplication-by-(—1) map on A. In par-
ticular, since the cohomology of A differs from that of A only by Hodge classes,
we have the analogue of Theorem 3.12 for the very general polarized Abelian sur-
face as long as we allow the sum to run through all cycles Q € CH"(A™) which
are products of cycles of the form (p;)*L, (p;)*E,, (p;,j)* P, where E, denote the
exceptional curves of Z~. As a consequence, one can show that the conclusion of
Theorem 1.2 holds for A by working with the universal polarized Abelian surface
of degree d? with level-4 structure. (We avoid working with level-2 structure in
order to avoid having to deal with stacks.) In fact, quotienting by the action of
multiplication-by-(—1) fiber-wise, the conclusion of Theorem 1.2 holds for the in-
duced universal family of Kummer surfaces.

Since pr, p,~ and p,~v-1 are generically defined, arguing as in the proof of
Proposition 3.13, we may construct a generically defined idempotent correspon-
dence g € CH?V (SN x SV) such that

g:H* (S, Q) = ker (pry : (p)H* (S, Q) > (pw-0):H* "1, Q).
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More precisely, there is a generically defined correspondence y on SV =1 x SV such
thatg =id — y o p,~n-1 0 pry o p,n. In particular, we see that

¢-CHy(S™) 2 ker (prc : (pov) ,CHI(S™) — (pov-) CHI(SV)).
On the other hand, defining né to be the generically defined idempotent A g — [0] X
S — 8 x [0] € CH*(S x S), we have
CHo($)num = (7r5) ,CHo(S).

Therefore, in order to prove the theorem, it is enough to establish that
<pAN+1 o (q ® né))* (CH;(SN) ® CHO(S)> =0 forall/ < N.
A cohomological calculation (as performed by Voisin [53, page 274]) shows that
(pAN+1 o(g® 7T§)>* HY/(S¥*1,Q) =0 foralli < N.

Therefore, by Theorem 1.2 applied to polarized Abelian surfaces of degree d? with
level-4 structure we obtain the stronger result that

(paner o (g ®@73)) CH(SY*!) =0 foralll < N.

This concludes the proof of the theorem. O

5.4. Varieties motivated by an Abelian surface

Here, we say that a smooth projective variety is motivated by an Abelian variety A
if its Chow motive is isomorphic to an object in the full, thick and rigid subcategory
of Chow motives generated by A. In other words, X is motivated by A if h(X) is
isomorphic to a direct summand of a motive of the form @i h(A™i)(n;) for some
integers m; > 0 and n; € Z. In particular, by Corollary 4.13, a strong form of the
generalized Hodge conjecture holds for the powers of X i.e.,

LHE(X™, Q) = TLH2 (B, Q), (5.3)

where B is a disjoint union of Abelian varieties and where I' is a correspondence
between B and X'. Examples of varieties motivated by an Abelian surface include
generalized Kummer varieties (see [57], and also [22, Corollary 6.3]). In particular,
the following theorem applies to generalized Kummer varieties.

Theorem 5.7. Let X be a smooth projective variety of dimension d and let y €
CHY(X x X) bea correspondence. Assume that the motive of X is motivated by the
motive of an Abelian variety A of dimension < 2. If y*H"J (X) =0 forall j < n,
then there exists an integer N > 1 such that (y°"),CH,(X) = 0 forallr < n. In
particular, if in addition y is an idempotent, then y,CH, (X) = 0 for allr < n.
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Proof. By Corollary 4.13, any Hodge sub-structure of H*(X, Q) is a L(A)-sub-
representation. One can then proceed as in the proof of Theorem 4.14 by invoking
Proposition 4.12 to show that the cohomology class of y is a linear combination of
cycles in CH*(X x X) that factor as

h(X) —2> h(B)(n) —> h(X),

for some Abelian varieties B and some correspondences p and ¢ that belong to
CH*(X x B) and CH*(B x X), respectively. One concludes by Kimura finite-
dimensionality as for instance in the proof of Theorem 3.15(1). O

