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Defect measures on graded Lie groups

CLOTILDE FERMANIAN-KAMMERER AND VERONIQUE FISCHER

Abstract. In this article, we define a generalisation of microlocal defect measures
(also known as H-measures) to the setting of graded nilpotent Lie groups. This
requires to develop the notions of homogeneous symbols and classical pseudo-
differential calculus adapted to this setting and defined via the representations of
the groups. Our method relies on the study of the C*-algebra of 0-homogeneous
symbols. Then, we compute microlocal defect measures for concentrating and
oscillating sequences, which also requires to investigate the notion of oscillating
sequences in graded Lie groups. Finally, we discuss compensated compactness
approaches in the context of graded nilpotent Lie groups.
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1. Introduction

The aim of this article is to develop a new approach for analysing the lack of com-
pactness of bounded square integrable families on nilpotent Lie groups. The idea is
to generalise the notions of microlocal defect measures (MDM) which were origi-
nally defined and studied in the Euclidean setting by Luc Tartar and Patrick Gérard
independently in the 90’s, see [48] and [32] respectively; the original definition
of [32] is recalled in the next paragraph. These notions have given a new in-
sight on compensated compactness theorems introduced by Francois Murat [44] and
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Luc Tartar [47] and on averaging theorems discovered by Francois Golse, Benoit
Perthame and Rémi Sentis [36] and further developed by Ronald Di Perna and
Pierre-Louis Lions [19]. Such theorems allow one to pass to the limit on quadratic
quantities appearing in mechanics for example and of the form (Auy, vy) for weakly
converging subsequences () and (vg) provided their MDM’s and the operator A
satisfy convenient assumptions. Such descriptions were already possible in some
cases thanks to the Div-Curl Lemma [44,47]. The analysis of MDM’s extends
the range of applications of the ideas which are behind this lemma (see [29,30] for
examples). The reader can refer to the book [49] for a presentation of MDMs in the
context of the theory of homogenization, especially to Chapters 28 to 33 therein.
We also want to point out that the MDM and their semi-classical counterpart (also
called semi-classical or Wigner measures, see [33,34,41] or the ex-post review pa-
per [35]) have also proved useful for the analysis of pde-s in different context, from
quantum chemistry to theory of chaos and analysis of quantum ergodicity, including
control theory [39,40]. And questions not so far to those of the latter references are
now addressed in the context of sub-laplacians (see [15]). The Div-Curl lemma has
recently been studied in the context of Lie groups: see the article [6] in the context
of the Heisenberg group and [7] for Carnot groups. This motivates the investigation
of MDM’s and of compensated compactness questions on Lie groups.

Before discussing the setting of nilpotent Lie groups in more details, let us
recall briefly the definition of a MDM in the Euclidean case. On an open subset 2
of R",a MDM of a sequence (ux)ien of functions converging weakly to a function
u in L%(£2, loc) is a positive measure y on © x S"~! such that, up to extraction of
a subsequence, we have the convergence

(A(ur; —u), up; —u)p2 —> ap(x, §)dy (x, &), (1.1)

Jj—00 Joxsn—1

for any test pseudodifferential operator A of order 0 with principal symbol agp; by
test pseudo-differential operators we mean for instance operators in the classical
Hormander calculus, properly supported, defined through inverse Fourier transform

by
Au(x) =/ ao(x, £)e™*u(E)de, ue S(R"), x e R", (1.2)
Rn

(for simplicity, in the formula above, we have assumed that the symbol of A is
exactly ag and have no term of lower order). This extends easily to closed man-
ifolds by replacing S"~! x Q with the spherical co-tangent bundle, and also to
vector-valued functions by taking suitable traces. Note that in the approach of Luc
Tartar [48] test operators are the ones which are tensor products of multiplication
operators with Fourier multipliers, which is enough to construct the measure y .

As we see from the paragraph above, the notion of (Euclidean) MDM relies
on microlocal analysis and the theory of pseudodifferential operators which has
been developed since the 70’s in the Euclidean setting (see [37,51], or the review
books [20,22]). The development of a pseudo-differential theory on nilpotent Lie
groups has been the purpose of works by several authors, see, e.g., [8,9,16,17,
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31,50]. The recent contribution of the second author with her collaborators in [5]
for the Heisenberg group has been followed by the monograph [25] of the first au-
thor and her collaborator, where they have defined a pseudodifferential calculus on
graded nilpotent Lie groups. As in the Euclidean context, they are defined thanks
to inverse Fourier transform with the major difference that the Fourier transform of
a function at a (unitary irreducible) representation is an operator on the space of
the representation. Consequently the symbols of pseudo-differential operators in-
troduced in [25] are measurable fields of operators on G x G where G is the unitary
dual, i.e. the set of unitary irreducible representations of G modulo equivalence; as
is customary, we will use the same notation for a unitary irreducible representation
m(x),x € G and its equivalence class in G. Then, the operator A whose symbol is
the field of operator o (x, 7) satisfies

Au(x) = -/Atr (wx)o(x, Hu(r))du(r), ueSG), xeG,
G

which is the analogue of (1.2) (precise definitions are given in Sections 2 and 3).
It is on this latter result that relies the construction of MDM’s developed hereafter.
However, we shall need to extend the theory and we develop in Section 4 the classes
of homogeneous symbols and of classical symbols, together with the notion of prin-
cipal symbol.

