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Global weighted Lorentz estimates for parabolic equations with
measure via strong fractional maximal functions

THE ANH BU1

Abstract. In this paper, we prove a weighted norm inequality for the gradient of
solutions to nonlinear parabolic equations with measure data via strong fractional
maximal functions. It is worth noticing that our paper is the first one which studies
the gradient estimates of solutions to such equations via strong fractional maximal
functions.
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1. Introduction

1

Let 2 be a bounded open domain in R”,n > 2. For p > 2 — we consider the

? b
following parabolic equation with measure data !
u; —diva(Du, x,t) = pu in Qr (1.1)
u=>0 on 3,Qr, '

where T > 0 is a given positive constant, Qr = Q x (0,7), 9,Qr = (92 x
0, T)U(2x{0}),and pis a signed Borel measure with finite total mass. Through-
out the paper, we denote u; = %_L; and Du = Dyu := (Dy,, ..., Dy,).

In this paper, we assume that the nonlinearity a(§, x, ¢t) = (@,....,a") :R"x
R"” x R — R”" in (1.1) is measurable in (x, t) for every &, differentiable in & for
a.e. (x, t), and satisfies the following conditions: there exist A1, A2 > 0 so that

la(g, x,1)| + |&| - | Dza(E, x, )| < AylE|P7, (12)

and
(a(gaxa t) - a(’?aX, t)’ E - ’7)

& —nl”, p =2, (1.3)
= A2 _
(€1 +nDP2E —=nl%, 2=y <p <2
forae (§,7) e R" x R" and ae. (x,7) € R" x R.
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The nonlinearity a(§, x, t) satisfying these conditions is modelled on the proto-
type of p-Laplacian A ,u = div(|Du|P~? Du) with respect to a(&, x, 1) = |£|P2&.

Definition 1.1. A function u € C(0, T; LX(Q)) N LP(0, T; W,” (%)) is said to be
a weak solution to equation (1.1) if the following holds true

—/ M¢de+/ (a(Du,x,t),Dwdz:/ pdu, (1.4)
QT QT QT

for every ¢ € C°(Q2r).

In general, if p is a signed Borel measure with finite total mass, it is not clear
whether the weak solution to equation (1.1) exists. However, this guarantees the
existence of a particular type of solution so called SOLA (Solution Obtained as
Limits of Approximation). For the sake of convenience, we sketch the ideas about
the SOLA in [9,10]. For each k € N, we consider the regularized problem

(up)r —diva(Dug, x, 1) = p  in Qr (1.5)
Up = O on apQT, ’

where u; € C*°(Q7) converges to u in the weak sense of measure and

il (Qr N Q1) < [ul(Qr NQ7), k=1,R>0.

As a classical result, equation (1.5) admits a weak solution uy € C (0,7;L*(Q)) N
LP0O,T; WO1 "7 (Q)) for each k. Moreover, it was proved in [11] that there exists u so

thatuy — uin L9(0, T; Wol’q(Q)) foranyg € [1, p—1+ n—}rl). By this reason, the
limit of approximation solution u is refered to SOLA (Solution Obtained as Limits
of Approximation). In the general case, the SOLA may not be unique. However,
the uniqueness of SOLA is guaranteed if u € LY(Q7). See for example [18]. For
this reason, for the sake of simplicity we assume that 1 € L' (Q7) and we will state
the main result (see Theorem 1.5) for weak solutions instead of SOLAs; however,
needless to say, our resutls still hold for SOLAs.

The nonlinear elliptic and parabolic equations with measure data have received
a great deal of attention by many mathematicians. See for example [8-11,22,23,
30,38—41] and the references therein. One of the most interesting problems con-
cerning the SOLAS to equation (1.1) is the gradient estimate for its solutions. More
precisely, we look for the conditions on the measure j, the nonlinearity a and the
domain €2 so that the gradient Du of the solutions to (1.1) lies in some function
spaces. Recently, there have been a number of research which investigates this
problem under the condition that the measure p belongs to certain Morrey spaces.
Recall that for 0 < 6 < n + 2, we say that the measure p is in the Morrey space
L9 (Qr) if the following holds true:

lnl(Or(2) N Q7)
sup sup < 00,

[2)
2€Qr O<r<diamQ7 | Q, (z) N Qr|' ~#2
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where Q,(z) = By (x) x (t —r2, t +r?) withz = (x, 1) and B, (x) = {y € R" :
|x — y| < r}. We would like to give a shortlist of research in this direction.

@

(ii)

(iii)

The local Marcinkiewicz type estimates were obtained for the elliptic equa-
tions in [39]:

0(p—1)

wel(©),2<0<n=|DuleL)" T(Q

where L™°°(Q2r) is the weak-Lebesgue space, or the Marcinkiewicz space,
defined by the set of all measurable functions f on Q7 satisfying

1
I fllmooq) = supAl{z € Qr : [f ()] > A} < +o0.
1>0
It is easy to see that when 8 = n, this estimate turns out to be:

pe L"(Q) = |Dul’™! e MT(Q), p<n.
See for example [9,11]. The borderline case p = n is much more difficult and
was obtained in [21].
For the parabolic equation, the local version of Marcinkiewicz type estimates
for p = 2 was obtained in [7] by making use of the maximal function tech-
nique.
The case p > 2 was proved in [4]. It was proved in [4] that there exists
6 € (1, 2) so that

3 1
el (Qr), €@, nt2] = |Dul e MI(Qr), m = p—lto—r.

The number 6 € (1, 2) is a threshold and has a connection with the exponent in
higher integrability estimates of the associated homogeneous equation. Later,
the authors in [13] extended to study the global estimates with a more general
nonlinearity a(§, x, t). Recently, the case 2 — 1< p < 2 has been obtained

n+l1
in [5].

Before coming to our main results, we will clarify the assumptions which will be
considered in the paper. Apart from (1.2) and (1.3), the nonlinearity a will be
asssumed to satisfy the small BMO norm condition (1.6) below. We set

O B )= sp ENDZaBED]
£€R™M\ {0} 1§17

where

ap.(y)(§,1) =][ a(g, x, t)dx.

B (y)
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Definition 1.2. Let Ry, § > 0. The nonlinearity a is said to satisfy the small
(8, Ro)-BMO condition if

[alo.R, = sup sup ][ |©(a, B, (y))(x, 1)’ dz < 82, (1.6)
(v,5)eRm*+1 0<r<Ro,7>0J Q¢ r)(y,s)

where Q. ¢)(y,s) = B-(y) X (s — 7,5 + 7).

Note that the small (8, Rg)-BMO condition is satisfied even when a(&, x, 1) is
discontinuous with respect to x and ¢.

Concerning the underlying domain €2, we do not assume any smoothness con-
dition on €2, but the following flatness condition.

