Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
Vol. XXI (2020), 695-737

On a Neumann problem for variational functionals of linear growth

LisA BECK, MIROSLAV BULICEK AND FRANZ GMEINEDER

Abstract. We consider a Neumann problem for strictly convex variational func-
tionals of linear growth. We establish the existence of minimisers among wh 1l
functions provided that the domain under consideration is simply connected.
Hence, in this situation, the relaxation of the functional to the space of functions
of bounded variation, which has better compactness properties, is not necessary.
Similar W1 -regularity results for the corresponding Dirichlet problem are only
known under rather restrictive convexity assumptions limiting its non-uniformity
up to the borderline case of the minimal surface functional, whereas for the Neu-
mann problem no such quantified version of strong convexity is required.

Mathematics Subject Classification (2010): 49N60 (primary); 35A01, 35J70,
49N15 (secondary).

1. Introduction

Let Q C R” be a bounded Lipschitz domain and suppose that f € Cl(]R(J)r ) is a
strictly convex function which satisfies f(0) = f/(0) = 0 and which is of linear
growth, i.e., there exist two constants 0 < v < L < oo such that

vi—L< f()<L(t+1)  forallr e R]. (1.1)

Given a map Ty € WH2°(Q; RV *") for some N > 1, in the present paper we study
existence and regularity properties of weak solutions of the system

/
div <M> = div(7p) in €2, (1.2)
|Vl
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subject to the Neumann-type boundary condition

!/
M'VQ=TO'U39 on8§2, (13)
|Vul

with vyq denoting the outward pointing unit normal field of the boundary 0€2. In
this situation, we have different options to come up with an appropriate concept of
weak solutions of (1.2) subject to the boundary condition (1.3). Firstly, supposing
for the moment that # belongs to the space C%($; RN), we observe that all expres-
sions are well-defined in the classical sense. Thus, applymg the inner product to
both sides of (1.2) with a regular test function ¢ € C'(2; RY), integrating over
and using the integration by parts formula, we obtain

F1(Vul)Va » / FVul)Va
JIHVTE o @ vpqdrn—! — [ LDV gy
/asz Vu P8V o IVl b

:/ To~(p®v39d7'("_l—/ To - Ve dx.
a2 Q

In view of the Neumann-type constraint (1.3), the boundary terms disappear. Com-
bined with a density argument, this motivates the following definition of a weak
solution:

Definition 1.1 (Weak solution). Let 7o € W (Q; RV*") and suppose that f €
C'(R}) satisfies f(0) = f/(0) = 0 and the linear growth assumption (1.1). We
say that a function u € Wh1(Q; RN) is a weak solution to the system (1.2) subject
to the Neumann-type boundary constraint (1.3) if there holds

"(IVu)V
SAVuDVu G g = / Ty Vodx  forallg e W (Q;RY). (14)
o |Vul Q
Alternatively, we may rely on the special structure of the system and interpret it as
the Euler—Lagrange system associated to the variational problem

to minimise g[w]:zf [£(Vw])—Tp-Vw]dx among all w e W' (Q;RY). (1.5)
Q

Studying variations of a minimiser in a standard way on the one hand and employing
the convexity of the integrand f on the other hand, we immediately establish the
following connection between (1.2), (1.3) and the variational principle (1.5).

Lemma 1.2. Ler Ty € W (Q; RN*") and suppose that f CI(RS) is convex
and that it satisfies f(0) = f'(0) = 0 and the linear growth assumption (1.1). Then
a function u € WH1(Q; RN) is a weak solution of (1.2) subject to the Neumann-
type boundary constraint (1.3) (in the sense of Definition 1.1) if and only if it is a
minimiser of the variational problem (1.5).
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Although we shall exclusively study weak solutions in all of what follows, we wish
to mention for the sake of completeness that it is possible to deduce the validity
of (1.2) subject to (1.3) provided that a suitable a priori regularity assumption on
the solution is made:

Lemma 1.3. Ler Ty € WH(Q; RVN*") and suppose that f € Cz(]Rar ) satisfies
£0) = f/(0) =0. Ifu € W»°(Q; RY) is a minimiser of the variational princi-
ple (1.5), then it satisfies (1.2) and (1.3) in the pointwise sense.

For the reader’s convenience, the proof of this lemma is provided in Section 5.3
of the appendix. Let us further note that the above variational principle (1.5) ig-
nores the addition of constants to competitors. To overcome this inherent source
of non-uniqueness, we shall additionally require minimisers u: & — R to be of
vanishing mean value on €2, i.e., to satisfy

1
(A -=$n—(9)/ﬂudx=0.

By the linear growth hypothesis (1.1) and the concomitant lack of weak compact-
ness in the non-reflexive space W!1(Q; R"), minimising sequences for § might
develop concentrations. Hence, the distributional gradients of minimisers have to
be assumed to be matrix-valued Radon measures a priori. This leads to studying
a suitably relaxed form of the aforementioned variational problem on the space
BV(Q; RY), the space of functions of bounded variation. The purpose of the
present paper is to demonstrate that, under some sort of attainability condition im-
posed on the data Tj, the singular part of the gradients of weak solutions of the
system (1.2) subject to the Neumann-type constraint (1.3) — or equivalently of min-
imisers of the variational problem (1.5) — do in fact vanish, whenever the Lipschitz
domain €2 is simply connected. Thus, in this setting, weak solutions genuinely be-
long to the space W1 (€: RN) and the relaxation of the problem to BV (£2; RV) is
indeed not necessary.

Due to the specific form of the variational problem (1.5), this task appears in
the spirit of some sort of non-linear potential theory for linear growth problems
whose connection to perhaps more familiar settings we shall describe now. The
variational problem (1.5) formally leads to the Euler—Lagrange system

/
div (M> = div(Tp) in Q. (1.6)
|Vu|
Neglecting for a moment the linear growth assumption (1.1) and setting f(¢) =
t? /p for some p € (1, 00), the system (1.6) subject to the boundary condition (1.3)
corresponds to the weak formulation of the inhomogeneous p-Laplacean Neumann
problem

div (|VulP72Vu) = div(Tp)
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or, equivalently, to the minimisation problem (1.5). This, as a consequence of
the direct method of the calculus of variations, is solved by some function u €
WP (Q; RN). Here, a typical challange is to transfer regularity properties of the
data Ty to the gradient Vu of the solution, or more specifically to the function
Ap(Vu) = |Vu|P~2Vu, which is adapted to the particular growth properties of
the elliptic p-Laplacean system under consideration. For instance, it is known that
Ty € L®°(Q; RV*m) implies A, (Vu) € BMOjoc(£2; RN *") under some fairly gen-
eral regularity assumptions on the domain €2. This result is optimal in the sense that
in general it cannot be improved to A, (Vu) € L5 (2 RN >m): even in the simplest
linear case p = 2 the map Tp — Vu is a local singular integral of convolution type
which maps L®(€2; RV*") — BMOjec (€2; RV*").

Now, in our situation of f satisfying the linear growth assumption (1.1) and set-
ting A 7(z) = f'(1z])z/|z| for z € RN*" a statement like A y(Vu) eL(Q; RV*")
would be vacuous: Since f” and thus A ; is automatically bounded by assumption,
we would be able to conclude Ayr(Du) € L™(LQ; RN>") without further efforts
provided that Du would be known to exist as a function. In this sense, the correct
question is under which conditions on 7y we can in fact conclude the existence of
a W' !-minimiser. As such, the theme of the present paper canonically generalises
key aspects of the by now well-known potential theory in the superlinear growth
regime (cp. [14,23,25]) to the linear growth situation.

Before we embark on a detailed description of our results, we first discuss the
main assumption of a suitable coerciveness condition on the functional § which
will be imposed throughout the paper.

1.1. Coerciveness

Since both constituents of the integrand at our disposal are of linear growth, we
must impose an additional balancing condition between f and 7p. As a crucial
assumption of our paper, we shall therefore require

”TOHLOC(Q;RNX") < foo(l), (17)

where f°°(1) is defined as the limit lim;_, oo f(¢)/t. As by convexity of f, the
function t — f(¢)/t is non-decreasing, its limit for # — oo exists and is in view
of (1.1) indeed finite and strictly positive, with f(1) > f(¢)/t for all t € R*.
The significance of this assumption becomes transparent when studying the coer-
civeness (or its failure) of the functional § in the class W1 (Q; RV) with vanishing
mean value on Q. In fact, if Ty € L% (2; RV*") satisfies (1.7), then we can first
determine Ry depending only on f and Ty such that

£

, (£°) + [ Tollpsourn=ny)  fort > Rg

N —
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and then compute, for an arbitrary w € whiQ: RN ), that
s[w]zf [FAVwD) — Ty - Vuo] dx
Q
1 o0
> E(f (1) + [ Tollpo gy xny) — I Toll o (@ rNxny | IVw]|dx
QN{IVw|Z=Ro}

— / ||T0||LOO(Q;Ran)|VU)|dx
QN{|Vw|<Ro}

1
> 2 (£ = 1ol (@umsn) I VWl ggven, = £ (DI2Ro.

As a consequence, if (wg)reN 1S @ sequence in wWh1(Q; RN) with vanishing mean
values and ”wk”W]v'(Q;RN) — oo ask — 00, then §[wi] — 0o ask — oo. Condi-
tion (1.7) thus is an instrumental ingredient to establish the existence of minimisers.
To further stress its necessity, we wish to supply the following two examples which
demonstrate that, in absence of condition (1.7), minimisers do not need to exist at
all. This already happens in the scalarcase N = n = 1.

Example 1.4 (Non-existence of minimisers if || 7o |y, (@, gvxn) =f° (1)). We con-
sider the shifted area-integrand

f@) =+J1+]t2—1 forteR

(which verifies the linear growth assumption (1.1) withv = L = 1), Tp = | and
Q = (—1, 1). In this situation, we have f°°(1) = 1 and the functional § becomes

1
%[w]=/ |:\/1+|w’|2—1—u/]dx, for w e Wh((=1, 1)).

1

Furthermore, since /1 + [t|2 > ¢t for all t € R, we have infwl,l((_l 1) > -2

We then define a sequence (uy)ren of functions in W1 ((=1, 1)) with vanish-
ing mean value on (—1, 1), by setting u(x) := kx for k € N. Inserting u into §
yields

3[uk]:2[ 1+k2—k—1]—>—2 as k — 00,

so that infy,1.1 (=1.1y) § = —2indeed. Assuming that a minimiser u € whi((=1, 1)
of § exists, we deduce, by positivity of the integrand, that 1 4 [v'|*> = [v/|? holds
! -a.e., a contradiction. Therefore, no minimiser of § exists in W-! ((—1, 1)).

Example 1.5 (Unboundedness of § from below if || Ty[ly g, gvxn) > f°(1)). In
the setting of the previous example, we consider Ty = ¢ for a constant ¢ > 1. For
the same choice of the sequence (u)xen, We then obtain

3[”k]=2[v1+k2—ck—l]—>—oo, ask — 0o

which in conclusion shows infy1.1(_; 1), § = —o0.
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In principle, the reasoning employed in Example 1.4 does not genuinely rule out
the non-existence of minimisers for the so-called relaxed problem, i.e., the minimi-
sation of a suitable extension of F to the space BV(2; RV *"). However, even for
the relaxed problem the assumption (1.7) turns out to be necessary for generalised
minimisers to exist, see Example 4.6.

Remark 1.6. Under the assumption (1.7) we can rewrite Ty € W0 (Q: RV*) ag

_ 1(1SoDSo

. . To n—1
To = for So given as So == — (f") " (|Tol).

[Sol |To|

Since f” is strictly increasing with values in [0, °°(1)) (thus, invertible on this set),
the map Sp is well-defined. With this identification, assumption (1.7) guarantees
that div 7p on the left-hand side of the system (1.2) is of the same structure as its
left-hand side involving the unknown and thus, in principle, can be attained.