We will see that the MDM’s on a graded nilpotent Lie group G defined in
this paper are non commutative objects, and this is not surprising since the Fourier
transform is operator-valued. More precisely, a MDM on G consists of a positive
measure y on G X X and a y-integrable field I of trace-class operators on G x Xy,
where ¥ is the quotient set (G\{1})/ R* defined by use of dilations; the class of
7w € G will be denote by 71, see Section 2.3. Then, the analogue of formula (1.1)
which is proved in Section 6 writes

(A(ukj —u), ug; —u)L2 — tr (og(x, 7)['(x, 7)) dy (x, 77), (1.3)

J=0 JGx 3,

where oy is the principal symbol of the operator A, as defined in Section 4. Note
that operator-valued measures have been introduced in semi-classical settings since
the 90’s [23,24,43,45] and, more recently, in the context of quantum ergodicity [2—
4,42]. As in the Euclidean case, one can develop applications to compensated
compactness as discussed in Section 7.

An important difference with the Euclidean context is the lack of Gérding in-
equality, and this prevents us to adapt the main steps of the proof of existence of
Euclidean MDM’s given in [32]. This is overcome by the use of C*-algebra for-
malism and the notion of state. More precisely, we prove that convergent limits of
quantities similar to the left-hand side of (1.3) in the nilpotent setting define positive
linear functionals on the algebra of homogeneous symbols of order 0, and that these
linear functionals extend to states on certain C*-algebras. Understanding the spec-
trum of these C*-algebras and decomposing these states yield the main result of the
paper. This type of argument was suggested to the authors by Vladimir Georgescu
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as an alternative (albeit too sophisticated) proof of existence of MDM in the case of
the abelian group R" with arguments which were fitting for generalisations. Note
also that, although this paper belongs to the fields of micro-local analysis and non-
commutative analysis, many of its tools and techniques relies on the progress of the
last four decades in harmonic analysis on Lie groups: for instance, in understanding
the properties of spectral multipliers in sub-laplacians on nilpotent Lie groups (or
more generally positive Rockland operators), or in describing homogeneous convo-
lution operators in terms of their kernels.

Finally, we want to emphasize that the nilpotent Lie groups considered in this
paper and in [25] are graded, but this is a natural restriction. Indeed, the class
of graded nilpotent Lie groups contains the class of stratified Lie groups (also
called Carnot groups in more geometric contexts), the prime example being the
Heisenberg group. Graded or even stratified groups are the groups usually appear-
ing in applications of analysis on nilpotent Lie groups, for instance in the study
of operators sums of squares of vector fields, as in [15]. It is likely that many
aspects of the results in this paper, especially the description of the algebras of
operators in terms of their kernels, could also be done in the more general con-
text of homogeneous nilpotent Lie groups and would then coincide with the semi-
nal paper by Michael Christ, Daryl Geller, Pawel Glowacki, and Larry Polin [14];
however, this would require a more sophisticated presentation than the one per-
formed here, rendering it more remote from the ideas of Euclidean micro-local
analysis.

Our article is organised as follows. Section 2 is devoted to definitions on graded
Lie groups and results in analysis in this setting that we shall use. Then we recall in
Section 3 the definition of pseudodifferential operators on graded Lie groups and we
introduce in Section 4 the notion of homogeneous symbols and of principal sym-
bols. In Section 5, we analyse the C*-algebras formed by 0-homogeneous symbols.
The core of the paper consists in Section 6 where we prove the existence of MDM
and analyse the fundamental examples of concentrating and oscillating sequences.
Then, in Section 7, we link our results with the compensated compactness theory
and the definition of Curl operators on Lie groups.

Convention: In the paper, if X' and ) are Banach spaces, -Z(X, ))) denotes the
Banach space of bounded linear mappings from X to ). If a linear operator A is
densely defined in a Banach space X" and valued in a Banach space ), then writing
A € Z£(X,)) means that A extends to a bounded operator X — ) and that
we identify the operator A with its bounded extension on X (which is unique). If
X =Y, we write Z(X, X) = Z(X). If X is a separable Hilbert space, we define
by .Z! (X)) the trace-class operators on X and we set | All 212y = tr|Al.
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ful discussions and they are indebted to the Centre International de Rencontres
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2. Preliminaries: graded Lie groups

In this section, after defining graded Lie groups, we recall their homogeneous struc-
ture, the definition of the Fourier tranfrom and results on the dual. A complete de-
scription of the notions of graded and homogeneous nilpotent Lie groups may be
found in [27, Chapter 1] and [25, Chapter 3].