Definition 1.3. Let §, Rg > 0. The domain €2 is said to be a (5§, Rp) Reifenberg flat
domain if for every x € 92 and 0 < r < Ry, then there exists a coordinate system
depending on x and r, whose variables are denoted by y = (y1, ..., ¥,) such that
in this new coordinate system x is the origin and

B.N{y:y,>dr}C B NQC{y:y, > —dr}. 1.7

The condition of (§, Rp)-Reifenberg flatness was first introduced in [47]. This con-
dition does not require any smoothness on the boundary of €2, but sufficient flatness
in the Reifenberg’s sense. The Reifenberg flat domains include domains with rough
boundaries of fractal nature, and Lipschitz domains with small Lipschitz constants.
For further discussion about the Reifenberg domain, we refer to [19,43,47,51] and
the references therein.

Throughout the paper, we always assume that the domain Q is a (8, Ry) Reifen-
berg flat domain, and the nonlinearity a satisfies (1.2), (1.3) and the small (5, Ry)-
BMO condition (1.6).

We set

Q={0:0=Bx)x({t1,h),x e R",r >0;1, € R}.

Let 1 < g < oo. A nonnegative locally integrable function w belongs to the class
Ay, say w € Ay, if there exists a positive constant C so that

[w] 43 := sup (][ w(z)dz) (][ w—l/(q—n(z)dZ)q*lgc, if l<qg<oo, (1.8)
00\ 0 0

and
][ w(z)dz < Cess-infw(z), ifg=1, (1.9)
0 zeQ

forall Q € Q. We say that w € A% if w € Az for some g € [1, 00). We will

denote w(E) := [ w(z)dz for any measurable set E C R+,

We note that if we replace the family Q by the family of parabolic cylinders of
the form Q,(z) = B, (x) x (t —r?, t+r?) with z = (x, ) € R"*!in (1.8) and (1.9),
then we have the Muckenhoupt weights A,. Hence, it is clearly that A}, C A, for
alll < p < oo.

Some similar results to the Muckenhoupt weights follow due to [3].
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Lemma 14. Let w € A;“] for some 1 < q < oo. There exist T = T([w]AZ)’ and
a constant C = C([w] AZ) such that for any Q € Q, and any measurable subset

EcCo,
1 <|E|>q w(E) (IEI)t
C — ) =—==<C(—) .
O] w(Q) O]
Letw € A%,0 < g <00,0 <71 < oo and let E be a subset of R"H1. The

weighted Lorentz space L1, (E) is defined as the set of all measurable functions f
on E such that

1/r

[es) vl d
IIfIILg;f(E)!={q/0 [rqw<{zeE:|f<z>|>t}>]/‘17’} < 0.

In the particular case g = r, the weighted Lorentz space L% (E) coincides with the
weighted Lebesgue space Ly (E) which is defined as the space of all measurable
functions f on E such that

1/q
1 fllLe ey = (/ |f(Z)|qw(Z)dZ> < 00.
E
In order to state our main result, we first recall the concept of the strong fractional

maximal function: | (Qr.¢(2))
M r’ Z

Mi(w)(@) = sup =T

r>0 Q£ (z))[n+2

where the supremum is taken over all cylinders Q; ;(z) = By (x) x (t — 2,1 4+ 12%)
with z = (x, 1) € R"*1,

We note that the strong fractional maximal function defined in (1.10) is a nat-
ural variant version of strong maximal functions introduced in [17]. This kind
of strong fractional maximal functions was introduced in [50] to study the multi-
parameter of Riezs type potentials.

The main aim of this paper is to establish the gradient estimate for solutions
to (1.1) in terms of the strong maximal function defined in (1.10). This is contrast
with those in [5,7,13,21,30,39] where the gradient esitmates were obtained with
Morrey data conditions for p. Our main result is the following theorem.

(1.10)

Theorem 1.5. Let w € A;‘O, 0 <g <ooand0 < r < oco. Then there exists a
positive constant § such that the following holds. If u is a weak solution to (1.1)
with u € LY(Q7), the domain Q is a (8, Ro)-Reifenberg flat domain, and the non-
linearity a satisfies (1.2), (1.3) and the small (§, Ry)-BMO condition (1.6), then we
have

n+2
”Du”LZ}r(QT) <C (” [Msl (I,L)] p+(p=Dn

2
. 1) 2-n2=p)
LL(Qr) ’ (1.11)

1
2—-——<p<?2,
n—1
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and

D(n+2)

1Dull gy < C (H[./\/ls(,u,)]m

1), p>2, 1.12
LZ;’(QT)+> P= .

where C is a constant depending on n, w, A1, A>, 8, Ro, Q7.

Needless to say, as mentioned earlier the results in Theorem 1.5 still hold true for
SOLAs to (1.1).

Although there have been a number of research dedicated to the improvement
of integrability for the gradient of solutions to (1.1), our paper is the first one where
investigates the gradient estimates for the solutions to (1.1) via strong maximal
function M3 . This result is even new for unweighted estimate.

Note that in the particular case p = 2, it was proved in [42] that

1Dull g g, = C| M) (113)

LY (Qr)

forall0 < g < 00,0 <r <ooand w € Ay, Where Ay is a class of Muckenhoupt
weights, and M is a fractional maximal function defined by

M (0)(@) = IMI(Qr(z)) (1.14)

=TS

where the supremum is taken over all parabolic cylinders Q,(z) = B, (x) x (t —
r2,t +r?) with z = (x,7) € R"F!. This estimate is clearly sharper than the
estimates in Theorem 1.5, since M < M} and A%, C A. The reason for this
lies in the fact that in our setting we have to work with intrinsic cylinder in the form
BAp o () x(t—r2 t+r?)as2—1 < p < 2,and B, (x) x (t—A*"Pr2 1 +227Pr?)

as p > > 2. Hence, the strong fractional maximal function M7 and the new class of
weights A} are natural and reasonable. Meanwhile, as p = 2, we only deal with
parabolic cylinders of the form B, (x) x (¢t — r2,t +r?). This explains why in the
particular case p = 2 we can replace M and the class A%, by M; and the class
Ao, respectively. However, it is worth noticing that our approach still works well
in the case p = 2 to deduce the estimate (1.13).

Some comments on the techniques used in the paper are in order. In the particu-
lar case p = 2, the gradient estimate via maximal functions can be otained by using
Hardy-Littlewood maximal function techniques. See for example [42]. However,
this harmonic analysis tool does not work well for the case p # 2 for the following
reasons. Firstly, the homogeneity of the parabolic equations is no longer true as
p # 2,even when u = 0. Secondly, as mentioned earlier, in our setting we work
with intrinsic cylinder in the form BA% (x) x (t —r%t+r*)as2— % <p<?2,

r

and B, (x) x (t —A>7Pr? t +1>7Pr?) as p > 2 instead of parabolic cylinders. Our
approach is based on a covering arguments which is an effective tool in studying
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the general nonlinear parabolic equations. See for example [1,2,4,12,13,15]. Al-
though, this technique is more or less standard in the parabolic setting, a number of
non-trivial improvements would be required. See Section 3 and Section 5.