1.2. Main result and discussion

We now pass to the description of the main result of the present paper. As men-
tioned above, one can easily extend the functionals § to the space BV(L; RM).
This will be done in a slightly more general setup than for functionals with radially
symmetric integrands, and by means of the direct method of the calculus of vari-
ations, existence of BV- (or generalised) minimisers then follows (for the precise
statement the reader is referred to Proposition 4.7). However, the main result of the
present paper is the existence of W' !-minimisers for F in the radially symmetric
case provided that Q2 is simply connected. More precisely, we will establish the
following:

Theorem 1.7. Let Q2 be a simply connected, bounded Lipschitz domain in R". Con-
sider a strictly convex function f € Cz(Rg‘ ) which satisfies f(0) = f'(0) = 0, the
linear growth condition (1.1) and the bound

") <LA+0""  forallt e RT, (1.8)

and let Ty € W>®(2; RV*™) verify (1.7). Then there exists a weak solution
u € WhHI(Q:; RN) of the system (1.2) subject to the Neumann-type boundary con-
straint (1.3) in the sense of Definition 1.1, and this weak solution is unique within
the class of all admissible competitor maps v € WH1(Q; RN) that satisfy (v)q = 0.

Let us comment on our theorem, its strategy of proof and related results from the
literature. To the best of our knowledge, Theorem 1.7 is the first W' !-regularity
result for a minimisation problem involving a linear growth condition on the inte-
grand without requiring a quantified version of strong convexity, even though the
result applies only to the Neumann problem and not to the Dirichlet problem. In or-
der to compare the outcome of Theorem 1.7 with the available results, let us report



ON A NEUMANN PROBLEM FOR LINEAR GROWTH FUNCTIONALS 701

on the relevant regularity results in the literature for the Dirichlet problem. This
(again with a radially symmetric integrand) is just the variational problem

to minimise / f(IVw|)dx overw € ug + W(l)’1 (2 RY),
Q

subject to some prescribed boundary values ug € W'!(€2; RY). Due to the lack

of weak compactness of norm-bounded sequences in the space ug + W(l)’ ! (Q2; RY),
one equally passes to the relaxed formulation and is thereby lead to the concept of
BV-minimisers. For the latter, the measure derivative may be non-trivial in the in-
terior and, on the other hand, the prescribed boundary values might not be attained.
The phenomenon of non-attainment of prescribed boundary values is well-known
to occur already for minimal surfaces, while interior singularities can be ruled out in
certain instances. In this regard, we briefly recall the notion of w-ellipticity which
quantifies the degeneration of second order derivatives of z — f(|z|) and there-
fore represents an instrumental ingredient for deriving higher regularity for BV-
minimisers. We say that f is u-elliptic for some u € (1, 0o) if

v(1 + 1297212 < Do £ (2DIE ¢]

holds for all z, ¢ € RN*" (after possibly choosing the constant v > 0 from the
growth condition (1.1) smaller). The impact of u-ellipticity on the regularity of
generalised minimisers has been investigated to considerable detail by Bildhauer
and Fuchs [8-10, 12] (and by Fuchs and Mingione [18] for nearly linear growth
problems). More specifically, under the mild degeneration condition © € (1, 3),
minimisers are in fact Clloc—regular (see [8, Theorem 2.7], but also [24, Theorem B]
and [7, Theorem 1.3]), while in the limit case with degeneration = 3 (as for the
area functional) the minimisers are still Wl’l-regular (see [8, Theorem 2.5] and [5,
Corollary 1.13]). The method of proof for these results consists in establishing uni-
form higher integrability of the gradients of suitable minimising sequences, which
then is conserved in the passage to the limit. This seems to require the bound u < 3,
and in fact, it is not known whether W'-!-regularity still holds or whether interior
singularities might arise for © > 3. In this situation, however, one still has partial
(Holder) regularity results (cf. [2,22,28] for some results in this direction), while a
counterexample of a minimiser in BV \ W!!(Q) was constructed, so far, only for
the non-autonomous case (see [9, Theorem 4.39], building on a one-dimensional
example from [20]).

In fact, the analysis of the Neumann problem is often omitted in the litera-
ture since the methods used for the Dirichlet problem can, as far as such interior
estimates are concerned, be easily adapted also to our setting with the presence
of Tp. This is for example the case in the result of Temam [30] (see also [16, Chap-
ter V.4]), where the existence of a (scalar-valued) W1 ()-solution is shown for
the Neumann problem, when dealing with functionals of linear growth and with
degeneration not worse than for the minimal surface equation. However, let us em-
phasize that we here go beyond what is known for the Dirichlet problem by showing
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that every BV-minimiser belongs to W!!(Q; R¥) for all strictly convex integrands
regardless of any w-convexity assumption. In particular, the result holds for the
prototypical integrands

t
f@) = f (1 + Tﬂ—l)*l/(ufl)fdr
0

(satisfying the p-ellipticity condition) with any u € (1, co0), but also for more
general ones.
Remark 1.8. In this context, let us note that under the assumptions of Theorem 1.7

on the function f, we can in general still ensure the existence of a continuous func-
tion & : R(J)r — R fulfilling &~ > 0 a.e. in R(J)r such that

<I?
h(1zDI¢1> < Dz f(12DIE, ¢1 < Lo (1.9)
1+ |z]
holds for all z, ¢ € RV*" (see Section 5.4 for a short proof). This notion of &-
monotonicity is a generalisation of the aforementioned p-ellipticity and reduces to
that for the particular choice A (¢) == (1 + |t])™*.

We now comment briefly on the strategy of proof. In a first step and as it is usu-
ally done also for the Dirichlet problem (as for example in [7,8,10,12] mentioned
above), we employ a classical vanishing viscosity approach. This yields specific
minimising sequences satisfying good a priori estimates. However, we then do not
use techniques designed to obtain higher integrability of the gradients of the so-
lutions to these approximate problems. Instead, building on a strategy developed
in [4], we prove that the relevant minimising sequences converge . "-a.e. to an
L!-map, which is then shown to be curl-free in the sense of distributions. It is
only at this stage that we need the condition on €2 to be simply connected, which
is sufficient to deduce that the aforementioned limit is actually the gradient of a
WE(Q: RV)-map u. Now, by the pointwise convergence of the gradients, we fi-
nally obtain that this « is in fact a minimiser for the variational problem (1.5).
Unfortunately, this final step of the verification of the minimality property seems to
fail for the Dirichlet problem. Here, the essential obstruction is that the boundary
values of the minimising sequence are not controlled when only pointwise conver-
gence of the gradients is available. Moreover, it would also be interesting to know
whether the assumption on €2 to be simply connected is mandatory in Theorem 1.7.

With the existence result of Theorem 1.7 at hand, we can now return to our
initial potential theoretic question of the regularity of A¢(Vu). Under the same
assumptions as in Theorem 1.7, some regularity of 7 is inherited and we indeed

obtain Ay (Vu) € Wll(;cz(Q; RN>m) see Theorem 4.15. We further note that in this
situation the quantity A ;(Vu) — Ty takes actually the role of the dual solution (in
the sense of convex duality, cp. Section 4.3, and see [16, 19] for related relevant
contributions in the superlinear growth case), while in more general situations this
Sobolev regularity for the dual solution still survives (even though it cannot neces-
sarily be represented as A r(Vu) — Ty by the possible presence of the singular part

in Du).
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1.3. Organisation of the paper

To conclude the introduction, we give a short outline of the paper. In Section 2 we
gather some preliminary results needed later on, in particular, we remind Chacon’s
biting lemma and state a suitable Sobolev-type version of the classical Poincaré
lemma, which allows us to recover the gradient structure, whenever an L!-function
is curl-free in the sense of distributions on a simply connected domain. In Sec-
tion 3 we then establish Theorem 1.7 in several steps as already sketched in detail
above. In Section 4 we explain the relaxed primal problem, i.e., the extension of the
functional § originally defined only on the space W' (Q; RV) to the larger space
BV(Q; RY) possessing better compactness properties, and the notion of generalised
minimisers. Their existence is then proved, and this is in particular of interest in the
case of non-simply connected domains, where we cannot ensure the existence of a
W' L_minimiser via Theorem 1.7. In this section we further discuss an alternative
approach to the minimisation problem (1.5), namely its dual problem in the sense
of convex analysis. In particular, we here identify the correct setup and then link
the dual formulation to the primal (relaxed) one in a precise manner. In Section 5
we finally collect some supplementary material for the convenience of the reader.

2. Preliminaries

2.1. General notation

Throughout the paper, 2 is a simply connected, bounded Lipschitz domain in R”.
Given x € R" and r > 0, we denote by B(x,r) = {y € R": |x — y| < r}
the open ball with radius r > 0 centered at x € R”". For the unit-sphere {x €
R*: |x| = 1} we further write S*"!. Given a € R" and b € R”, we denote by
a®b = ab" € RV*" the tensor product of a and b. Given a bounded set U
in R", we denote by M(U; R™) the R™-valued Radon measures on U of finite
total variation and denote the space of all bounded continuous functions U — R™
by Cp(U; R™). Finally, we denote by p L A the restriction of p to a Borel set A
of U,ie.,(uLA)(V)=u(ANYV)forBorelsets V C U.

2.2. On the gradient structure

In this section we collect auxiliary estimates and background results that will be
useful in the proof of our main result below, when identifying an L!-function with
the gradient of a W!-!-function. We begin with recording the following version of
Chacon’s biting lemma:

Lemma 2.1 ([3, Chacon’s biting lemmal). Let (Ey)ien be a bounded sequence
in LY(Q: R™). Then there exist a subsequence (E))eenN and a function E €

LY(Q; R™) such that (Ek(e))een converges weakly to E in the biting sense in
LY (Q: R™), that is, there exists an increasing sequence (2j) jen of measurable
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sets contained in Q with " (Q\ Q j) — 0 such that
Ex@py — E weakly in LI(Q.,-; R™) as £ — oo
for every fixed j € N.

We shall apply Chacon’s biting lemma to the gradients of a minimising sequence of
the functional § in W1 (€2; RV), hence, to gradients of functions in whl(Q; RN).
In order to deduce a gradient structure of the limit, we will show in the first step,
that the limit is curl-free in the sense of distributions, according to the follow-
ing

Definition 2.2. We call a function e e C! ($; R"™) curl-free if foralli, je{l,..., n}
there holds

dje; — diej =0.

Similarly, we call a function e € L' (Q; R") curl-free in the sense of distributions if
for any ¢ € C(l)(Q) and all i, j € {1, ..., n} there holds

/(€®V)ij§0dX3=/ (€i3j¢7—€j3igo)dx=0.
Q Q

Remark 2.3.

(1) In order to verify the curl-free condition, one only needs to check the condi-
tion for all indices i < j, hence, we have n(n — 1)/2 conditions in total. In
particular, for n = 2, the curl is defined as a scalar function, while for n = 3
as a 3-dimensional vectorial function.

(2) If e € LP(2; R™) for some p € [1, o], then we can take by approximation
test functions ¢ € W(l)’q(Q) forg € [1,00] such that 1/p + 1/g = 1. In this
case, we find

/Q(e ® V)pdx < C(n)llellLr@rmIVellLa)-

If e = Vw for some function w € W21(Q), then e is obviously curl-free via the
integration by parts formula. However, the gradient structure is not only sufficient,
but indeed necessary for the curl-free condition if €2 is a simply connected domain.
The precise statement of this Sobolev-type version of the usual Poincaré lemma is
as follows:

Lemma 2.4. Let Q C R" be a simply connected bounded Lipschitz domain. If a
function E € L (Q; RN*") is curl-free in the sense of distributions on 2, then there
exists a function v € W1(Q; RN) such that Vv = E holds £"-a.e. in Q2.
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Proof. We first note that the statement is clear if £ € C'(Q; RN*") is curl-free
in the classical sense. Indeed, in this case, we associate to E the 1-forms w% :
= E{dx; + ...+ Efdx,, fora € {I,..., N}, and we observe that the curl-free
condition simply means that each w? is closed. By means of the classical Poincaré
lemma, see, e.g., [29], it is therefore exact, i.e., we find O-forms v® with w* = dv?,
foreacha € {1, ..., N}, which precisely means Vv = E in Q.