2.1. Graded Lie groups

We will be concerned with graded Lie groups G which means that G is a con-
nected and simply connected Lie group whose Lie algebra g admits an N-gradation
g= EB?‘; 8¢ where the g¢, £ = 1, 2, ..., are vector subspaces of g, almost all equal
to {0}, and satisfying [g¢, g¢'] C g¢¢ forany £, £’ € N. This implies that the group
G is nilpotent. Examples of such groups are the Heisenberg group and, more gener-
ally, all stratified groups (which by definition correspond to the case g; generating
the full Lie algebra g).

We construct a basis X1, ..., X, of g adapted to the gradation, by choosing
a basis {X1, ... Xp,} of gy (this basis is possibly reduced to ¥), then {X,,+1, ...,
Xn,+n,) abasis of gy (possibly {0} as well as the others) and so on. The exponential
mapping expg; : g — G is a diffeomorphism from g onto G, and we may identify
the points (x1, ..., x,) € R" with the points

x =expg(x1 Xy +---+x,Xp) €G.

Consequently we allow ourselves to denote by C(G), D(G) and S(G) etc, the
spaces of continuous functions, of smooth and compactly supported functions or of
Schwartz functions on G identified with R", and similarly for distributions with the
duality notation (-, -).

This basis also leads to a corresponding Lebesgue measure on g and a Haar
measure dx on the group G — which we will fix once and for all — hence L?(G) =
LP(R™). The group convolution of two functions f; and f>, for instance square
integrable, is defined via

i # f)x) = /G A A )dy.

The convolution is not commutative: in general, f1 x f> # f2 * fi.

The coordinate function x = (x1,...,x,) € G — x; € R is denoted by x;.
More generally we define for every multi-index o € N[}, x¢ := x‘f"x‘zx 2. .xy",asa
function on G. Similarly we set X* = X{'X3? - X;," in the (complex) universal
enveloping Lie algebra $1(g) of g. Let us recall that a vector of g defines a left-

invariant vector field on G and, more generally, that the universal enveloping Lie
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algebra U(g) of g is isomorphic with the left-invariant differential operators; we
keep the same notation for the vectors and the corresponding operators. However
if X € g, then X denotes the corresponding right invariant vector field. More
generally, if T € $(g), we denote by T the right-invariant differential operator.
For any r > 0, we define the linear mapping D, : g — g by D, X = r‘X
for every X € g¢, £ € N. Then the Lie algebra g is endowed with the family
of dilations {D,,r > 0} and becomes a homogeneous Lie algebra in the sense
of [27]. We re-write the set of integers £ € N such that gy # {0} into the increasing

sequence of positive integers vy, . .., v, counted with multiplicity, the multiplicity
of g¢ being its dimension. In this way, the integers vy, ..., v, become the weights
of the dilations and we have D, X; =rY/ X ;, j =1,..., n, on the chosen basis of

g. The associated group dilations are defined by
D, (x)=rx:= (r”lxl,rvzxz, ...,r“”xn), x=x1,...,x) €G, r>0.

In a canonical way, this leads to the notions of homogeneity for functions and op-
erators. For instance the degree of homogeneity of x* and X%, viewed respectively
as a function and a differential operator on G, is [a] = > jujoy. This also leads to
the notion of homogeneous distribution: the Haar measure is O-homogeneous:

e / Flro)dx = f FO)dy. @.1)
G G

where

0 ::ZEdimgg =vr+...4+ vy,
teN

is called the homogeneous dimension of G.

Recall that a homogeneous quasi-norm on G is a continuous function | - | :
G — [0, +00) homogeneous of degree 1 on G which vanishes only at 0. This
often replaces the Euclidean norm in the analysis on homogeneous Lie groups. Any
homogeneous quasi-norm | - | on G satisfies a triangle inequality up to a constant:

AC =1, VYx,yeG, [|xy| = C(x|+][yD.
Any two homogeneous quasi-norms | - |{ and | - | are equivalent in the sense that
3C >0, VxeG, C'Ixh<lxli <Clxlo.
There is an analogue of polar coordinates on G:

Proposition 2.1. Let | - | be a fixed homogeneous quasi-norm on G. Then there is
a (unique) positive Borel measure o on the unit sphere G :={x € G : |x| = 1},
such that for all f € L'(G), we have

/ fx)dx = / - / Foyredo (y)dr. (22)
G 0 S

There is also an analogue of the mean value theorem:
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Lemma 2.2. We fix || a homogeneous quasi-norm on G . Then there exist constants
C > 0andn > 1 such that for any f € C'(G), x € G, we have

@) = FOI<CY Ix[% sup [X; ).
j=0

lyl<nlx|

2.2. The dual of G and the Plancherel theorem

Here we set some notations and recall some properties regarding the representa-
tions of the group G (especially the Plancherel theorem) and its enveloping Lie
algebra $1(g).