The Ofganization of the paper is as follows. Part 1 will treat problem for the

case2 — - < p <2 Section 2 gives some comparison estimates in both interior
1

and boundary cases. The proof of Theorem 1.5 corresponding to 2 — -5 < p <2
will be represented in Section 3. The case p > 2 will be considered in Part 2.
Section 4 gives briefly some comparison estimates. The proof of Theorem 1.5 with
respect to p > 2 will be given in Section 5.

Throughout the paper, we always use C and ¢ to denote positive constants that
are independent of the main parameters involved but whose values may differ from
line to line. We will write A < B if there is a universal constant C so that A < CB

and A~ Bif A< Band B < A.
Part 1

Global weighted estimates for the gradient of solutions:
the case 2 — n+_1 <p<2

In this part we employ the following notations. For z = (x, ) withx € R", ¢ > 0
and A > 1, we denote:

o BM(x) = BA% ), L(t) = @ —r?t+1?),Qx) = BM(x)NQ, QMz) =

BM(x) x I (1); -

o K!'2)=0M)NQr, 0K} (2) =0} (2)NOKRxR), 0, K} (2) =K} (2)\ () (x) x
{t +r2));

o (OH ()= (BHT(x)x(t—r?, t+r?) where (B))T(x) ={y:y € B*(x), yu >
Xn}.

2. Comparison estimates

2.1. Interior estimates

For zg = (x0, %) € Q7,0 < R < Ro/4 and A > 1 satisfying B}, = B}»(x0) C Q,
we set
Qig = Qhr(z0) = Big x Isr (io). 2.1)

For the sake of simplicity, we may assume that I4z(fo) C (0, T), or equivalently,
QﬁR C Qr. The case IQR (to) N (0, T)¢ # @ can be done in the same manner with
minor modifications.

Assume that u is a weak solution to (1.1). It is well-known that there exists a
unique weak solution w € C(I4g(t); L2(BZ‘\R (o)) NLP (14 (10); Wl’p(BﬁR (x0)))
to the following equation

(2.2)

w; —div a(Dw, x,t) =0 in  Q}p
w=u on BpQﬁR.
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We begin with the following comparison result:

Lemma 2.1. Let w be a weak solution to problem (2.2). Then for every 1 < q <

1 .
p—1+ o there exists C so that

1/q
(][ |D(u — w)|qdz)
Q)»

4R

A ?Hl) A s 23
p+(p—Dn q n+
<C [7|“|(ij1)} + CL(Qj’jl) (][ |D(u — w)|qdz>
| QR | Q4 Rl Qir
Proof. The proof of this lemma can be found in [28, Lemma 4.1] (see also [5,
Lemma 4.1]). U

The result below shows that the estimate for L”-norm of the gradient Dw can
be inherited from its L'-norm estimate. We have:

Lemma 2.2. Let w be a weak solution to problem (2.2). If
][ |Dwldz < kA, k >1,
Qg

then
][ |Dw|Pdz < cAP
O3k
where c = c(n, p, A1, Az, k).
Proof. We refer to [5, Proposition 3.5] for the proof. O

The next estimate is known as a reverse-Holder’s inequality for the solution to
(2.2).

Proposition 2.3. Let w be a weak solution to problem (2.2). Assume that

AP S][ |Dw|Pdz and ][ |Dw|Pdz S AP. 2.4)
O 0%

4R

Then there exists €y > 0 such that

o
][ |[Dw|PT0dz < C][ |Dw|dz,
0% Ol

where C depends onn, p, A1, Ay and k.

Proof. The proof of this proposition is quite standard. See for example [26]. O
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Let w be a weak solution to (2.2) under the condition (2.4). We now consider
the following problem

{v, —divag,(Dv,n) =0 in Q% 2.5)

v=w on 9, Q}e.
We then obtain the following estimate.
Lemma 2.4. Let v be a weak solution to (2.5) under the condition (2.4). Then for
any € > 0 there exists § > 0 so that
][ |ID(w —v)|Pdz < eAP. (2.6)
0%

Proof. The proof is similar to that of Lemma 2.3 in [13] using Proposition 2.3. [

The following approximation result will play an important role in the proof of
the main result.

Proposition 2.5. For each € > 0 there exists § > 0 so that the following holds true.
If u is a weak solution to problem (1.1) satisfying

A 5][ |Duldz and ][ |Duldz < A, 2.7)
Ok Ol

and

n+2
[M} e 29

|K‘)‘»R|(n+l)/(n+2)

then the weak solution v to problem (2.5) satisfies

||DU||LDC(Q)}W) 5 A, 29
and
][ |ID(u —v)|dz < €. (2.10)
Ok

Proof. From (2.3) and (2.8), we have

n+2
A p+(p—Dn
][ ) |D(u — w)|dz < C [M}

ntl
Ol |Q2R|n+2
2 p)(nt1)
ILl(Q%R) e-ng
o= (L |D(u—w)|dz> B
Q%172 N Ol
Q=p)(ntl)

—Dn 5
< Cor+ [0 (][ \D(u — w)|dz> =
A

Qir
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This implies that
][ . |ID(u — w)ldz < CéA.

Qir
Taking § to be sufficiently small, from the above inequality and (2.7) we infer that

)\5][ |Dw|dz, ][ |Dw|dz < A.
0k 0}

4R

We now apply Holder’s inequality and Lemma 2.2 to deduce that

k"S][ |Dw|Pdz, ][ |Dw|Pdz < AP, (2.11)
O% 0;

2R

Then by Lemma 2.4, we have that for any € there exists § > 0 so that

][ |ID(w —v)|Pdz < EAP.
Ok
Therefore,

Dvl|? <][ Dv|Pdz
[ ||LOO(Q%/2) = Q’}el |

5][ |Dw|Pdz +][ |D(w — v)|Pdz
0% 0%
S,

which proves (2.9), where in the first inequality we used Holder estimates for Du.
See for example [20, Chapter VIII].
Then the inequality (2.10) can be obtained via the following estimates:

][ |D(u —v)|dz 5][ |D(u — w)|dz —l—][ |D(w — v)|dz
0% 0% 0%

< OB+

By taking § and € to be sufficiently small, we obtain (2.10). This completes our
proof. O

2.2. Boundary estimates

Fix tp € (0, T) and x¢ € 92, we set zg = (xp, fp). Let0 < R < Rp/4 and A > 1.
For the sake of simplicity, we restrict ourself to consider the lateral boundary case
with respect to

I4r (t0) C (0, T),

since the initial boundary case can be done in the same manner.