The assertion of the lemma now follows by approximation. To this end, let
K & Q be a simply connected open set. Given 0 < ¢ < %dist(K , 0€2), the
mollifications E.: K + B(0,¢) — RN*"_ defined by convolution E,; = p *
E with a standard mollifying kernel p;(x) := ¢ "p(x/¢e) for some non-negative,
rotationally symmetric function p € C2°(B(0, 1)) with || p| .1 ®0.1y) = 1, are well-
defined and smooth. Furthermore, for every test function ¥ € C°(K; RV*") we
get via Fubini’s theorem the relation

/(pg*E;’)ajwm:/ E}9j(pe * ) dx
Q Q

foralli, j e {1,...,n}and o € {1,..., N}. As a consequence, E, is curl-free in
the sense of distributions on K, and thus, by the fundamental theorem of calculus,
also in the classical sense. Therefore, by the classical Poincaré lemma mentioned
above, we find a function v, € C!(K;RY) with Vv, = E, on K, and we may
also suppose (v;)x = 0. With the strong convergence E, — E in L!(K; RV*") as
& \\ 0 by the usual properties of mollifications and with the Poincaré inequality, we
see that (vg), is a Cauchy sequence in W 1(K; RN) and hence converges strongly
in WHI(K; RY) to a limit vxg € WHI(K; RY). In order to identify Vvg = E
a.e.on K we calculate, for arbitrary ¢ € CX°(K; RNxmy,

/(VUK —E)-pdx
Q

/(vug —E)-gdx
Q

= lim
e\0
< ||(p||L°°(K;RNX") ;1\1;1'(1) |Ee — E“L‘(K;]RNX”) =0.

It only remains to justify that we find a function v € W!(Q; RN>*") such that
Vv = E holds .Z"-ae. on all of Q. To this end, we notice that the sets Q5 :
= {x € Q: dist(x, d2) > 4} are simply connected Lipschitz domains provided
that § € (0, §p) for some sufficiently small §o > 0, with Qs 7 Q as § \( 0.
Furthermore, we fix §; < 8 such that 2.2"(Q5,) > Z"(2). With the previous
arguments we then find, for every § < &1, a function vs € whl (€2; RY) (extended
via the extension operator in €2 \ €25) such that Vvs = E holds a.e. in 5, and we
may further suppose (v5)981 = 0. It is easy to see that (vs)se(0,s,) is a Cauchy
family in W1 (Q; RY), with a limit function v € W!(Q; RV). Arguing via the
pointwise convergence of (Vvs)sc(o,s,) for a subsequence (or, alternatively, via the
fundamental theorem of calculus as before) we finally end up with the fact that
Vv = E holds Z"-a.e. in Q, which completes the proof. O
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3. Proof of the main theorem

3.1. Existence of solutions for approximate problems

Aiming for the existence of a weak solution of the system (1.2) subject to the
Neumann-type boundary constraint (1.3), or equivalently of a minimiser for the
variational principle (1.5), in the class Wl’l(Q; RN ), we start to investigate in this
section boundedness and convergence properties of a suitable approximating se-
quence. This sequence, in turn, is obtained by means of a vanishing viscosity-type
approach, meaning that on the level of the elliptic system (1.2) we add a Laplacean
to the differential operator, or on the level of the functional we add the Dirichlet
energy (both with small prefactor) to the functional §. As a consequence, we can
work in these approximations with solutions of class W!2(2; RV). It is easy to see
that all arguments which are outlined in this section for the functional § with radi-
ally symmetric integrands f do in fact also apply to more general functionals (as
described in (4.2) later on) without the radial structure. However, it is in the subse-
quent sections when we need to rely on the Uhlenbeck structure of the integrands f,
in order to obtain the W' !-regularity as claimed in Theorem 1.7.
Let us now introduce, in an intermediate step, the approximate functionals

Sklw] = S[w]+(2/’<)1/Q|Vw|2d)C ¢=/ka(|Vw|)dx—/QTo~dex (3.1

for functions w € W2(Q; RV) and all k € N, where we have set fr@®) = f(@) +
(k)" 't for t € Rar . In the first step we establish the existence of a sequence of

functions (u)key in WH2(€2; RY) such that, for each k € N, the function u has
vanishing mean value (u;)q = 0 on Q and minimises the functional §; among all
functions in WH2(Q; RV).

Lemma 3.1. Consider a convex function f € CI(R(')|r ) satisfying f(0) = f'(0) =0
and the linear growth condition (1.1), and let Ty € L% (Q; RN*") verify (1.7).

Then, for every k € N, the functional §y defined in (3.1) admits a (unique) min-
imiser uy € Wl'z(Q; RN satisfying (ux)q = 0 and

IVukll s gy + K IVHKIZ @ gy < (14 Beluxl)  B2)

Jor a constant C depending only on 2, f and ||To || o (q.rNxny-

Proof. The existence of the minimiser uy is a consequence of the direct method of
the calculus of variations, for each fixed k € N. In fact, due to assumption (1.7)
on Tp (implying coerciveness, cp. Section 1.1), the functional § and thus also each
of the functionals § is bounded from below via

YIVWLgrwsny + COTHIVWITL o pv < Selw] +CL"()
for all functions w € W'2(Q; R"Y) and k € N, with constants y and C depending
only on f and || 7ol (o, gvxn). As a consequence, via Poincaré’s inequality in the
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zero-mean version, we find that every minimising sequence (wy ¢)¢en of $x in the
set C = {w € WH2(Q; RV): (w)q = 0}, i.e., which satisfies x (wk.¢) — infe Tk
as £ — 00, is bounded in WI’Z(Q; RY). Since the latter space is reflexive, the
classical Banach—Alaoglu Theorem gives a non-relabeled subsequence and a limit
map uy € WI’Z(Q; RM) such that Wk ¢ — U as £ — oo, (ux)q = 0 and the esti-
mate (3.2) are satisfied. Now, since by convexity of its integrand the functional § is
lower semi-continuous with respect to weak convergence in Wh2(Q; RN), cp. [13,
Theorem 3.23], we obtain §x[ur] < liminf,_, o Sk[wk ¢] for each k € N. Thus,
taking advantage of the strict convexity of the integrand of §, we have shown
that uy is indeed the unique minimiser of § in C, and the proof of the lemma is
complete. O

Once the existence of minimisers is ensured, we note that every minimiser
Uy € WI’Z(Q; RY) of the functional F in Wh2(Q: RY) also satisfies the Euler—
Lagrange system

/ Ar(Vug) - Vo dx = / To - Vo dx 3.3)
Q Q

for all functions ¢ € W'2(Q; RV), where the regularised tensor functions
Ap i RV 5 RNX for k e N, are given by

A(R) = AQR) +k 'z = f/(|z|)é—| +k7 1z, forallz e RV*".  (3.4)

Indeed, (3.3) is a simple consequence of the facts that the function u; 4 t¢ €
W2(Q: RV) is an admissible competitor for each ¢ € R and that r — F[ux +t¢]
attains its minimum for t = 0 (cp. also Lemma 1.2). Let us further recall that, as
a consequence of the convexity of f with f(0) = f'(0) = 0, the linear growth
condition (1.1) and the upper bound (1.8) of f”, we can work with the growth
conditions

{5
1+ |z]

h(2)ZP <D ARIE, £1 =Dy f(I2Dlg, {1 < 2L (3.5)

for all z, ¢ € RV*" where h is the function introduced in Remark 1.8.

Similarly as in [7, Lemmata 3.2 and 3.3], we next show that the functional §y is
indeed an approximation of the original functional § with respect to minimisation in
wh1 (€2: RM), in the sense that the minimisers uy of §x form a minimising sequence
for § in WH1(Q; RY). Moreover, we infer a first uniform bound for the sequence
(Ui )keN-

Corollary 3.2. Consider a convex function f € C! (RSr ) satisfying f(0) = f'(0)=
0 and the linear growth condition (1.1), and let Ty € L>®(2; RN*") verify (1.7).
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Then the sequence (uy)reN of minimisers uy of the functionals §y from Lemma 3.1
is a minimising sequence for § in Wh1(2; RN) with

lim inf  Fr = inf  §.
k=00 Wi2(Q;RN) Wh(@RY)

Moreover, we have k= V/?Vu, — 0 in L2(Q; RN*") and there holds

sup {11 gy + 5 Ttk 202 g, | < 00 (3.6)
keN ’

Proof. In order to prove the first claim, for a fixed number ¢ > 0, we choose first a
function v, € WH2(Q2; RN) and then an index ko € N such that

. 2 -1 2 £
S[vé‘] < Wl-ll(rglzt;RN)%—i_ ) and (2k0) ||vv8”L2(Q;RN><n) < 2

hold. In this way, we obtain by the minimality of u for all indices k > ko

inf  F < Flurl < Flurl + @O N VurlF g vy = Sklui]

WEL(@;RN)
= inf 3§
WL2(;RN)
< Felvel = Flvel + @O Ve P2 g prvny < inf - F e,

WEHQRN)

and the first assertion follows by arbitrariness of €. Moreover, from this chain of in-
equalities, we also read off the strong convergence k~/2Vu;, — 0inL?(Q; RV*"),
Finally, in view of (#;)o = 0, we may apply Poincaré’s inequality in the mean value
version in the spaces W2(€2; RV) and W'1(Q; RV) to uy, and we thus infer the
last claim (3.6) as a direct consequence of the estimate (3.2). O

Let us note that the uniform bound (3.6), Chacon’s biting Lemma 2.1 and the
compact embedding Wh(Q: RY) — LI(Q; RY) allows to conclude that there
exist functions u € BV(RQ; RY) with (u)g = 0 and E € L!(Q; RV*") such that,
for a suitable non-relabelled subsequence, we have

wp —u  in BV (2 RY), 3.7)
ug —u  in L' (Q;RY),
Vug > Ein L' (2 RV, 3.8)

as k — 00. In order to prove the existence of a minimiser of the original functional
§ in the space W1 RN), we shall now investigate the sequence (uj)reN In
more detail, with the aim to get a convergence result which is more suitable for the
minimisation problem (1.5).
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3.2. A priori estimates

We shall next derive suitable a priori estimates for the sequence (u)ien Which, in
particular, will allow us to conclude the pointwise convergence of (Viuy)ken to its
biting-limit £ almost everywhere in 2. We begin by showing that the sequence

(ux)ken constructed in the previous section indeed is in le(;cz(Q; RM).