In this paper, we always assume that the representations of the group G are
strongly continuous and acting on separable Hilbert spaces. Unless otherwise stated,
the representations of G will also be assumed unitary. For a representation & of G,
we keep the same notation for the corresponding infinitesimal representation which
acts on the universal enveloping algebra $1(g) of the Lie algebra of the group. It is
characterised by its action on g:

n(X) = d=om('¥), Xeug. (23)

The infinitesimal action acts on the space H25° of smooth vectors, that is, the space
of vectors v € H; such that the mapping G > x — 7 (x)v € H, is smooth.

Example 2.3. Vectors of the form 7 (¢)v where ¢ € D(G) or S(G) and v € H,
are smooth.

Here we have used the usual notation for the group Fourier transform of a function
feLY(G)atx:

7(f) = f(1) = Fo(f)(r) = /G fm ) dx € Z(Hy).

We denote by G the unitary dual of G, that is, the set of unitary irreducible represen-
tations of G modulo equivalence, and identify a unitary irreducible representation
with its class in G. The set G is naturally equipped with a structure of standard
Borel space. .

The Plancherel measure is the unique positive Borel measure © on G such that
forany f € C.(G), we have:

/G |f(0)Pdx = /6||fG<f)(n)||%,S(H,,)du(n). 2.4)

Here || - ||z s(#,) denotes the Hilbert-Schmidt norm on H. This implies that the
group Fourier transform extends unitarily from LY(G) N L%(G) to L*(G) onto
L%(G) := fa Hr ® Hydu(r) which we identify with the space of p-square inte-
grable fields on G. Consequently, (2.4) holds for any f € L?(G); this formula is
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called the Plancherel formula. Furthermore, for any ¢1, ¢ € L%(G), the quantity
f gtr |¢1 (n)(pz(n) |d () is finite and we have the Parseval formula

/G 1 ()F2(x) dx = /a“ (B10B2 (1)) ). 25)

The orbit method furnishes an expression for the Plancherel measure p, see [18,
Section 4.3]. However we will not need this here.

The general theory on locally compact unimodular group of type I applies (see
[21]): let Z(L%(G)) be the space of bounded linear operators on L?(G) and let
21 (L*(G)) be the subspace of those operators T € .Z(L*(G)) which are left-
invariant, that is, commute with the left translation:

T(f(g)N(g1) = (Tf)(gg)). fe€L*G), g g €G.
Then there exists a field of bounded operators f(yr) € (Hy), 7 € G , such that
Vf e LXG), Fo(Tf)(x)=T(n) f(xr) forp—almostallm € G.

Moreover the operator norm of 7 is equal to

1Tl 226y =

reG

The supremum here has to be understood as the essential supremum with respect to
the Plancherel measure . We denote by L°°(G) the space of measurable fields of
operators o, € Z(Hy),m € G, with

HUHLOC(/G\) = Sup ||Un||$(H,,) < 00,
reG

modulo equivalence under the Plancherel measure w. Conversely, any field in
L°°(G) naturally yields a left-invariant bounded operator on L%(G).

By the Schwartz kernel theorem, any operator T € £} (L*(G)) is a convo-
lution operator and we denote by T8y € S'(G) its convolution kernel: Tf =
f % (T&), f € S(G). We denote by K(G) the space of convolution kernels of
operators in £, (L%(G)) and we define the group Fourier transform of 7§y as

Fe(Té) =T

We may call T§y the kernel of T or of T. This extends the previous definition
of the group Fourier transforms from LY(G) N K(G) or L2(G) N K(G) to K(G)
onto L>°(G). The group Fourier transform also extends for instance to the space
of convolution kernels /C, ;,(G) of operators in .27, (LZ(G) L? »(G)) where LZ(G)
denotes the Sobolev spaces on G, see [25, Section 4] and Sectlon 2.5 below.
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2.3. Dilations on G

Since the group G is a (connected, simply connected) nilpotent Lie group, one
can use the orbit method to construct unitary irreducible representations of G (see,
e.g., [18]): with this method, to any linear functional ¢ € g*, one associates a class
7, € G of equivalent unitary irreducible representations. Any element of G may be
realised in this way and two such classes in G coincide when the linear functionals
are on the same orbit for the cg—adjoint action of G on g*. In other words, one
obtains a bijection g*/G <— G, known as Kirillov’s map.

The dilations of G provide an action of Rt = (0, 0o) on the Lie algebra g,
hence on g* by duality, and one easily checks that quotienting by the co-adjoint
action of G and by the R -action commutes. Hence one obtains an action of R™
on g*/G. The dilations also provide an action of R™ on the group G thus on its
dual via .

r-r(x)=n@x), xeG, 7meqG,r>0. (2.6)

One checks that Kirillov’s map g*/G «<— GisR* -equivariant.

As usual, G is equipped with the hull-kernel topology and g*/G with the quo-
tient Euclidean topology. It is known [11] that Kirillov’s map is a homeomorphism.
One easily checks that, quotienting by the R™-actions, the map (g*/G)/Rt «—
G /R™ is a homeomorphism.