Before coming to the main comparison estimates, we shall establish some
boundary estimates on weak solutions to the homogeneous equations associated
to (1.1).
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2.2.1. Some boundary estimates for homogeneous equations

‘We now consider the weak solution

w € C(Isr(t0); L*(2x(x0))) N LP (Lar (t0); WP (2 (x0)))

to the following equation

{w, —divaDw,x,1) =0 in  K}p(z0) (2.12)

w=0 on  3yKjp(20).

Lemma 2.6. Let w be a weak solution to problem (2.12). Let Kﬁl () C Kﬁz () C

KQR(ZO) withz = (x,t) and py > p1 > 0. Then there exists c = c(n, p, A1, Ay)
so that

/ |Dw|Pdz + sup / |w|?dx
K3 @) rely () ) B, ()

1
lw|?dz +

.
< - w|Pdz.
(03 — o)) Jk, @ W (o — pryp TR @

Proof. The proof of this lemma is quite standard. See for example [26]. Hence, we
omit details. O

We now give a useful result which will be used in the sequel.

Lemma 2.7. Let w be a weak solution to equation (2.12). Then for 6 € (0, 1) and
K7 (z0) C Ki‘R(zO) withr,o > 0 we have

n(p=2) b —
sup |w| < c(ro?/?)r=2+p <][ |w|dz> e (2.13)
K3, (z0) Kg.(20)

Proof. Recall that a sub-solution is a function such that the left-hand side of the
weak formula of (2.12) is negative, for all positive test functions.

Note that since w is a weak solution to (2.12), |w| is a nonnegative subsolution
to equation (2.12). See for example Lemma 1.1 in [20].

The estimate (2.13) can be found in Theorem 5.1 in [20, Chapter V] for the
interior case. This argument still works well in our situation with a minor modifi-
cation. Hence, we omit details and leave it to interested readers. O

We now recall a Sobolev-Poincaré’s inequality near the Reifenberg domain
which is a particular case of that in [25,37].

In the particular case when €2 is a Reifenberg flat domain, we have the follow-
ing result.



546 THE ANH Bul

Lemma 2.8. Let Q2 be a (8, Ry) Reifenberg domain. Suppose that 1 < g < o0
and that u is a g-quasicontinuous function in Wha(Q, (x0)), where xo € 9Q and
0 <r < Ry. Then

ol 1/q
(f Iulkqu> <cr <][ |Vu|qu> , (2.14)
2 (x0) Q2 (x0)

where c = c(n,q) >0andk =n/(n—q)ifl <qg <nandx =2ifq > n.
In particularly, we have

i 1/q
(][ |u|qu> <cr (:,[ |V12|qu) . (2.15)
2, (x0) By (xo0)

Note that in the interior case, the L?-norm estimate for Dw can be obtained from
the its L'-norm estimate. However, it is not clear if this might be true in the bound-
ary case, due to a techical reason which the Sobolev-Poincaré inequality near the
boundary (2.14) may not be true as ¢ = 1. Hence, in the boundary case, we have a
slightly different estimate:

Proposition 2.9. Let w be a weak solution to problem (2.12) satisfying the esti-
mates

AH_UO 5][ |Dw|l+godz and f |Dw|l+godz 5 )\'1-‘1-0’()’ (2.16)
K (z0) K (z0)

for A > 1 and some 0 < o9 < p — 1. Then we have
AP 5][ |Dw|Pdz and ][ |Dw|Pdz S AP (2.17)

K}(20) K5 p(20)

Proof. By Holder’s inequality, we have
][ |Dw|Pdz > CAP.
K% (z0)

It remains to prove the second inequality in (2.17). Indeed, from Lemma 2.6 we
have

C C
][ |Dw|Pdz < —][ lw|’dz + ———— ][ lw|Pdz. (2.18)
N R2 2 p(p=2) A
K2 (z0) K2 (z0) AT R Ko

To do this, by Lemma 2.7 with 0 = A, r = 4R we find that

n(r—2) T
sup |w| < (R)J’/z) n(p—2+p ][ lwldz + cRAP/Z,
K)LR (z0)

Kig(20)



REGULARITY FOR PARABOLIC EQUATIONS WITH MEASURE 547

This along with Sobolev-Poincaré’s inequality (2.15), Holder’s inequality and
(2.16) implies that

p
_ (I+og)[n(p—2)+pl
n(p—2) p—2 p
sup |w| 5 (RXP/Z) np=2+p (A 2z R)"»=2Fp <][ |Dw|1+‘mdz)
2
Klx(z0) Kir(20)

+ cRAPI?
n(p—2 — D
< (RAP/2)%()\”T2R)MWAW + cRAP/?
< RAP/Z,

Inserting this into (2.18) we obtain

][ |Dw|Pdz < AP
Klp(z0)

This completes our proof. O

Similarly to the interior case, a reverse-Holder’s inequality still holds true for
the solution to problem (2.12) near the boundary.

Proposition 2.10. Ler w be a weak solution to problem (2.12). Assume that
AP 5][ |Dw|Pdz and ][ |Dw|Pdz S AP. (2.19)
K (z0) K5 p(20)

Then there exists €y > 0 so that

e
][ |Dw|PT€0dz < C][ |Dwl|dz.
K% (20) K2, (20)

Proof. For the proof we refer to [43, Lemma 4.1]. O

We now give some comparison estimates for the weak solutions to (1.1).

2.2.2. Comparision estimates near boundary

Assume that u is a weak solution to problem (1.1). We consider the following
equation

(2.20)

wy, —diva(Dw, x,1) =0  in  K}p(z0)
w=u on 9,K},(z20).

Arguing similarly to the proof of [28, Lemma 4.1] (see also [5, Lemma 4.1]), we
can prove the similar estimate to that in Lemma 2.2 for the boundary case.
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Lemma 2.11. Let w be a weak solution to problem (2.20). Then for every 1 < q <

1 .
p—1+ S there exists C so that

. W (Ko ]P0
][ |IDu—w)|%dz] <C n 4R - -
Kz (20) | K} (20)| (1D (n+2)

A s
K a
+CM (][ |D(u—w)|qdz) :
Kl ) Kl
(2.21)

We now assume that 0 < § < 1/50. Since xg € €2, there exists a new coordinate
system whose variables are still denoted by (xy, ..., x,) such that in this coordinate
system the origin is some interior point of 2, xg = (0, ..., 0, —%) and

Bi;, C BrppNQC BrppN{x:xy > =38R}, (2.22)

Note that due to § € (0, 1/50), we further obtain
Br/g(x0) C B3grss C Brja(xo) C Brs2 C Br(xo). (2.23)

Let w be a weak solution to (2.20) satisfying
AP 5][ |Dw|Pdz and ][ |[Dw|Pdz < AP. (2.24)
K (z0) K} (z0)

We now consider the following problem (in the new coordinate system)

hy —divag. (Dh,t) =0 in K% ,,(0, 1)
{ t Bk R/2 (2.25)

h=w on  3,K% (0, 10).