Lemma 3.3. Consider a convex function f € CZ(R(')" ) which satisfies f(0) =
f'(0) = 0, the linear growth condition (1.1) and the bound (1.8), and let Ty €
W22 (Q; RN*") verify (1.7). Then, for each k € N, the minimiser ux from Lem-

ma 3.1 satisfies uy € w22

loc (£25 RN), and moreover, for every compact set K C Q2
there holds

n
sup{Zf DZA(Vuk)[asVuk,asvuk]dx+k_1/ |V2uk|2dx} <00, (39)
keN K K

s=1

Proof. Letn € Cé(Q; [0, 1]) be a localization function with n = 1 on the given,
compactly supported subset K of Q. For & € R\ {0} with || < dist(K, 92)
and s € {1,...,n} we denote by Ay the finite difference quotient operator with
respect to direction e and stepsize i, and we then choose ¢ = A s,,h(nzA s.hUk) €
W2(Q; RV) as a test function in the Euler—Lagrange system (3.3). In this way, we
obtain with the integration by parts formula for finite difference quotients and the
standard one

/ A i (A (Vug)) - [17 A5 0 Vg + 20Ag pur ® V] dx

« (3.10)

= —/ Agp div Ty - n* Ay puy dx,
Q

which is the starting point for the proof of higher Sobolev regularity. For the right-
hand side of (3.10) we obtain from standard properties (regarding norm estimates)
for finite difference quotients, in view of Ty € W22 (; RV*") and the uniform
bound (3.6), the estimate

_/ As,h le TO . nzAS,huk d-x <C||TO”W2100(Q’RN><}1) ”Vuk”LI(Q;RNX”) < C (311)
Q

with a constant C depending only on €2, f, ”TO”WZ,OO(Q;Ran) and 7 (but inde-
pendent of k € N). In order to find some coerciveness estimate for the left-hand
side (3.10), let us first rewrite

1
As,h(Ak(Vuk(x)))=/ D, Ax(Vuy(x) +thAg p Vug(x)) dt Ag p Vg (x)
0
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for x € K . Thus, for shorter notation, we introduce the bilinear form By, j, (x): RN >
R¥N>n 5 R forallk e N, h € R\ {0} and x € 2 such that dist(x, 92) > h, by

1
Ben()[¢,§]= /0 D, Ak (Vg (x) + thAs y Vg G)I¢, C1dr - for g, & € RV,

Note that, by definition, the radial structure and due to the convexity of f with
f/(0) = 0, these bilinear forms are (for all k, & and x as above) symmetric and
positive definite, with lower bound By, (x)[¢, ¢] > k~'|¢|? for all ¢ € RVN*",
Consequently, applying Young’s inequality in the bilinear forms By ;(x) and in-
voking (3.11), we deduce from (3.10) the estimate

/ 1 Biew ) [ Ag.p Vg, A, Vg ] dx
Q

=— 2/ Bich ([ Ag,n Vg, nAg pur @ V] dx — / Agndiv Ty - n? Ay puy dx
Q Q

1
< 5/ 1?Bieh ) [ Mg p Vi, A, Vg ] dx
Q

+ 2/ Bien ([ As nur @ YV, Ag pux ® Vil dx + C.
Q

We may now absorb the first term of the right-hand side into the left-hand side.
By (3.5) in conjunction with (3.4), by standard properties of finite difference quo-
tients and by (3.6) we then obtain

kl/ 1| A Vg dx </ 02 By n ([ Ay Vg, Ay V] dx
Q Q
< C/ V2| Ag pur(x)]?dx + C < C
Q

for a constant C depending only on €2, f, || Ty w20 (@irnvxny> 1 and k. By choice of
the localization function  we thus obtain, for each k € N, that Ay ; Vuy is bounded
uniformly for all 2z € R\ {0} with |k| < dist(K, 9€2) in L2(K; RNxny, though not

uniformly in k. The le(;cz-regula.rity of uy then follows from the usual difference-

quotient type characterisation of W2 and the arbitrariness of the compact set K C
Qandofs € {1,...,n}.

Once the le(;cz—regularity of each function uy is at our disposal, we may now
proceed to the proof of the uniform estimate. To this end, we first differentiate
the Euler-Lagrange system (3.3) and repeat essentially the same computations as
above, but now with the differential d; instead of the difference quotient opera-
tor Ay . More precisely, starting from the identity

fDZAk(Vuk)[BSVuk,Vw]dxzf 8sTo - Vo dx
Q Q
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for all functions ¢ € W12(Q2; RY) with compact support in Q, we choose ¢ =
n%d,u with n € C(l)(Q; [0, 1]) a localization function on the compact set K C 2
as above. Doing so, we find via Young’s inequality (applied to the positive definite
bilinear forms D; Ax (Vuk (x)) corresponding to By o(x) above) and the integration
by parts formula

/ n* D, Ak (Vup)[ds Vuk, 9 Vuy | dx

Q

=— 2/ nD; AxVur) [0y Vg, dsur ® V] dx + / 3sTo - V(1% dsu) dx
Q Q

1
< E / 7]2 DZAk(VMk)[asvuk, 8svuk] dx
Q

+ 2[ 772 DZAk(Vuk)[Bsuk ® Vn, dsur ® Vn] dx — / 77285 div Ty - Oguy dx.
Q Q

After absorbing the first integral on the right-hand side into the left-hand side, we
directly obtain the lower bound given in the statement via the definition (3.4) of Ag,
while the remaining terms on the right-hand side of the previous inequality are
estimated via (3.5), combined with (3.4) and Ty € W2°°(Q; R¥N*"). This yields

/ 1> D, A(Vur)[8s Vg, 9 Vug]dx + k! / %185 Vuy |* dx
Q Q
< / 1% D, Ar (Vug)[0s Vg, 85 Vi ] dx

Q

<C (I8strll gy + 5 1Bk 122 g o))

with a constant C depending only on L, ||Tp ||Wz,OO(Q;RNXn) and n, but not on k. At
this stage, the assertion (3.9) of the lemma follows from the uniform bound (3.6),
combined with the arbitrariness of s € {1, ..., n}. O

Remark 3.4. Invoking the condition (1.9) of A-monotonicity satisfied by the in-
tegrand with 2 > 0 almost everywhere on R(T , we can interpret the uniform es-
timate (3.9) as a weighted Sobolev-type estimate, namely that we have, for every
compact set K C €2,

sup{/ h(|Vuk|)|V2uk|2dx} < oo. (3.12)
keN K

The uniform bound (3.12) constitutes the key ingredient in order to establish the
pointwise convergence of the gradients (Vug)genN-

Corollary 3.5. If the assumptions of the previous Lemma 3.3 are satisfied and f is
strictly convex, then we have

Vuy - E L"ae.inQ ask — oo, (3.13)
where E € L1(€; RVN*1) js given by the biting limit (3.8).
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Proof. We here follow the strategy of proof of [4, Section 4.4]. We start by defining
an auxiliary function 2 € C'(RT, R*) via

o0

i h

() = / @ 4. fort>o.
¢ 147

where the function # was introduced in Remark 1.8. Since /4 is almost every-

where positive, his strictly monotonically decreasing and, moreover, since 4 satis-
fies (3.5), we have

E(r)</oo 2L dt =2L(1 + 1)~} fort > 0
NS — AT = orrz > L.
¢ (1+71)?

Next, we introduce the functions
ar = A(Vur)  and B = h(|Vug|)

for k € N. Obviously, o and S are bounded in 2. Next, we observe from Cauchy-
Schwarz inequality for each s € {1, ..., n}

|9sax|? = D, A(Vup) [0 Vg, D50 )

DIl

D
1
< (D A(Vu) 9 Vg, 3 Vur])? (D A(Vug) [k, D50t ]) (3.14)
<L

1 1
(D, A(Vur)[8s Vi, 35 Vugl)? |0
and thus

IVar|> < LY D A(Vug)[ds Vg, s Vugl,

1

n
s=

while from the definition of / and the bound on & we directly get
IVBl? < 2LA(IVur DI V2 ug]*.

In conclusion, by (3.5) we have shown

n
Ve |* + VB> <BL Y D A(Vup)[ds Vug, 5 Vug],

s=1

and Lemma 3.3 thus yields

sup {||<¥k||L°°(sz;Ran) + 1BelliLe @) + llokllwiz g masny + ||,3/<||w1,2(1<)} <00
keN
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for each compact set K C 2. If K has a Lipschitz boundary, we find, thanks to
the compact embedding W2(K; RNy s LI(K: R¥N*") non-relabelled subse-
quences such that the following convergence results hold:

o — o weakly in L! (Q; RNX”),
ap — o strongly in L' (K; ]RNX”),
A — o FL"ae.in Q

B — B weakly in L1(Q),

B — B strongly in L! (K),

Bx — B L"ae.in Q.

Since £ is strictly decreasing on R, the inverse h~! exists on the set Z(RT), is
non-negative, decreasing and continuous. Thus, in view of Fatou’s lemma and the
boundedness of (Vi )ken in L!(2; RV*") by (3.6), we get

f ' (B)dx < liminf/ h='(Br) dx = liminf/ |Vug|dx < oo.
Q k—oo Jo k—oo Jo

With lim;_, o fz(t) = 0 and thus lim;_, h! (t) = oo, we easily deduce that 8 > 0
and 0 < h~!(B) < oo holds .Z"-ae. in Q. Therefore, due to the continuity of
t — t/f'(¢r), we have on the one hand the pointwise convergence

vy = AVl _ axh™ (B ah”l(B)
U= S = ~ - ~
ALV A o (-9 B L R (5)))

On the other hand, (3.8) yields the existence of an increasing sequence (£2;) jen
of sets contained in  with Z"(Q \ Q;) — 0as j — oo and such that Vuy
converges weakly to E as k — oo on every §2;. Therefore, because of uniqueness
of the limits, we can identify the pointwise limit ah =1 (8)/f'(h"'(B)) = E as
LI(Q; RN>*") functions. In conclusion, we arrive at the convergence Vuy — E
Z"-a.e.in , which was the claim (3.13). Moreover, once again by Fatou’s lemma,
combined with the uniform bound (3.6), we also have the estimate

L"ae.in Qask — oo.

||E||L1(Q;RN><7!) < 1}{r2£f||vuk||Ll(Q;Ran) < C. O

3.3. Existence and regularity for the primal problem

We shall now use the a priori estimates of the preceding sections to conclude that
there exists a function v € W1 (€; RY) such that E — given by the biting limit (3.8)
and which was just identified in Corollary 3.5 as the pointwise limit of the sequence
(Vup)ren — satisfies

Vu, - E=Vv ZL"ae.inQ ask — oo. (3.15)
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Proof of the representation E = Vv. We shall utilize the Poincaré-type Lemma 2 .4
(applied to the N component functions of E, each of them with values in R").
Hence, in what follows, we want to prove that every function E,fora € {1, ...,N},
is curl-free in the sense of distributions, as introduced in Definition 2.2. This means
that we need to show

/ (Eiajw—Ejaigo) dx=0 (3.16)
Q

for any fixed test function ¢ € C(l)(Q) and all choices of indices i, j € {1, ..., n}.
To this end, we set K := spt(p). We further consider a sequence of functions

(ge)een in C°(R; [0, 1]) with g, = 1 in [—¢, £], g¢ = 0 outside of [—2¢, 2¢] and
| gé| < 2¢71'in R, which allows us to estimate the above expression on sublevel sets
of |E“|. In fact, we may now rewrite the expression in (3.16) above as

‘/ (Efdjp — E‘}‘aifﬂ)dX‘Z‘/ se(ED(Efdj9 — Efd;¢) dx
Q Q

+'/(1—gz(|E|>)(E;"ajgo - E?amdx‘:: I +11,
Q
and noting that E* € Ll(Q; R™), we find

lim II; < 2sup|Ve| lim |[E%|dx = 0.
o0 K t=oo JiEIZ0

Thus, it remains to show that we also have limy_, o, I; = 0. In order to prove
this claim, we start by observing that, as a consequence of Lebesgue’s dominated
convergence theorem, the pointwise convergence Vu; — E established in Corol-
lary 3.5 implies the strong convergence g¢(|Vuy|)Vuy — g¢(|E|)E® in LI(Q; R

as k — oo. Since by Lemma 3.3 we have u; € le(;cz(Q; RY) for every k € N, we

may hence rewrite I, by the integration by parts formula as

I, = lim / gg(|Vuk|)(8iuz8j<p - 8jug8,-90) dx
Q

k—o00

k— 00

= lim fg(a,(geuwu))a,-uz—a,-<ge<|wk|>>ajuz)<pdx

+/ ge(|Vugl)(9;0;uf — 3i3j”g)¢dx‘
Q

= lim A(aj<gz<|ka|>)aiuz—ai<ge<|wk|>)ajuz‘)<pdx

k— 00

We next introduce functions Gy : Rg — R by

tgy (D1

G =
« 7@

dr, fort > 0and ¢ € N.
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Firstly, since f is strictly convex with f/(0) = 0, we note that f” is monotonously
increasing with f’(¢) > O forallz > 0. Consequently, the integrand in the definition
of G, is well-defined and supported in [£,2¢] C R™, and we further have the
estimate

40 4¢
<

1@ = fQ)

N
|Gg(t)|§W/ ldr < forallz >0and £ € N. (3.17)
4

Using

J'(IVukl)

9j(ge(IVu)) = 0;(Ge(IVur) —5——
[Vl

we may then express I in terms of G, (|Vuy|)) and apply once again the integration

by parts formula (as well as the fact that uy € le(;g(Q; R™) holds for each k € N).
In this way, we find