If X € gis of degree d, then it follows from (2.3) that we have

(r-)(X) = d=0(r - 1) (eX) = dy=o7 (re')

= 8t=0n(elDr(X)) = 8;:07'[ (etrdX) = I’dJT(X).
More generally for any o € Njj, we have:

- o) (X*) =r7(x%), r>o. 2.7)
If f € L'(G), then so does f o D,-1 and using (2.1), we have

o = [ s awrar = [ semeotas
G G
= / fo Drfl(x)n(x)*r_de =r % (f o Dr—l) .

G

More generally, using the properties of the group Fourier transforms, we obtain

r-m)(f)=7n(fe)) where fo) =r"2foD, 1, r>0, (2.8)

for any f in L'(G), L*(G) or K,.5(G).
Formula (2.8) and the Plancherel measure being unique, easily imply that for
any positive measurable or integrable function F on G and any r > 0, we have

/AF(r-n)du(n)=r_Q/AF(n)du(n). (2.9)
G G
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Let us fix a quasi-norm | - | on G. This yields a map on g* for which we keep the
same notation. We set

le]l :=inf{|¢], ¢" € [¢]} = min{|¢'|, ¢ € [¢]},

where [¢] denotes the co-adjoint class of ¢ € g*. Naturally, the map [¢] — |[¢]] is
continuous g*/R* — [0, 0c0). We set foreach 7 € G,

|| :=inf {|@|, ¢ € g* so that w =7, } =min {|¢|, ¢ € g* so that T =7, }, (2.10)

where 7, is the class of unitary irreducible representations of G corresponding
to the co-adjoint orbit containing ¢. This mapping is nothing else than the map
[¢] = |[¢]| transported by the Kirillov mapping. There the function 7 > |7 is
continuous from G onto [0, 00).

One easily checks that the map [¢] — |[¢]|, and therefore the map 7 +— ||
respect the dilations in the following way:

‘[(p(rfl )]‘ =rllg)]] and |r-mw|=rin|, r>0, 7€ G, peg. (211
Furthermore
l¢]l =0 = ¢ =0, 7| =0 = 7 =1,

where 1 denotes the trivial representation of G. .
This induces a continuous surjection from the ‘sphere’ in G

S i={r eG, Il =1} onto E;:=(G/RO\{1} = (G\{1})/R*. (2.12)
This shows the following property:

Lemma 24. The R -quotient of Kirillov’s map is a homeomorphism between the
compact spaces (§*/G)/R* and G /R*. Moreover, the set ¥, is a compact subset
of G/RT.

Remark 2.5. In the case of the 2n + 1-dimensional Heisenberg group, this sphere
31 is the union of two points with the horizontal sphere (that is, the unit sphere
of R?").

Having defined a unit sphere on G , we can state a polar decomposition:

Lemma 2.6. Let | - | be a quasi-norm on G and let | - | be the associated mapping
on G and the sphere X1 || defined in (2.12) above.

(1) The linear mapping f +—— fl<|ﬂ\<e Fm~ )| |~ Cdu(n), defines a con-
tinuous positivity-preserving linear functional on the Banach space C (X1,
of continuous function on the compact space %1,|.|. We denote by ¢|.| the cor-
responding Radon measure;
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(2) For any measurable function F : G — [0, 00), we have:

/ F(m)ydwu(r) = / F(r- n)d§|.|(n)rQ71dr;
G

1,11 %(0,00)

(3) In particular, if u € L2(G), then
/ la(r - ) sd sy (0r e dr = flullsg);
2|,|.|><(0,00)

@) IfF € Ll(a\{l}, loc) is (—Q)-homogeneous, that is, F(r - ) = r=QF(m),
then we have

Vr > 0, / F(m)du(r) =|Inr| F(m)du(r).
l<|m|<r

I<|r|=<e
Furthermore the quantity fl<|7‘r|<e F () du(m) is independent of | - |.

Proof. One easily checks Part (1). As the Plancherel measure is the unique measure
such that the Plancherel formula holds, it suffices to show Part (3) which follows
from simple manipulations and (2.9). Part (4) is obtained easily by adapting the
ideas of the proof of the polar decomposition on a homogeneous Lie group (see,
e.g.,[25, Section 3.1.7]). O

Part (4) may shed some light on our choice of definition for ¢|.; and enables us
to define the measure ¢ on X in the following way:

/ F(ft)dg(ft):/ F()dg). (), (2.13)
2y 21,1

for any quasi-norm | - | on G and any measurable function F' : ¥; — [0, co) which
we also identify with a (0-homogeneous) measurable function F : G — [0,00).
Part (2) then yields for any integrable function f : G — [0, 00),

400 d
f@- JT)FQ—r.
r=0 r

/Af(n)d,u(n)=/ F(m)dg(m) where F@r) =
G bf

2.4. Rockland operators

Here we recall the definition of Rockland operators and their main properties. See
[25, Chapter 4] for proofs and references.