Remark 5.8. In the case where X is a generalized Kummer variety, one can be
more precise. By [23, Section 4.5], one can define, for all integers m > 0, Q-sub-
algebras DCH*(X™) C CH*(X™) consisting of distinguished cycles that map iso-
morphically to C_H*(X ) and that are compatible with pushforwards and pullbacks
along projections. In particular, the composition of distinguished correspondences
is distinguished. As such, in Theorem 5.7, if one chooses y to be a correspon-
dence in DCH*(X x X) such that y*H’/(X) = 0 for all j < n, then Proposi-
tion 4.12 shows that y is a linear combination of cycles in DCH*(X x X) that
factor as

h(X) 2> h(B)(n) —> h(X),

for some Abelian varieties B and some correspondences p and ¢ that belong to
DCH*(X x B) and DCH*(B x X), respectively. One concludes that y,,CH, (X) = 0
forallr < n.

Remark 5.9. The results of Sections 5.2 and 5.3 could have been established by
referring to Theorem 5.7 instead of Theorem 1.2. We chose to refer to Theorem
1.2 (which is concerned with generically defined cycles) because it is more ele-
mentary and does not appeal to Abdulali’s theorem on the generalized Hodge con-
jecture for powers of CM Abelian surfaces. Moreover the approach using gener-
ically defined cycles seems more natural and is probably better suited to adapt to
other situations. Nonetheless, Theorem 5.10 below will use the full strength of
Theorem 5.7.

5.5. Finite-order symplectomorphisms on generalized Kummer varieties

Let (X, w) be a symplectic variety, that is, a smooth projective variety equipped
with a nowhere degenerate 2-form w. A symplectomorphism of (X, w) is an au-
tomorphism f : X — X such that f*w = w. If X is irreducible symplectic, it
is expected as part of the Bloch conjectures that symplectomorphisms act unipo-
tently on the Chow group of 0-cycles, and, due to the probable distinguishedness of
symplectomorphisms in the sense of [23], it is in fact expected that symplectomor-
phisms act as the identity on the Chow group of 0-cycles. Most notably, this was
established for symplectic involutions on K3 surfaces by Voisin [54] and extended
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to finite-order symplectomorphisms on K3 surfaces by Huybrechts [28]. This was
also established for polarized symplectomorphisms of Fano varieties of lines on
smooth cubic fourfolds by Fu [20], that is, for symplectomorphisms that preserve a
given polarization. We extend that type of results to generalized Kummer varieties.

Theorem 5.10. Let A be an Abelian surface and let f be a symplectomorphism of
the generalized Kummer variety K,,(A). Then f, : CHy(K,(A)) - CHo(K,(A))
is unipotent. In particular, if f is a finite-order symplectomorphism, then f, :
CHy(K,(A)) = CHy(K,(A)) is the identity.

Proof. Since H*0(K,(A)) = HO(Q%("n 1)) = Ca', and by definition of a sym-
plectomorphism, f* acts as the identity on H*-%(K, (A)) for all i. Therefore, by
Theorem 5.7, f — id acts nilpotently on CHy(K,(A)). Suppose now that f has
finite order. In particular a positive power of f acts as the identity on CHo (K, (A)).
Since the ged of the polynomials X" — 1 and (X — 1)V is X — 1, we find that f —id
acts as zero on CHy (K, (A)). ]

Finally we note that if f is a symplectomorphism of the generalized Kummer
variety K,(A) induced by a symplectomorphism of A, then Pawar [42] showed
that f, acts as the identity on CHo(K,(A))2.) (as defined in Section 5.2). We
can extend Pawar’s result and show that f, acts as the identity on the whole of
CHo(K,(A)):

Proposition 5.11. Suppose f is a symplectomorphism of the generalized Kummer
variety K, (A) induced by a symplectomorphism of A. Then f, acts as the identity
on CHo(K,(A)).

Proof. One uses Remark 5.8 and notes that the graph of a symplectomorphism
induced by a symplectomorphism of A belongs to the sub-algebra DCH* (K, (A) X
K, (A)) defined in [23, Section 5.5]. O
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