El

| . RVAGZD)
Ie = lim Vg (9 (Ge(Vueh)dju — 8i(Gf<'Wk'))3f“k)|v—Lﬁ dx'

: (S AV f’(|Vuk|)ajug>> ’
gkll)rglo‘/QGz(qukD(a] (—lvukl ) 9; (—WMkI @ dx

. (I Vugl)
+ Jim, '/ G Vue) (3w dj — djutdi) =g ==
Recalling
/
A =1 (|'Z|')Z forall z € RV,
Z

we next estimate Iy in the more convenient form

I; < lim
k— 00

/ D A(Vup)[9;Vuk, Go(IVur)e® ® e; o dx
Q

+klim 'f D A(Vui)[9; Vg, Ge(|Vug|)e® ®ej](pdx‘
—> 00 Q

+ lim 2/ Ge(IVuDILf " (IVuD 11 Vel dx,
k—=oo Jo

where ey, ..., e, denote the standard unit basis vectors in R” and ¢!, ..., eV the
ones in R" . Keeping in mind that D, A(z) is a positive definite, symmetric bilinear
form, we infer from the Cauchy-Schwarz inequality

/ D A(Vup)[9;Vug, Go(IVurl)e® @ e dx
Q

1
2
g(f DZA(wk)[ajwk,a,-wk]|so|dx)
Q
1
2

x </Q D A(Vur) [Ge(|Vur|)e® ® ei, Ge(|Vur)e® ® ei]lgl dX>



716 LISA BECK, MIROSLAV BULICEK AND FRANZ GMEINEDER

(and analogously with i replaced by j). Thus, employing the a priori estimate (3.9)
from Lemma 3.3 (note K = spt(¢) € ), the upper bound in (3.5), the bound-
edness of f’ by L and the growth (3.17) as well as the support of G, we arrive
at

1

2
I, <C lim (/<1+|wk|)—1|Ge<|wk|>|2|¢|dx)
k— o0 Q

4 C lim zf |G (I Vug )| V| dx
k— 00 Q

< C lim @ </ edx) ,
k— o0 {IVug | =)

with @ Rar — Rar given by ®(¢) = max{t%, t} and a constant C depending only
on the data and ¢, but not on £. Finally, the pointwise convergence Vuy — E
allows us to pass to the limit k — oo, which yields

IE<C¢</ |E|dx).
(EI=6)

In view of the integrability of E, this proves limy_,oc Iy = 0. In conclusion,
since « € {1,..., N} was arbitrary, we have shown the claim (3.16), i.e., that
E € L1(Q; R¥*") is curl-free in the sense of distributions. Thus, as €2 is a simply
connected Lipschitz domain, Lemma 2.4 provides a mapping v € W"1(Q; RV)
with Vv = FE, and the proof of the representation is complete. O

Remark 3.6. In case that Q2 is not simply connected, we still obtain that the point-
wise limit of the sequence (Vuy)ren is curl-free in the sense of distributions, but
we cannot identify it as the gradient of a W!!(Q; R")-function.

For the sake of completeness, we now proceed by demonstrating that v €
Wh1(; RN — after translation by (v)q —is actually a solution to the system (1.2)
subject to the Neumann condition (1.3). To this end, we firstly provide the

Proof of the uniqueness assertion of Theorem 1.7. We suppose that there exist two
solutions u1, uy € Wh1(Q; RY) to the system (1.2) subject to (1.3), with (u1)q =
(up2)o = 0 and u; # uj as L! (€2; RN) functions, which, by connectedness of €2,
also implies Vu; # Vuyp as L'(Q; RV*") functions. In view of Lemma 1.2, u;
and uy both solve the variational problem (1.5), i.e., they both minimise § in
wh1(Q; RN). Choosing (11 4+ uz)/2 € WE(Q; RN) as competitor, we deduce
from the strict convexity of f combined with the minimality of u| and u»

1
3[”1+”2}<5(mu1]+&[u21)= inf

2 wh1(Q:RN)

which is a contradiction. Thus the proof of uniqueness is complete. O
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We shall now conclude the proof of Theorem 1.7:

Proof of the solution property of v — (v)q. By Corollary 3.2, we first note that
(ux)renN 1s @ minimising sequence for §. Next, by the pointwise convergence (3.15)
we obtain

f(Vu)) — Ty - Vuy — f(IVv]) = Tp - Vv ZL"ae.inQ ask — oo.

By the coerciveness condition (1.7), which in turn implies the boundedness of the
map z — f(|z]) — To - z from below, we thus deduce by the generalised version of
Fatou’s lemma

S[v - (U)Q] = §[v] < liminf §[ug] = inf  §.
k— 00 wlvl(Q;RN)

In conclusion, we have shown that v — (v)q is a minimiser with vanishing mean
value in €2, and taking advantage of Lemma 1.2, it is also the desired weak solution
to the system (1.2) subject to (1.3). This completes the proof of Theorem 1.7. [

Finally, we note that the solution v—(v)g, is precisely the function u from (3.7),
namely the strong L!(Q; RV)- and weak-* BV(Q; RY)-limit of the minimising
sequence (Uj)reN-

Corollary 3.7. If the assumptions of Theorem 1.7 are satisfied, then the minimising

sequence (Ur)reN constructed in Lemma 3.1 converges to v — (v)q strongly in
whi(Q).

Proof. Since uy has zero mean value over 2 for each k € N, it is enough to prove
that
Vup — Vv strongly in L' (€2 RNX") as k — oo. (3.18)

First, thanks to the assumption (1.7), we can define functions

gk = \/foo(l)|Vuk| — To - Vug.

Then, using (3.8) and (3.15), we observe that

gk — g = \/f°°(1)|VU| —Ty- Vv weakly in LZ(Q). 3.19)
Our first goal is to show that
gk —> & strongly in L?(2). (3.20)

For this purpose, we start by recalling two identities, namely by setting ¢ = uj in
the Euler-Lagrange system (3.3) for the approximate problem and by further using
the fact that v is a weak solution to the Euler—Lagrange system (1.4) with ¢ = v
we obtain

/ [Ak(Vug) - Vug — To - Vug]dx =0 = / [A(Vv) - Vv —Ty- Vv]dx
Q Q
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for each k € N. With these identities and the definitions of Ay and A, respectively,
it is straight forward to deduce

lim sup || gll?,
k— 00 L7

Slimsup/ [fWDIVug| — To - Vug + Ax(Vug) - Vug — £/ (V)| Vi) ] dx
Q

k— 00

=1imsup/Q [foo(l)IVukl —To-Vv+ A(Vv) - Vv — f’(IVukI)IVukl] dx

k—o00

ﬂimsup/g (£ IVl = f'IVuD | Vae| = £ DIV + £V Vol ] dx

k— 00
+ 18120

In addition, thanks to (3.15), we also have
FEMIVur] = f(IVur DI Vur| = D[Vl = f/ (V)| V]
ZL"ae.inQask — oo.

Thus, if the above sequence is uniformly integrable, then by the Vitali convergence

theorem we get

limsup [1gx11%5, . < Igl1%2 0,
PRI L3(Q) L7(R)

which together with (3.19) implies (3.20). For proving uniform integrability, we fix
& > 0 and determine A > 0 such that

FEM = 0y = lim £ - f0)<e.

Then for every set U C € fulfilling Z"(U) < ¢/(f°°(1)1), we obtain by mono-
tonicity of f’

/U[f“’(mwu — f'(\Vug))|Vug|] dx
=/ (£ M)Vl — f'(|Vur) | Vug|] dx
UN{|Vug|<a}
+f [/ V| — f'(|Vur)| Vug |] dx
UN{|Vug|>1r}

<fEOMAL"WU) + (1) - f’()»))/U [Vur|dx < Ce,

where we also used the a priori bound (3.6). Hence, we have uniform integrability
and the proof of the strong convergence (3.20) is complete.

With g; — g converging strongly in L?(2) as k — 0o, the sequence (g,%)keN is
uniformly integrable and then, thanks to g,% 2 (f°) =1 Toll=qrNxn) | Vug| > 0
for all k € N because of (1.7), also the sequence (Vuy)ien is uniformly inte-
grable. This together with the pointwise convergence (3.15) finishes the proof of
the claim (3.18) and thus of the corollary. ]
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4. Relaxation to BV and the dual problem

The purpose of this section is to first recall the relaxed formulation of the minimi-
sation problem (1.5), namely the extension of the functional via semi-continuity
to the space of functions of bounded variation, and the notion of generalised min-
imisers. Secondly, by means of convex conjugate functions in the sense of convex
analysis, we introduce the dual problem associated to the (primal) minimisation
problem (1.5) with an explicit description and then study its connection to the pri-
mal problem. In doing so, we shall adopt a more general viewpoint and hereafter
let F: RV*" — [0, 00) a be convex, differentiable function that satisfies, for some
constants 0 < v < L < oo, the linear growth condition

vzl —L < F(z) <L(+z])  forallz e RV .1

For a given map Ty € L>°(Q; RV*") we shall then study the variational problem
to minimise F[w] :=/ F(Vw)—Ty-Vwdx amongall we W' (2; RY). (4.2)
Q

As for the radially symmetric case, we observe that if a solution u € Wh1(Q; RV)
to (4.2) exists, then it solves the associated Euler—Lagrange system

/DZF(W)-Vgodx=/ To-Vedx  forallg e WH (2 RY)  (4.3)
Q Q
and vice versa.

4.1. Coerciveness

As a modification of the coerciveness condition for radially symmetric integrands
(1.7), in this section we shall work with the condition

essinfyeg min  {F>() — To(x) - £} >0 4.4)
Ee

SN xn—1
where the recession function F*: R¥N*" — R is given by

Fo(z) = lim (;) for all z € RV*", (4.5)
t

We note that F° is strictly positive, finite-valued and convex, as a consequence of
the linear growth condition and the convexity of F', and hence, it attains its strictly
positive minimum on SV~ = {z € RV*": |z| = 1}. Also here the signifi-
cance of condition (4.4), as previously for (1.7), is to guarantee coerciveness of the
functional F in the following sense.
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Lemma 4.1. Let F: RN*" — [0, 00) be a convex function satisfying (4.1) and
let Ty € L®°(Q; RNX") verify (44). Then the functional F defined in (4.2) is
coercive in the sense that if (Wr)reN IS a sequence in WL RN such that
||wk||wl=‘(Q;RN) — 00 as k — 00 and each wy has vanishing mean value, then

Flwi] = oo ask — oo.

Proof. We initially observe that due to condition (4.4) we may fix a number § > 0
depending only on F and 7p such that

essinfyeg min {F®(§) — To(x) - £} > 45 (4.6)

SESNX”_I

is satisfied. We consider an arbitrary function w € wh1(Q; RN) with (w)q = 0. In
order to evaluate F[w], we decompose the domain of integration for some ¢¢ > 1
(to be determined later) as

J—“[w]:/ [F(Vw) — Ty - Vw] dx+/ [F(Vw)—T - Vw] dx
Qn{|Vw|<to) Qn{|Vuw|>to)

>/ [F(Vw) — Ty - Vw] dx
QN{|Vw|<Lo)

1 Vw Vw
+ —F | |Vw|—— ) —Tp- —§ ) |Vw|dx
an{|Vuw|>£) \IVw| [Vw] [Vw|

+3[ |Vw|dx =: T+ 11+ IIL
QN{|Vw|>£p}

For the first term, we obtain via the growth condition (4.1)
I < (C(l + o) + Lol T0||LOO(Q;RNX,,))$”(Q).