Definition 2.7. A Rockland operator R on G is a left-invariant differential opera-
tor which is homogeneous of positive degree and satisfies the Rockland condition:
(R) for each unitary irreducible representation 7w on G, except for the trivial repre-
sentation, the operator 7 (R) is injective on H;°, that is, for all v € H®, m(R)v =
0 = v=0.
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Example 2.8. In the stratified case, one can check easily that any (left-invariant
negative) sub-Laplacian, that is

L=Z{+...+Z

2.14
with Zy, ..., Z,s forming any basis of the first stratum g, .19

is a Rockland operator.
Example 2.9. On any graded group G, it is not difficult to see that the operator

n Vo

Yo 27
Z(—l)v.fcjxj 7 with ¢; > 0, (2.15)
j=1

is a Rockland operator of homogeneous degree 2v, if v, is any common multiple
of v, ..., vy.

Hence Rockland operators do exist on any graded Lie group (not necessarily strati-
fied). _

One easily checks that if R is a Rockland operator then so are R’ and R
defined as elements of the universal enveloping algebra $A(g); recall that if A €
4(g) then it is written uniquely as a finite linear combination of X%, a € N, i.e.

A=) X, and that A" and A are defined via

Al = an(xa)f, A= ZEO[X“, (2.16)
(@) (@)

where (X*)! = (=Dl x5 ... X 1. Consequently if R is a Rockland operator then

sois R* = R'. (defined as element in $4(g)).

If the Rockland operator R is formally self-adjoint, that is, R* = R as ele-
ments in $4(g), then R and 7 (R) admit self-adjoint extensions on L*(G) and H,
respectively. We keep the same notation for their self-adjoint extension. We denote
by E and E their spectral measure:

R:/AdE(A) and n(R):/AdE,,()»).
R R

Example of formally self-adjoint Rockland operators are the positive Rockland op-
erators, that is, Rockland operators R that satisfy

VfeSG), /Rf(x)mdxzo.
G

One easily checks that the operator in (2.15) is positive. This shows that positive
Rockland operators always exist on any graded Lie group. Note that if G is stratified
and L is a (left-invariant negative) sub-Laplacian, then it is customary to privilege
—L as a positive Rockland operator.

The next lemma says that the point 0 can be neglected in the spectrum of a
positive Rockland operator and its group Fourier transform.
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Lemma 2.10. Let R be a positive Rockland operator with spectral measure E .

(1) Then for any f € L*(G),

IE[0, € fll2 \ O and [E(e, +00) fll 26y / 1 f 2y as €\ O;

(2) If  is a non-trivial unitary irreducible representation of G, then the spectrum
of m(R) is a discrete subset of (0, 00);

(3) Let v € C*®°(R) be a scalar valued function satisfying ¥ = 1 on (A, 00) for
some A > 0. Then ¥ (tR) and ¥ (tw (R)) converges to the identity mapping of
L?(G) and Hy for the strong operator topology (SOT) as t — 0F. Moreover
we have

VreG, Ir=ry>0, Vr>ry, vo-aR)=vr"7(R)=ly,. 2.17)

Sketch of the proof. Let us recall that the heat kernel i, of R is by definition the
right convolution kernel of e~ 'R and that it satisfies h, = t_%hl o Dt_ 1 with
hy € S(G). This has the two following consequences. Firstly, it yields classically

le= R flly = If <)l — 0, f e L),
t—>0t

which implies Part (1). Secondly, it implies that the operators m(h;), t > 0, are
compact and form a continuous semi-group. One easily checks that 7w (R) is its
infinitesimal generator, and this yields Part (2). Part (3) follows easily from spectral
properties and Parts (1) and (2). ]

Remark 2.11. We can give a value for r,; in (2.17):

. Amin (77)
A

r?T € (01 OO),

where Amin(77) is the minimum eigenvalue of 7 (R), see Part 2 of Lemma 2.10. In
this case, 5 is v-homogeneous in 7:

Amin( - 7T) . " Amin (77)

Vt>0,nea, Frog = N = A

Hence the range of r, as 7 runs over G is (0, 00).
The properties of the functional calculus of R and of the group Fourier transform
imply the following lemma.

Lemma 2.12. Let R be a positive Rockland operator of homogeneous degree v and
f : RT — C be a measurable function. We assume that the domain of the operator
f(R) = f]R f(AVAE ) contains S(G). Then for anyr > 0

(fr'R)¢) oDy = f(R)(poDy), ¢ €S(G),
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and, denoting by f(R)do the right convolution kernel of f(R),
F(r'R)so(x) =r 2 f(R)&(r'x), xeG. (2.18)

Besides, if w in an irreducible unitary representation, the domain of the operator
fr(R)) = fR F A E;(A) contains HS® and we have

FUf (R} () = f(T(R) (). ¢ €S(G). (2.19)

2.5. Sobolev spaces

The (inhomogeneous) Sobolev spaces Lz (G), respectively the homogeneous
Sobolev spaces I;g (G), a € R, as the completion of the domain Dom(I + R)%
of I+ 7?,)% , respectively the domain Dom(R%) of RV , for the Sobolev norm