Using Proposition 2.10 as a main vehicle and arguing similarly to the proof of [13,
Lemma 2.3], we can prove:

Lemma 2.12. Let h be a weak solution to (2.25) under the condition (2.24). Then
for any € > O there exists 5 > 0 so that

][ |ID(w — h)|Pdz < eAP. (2.26)
K}m(o,to)

The main different from the interior case is that due to the lack of smoothness
condition on the boundary of €2, we can not expect that the L°°-norm of Dh is
finite near the boundary. To handle this trouble, we consider its associated problem.

{vt—div g, (Dv,0)=0 in (Q% )"0, 1), 2.27)

v=0 on Qg ,0,10) N {z=(", xn, 1) : x, =0}.
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Proposition 2.13. For each € > 0 there exists § > 0 so that the following holds

true. If u is a weak solution to problem (1.1) satisfying

pleo 5][ |Du|'*7dz, ][ |Du|"*0dz S a0,
K%(z0) K2 (20)

1
0 - 24—,
for some 0 < opg < p +n—|—1

and

n+2
il (Kigo)) |70
|KA)LLR (Z0)|(n+1)/(n+2) -

then there exists a weak solution v to problem (2.27) satisfying

1D8] 0

() S

and
][ |D(u — 9)|'"Tdz < (ex)' 0
K§/4(ZO)

where U is the zero extension of v to Q?e/z 0, 1) D Q)k/4 (z0).

1

Proof. Since oy € (0,p—2+#),wehavel+ao < p—l—i—m

applying (2.21) and (2.29), we have
2—p n+l

=
][ |ID(u — w)|'10dz
Klp(20)

(p—Dn o 1
< Con + [81] 55 (][ D@ = w)['*70dz) T
KQR(ZO)

As a consequence,
][ |D(u — w)|'"Tdz < C[sA]"T.
Kir(z0)
This, along with (2.28), implies that

)\’l-i-a() <f |Du}|1+00dz, f |Dw|l+0'()dz < }\'1—%-(7()
K} (z0) K} (20)

as long as § being sufficiently small.
We now apply Proposition 2.9 to find that

AP 5][ |Dw|Pdz, ][ |Dw|Pdz < AP,
Kﬁ(zg) K%R(ZO)

(2.28)

(2.29)

(2.30)

(2.31)

. Hence,

(2.32)

(2.33)



550 THE ANH Bul

Let & be a solution to (2.25). Then from Lemma 2.12 and the fact that K ;‘3 P 0, 1) C
K%(z0) we have

][ |Dh|Pdz 5][ |D(h — w)|Pdz —1—][ |Dw|Pdz
Kﬁ/z(o,to) Kf‘e/z(O,to) K}m(o,zo)

5][ |D(h — w)|Pdz +][ |Dw|Pdz
K} 5(0,10) K% (z0)

< AP,

At this stage, using the similar argument in the proof of [12, Proposition 4.10] we
can show that there exists a weak solution v to problem (2.27) such that

||Dﬁ||L00(Q??/4(0,t0)) S A, (2.34)
and

][ D — 0)|Pdz < (€2)? (235)
K%R/S(O’IO)

where v is the zero extension of v to Qk /2(0, to).
With these two estimates in hand, by the fact that K% ,(z0) C K% (0, 10) C
KIAe (zo), we have

][ |D(u — v)|'0dz 5][ |D(u — w)|'Todz
K£/4 (20) K])é/4 (z0)

+][ |ID(w — h)|'"T90dz
K% a(20)

+][ |D(h — v)|'T0dz
K% 4(z0)

5][ |ID(u — w)|'0dz
Kl)}/4(10)

+][ |D(w — h)|'F0dz
K}m(o,zo)

+][ |D(h — v)|'T0dz.
K}e/z(o,ro)

At this stage, applying (2.32), (2.26) and (2.35), we implies (2.31).
The estimate (2.30) follows immediately from (2.34) and the Holder estimates
for Dv near the flat boundary

This completes our proof. O
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3. Proof of Theorem 1.5: the case 2 — ? <p<2

This section is devoted to the proof of Theorem 1.5 for the case 2 — —= < p < 2.
We assume that 0 < § < E which will be fixed later. Fix o € (O, p 24+
sothat 1 +0p€ (1, p—1+ n—jrl).Weset

n+1]

n+2

1
T+og 1 Q p+(p—Dn
o[ purema] [
or o L lor|#
whered %

For A > 0 the level set E (1) is defined by
E@) ={z € Qr : [Du(2)| > 1}.
We now fix w € A} for some v € [1, oo) and take T > 0 so that
y =Vt <q. 3.2)
Setting ”
4"R" d

0= <7106("+g)|£21|> " (3.3)
then we have the following estimate concerning the level set whose proof will be
given after the proof of Theorem 1.5.
Proposition 3.1. There exists No > 1 so that the following holds true. For any
€ > 0 there exists § > 0 such that

w(E(Nor))

C o _n+2 .
= B+ 35 [, ! 7wz € @r M1 > e OF

for any . > Agig, where &, = cn[w]Z}SV with ¢, being a constant depending on
n only.

We now give the proof of Theorem 1.5 assuming Proposition 3.1.

Proof of Theorem 1.5. We only give the proof for the case 0 < r < oo. The re-
maining case » = oo can be done in the same manner.

We will prove the theorem under the assumption |Du| € L% (Q7). This
condition will be removed later. We first have

o0 di
|||Du|||Lqr(Q )= N6f0 [Mw({z € Qr : |Du| > NO)L})]r/q =
r/q d>

Apro
= ]\]6‘/0 [AqW({Z < QT . |Dl/l| > No)\,})] .

% d
+ N6/ [2w({z € Qr : |Du| > Nox})]’/‘f — = E| + E>.
Aoho A
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For the first term E| we have

E < [NoAol w(Qr) /95,

i @ e (35)
S, {[f |Du|l+(f()dz} I+o0 + [lf [Mi(u)(z)]%dz} } .
Qr 8 Qr

Arguing similarly to the proof of [28, Lemma 4.1], we have

1 n+2
TFop Q p+(p—Dn
ar 2|53

lul(27) _ .
— S inf Mj(u)(2).
|Qr|mz e

Moreover,

Therefore, we have
I+ ﬁ S T(142) 1/t
[][ |Dul'+0dz | 5[][ M0 @176 Tz
Qr Qr
Inserting this into (3.5) we obtain
T(n+2) ‘[rd,,
B s[f M@ F ]
Qr

This, along with the embedding L (Q7) < L1, (Qr) as w € A% and vt < ¢,
implies that
rdp

P (3.6)
w T

S P

In order to deal with the second term I3, applying Proposition 3.1 we get that

r/ * riq dA
Ey< Cell [Mw({z € Qr : [Du| > 1/4D ]! —
Aoro A

+8r7

w
Aoro =

o0 [ oo . n+2 r/qd)»
Aa=vir/q ﬁ'/& " w({zeQr ¢ MY ()] 7P >1})dt N

< G’ 1Dulllygr .