We next show that the second term is non-negative, provided that the level ¢ is
chosen suitably. To this end, we choose a finite number of points (§i)keq1,..., M)
in SV*7=1 gych that

Lr inf |§—&| <5 forallé e SV
k M}

where L is a Lipschitz constant for both functions F and F°°. Thus, M depends
only on n, N, § and F. Taking into account that ¢ — F(££)/{ is monotonically
increasing and converges to F®(£) as £ 7 oo for each & € SV*"~1 we then
determine £o > 1 such that

CUFWE) > F¥(E) —8  forallke(l,...,M}and ¢ > €.
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Consequently, by the Lipschitz continuity of F and F*°, we find

e Fg) = ! w [F(t&) — |F(£8) — F (L&)

kefl,...,
> sup  [¢7'F(t&) — Lrlg — &l]
kell,..., M}
> sup  [F®(€) —8—2Lplg —&l] = F®®&) - 38
kefl,...,

for all &£ € SV~ and £ > £y. Applying this inequality pointwisely with & =
Vw/|Vw| and keeping in mind the choice of § in (4.6), we thus arrive at IT > 0 as
claimed. Finally, we observe

11 ) [/ [Vw|dx — EOX”(Q)] .
Q
In conclusion, we have shown
Flw] = 8/ [Vw|dx — C(F, Tp)£o.L" ()
Q

for all functions w € W'1(€; RN) with (w)g = 0, and in combination with
Poincaré’s inequality for W!!-maps with vanishing mean value, this immediately
implies the assertion of the lemma. O

Remark 4.2.

(1) Relying on linear functions as in Examples 1.4 and 1.5 one shows optimality of
condition (4.4) concerning the existence of W' !_minimisers for the Neumann
problem for the functional F (and examples with unboundedness of F from
below when the expression in (4.4) is strictly negative).

(2) However, since the minimisation problem (4.2) (or (1.5)) is formulated in terms
of div Ty only, we indeed have coerciveness (which then gives rise to existence
results of generalised minimisers) for all Tp € L*(L; RN "y such that there
exists Tp € L>(2; RV *") which verifies (4.4) and

/To-dexz/ To-Vwdx  forallw e Wh! (2, RV).
Q Q

4.2. Relaxation of the primal problem

As mentioned in the introduction, the lack of weak compactness of bounded sets
in the non-reflexive space W1 (Q; RV) suggests the passage to a space that enjoys
better compactness properties. The natural candidate for such a space is given by
BV(Q; RV), the space of functions of bounded variation. We say that a measurable
mapping w: Q — RY belongs to BV(2; RV) if and only if w € L!(Q; RY) and its
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distributional gradient can be represented by a finite R *"-valued Radon measure
on £, in symbols Dw € M (Q; RV*"). Let us note that by the Riesz representation
theorem for Radon measures, the latter conditions amounts to requiring

| Dw|(S2) :sup{/ w-div(p) dx: @ € C} (2 RV, Jg| < 1} < 0.
Q

In this case, we denote by Vw.Z" the absolutely continuous and by D*w the sin-
gular part in the Lebesgue decomposition of Dw with respect to the Lebesgue mea-
sure .Z" . However, let us emphasize that Vw is simply the density of the absolutely
continuous part of Dw, but in general, it is not the gradient of a W“(Q; RM)-
function.

The relevant notions of convergences in BV (£2; RY) are those of weak- and
of strict convergence, both being weaker than norm convergence:

Definition 4.3. Let (wy)ren be a sequence in BV(Q; RY) and w € BV(Q; RY).

We say that (wg)xeN converges weakly-x to w in BV (£2; RM), in symbols wy A w,
if (wi)ken converges strongly to w in L'(Q: RY) and if (Dwi)gen converges to
Dw on 2 in the weak-*-sense for Radon measures as k — 00, i.e.,

lim ¢ dDwy = / ¢ dDw for all p € Co(R2).
k—oo Jo Q
We further say that (wg)gen converges strictly to w in BV (€2; RN if (wi)ken con-

verges strongly to w in L'(Q; RY) and if the variations | Dwg|(R2) converge to
| Dw|(2) as k — oo.

Most importantly for us, we have the following characterization of weak-x-conver-
gence that a sequence (wy)en converges weakly-* in BV (€2; RY) if and only if it
is bounded in BV(2; R") and strongly convergent in L'(Q: RY). Moreover, the
space (BVNC™)(L; RM) is dense in BV(Q; RY) with respect to strict (and thus
also with respect to weak-x) convergence. For this and further results on the space
BV we refer the reader to the monographs [1,17].

In what follows we consider Ty € Cp(€2; RV*") and assume for the func-
tional F defined in (4.2) the mild coerciveness condition

essinf,co min {FOO(S) —To(x) - E} >0 4.7
SESNX"_I

(i.e., in contrast to the previous coerciveness condition (4.4), also equality is al-
lowed), which excludes F to be unbounded from below. In this situation we ex-
tend F, which a priori is defined only on W!1(Q; RY), by lower semicontinuity to
the larger space BV(Q2; RY). The resulting relaxed functional is given by

Flw] = inf | liminf Flw]: (orein W (2, RY)
with wy, X win BV (Q; RN)}

for w € BV(Q; RY). We now introduce the concept of generalised minimisers:
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Definition 4.4. Let F: R¥*" — [0, 0c0) be a convex function satisfying (4.1)
and let Ty € Cp(2; RV*™). We call a function u € BV(Q; RY) generalised
minimiser of the functional F if u is a minimiser of the relaxed functional F in
BV(Q; RY),ie.,

Flul < Flw]  forallw € BV (2; RY).

We next provide a representation formula for the relaxed functional F (with the
classical approach as employed for the Dirichlet problem), prove that the original
minimisation problem (1.5) and the minimisation of the relaxed functional F in fact
lead to the same value, and we also justify the name “generalised minimiser”.

Proposition 4.5. Let F: RV*" — [0, 00) be a convex function satisfying (4.1) and
let Ty € Cp(S2; RVNX") verify (4.7). Then we have the representation formula

— w [ dD*w P
Flwl= [ F(Vw)dx+ | F dD*w|— | Ty -dDw 4.8)
Q Q d| DS w| Q

for all w € BV(Q; RY) with corresponding Lebesgue—Radon—Nikodym decom-
position Dw = VwZ" L Q + D*w. Here, F™ is the recession function defined
in (4.5). Moreover, there holds

inf  F= inf F, 4.9)
BV(Q;RY) W@ RN)

and a function u € BV(Q; RN) is a generalised minimiser of F if and only if u is
the weak-* limit of a minimising sequence (uy)ren for F in wh1(Q; RN).
Proof. Let us denote by G[w] the right-hand side of (4.8). We initially observe

from the lower semicontinuity and the continuity part of Reshetnyak’s Theorem 5.1,
respectively, that we have

Glw] < I}Cm inf Glwy] = l}cm inf Flwg] (4.10)

for all sequences (wi)reny in W1 (€2, RN) with wy X win BV(Q; RM) and
Glw] = lim Glwi] = lim Flwy] “4.11)
k— 00 k— 00

for all sequences (wi)ren in W-1(Q, RV) with wy X win BV(Q; RY) and
[(ZL", Dwp)|(Q) — |(Z",Dw)|(R). Here, we have used Remark 5.2 to ap-
ply Reshetnyak to the functional G and also the fact that G and F coincide on
whl(Q, RV). o

We will first prove that F[w] = G[w] holds for every fixed w € BV(; RM).
Noting that inequality (4.10) is valid for any sequence (wg)ieN in wh(Q, RY)

such that wy X win BV(Q; RY) as k — oo, we may pass to the infimum of the
right-hand side of (4.10) over these approximating sequences, and we find

Glw] < Flw].
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To obtain the reverse inequality, we choose (e.g., by mollification of a trace-pre-

serving extension of w), a sequence (wg)ieN in WL RY) with wy 2w
in BV(Q; RY) and with |(Z", Dwp)|(Q) — [(Z",Dw)|(R2). Then, by iden-
tity (4.11), we get _

Glw] = kli)ﬂolo Flwe] = Flw] (4.12)

which concludes the proof of the representation formula (4.8).
In order to demonstrate that the two infima in (4.9) coincide, we first notice
from (4.12) that

Flw] = G[w] = lim Flwg] >  inf F
k— 00 Wlﬂl(Q;RN)

for arbitrary w € BV(22; RY) (and the sequence (wi)reN With wy X win
BV(Q; RY) and with [(Z", Dwp)|(Q) — [(Z",Dw)|(R) as above). Passing
to the infimum of F over w € BV(Q; R") and keeping in mind that F and F
coincide on W1 (€2; RY) ¢ BV(€2; RY), we thus arrive at

infie F> inf F> inf F,
BV(Q;RN) wWLL(Q:RN) BV(Q;RN)

and the claim (4.9) follows.

Finally, we prove the characterization of generalised minimisers. Given an ar-
bitrary generalised minimiser u € BV(2; RN ) of F, we see as above that u is the
weak-x limit of a sequence (ux)reny in WH1(; RY) (and with [(Z", Duy)|(R2) —
[(Z", Du)|(2)). Thus, as a consequence of (4.11), the fact that » minimises G = F
in BV(Q; RY) and the identity (4.9), we infer that (uz)ren in WH1(Q; RY) is
indeed a minimising sequence for F in W1 (Q; RY). For the reverse implica-
tion let (ux)ren be a minimising sequence for F in W1 (Q; RV) that converges
weakly-* to a function u € BV(Q; R"). Then, by (4.10) and once again iden-
tity (4.9), we deduce that 1 is indeed a minimiser of G = F in BV(S; RV), i.e., u
is a generalised minimiser of . This finishes the proof of the proposition. O

Concerning generalised minimisers of F, we next wish to continue the dis-
cussion of the coerciveness condition on 7y, which was started in Example 1.4, by
showing that it remains an essential ingredient for a positive existence result:

Example 4.6 (Example 1.4, continued). In the situation of Example 1.4, observe
that F for F = § is given by

1 S S
— dDSw dD%w
Flw] = JU+ 1w —1—w|dx / _ 4| D*
[w] /_1[ vl w] +(_171)|:'d|DSw|‘ d|DSw|:| D wl

for weBV((—1, 1)), where Dw =w' . Z'L (—1,1)+D w is the Lebesgue decomposi-
tion of Dw. From Example 1.4 and identity (4.9) we deduce infgy((—1,1)) F = —2.
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In this case, the minimising sequence (ux)ien With ux = kx for k € N is not uni-
formly bounded in W11 ((—1, 1)) (and admits no subsequence converging weakly-
in BV((—1, 1))). In fact, there exists no generalised minimiser of F, i.e., a function
u € BV((—1, 1)) with F[u] = 2. Otherwise, this would mean

[ (fwi-s)e-

—-1,1)

dD%u
d| DSu|

dD%u
d| DSu|

]d|DSu|.

Now, since the left-hand side is non-negative due to /1 +|-|2 > | - | and since
the right-hand side is non-positive, both terms actually need to vanish in order to
achieve equality. We thus conclude /1 + |u/|>—u’ = 0 a.e.in (—1, 1) (as before in
Example 1.4), which yields a contradiction and shows that such a function u# cannot
exist.

Proposition 4.7. Let F: RVN*" — [0, 00) be a convex function satisfying (4.1)
and let Ty € Cp(2; RNX") verify (4.4). Then there exists a generalised minimiser
u € BV(Q; RY) of F.

Proof. Let (uy)ren be a minimising sequence for F in Wh1(Q; RY). Since F
depends only on the gradient variable, we may assume (u)q = O for each k € N.
As a consequence of Lemma 4.1 and infy1.1 (@:RN) JF < 0o, we obtain boundedness

of (up)keny in WHT(Q: RV). By weak-x-compactness of BV (£2; RY) we thus find
that (u#x)ren converges weakly-+, up to the passage to a subsequence, to a function
u € BV(Q; RY). We finally conclude that u is in fact a generalised minimiser of F,
in view of the characterisation in Proposition 4.5. O

We conclude this subsection with two remarks.

Remark 4.8 (Possible non-uniqueness of generalised minimisers). Similarly as
for the Dirichlet problem, generalised minimisers of F in the Neumann problem
can in principle be non-unique, due to the occurrence of the recession function F°°,
which is only convex, but not strictly convex. If we could show that D*u does in fact
vanish for one generalised minimiser «, then we would find a minimiser of the orig-
inal Neumann problem (4.2). Thus, the passage to the relaxed formulation could
be avoided and furthermore, it is easy to see that if F is even strictly convex, every
generalised minimiser of JF is in fact already in W' (€2; RV) and consequently a
standard minimiser of F.