1126y = = A+ R ]2y Tespectively £z = =R f,206):
We realise the elements of Lg (G) as tempered distributions and we have
S(G) c Dom(I+R)" C L2(G) C S'(G).
We realise the elements of L% (G) as the linear functionals f on Dom(ﬁ_%) satis-
fying
3C >0, VpeDom(RY), If@®I<CIR ¢,z

where the Rockland operator R is defined via (2.16). Each f € LZ(G) defines a

unique function RY fe L?(G) via the continuous linear functional v f (7_2% v).
The following lemma implies that the Sobolev spaces defined above do not
depend on the choice of Rockland operators:

Lemma 2.13. Let R| and R, be two positive Rockland operators of homogeneous
degree vy and v, respectively. Then for any a € R, the operators (I + R1)"1 (I +
R2)" 2 and (R1)" (R2)™ 2 extends to bounded operators on L*>(G).

The Sobolev spaces defined above satisfy the following natural properties:

Theorem 2.14.

(1) The spaces Lﬁ (G) and 1;2 (G) are Banach spaces. Different choices of positive
Rockland operators yield equivalent (homogeneous) Sobolev norms;
(2) (Sobolev embeddings) We have the continuous inclusions

L2(G) Cc C(G), a > Q/2,

where C(G) denotes the Banach space of continuous and bounded functions
on G;
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(3) Ifa = 0 then L3(G) = L*(G). Ifa > 0 then Dom(R") = Dom(I + R)¥ D

S(G), and L2(G) = L*(G) N L2(G) with
126y = 12y + I1F 1i26)

after a choice of positive Rockland operators to realise the Sobolev norms;

(4) For any a € N7, X* maps continuously L?(G) to Lf, 1(G) and L?(G) to
Lf_[a](G),for any s € R;

(5) Let R be a positive Rockland operator of degree v. Let also a,s € R. Then
the operator (1+ R)% maps continuously L%(G) to L%_a (G) and the operator
Ry maps continuously L%(G) to L%_a (G);

(6) Foranys € R, the Banach spaces L2_S (G) and Lz_s (G) are the duals ofL%(G)
and L%(G) respectively via the dualities

(fr @22, = (IR £ A+R) V800 s
(f’ g>L32><L2_S = <R%fa R_%g)szLZ;

—[a

(7) The Banach spaces Lﬁ (G) and Lfl (G) satisfy the properties of interpolation
(in the sense of [25, Theorem 4.4.9 and Proposition 4.4.15]).

In order to distinguish the Sobolev spaces L%(G) on the graded group G and the
usual Sobolev spaces on the underlying R”, we denote by H* the Euclidean Sobolev
spaces on R”. The spaces H*® and L2(G) are not comparable globally (we assume
that G is not abelian), but they are locally:

Proposition 2.15. For any s € R and any x € DR"), the mapping S(G) >
f = xf extends (uniquely) to a continuous operator of H* — L?vl (G)andtoa

continuous operator of L?(G) — H%Un (where v; < ... < v, are the dilation’s
weights in increasing order).

2.6. Bessel potential and Fourier Inversion Formula

Classical considerations on Bessel potentials in this context imply that the convolu-

tion kernel of (I + R)ST1 is square integrable when s; < —Q/2,i.e. (I + R)STI&) €
L2(G), see [25, Section 4.3.3]. The Plancherel formula (2.4) then yields

/A lra+®)?
G

and consequently,

du(r) <oco fors; <—0Q/2, (2.20)

2
HS(Hx)

/;tr ’n(1+72)%' du(m) < oo fors; <—0. 221)
G

Naturally, the Plancherel theorem (c¢f. Section 2.2) implies a Fourier Inverse For-
mula (FIF), at least formally.
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Proposition 2.16 (Fourier Inversion Formula). Let R be a positive Rockland op-
erator of homogeneous degree v. Let 0 = {o () : H® — Hy, m € G} be a field
of operators on G defined (at least) on f ¢ Hydu(m). Let s > Q. We assume that
one of the quantity

Sy := sup HJT(I+R)%O(JT)H or Sy := sup Ho(n)n(I—I—R)%
eG

2eC £ (Ho) L(Hy)

is finite. Then o € L*(G) and k = F~'o coincides with a continuous and bounded
function on G. Moreover,

/Atr|a(n)|du(n) < 0 and k(0) = /Atra(n) du(m).
G G

In the statement, since {7 (I + R)SU tHY — H, 7w e 6} acts on fa H>du(r)
[25, Lemma 5.1.2], the fields of operators {o (7)7 (I + R)%, T € 6} and {w (I +
R)%o(n), T € 6} are well defined on fa Hd () and the hypotheses make
sense. Here we use the convention that if A and B are two unbounded operators on
a Hilbert space H, then the composition A B is the operator given by ABv = A(Bv)
where v € H is in the domain of B and such that Bv is in the domain of A.