© oo r/q

C [e9] n+2 d)\.
+ / Aa—rir/q /W ty_lw({z €eQr: [MSI(M)]p_Jr(ptl)n >thdt| —.
§r/q Aoko 6u,4 A A

(3.7)
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If g < r < oo, we then apply Hardy’s inequality to conclude that

/ A@=v)r/q /w " lwlz e Qr [M]()]77=Dn > t})dt —
Agro by 2 »

Sw

dA
< CEwelt [T ROz € S MGG =y
0

= ||t e

LY (@)

Hence,
E> = C|[iM; o176

Ly @r)

From the estimates of £| and E; we have

[[rar < C1e"4)|| Dul|l, + cH LM (1) ] 71

L' @n) = L‘”m ) LY @1)
+ ” M;j =T o
M ()] 97 @)
r/q . S +( l)n
< O MNDull g o, + MG I |

By choosing € so that C1e"/¢ < 1, we then obtain

+1

Du
Il Dulll’, L@

(M )] 770

wran 5|
as desired.

We now consider the case 0 < r < ¢. To do this we recall a variant of reverse-
Holder’s inequality in [6, Lemma 3.5].

Lemma 3.2. Let h : [0, 00) — [0, 00) be a non-decreasing, measurable functions
andlet1 < o < ocoandr > 0. Then there exists C > 0 so that for any A > 0 we

have & dtql/e o dt
[f (h@)* = = w7y + c/ ()=
A t A t
We now turn to the proof for the case 0 < r < ¢g. By Lemma 3.2 we have
o0 n+2 /4
|:ﬂ',/” ty_lw({z € Qr : [Mi(w)]7Fer-Dr > t})dti|
e

n+2 1
< CAMw({z € Qr : M7 > 8,173 /4114

oo

dt

+C f o, 170 ((z € Qr DM oI > 1)yl
7
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As a consequence, we have
r/q
00 oo n+2 di
/ Aa=vrlq ﬁl,yk " w({z € Qr : M ()17Fe-17 > t))dt —
Aogro %

dx
<C©) / RIS (2 € @ LM GO > )7

o dt dx
+C/ A@—rr/q /;W i {z € Qr [_/\/lg(u)]pﬂp D > 1)) /19— .
0 i b

=F1+ F.

It is easy to see that

L~ |t oo

Ly @r)

Using Fubini’s theorem, it is not difficult to show that

P> 5 | oo

Ly @r)

Therefore,

o0 o n+2 r/a 1y
/ A@a-vr/a /W " w(lz € Qr MO > )dr | —
Aoro %TA A

< M gun i

Ly @r)

Inserting this into (3.7) we obtain

E> < C|[iM; o176

L @r)’
Arguing similarly to the case ¢ < r < oo one has
rdp

e L
LY @r)

1Dulllyr g, S [ M 0175677

To remove the assumption |Du| € LE7(Qr) we define
|Dul; = min{k, |Du|}

and
Er(A) ={z € Qr : |Dulp > A}

for every k > O and A > O.
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Then we have |Dul; € L%, (Qr) and Ei(-) satisfies (3.4) in Proposition 3.1.
Therefore, the argument above yields that

n+2 rd
U < s Fp—Dn )
DU gr g, S | MT G017 [ 41
Then letting K — oo we obtain
n+2 rd
T < s F(p=Dn
This completes our proof. O

We now prove Proposition 3.1. To do this we need some following technical
material.
For z € E(L), we define

Ty
G:(r) = ][ | Du|'Todz +
K}@3)

By Lebesgue’s differentiation theorem, we have

Ao p+?;31)n
[ (KA 3) ]

Aoz n+l
|K(2)]n+2

[SPRI

lin}) G:(r) = |Du(z)| > A. (3.8)

Hence, we have, for 10_6><Ro <r <Ry,

1 n+2
T+oq 1 K p+(p—Dn
G:(r) = ][ | Du|'t0d + < JulcKy @) ’(?1
KX () S L1k @)

27| W L[ el 1 [ lu@n] e
§|: AT~ |Du|l+00dzi| +—|: AT~i| 7:1 .
K@) o § LIKH@)I Q7|12
: 1 +1
Since oo’ m < 1, we have
Q
Gr) < oL 1y
KF Q)]

On the other hand, from the fact that Q2 is a (§, Rg) Reifenberg domain, we have

- _ n(p=2)
|K*Z)| = 47207

Hence,
109 21Q7| 174

Gi(r) = ——— ko - (3.9)

A4"Ry"TAT2
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Then from (3.9), we obtain, for A > AgAg with Ag as in (3.3),
G:(r) < » forallr € [10"®x Ry, Rol.

This together with (3.8) implies that for each z € E(A) there exists 0 < r; <
1079 Ry so that

G,(r;) =A, and G, (r) < Aforallr € (r, 10_6><R0).
We now apply Vitali’s covering lemma to obtain the following result directly.

Lemma 3.3. There exists a countable disjoint family { K }?: (zi)}iez withri < 107°R,
and z; = (x;, t;) € E()\) such that:

@ EMW c U; K3, ):
(b) G (ri) =X, and G (r) < Aforallr € (r;, 107°Ry).

For each i, from Lemma 3.3 we have

1
| lKE )
A= f |Dull-i-0'()dZ + = Mirlnl-%—l
K} i) O | Ik} Gl

n+2
p+(p—1n

This implies that

][ |Du|'T%dz > M (3.10)
K} (z) — 2o

or

:L+21)
pt(p—Dn
1| (K2 ) N

. (3.11)
81 K2 Gl

N>

We now set
Z=1{i: (3.10) holds true}, J ={i: (3.11) holds true}.
We have the following estimate.

Proposition 3.4. Let w € A% . For eachi € T we have
w(K}, (20) S w(K} @) N E(R/4). (3.12)

Proof. We first have

1409 1409

K} (zi |Du|'T0dz + | Du|'t0dz

N = 7o 1
A1T00 A1+00

/Kr*,. @\EG/4) /K* @ONEG/D

K:()| i+
<

1+(T()
- 41+0’0 )\’1—&—0() |Dl/t| dZ.

/I;ﬁ; (Z)NE@A/4)
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This implies

1K} (2] S |Du|'*%dz. (3.13)

fK,A @Z)HNE(L/4)

i

)\’1-‘,-0‘0

Note that from the definitions of r; and the index set Z we have

)Ll-l-(fo

5][ | Du|'to0dz, ][ |Du|'t0dz < 32190 (3.14)
21 + o9 K} () KQ” (zi)

and
n+2
p+(p=Dn

|l (K, (zi)
it < 8. (3.15)
K}, (zi)] "2

By Holder’s inequality, for a fixed & > 1 so that (1 + o) € (1, p—1+ L) we

n+1
have

1 s
__ |Du|l—i-orodZ
|K5 @Ol Ik cnEG/4)

1 0—1

6(1+op) Al 8(1+o)
(L / Dupfarang) (KGN EG/ANTET
KLk @onEG4) |K}(zi)]

T

(3.16)

For each i, consider the following equation

T

(w'); —diva(Dw',x,1) =0 in K} (z)
w =u on 9,Kj. (zi).