As we have shown in Section 3, this indeed happens if the integrand F' is of
radial structure and the hypotheses of Theorem 1.7 are satisfied. Moreover, it is not
too difficult to show that it is also the case for not necessarily radially symmetric
p-elliptic integrands F € C?(RN*") with bounded gradient and mild degeneration
® < 3, since one can here adapt the strategy of [8] (see also [5,9]) to show the

1,L logL(Q; RN) -

existence of a locally bounded generalised minimiser of class W/

1,1 . N
W, (2; RY).
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Remark 4.9. If we are in the setting of Theorem 1.7 with Top € Cp(L2; RN xny
verifying (1.7), then the function u from (3.7) is, as a consequence of the character-
ization in Proposition 4.5, a generalised minimiser of 7 = §. With the existence of
the minimiser v € W1 (Q; RV) if Q is simply connected, the previous Remark 4.8
thus provides an alternative proof of the fact v — (v)q = u and then also weak
convergence u; — u in Wh1(Q; RY) (which improves to strong convergence, see
Corollary 3.7).

4.3. The dual problem

We next address a second approach to study the convex minimisation problem (4.2),
namely via the so-called dual problem in the sense of convex duality (see, e.g., [13,
16] for extensive treatises on this subject). After the introduction of an associ-
ated dual functional, the dual problem consists in its maximisation over a suitable
class in L (Q2; R¥*") which then leads to the same value as for the original prob-
lem (4.2). In contrast to this primal problem, there is no lack of compactness for
the dual problem and a solution always exists, under the assumption (4.4) on Ty
and F, and it is then important to link the solutions of the primal and of the dual
problem (which is strongly influenced by regularity issues). The general approach
follows essentially the one from the Dirichlet problem, but for the convenience of
the reader we give a short overview on the results and strategy of proof, since it is
often simpler than for the corresponding result in the Dirichlet problem. Moreover,
we address only regular integrands, and various extension could be given also for
non-differentiable integrands, following the reference [6].

We shall now start to collect some background facts regarding the dual problem
associated to the Neumann problem (4.2). For this purpose, we first introduce for an
arbitrary function g: R”™ — R U {oo} the conjugate function g*: R™ — R U {oc}
by

(") = sup {z"-z—g)},  forallz* e R".

zeRM

By definition g* is convex and lower semi-continuous, and if g is of class C'(®R™),
we further have the duality relation

7* =D,g(2) if and only if gD +g" @) =7" 2 (4.13)

for z € R™ (while if g is only convex, a similar relation holds for the subdifferential
instead of the differential). Keeping in mind the particular situation of radially
symmetric integrands as in Section 3, we notice the following:

Remark 4.10 (Radially symmetric integrands). If g is radially symmetric, i.e., it
is of the form g(-) = f(| - |) for some function f: R — R, then we have g*(-) =
S£*( - ]). In fact, for each z* € R™, we have

g5 (@) = sup {z"-z2— f(lzD} = sup {11zl = O} = f*U*).
>

zeR™
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In order to set up the dual problem to the Neumann problem (4.2) with convex
integrand F, let us first note, that for any w € WI’I(Q; RY), we find, via F(z) >
¥z — F*(z*) forall z, z* € R¥*" the inequality

Flw] > /Q [x - Vw—F*(To+ x)]dx = —/QF*(TO + x) dx
for every function x € LI°(; RN>*") where we have set
LY (9; RV*)
1={X e L™ (Q; RV*): /QX -Vwdx =0forallw e WhH! (Q;RN)}.
The dual problem to (4.2) then is

to maximise Ry, [x]:= —/ F*(To+x)dx amongallx eLT (Q; RV*"), (4.14)
Q

and by passing to the infimum among all w € W1(€; RV) and to the supremum
among all x € LI°(; RN>m) we immediately obtain

inf  F > sup Ry, (4.15)
W @RY) L (RN >m)

which is the simpler inequality of the duality formula. The other inequality can
either be settled by referring to the general theory of convex duality as outlined in
the Appendix 5.2, or by a suitable approximation procedure, for which the reader is
referred to Remark 4.14.

Remark 4.11. Let us make a comparison with the respective Dirichlet problem
to minimise w / F(Vw)dx among all w € ug + W(l)’l (2 RY)
Q

with prescribed boundary values ug € W1 (€; RV). In this case, the dual problem
is

to maximise x /;Z [x - Vug — F*(x)]dx  amongall x € L$, (2 ]RNX”),
where
L (2 R™)
= {X e L™ (Q; RV*): /s‘zx -Vwdx =0 forall w € W(l)’1 (2 RN)}.
In this sense, the fact that we allow for a larger set of competitor maps in the Neu-

mann problem than for the Dirichlet problem is reflected by a smaller set of com-
petitors in the respective dual problems.
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Concerning the connection between solutions of the primal and of the dual problem,
let us first state the following simple observation.

Lemma 4.12. Consider a convex function F € CHRN*") satisfying (4.1) and let
To € L¥(Q; RV, Ifu € WHI(Q: RN) is a minimiser of the primal prob-
lem (4.2), then the unique maximiser of the dual problem (4.14) is given by 0 =
D,F(Vu) — Tp.

Proof. We first note that o belongs to LI°(L2; RY>") by boundedness of o and
the fact that u satisfies the Euler—Lagrange system (4.3), due to its minimality. The
evaluation of R, in o, in combination with (4.13) and once again (4.3) (applied
with ¢ = u), yields

Ry, lo] = —/ F*(To +o0)dx = —/ F*(D,F(Vu))dx
Q Q

:/ [F(Vu) —D.F(Vu) - Vu] dx :/ [F(Vu) — Ty - Vu] dx
Q Q

= inf  F,
whi(@;RN)

and (4.15) then shows that o is a maximiser of (4.14). Moreover, if 6 €
L2 RN *m) is any maximiser of the dual problem (4.14), then we deduce from
the previous identity

—f F*(TO—I—&)dx:/ [F(Vu)—T0~Vu]dx=/ [F(Vu)— (To+6)-Vu]dx.
Q Q Q

Since by definition of the conjugate function F* we have
—F*(To+6) < F(Vu) — (To +6) - Vu,

we actually have equality F(Vu) + F*(To +6) = (To + 6) - Vu a.e. on Q. Thus,
by (4.13) we arrive at

To+0 =D, F(Vu) a.e.on Q
which proves uniqueness of the maximiser of (4.14). O

As we have emphasized above, in general we do not know that a minimiser
of (4.2) exists. However, we can still extract some information from minimising
sequences (similarly as in [11, Lemma 3.1]).

Lemma 4.13. Consider a convex function F € C!(RNxm) satisfying (4.1) and let
To € L%(2; RN*") verify (4.4) . If (up)ren is a minimising sequence of the pri-
mal problem (4.2), then the sequence (D, F (Vuy) — To)reN converges weakly-* in
L®(Q2; RN*™) to the unique maximiser of the dual problem (4.14).
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Proof. Let o be a weak-* L°°-cluster point of the sequence (D;F (Vug) — To)reN
and let (&g)ken be the null-sequence in [0, co) defined by

ef = Flugl — inf F.
WhL(;RN)

Here we follow the strategy of proof from [6, Section 5]. In the first step, we want
to pass to a sequence (Vg)eN in wWh1(Q: RN, preserving the properties that

(Vi)keN 1s a minimising sequence of the primal problem (4.2), (4.16)
o is a weak-* L°°-cluster point of the sequence (D, F (Vvg) — To)ken, (4.17)

but with the additional benefit that we have

‘ / (D:F (Vo) = To) - Ve dr| < e Volly 1 gupnsn,
Q

for all ¢ € whl@; RY)

(4.18)

for each k € N. In fact, for each k € N we may apply Ekeland’s variational princi-
ple [15, Theorem 1.1] on the complete metric space {w € WEH(Q RY): (w)g =
0} (with metric induced by the norm |[[Vwll; (Q;RNW)) to find a function v, €

WE1(Q; RVN) with average (vi)q = 0 such that

Floe]l < Flugl,
”vvk — vuk”Ll(Q;Ran) < &k,
Fluel < Flwl + &l Vor — Vwllp 1 g.gvxny  forall w € wh! (2 RY).

As a consequence of the first inequality, we obtain (4.16), from the second inequal-
ity we infer the pointwise convergence Vvy — Vup — 0 a.e. in 2, for some sub-
sequence, and thus (4.17), and the third inequality actually means that vy is the
minimiser of a perturbed functional, for which the first-order criterion for minimal-
ity then yields (4.18).

In the second step, we now prove the claim of the lemma, with the sequence
(ux)ken replaced by (vik)ren as constructed above. Via (4.18) we first observe
that o belongs to the space LI°(£2; RN*") of admissible functions for the dual
problem (4.14). By convexity and lower semi-continuity of F*, the map x +>
- fQ F*(x)dx is upper semicontinuous with respect to weak-*-convergence in
L>°(Q; RV*") . In combination with the duality relation (4.13) we thus find (up
to the passage to a suitable subsequence)

Rylo]l = —/ F*(Tp 4+ 0)dx > — lim / F*(D,F (V) dx
Q k—o0 Jo
= lim | [F(Vw) —D.F (V) - Vo] dx
k—oo Jo

= lim Flv]+ lim (To — DZF(VUk)) -V dx.
k— 00 k—o0 Jo
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In view of (4.16), the first term on the right-hand side gives infy1.1 . g, F, while
the second term vanishes, as a consequence of (4.18) (applied with ¢ = vg) and
the uniform boundedness of (Vug)ren in L1(§2; RY*") in view of Proposition 4.1.
Thus, with (4.15), we arrive at

Rr,lo] = inf F > sup Ry 4.19)
WhI(Q;RN) LY (Q;RNxn)

hence, o is indeed a maximiser of the dual problem (4.14). Now, since F™* is
essentially strictly convex (see [27, Theorem 26.3]), the maximiser is in fact
unique, and thus, the whole sequence (D, F (Vuy) — Tp)ken converges weakly-*
in L% (§2; RV *") to the dual solution o as asserted in the lemma. O

Remark 4.14.

(1) With (4.19) and the previously established inequality (4.15), we have finished
the proof of the duality correspondence

1 1inf F= sup Ry
Wh(Q:RN) LP (RN xn)

(2) Taking into account Proposition 4.1, we obtain in particular the existence of
a unique solution of the dual problem (4.14), under the assumptions of the
previous lemma.

(3) Inthe above setting, with Ty € Cp(£2; RV *") verifying (4.4), we have shown in
Proposition 4.7 the existence of a generalised minimiser u € BV (£2; RV) to the
primal problem (4.2). In the situation, where a minimising sequence (ux)reN
exists such that u; converges weakly-*x in BV (£2; RY) to u and Vuy converges
a.e. in €2 to the absolutely continuous part Vu in the Lebesgue decomposition
for Du, we in fact find that o := D, F (Vu) — Ty solves the dual problem (4.14).

We finish this section with a regularity statement for the solution of the dual prob-
lem, in the situation with radially symmetric integrands as in Theorem 1.7.

Theorem 4.15. Under the assumptions of Theorem 1.7, the dual problem (4.14)

with F(-) = f(| - |) possesses a unique solution o € wl (Q RN*™) which is
given by

loc

o= f'(|Vu l)ﬁ —Tp L"-ae.inQ, (4.20)

where u € Wh1(Q; RYN) is the minimiser of the primal problem from Theorem 1.7,

Proof. By Lemma4.12, we obtain that o := f'(|Vu|)Vu/|Vu|—Ty € LL(Q;RV*")
is the unique solution of the dual problem. Thus, it only remains to verify the
local W'-%-regularity of o. To do so, we first recall from (3.6) and the point-
wise convergence Vuy — Vu £"-ae.in Q that o is a weak L?-cluster point
of the sequence (ox)ken = (Ax(Vug) — To)ken, With Ag defined in (3.4) and with
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up € WH2(Q; RN) the minimiser of the functional F in (3.1), for every k € N.
Similarly as in the proof of Lemma 3.3 we now exploit for each k£ € N the fact that
D, Ar(Vuy) is a positive definite, bilinear form, which is further bounded uniformly
in view of (3.5). By applying the Cauchy-Schwarz inequality similarly as in (3.14)
we then find, foreach s = 1, ..., n and every compact set K C €2, the estimate

/ 1950k dx :/ DzAk(Vuk)[asV”kaasUk]dx_f 05T - dy0x dx
K K K
1
! 1
<</ DzAk(Vuk)[asVuk,3sVMk]dX> (/ DzAk(VMk)[asGk,asdk]dX>
K K

1
+ gn(Kﬁ ”TO”WL”(Q;RNX")(L |3s(7k|2 dx)

1 1
2 2
gc((/ D, Ak (Vuy)[0s Vug, 05 Vuy] dx) + 1)(/ |8Sc7k|2dx)
K K

with a constant C depending only on L and || 7p||y1. Q:RN*n) - By an absorption
argument and the local uniform estimate in Lemma 3.%, we hence deduce that oy
is even uniformly bounded in W'2(2; RN "), for each compact set K C Q. As a

consequence, we deduce o € Wll(;cz(Q; RN >*7Y as claimed. O

5. Appendix

We now collect some auxiliary and supplementary results that have occurred and
been used in the main part of the paper.

5.1. Reshetnyak-type lower semicontinuity results

We here state a result on the lower semicontinuity and continuity of convex varia-
tional integrals of linear growth due to Reshetnyak [26] (in the formulation of [1,
Theorem 2.38 and Theorem 2.39] and [5, Theorem 2.4]) and then comment on its
application in our setting.

Theorem 5.1 (Reshetnyak (lower semi-)continuity theorem). Let m € N, let Q
be a bounded, open subset of R" and let (ux)ren be a sequence in M(2; R™)
that converges weakly-x to some u € M(Q; R™). Moreover, assume that all
W, L1, U2, . .. take values in some closed convex cone K C R™. Then we have
the following statements:

(a) (lower semicontinuity part.) If G: Q2 x K — [0, oo] is a lower semicontinuous
function which is convex and 1-homogeneous function in the second variable,
then there holds

d d
/ G ( , _“) dlul < liminf/ G ( ﬂ) dl i
Q djul k—o0 Jo d|pkl
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(b) (Continuity part.) If G: Q2 x K — [0, 00) is a continuous function which is
1-homogeneous in the second variable and if in addition |ug|(2) — ||(€2)
as k — oo, then there holds

d d
/G(-,—“)dw: hm/G(-,ﬂ)dw.
Q dul k=00 Jo d|pkl

Remark 5.2. In our setting, this result is applied as follows: given a convex func-

tion F: RV*" — [0, 00) of linear growth (4.1) and Ty € Cp(Q2; RV*") ver-

ifying the mild coerciveness condition (4.7), we consider the half-space K :=

[0, 00) x RN¥*" that is we choose m = Nn + 1, and we define G on Q x K
as the perspective integrand

Gt ) {tF(z/t) ~To) -z >0

F>(z) = To(x) - z ift =0,

forall x € Q,1 € [0,00) and z € RVY*" In this situation it is easily checked
that G takes values in [0, o0) and that it is a continuous function which is convex
and 1-homogeneous in the second variable (¢, z7) € K. Hence, we have lower semi-
continuity and continuity of G as stated in Theorem 5.1, and with u© = (Z", Dw)
for an arbitrary function w € BV(; RY) we can rewrite the evaluation of G in
terms of F', the recession function F°° and Ty as

d(Z", Dw) .
.6 (- diczmpuy ) a0

~ (1, Vw) ; Ly dDw
_/Q,G< ’7|(1,Vw)|> (1, Vw)| d.Z +/§2.\,G< ,0, d|D~‘w|>d|D w|

dDSw
=/ F(Vw)dx—i—/ F* dlewI—/ Ty - dDw,
Q Q d| D w| Q

where by Q,, Q; C 2 we have denoted a disjoint decomposition of 2 with the
property Z"(2s) = | D'w|(£2,) = 0 and hence, for the densities we may use

dz" dDw dD*w
=0 and = -
d| Dw| d|Dw|  d|Dsw|

on 2.

For the application of Theorem 5.1 we finally note that whenever (wy)ken 1S a se-
quence converging weakly-* to some function w in BV(€2; RY), then (£", Dwy)
converges weakly-x to (.Z", Dw) in M (§2; RVxn+1),

5.2. The dual problem in the framework of Ekeland and Temam

In their treatise [16], Ekeland and Temam introduced a rather general framework of
convex duality into which the Neumann problem on W' 1(Q2; RV) as described in
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our paper can be embedded in a natural way. Here we briefly discuss its relation to
the setting of Section 4.3.

In order to set up this framework, let V, Y be two topological vector spaces
with dual spaces V*, Y* and suppose that a functional 7: V — R U {oo} can be
written as

Flv]l = J(v, Av) forallv e V,

with a continuous, linear mapping A: V — Y and a convex function J: V x Y —
R U {co}. When defining the convex conjugate function J*: V* x Y* — R U {oc}
via

J*(v*, y*) = sup {(v*, v)v*xv—i—(y*, y>Y*XY—J(v, y)} forv*eV*, y*eY*,
veV,yeY

we can introduce, following [16, Section II1.4], the dual problem to the minimisa-
tion of F over V in the sense of Ekeland and Temam as the problem

to maximise — J*(A*y*, —y*) amongall y* € Y*, (5.1)

where A*: Y*— V* isthe adjoint operator of A (with (A*y*,v)ysxy = (y*, Av)y*xy
for all v € V). Under the assumptions infy F € R and that there exists vy € V
with J(vg, Avg) < oo and p +— J(vp, p) being continuous at Avg, then by [16,
Theorem II1.4.1] there holds the duality correspondence

inf Flv] = —J*(A*y*, —y*).
nf Pl = sup —J7(A"", =)

We now specialize to the situation that the functional Jy splits into
J,y) = Jy () + Jy () forallve Vandy €Y,

with two convex functionals Jy: V — R U {oco} and Jy: Y — R U {oc0}. The
convex conjugate clearly preserves the splitting structure J*(v*, y*) = Jj (v*) +
Jy (y*) into the convex conjugates J;;: V* — R U {oo} and Jy: Y* — R U {00}
of Jy and Jy. Consequently, the dual problem here is to maximise —J; (A*y*) —
Jy(—y*) among all y* € Y*.

In order to apply this abstract theory to the functional F in (4.2) (with F' of
linear growth (4.1) and with Ty € L (Q; RV*")), weset V .= Wh1(Q; RY), Y =
L1(€2; RV>*") and A := V the weak gradient operator. We then define J in splitting
form via the functionals Jy: WH1(Q; RY) — R and Jy: L'(Q: R¥*") — R
given as

Jvy=0 and Jy(y) :=/ [F(y) = To-y]dx foryeL!(Q;RV*").
Q

For the identification of the dual problem (5.1) with the integral formulation (4.14),
let us first observe that we need to maximise among functions in Y *=1L°(; RN "),
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Moreover, since Jy; (A*y*) = oo whenever (A*y*, v)yxxy = (¥*, Av)y*xy #
0 and J‘*} (A*y*) = 0 otherwise, it is sufficient to consider in the maximisation
problem (5.1) only y* € Y* with (y*, Av)y+xy = 0 for all v € V, which precisely
amounts to requiring y* € L°(Q; RY) as used before in (4.14). Thus, it only
remains to maximise —Jy(—y*) given by

—Jy(=y*) = —sup {(—y*, VIvexy — f [FO) —To - y] dX}
yeyYy Q

= —sup {(To — ¥ Vyexy —/ F(y)dX} = —/ F*(Ty — y*) dx,
yeYy Q Q

where we also used [16, Section IV.1] to pass from the convex conjugate of
the functional to the functional with convex conjugate integrand. In conclusion,
this explains the choice of the space L°(Q2; R¥*") and the duality correspon-
dence

inf F= sup —/ F*(Ty — y*)dx = sup  Rp, (5.2)
wh(QRY) yRELP (RN xn)  JQ L3(Q; RN xm)

from the perspective of convex analysis (and since L9°(£2; RN>*") is a linear space,
the sign of y* in this formula is irrelevant).

5.3. Proof of Lemma 1.3

We now demonstrate the consistency result, Lemma 1.3.

Proof. In view of u € W2'°°(S2; RM), we may extend Vu to a Lipschitz function
on 2. By minimality of u, it satisfies the Euler—Lagrange system (1.4), which,

forg € W(l)’1 (Q; RY), implies after the application of the integration by parts for-

mula
"(IVu|)V
/diV(M_TO).W:o.
Q |Vul

By arbitrariness of ¢ € W(l)’1 (€2 RM), we deduce (1.2) for almost every x € Q by
use of the Du Bois—Reymond lemma.

In order to prove the validity of the second identity (1.3), we consider general
test functions ¢ € W RY) in the Euler-Lagrange system (1.4). To this end,
we localize at the boundary, via a family of function (ns)s~¢ in c2! (R"; [0, 1]) such
that ns satisfies ns = 1 on 92 and vanishes outside of {x € Q: dist(x, 92) > §},
for each § > O . Then, with the integration by parts formula and ns = 1 on 92, we
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obtain

[Vul
"(IVu|)V
=/ (f(| ul)Vu —To)-qo®andH"_1
a0 |Vul
"(IVuh)V
_/ div (M —TO) - s dox.
Q [Vul

Then, by the C? regularity of f combined with Vu, Ty € W' (€; R¥*") and
by the convergence ns(x) — 0 for all x € Q as § \ 0, Lebesgue’s dominated
convergence theorem shows that the second term on right-hand side of the previous
equation vanishes in the limit § N\, 0. Hence, (1.3) follows again by Du Bois—
Reymond’s lemma on 9€2. O

5.4. Ubiquity of the 2-monotonicity

We finally show that the #-monotonicity condition (1.9) is indeed satisfied for any
strictly convex function f € CZ(RJ ) which satisfies f(0) = f/(0) = 0 and the
linear growth condition (1.1) as assumed in Theorem 1.7. For this purpose, we
compute for arbitrary z, ¢ € RV*" with z # 0

D.. f(IzDi¢. ¢] = D, (f ('Z')z) . <]

|z
/ 2Id n —
_ (f”(|z|)zlizZ + fgf') < aee Z®Z) [£.¢]
2 2012 2 (53)
=f”<|z|>(z'? L 02D =PI —2<z-c)
|z] |z| |z|
> min {f”(lzl), / |(Z'|Z') } .

Here we have used that because of (z-¢)? < |z|%|¢ |2, both terms on the penultimate
line of the previous estimation are non-negative. We next define

'@
t

h(t) := min {f”(t), } fort > 0.

We observe that 4 is continuous on RT, since f € CZ(R(')Ir ), and it can be con-
tinuously extended to Rg’ by setting #(0) = f”(0) (since f'(0) = O implies
'@/t — f"(0) ast — 0). Moreover, A is also strictly positive almost every-
where on ]R(‘)" , since f’ as the derivative of a strictly convex function is strictly
monotonically increasing with f'(0) = 0 and consequently we also have f” > 0
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almost everywhere on R+ With & defined in this way, we can now continue to
estimate (5.3) and conclude with D, f(1z))[¢, ¢]1 = h(|z])|¢|? for all z, ¢ € RVN*",
which is the claimed lower bound in (1.9). To obtain also the upper bound in (1.9),
we use (5.3) to see that

5.4

D f(1zD[¢, ¢] < max {f”(lzl), / (lzD} 17

|z]

for arbitrary z, ¢ € RV*" with z # 0. Since f’ is monotonically increasing with
f/(0) =0, we can use (1.1) to get foreach 7 € ]R(‘)"

0<f(r)<11mf(t)—lm&<L

In addition, we know that f’(z)/t is continuous for ¢ € [0, o). Therefore, employ-
ing also the assumption (1.8), the upper bound in (1.9) directly follows from (5.4).
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