Then by Lemma 2.11 we have

. e
][ |D(u — w')|'"T0dz
Kiri (zi)

n+2
3 C[ (K2 (2)) }"“P”"

|K4}1Lr,» (Zi)|(n+1)/("+2)

2—p n+l

I{)L . l-;_rron+2
+C|/'L|( 4R(Zt)) f |D(u_w)|1+50dz
K} (@)

ntl
K}, (20)] 72

2—p n+l

pH(p=Dn i1 Tog nt2
< CoA+ C[8A] n+2 ][ |ID(u — w")|'%0dz .
KG (@)
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This implies that

| o
][ ID(u — w')|'"dz < CSA.
K (@)

This along with (3.14) yields that

)\‘1+00 Sf |Dwi|1+50dz’ f |Dwi|1+00dz S )\‘l-i-ao’ (317)
K} (zi) K}, @)

provided that § is sufficiently small.
At this stage, we apply Propositions 2.9 and 2.3 to find that

][ IDwi|9(1+oo)dZ < )LG(IJon)’
K} (@)

provided that § is sufficiently small.
Repeating the above argument,

][ |D(u —w')|?1+o0 4 < 8h.
Kj,. (i)

The last two inequalities yield

][ | Dulf1H00) g7 < 3001+00),
K,-Al. (zi)

provided that § is sufficiently small.
Inserting this into (3.16), we get that

1 6—1

T+0y) K)» NN EO/4 6(T+a(g)

1 Dul 0 < IK}: (zi) N E(A/4)] '
|K2: (zi)] K} GNEG./4) |K} (2)]

Therefore,

0—1

K*z)NEG/4\ ©
|Du|l+0'0dZ S_; }\,1+UO|K3L_ (Zi)| | ri (Zl))h ( / )| ' (318)
! K @)l

/K,* (zNE(M/4)

i

This, in combination with (3.13), gives that

0—1
KLG)NEG/HI\ ©

A < 1K (2 -
|K,l.(z)|N|Kr,-(Zl)|( |K2 (2 ) |
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As a consequence,
Ky @l S 1K @) NEG/4).

This, along with Lemma 1.4, implies
w(K} () S w(K}: () N E(M/4)). -

Proposition 3.5. For eachi € J we have

1 o0 _nt2
WK NS5 [, 0 (26K @) s IMEGO@IFET = ) ar. 319
w ]l)4

where y is defined by (3.2) and &, = ¢, [w];} 87 with ¢,, being a constant depending
on n only.

Proof. Fori € J,by Holder’s inequality we have

T(n+2)
[][ [M () (z)]7FP=Dn dz}
Krk[. (z)

S[m K%i(Zi)[M‘(M)(Z)] ( )w(Z)dz}

1/t

S|—
S

1

1 1
X ][ w(2)dz ][ w@)dz) .
K} (zi) K} @)

By the definition of [w]4x and y = vt we have

T(n+2) l/t
][ M () (2)]7+ P dz
K}\i (zi)

1
< [wl}

1 (3.20)

[m Ké(zl-)[M‘(”)(Z)] ( )w(Z)dz} ,

On the other hand, from the definition of M it easy to see that

|l (K} (z)
— T <

cn inf M) ().

+1
KE Gl =K@

Therefore, for each i € 7 we have

n+2
p+(p=Dhn

T(n+2) I<)L ]
][ M@ dz | 2 ¢ | IR o
K: @) K} (zi)| 72 2

1/t

A%
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This, along with (3.20), implies that

-1
1 _y(42) calwl (82 5 v
_ M P01 ) (2)dz > v = - (321
o (K7 0) K}.(z,-)[ 1 (1) (2)] w(z)dz > > > (3.21)
Therefore,

w(K} (z1) <

/ LM (1) (1756 7w (2)d
=N
AV Jki) e o

2y > n+2
= 8y )\4}, f tV—lw({Z (S K:: (Zi) . [Msl (M)(Z)]["F([l*])n > t})dt

w 0

17y

2V "3 1 . . i
WY / t w<{Z € K (zi) : IMY () ()17 > t})dt

w 0

2}/ oo n+2
+ 8)/ 7 /I/yl _1w<{Z S K:: (Zi) : [Mi(“)(z)]er(pfl)n > t})dl

This implies that

w(K} (z1) < —|K*<z,)|

=5
v2r o[, py s ST

+ 7 [ w12 €Ki IMIGO@IFETE = 0 )i

This proves (3.19). g

We are now ready to give the proof of Proposition 3.1.
Proof of Proposition 3.1. We have, by Lemma 3.3,
|E(NoA)| = {z € E(A) : |Du| > NoA}|

<> liz € K5, (zi) : IDul > NoA}|
ieT
+ Y Wz € K, i) |1Dul > NoM}| =: I + L.
ieJ

By Proposition 3.5 we have

L <Y Ky @) S ) IK: @)
ieJ ieJ

! > . _nt2
< Z Suwh? /I/VA 71|{Z S Kr); (zi) : [M?(;,L)(z)]p-%—(;—zl)n > t}|dt

<

o _1 S n+2
Y /l/yA l{z € Q7 : [M](w)(2)]7Fe=Dn > r}|dt.
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For the term /1, we consider the following two cases.

Case 1: Bj()ri (x;) C 2. In this situation, by Lemma 3.3 and the definition of the
index set Z, we have

Ao <][ | Du| " 0dz, ][ | Du|"to0dz < AlFeo
Ky, @) Ko, @)

and
n+2
p+(p—Dn

I1l(Ky,, @)

A pyS] < Ar.
|K4Or,- (zi)|»+2

Then we apply Proposition 2.5 to find that for any € there exist § > 0 and v’
satisfying .
| Dv' ”LOO(Kéri)(Zi) <a, 3.22)

and
][ |D(u — v')|dz < . (3.23)
K2 )(i)

Therefore, for N9 > 2a; we have, by (3.23),

{z € K§, (i) - |Dul > No/2A}| < |{z € K&, (i) : |D(u — v')| > No/22}]
+ l{z € K&, (zi) : IDV'| > No/24}|

Iz € K3, (z) : 1D — v')| > No/24}]
]2\]—?) /K%(Zi) |D(u — v')|dz

< C&|K%,, (z)| < CEIK] ()]

< CE|K}:(z) N E(G/4),

IA

IA

where in the last inequality we used Proposition 3 4.

Case 2: Bﬁom (xi) N Q¢ # @, Then there exists x? € Bﬁom (x;) N Q€. In this case,
we have

A P A ' A
K5, (zi) C Kis,, (57, 11) C K{ggor, (X5 1) € Kisooy, (2i)-

This, along with Lemma 3.3 and the definition of the index set Z, implies that

)\I—FO'() < f
~ K

|DM|1+O_OdZ, f |DM|1+UOdZ 5 )\’14—(7()’

A i A i,
T440r; (¥0s11) Kigaor; (X0:10)
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and
n+2

A i p+(p—Dhn

|M|(K144Orl- (x(l), 1i))

< §A.
) i ntl
| K {440r, (Xg» 11|42

Hence, applying Proposition 2.13 we deduce that for any € we can find § > 0 and
v' so that

i )
| Dv ”Loo(Kz)fsri(x(l)’ti)) S, A,
and
][ D@ — o)z < (en)l o0,
K 1A4M)ri (xp-ti)
Since Kskri (zi) C K1A440r,~ (xé, t;), we have

1DV i, ey S B2 (3.24)

and
][ |D(u — v)|"90dz < C(€x)!+o. (3.25)
K3, (zi)

Therefore, for Ng > 2a; we have, by (3.23),

z € K3, (zi) : |Dul > No/2A}| < {z € K5, (zi) : |D(u —v')| > No/2A}]
+ {z € K2, (z1) : IDV'] > No/2A}|
<z € K&, (zi) : [D(u —v)| > No/2A}|

2)\' l+0’0 .
< <—) / |ID(u — v')|'To0dz.
No KL (z0)

At this stage, arguing similarly to Case 1, we come up with
Iz € K&, (z) : |Dul > No/22)| < CEK} (z) N EGL/4).

Therefore, from the estiates in Cases 1 and 2, taking N = 2(a; +a3) + 1 and taking
€ to be sufficiently small, we have

I <) ek @) NEQ /4] < €| EG/)]
iel

where in the lase inequality we used the fact that K r); (z;) are pairwise disjoint.
This completes our proof. O
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Part 2

Global weighted estimates for the gradient of solutions: the case p > 2

For z = (x,t) with x € R",¢ > 0 and A > 1, in this part we use the following
notation:

o IMNt) = (t —2FPri e +277Pr?), Q. (x) = B,(x) NQ, 0(2) = B, (x) x I}(1).
e KM2)=0})NQr, 3K} (2) = 0 H2)N@LxR), 3, K} (2) =K} (2)\ (2 (x) x
{t +r%)).

We note that the main difference with the case 2 — # < p < 21is that we use the
intrinsic cylinder of the form Q;\ (z) = By (x) x (t — A*>7Pr2 t + A*~Pr?) instead

of Qﬁ(z) = BAPT,z (xX) x (t —r2t +r?).
r

4. Comparison estimates

4.1. Interior estimates

For z¢g = (Xo, l‘()) eQr,0<R< R0/4 and A > 1 satisfying Bigp = B4R()C0) C Q,
we set
Qhr = 05r(20) = Bar(x0) x Lix(to). (4.1)

For the sake of simplicity, we may assume that /, QR (to) € (0, T), or equivalently,

Qi r C Qr.
Arguing similarly to the proof of Proposition 3.5 in [13] and Proposition 2.5
with some minor modifications, we obtain:

Proposition 4.1. For each € > 0 there exists § > 0 so that the following holds true.
If u is a weak solution to problem (1.1) satisfying

APl <][ |Du|P~'dxdt and ][ |DulP~ dxdt <2771 (4.2)
0% Qi

and
A /)+’g;31)n
AIMI(Q4R) < s, 43)
|Q4R|(n+l)/(n+2)
then there exists v satisfying
and
][ D@~ V)P Y dxdt < (en)P~L. (4.5)
Ok
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4.2. Boundary estimates

Fix tp € (0, T) and x¢ € 92, we set zg = (xp, fp). Let0 < R < Ry/4and A > 1.
For the sake of simplicity, we restrict ourself to consider the lateral boundary case

with respect to
Iiz(t)) C 0, T),

since the initial boundary case can be done in the same manner.
Then by an argument used in the proof of [13, Proposition 4.10] and Proposi-
tion 2.13 with a minor modification we also have:

Proposition 4.2. For each € > 0 there exists 5§ > 0 so that the following holds true.
If that u is a weak solution to problem (1.1) satisfying

APl <][ |Du|”~dxdt, ][ |Du|”Ydxdt < 2P~ (4.6)
K}z(zo) KQR(zo)

and
n+2
Wl(Kjg(zo))  |7FD"
, 4.7
|K2R (z0)|(r+D/(n+2)
then there exists v satisfying
1DV oy ey S o 4.8)
and
][ ID(u — v)|P~ dxdt < (ex)P~L. 4.9)
K% 4(z0)
5. Proof of Theorem 1.5: the case p > 2
Since the proof in this case is similar to that of the case 2 — # < p < 2,we just
sketch it.
We now fix w € A} for some v € [1, 00) and take T > 0 so that
y =vT <gq. 6.1
We assume that 0 < § < %. We set
(p;(l)(n#)
1 Q pripmn
A0 :=][ |DulP~'dz + = L[ ,:l) + 1. (5.2)
or o Ligr|m

For A > 0 the level set E (1) is defined by

E(\) ={z € Qr : |Du(z)| > A}



REGULARITY FOR PARABOLIC EQUATIONS WITH MEASURE 565

For Z € E()), we define

(p—1)(n+2)
K@) | 7

_ 1
G:)=f iDup 1d1+5|:ﬁ
K,?‘(Z) |K’?‘(Z)|n+2

By Lebesgue’s differentiation theorem, we have

lim Gz(r) = |Du(z)|P~! > AP~ L. (5.3)
r—0

Note that (5_:(1;7(_";;;) <1. Arguing similarly to (3.9) we have, for 107°x Ry <r <Ry,

106(n+2) |QT|

GE(”)EW 0

5.4)

Set
+2
4 Rg

106+ Q 7| (53)

By =
Then for A > Bgig we have
G:(r) < AP~ forallr € [1075x Ry, Ro].
This together with (5.3)
G.(r;) =AP7', and G.(r) < AP forall r € (r;, 10 ®x Ry).
At this stage, arguing similarly to the proof of Proposition 3.1, we have:

Proposition 5.1. There exists No > 1 so that the following holds true. For any
€ > 0 there exists § > 0 such that

w(E(Nor)) < ew(E(R/4))

C [* . P-D@t2)
+ 783 ﬁ}b/” "7 w({z € Qr [ MI(w)(2)] PFe-Dn > t))dt

piy

for all . > Boig, where &,, = cn[w]Z}(SV with ¢, being a constant depending on n
only.

Now the proof of Theorem 1.5 for the case p > 2 follows immediately by using the
similar argument to that of the case 2 — n]? < p < 2. Hence, we would like to
leave to the interested reader. This completes the proof.
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