Since we shall make extensive use of the Fourier Inversion Formula and for
the sake of completeness, we give a proof of this result. We will use the following
classical properties for approximations of J:

Lemma 2.17. Let yr; € S(G). For € > 0, we set Ye = (V1) (e), that is, Ye(x) =
€2y (e 'x). We also denote ¢ == [,y = [ Ve.

(1) As e — 0, we have Y. —> cdg in S'(G), and if k € S'(G) is continuous and
bounded then f G K¥e — ck(0);

(2) If 7 is a continuous unitary representation of G, then (1//;6 (7)) e=0 converges to
cly, in the strong operator topology (SOT) on H .

Proof of Lemma 2.17. Part 1 is classical, see, e.g., [25, Section 3.1.10]. For Part 2,
we write

Ve(m)* = cly, = /G Ve()m(X)dx — cly, = /G Y1 (x) ((ex) —Ipg, ) dx.

Thus, applying a vector v € H, and for any R > 0 decomposing the integral as
fG = fm<R +f|x|2R, we obtain:

I (@(n)*_cmn)vHHnsl sup ||n(x’>v—v||HﬂfG|x/f1| +2||v||H,[f| Y1)

x|>R

And the conclusion follows easily from the continuity of x” — 7 (x")v at 0 and the
integrability of ¥ € S(G). O
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Proof of Proposition 2.16. Let us assume S; finite. The membership of o in LZ(G)
follows from ||o ||L2(5) < ||lmd+ R)_% ||L2(6) S, since the first term of the right-
hand side is square integrable by (2.20). We also have

/Atr|a(n)|du<n) < SI/Atr 7@+ R~ du)
G G

and the last integral is finite by (2.21). Hence f gtrlo(m)ldu(r) is finite.
Letk = F lo.Aso € Lz(a),x € L%(G). Moreover

H I+ R)ﬁKHLZ(G) - Hn(l + R)%U‘

LX(G)

, ~. Sup HT[(I—FR)%G(JT)H .
G

< Hna FR)H
12©) Z(Hy)

Hence « € Lf 2 The Sobolev embedding, see Theorem 2.14, implies that « is
continuous and bounded on G.

Let ¢; € S(G) with fG Y1 = 1. We construct the §p-approximate (Ve)eso C
S(G) as in Lemma 2.17. By the Parseval formula, see (2.5), we have:

/G K@) Pe@)dx = /a“ (0 () Te (1)) dpa (). (222)

By Lemma 2.17, the left-hand side of (2.22) tends to «(0) as € — 0. Note that the
right-hand side of (2.22) is integrable since:

< [ ¥e(m)

r (oGP ()

2oy Tlol = Wilipgtrlol.

Lemma 2.17 and the Lebesgue Dominated Convergence Theorem imply that the
right-hand side of (2.22) converges to f gtro(m)dpu(m) as € — 0. Taking the limit
in both sides of (2.22) as € — 0 concludes the proof of Proposition 2.16 under the
condition that Sj is finite.

The case of S, finite may be obtained by taking the adjoint or by using right
Sobolev spaces instead of the left ones Lf 12 O

Remark 2.18. In fact, the proof above shows that if ¢ € S(G) and e = (Y1) ()
as in Lemma 2.17 and if o and « are as in Proposition 2.16, then

/A/Atr |o ()W ()| d () < 00, and 1im/Atr(a(n)aj(n))du(n):cx(m,
GJG e—0 G

where ¢ = [ ¥1.
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Corollary 2.19. Let o € L°°(G). Then for any ¢ € S(G), we have
/a“ o) F6 () ()| duir) < o0
and denoting by k € S'(G) the kernel of o, ie. o = %, we have:
(e, @) = /atr (e Fe@ @) du), (2.23)

where qvﬁ(x) =¢@ .

Proof. If ¢ € S(G), then a satisfies the hypotheses of Proposition 2.16 since (I 4
R)N¢ € S(G) is integrable for any N € N. For the same reason o Fg(¢) satisfies
the hypotheses of Proposition 2.16. We conclude with («, ¢) = ¢« (0) and Fg (p*
k) = o Fg(d). O

Remark 2.20. Corollary 2.19 implies that if o € L°°(6) and « € 8’(G) are such
that (2.23) holds for any ¢ € S(G) or D(G) then « is the kernel of o, i.e. 0 = k.

We will also need the following inversion formula:

Proposition 2.21. Let k be a compactly supported distribution on G. Then for each
unitary representation 7 of G and v, w € Hy, we can define

(K (T)v, w)H, =/ k() (70 (X)*v, W), dx,
G

since x +— (w(x)*v, w)y,, is smooth and bounded on G.
For any smooth and bounded function ¢ on G, we have

/atr (R(m) $(m)) duu(m) = (k. p),

interpreting the left-hand side as the limits (in this order) of the absolutely conver-
gent double integral:

tim tim [ [y Rrm0) 0600 drdiate),
R—oco N—+o0 JN.c JG

where x € D(G) with x =1 on a neighbourhood of 0 and xg(x) := x(R™'x),C

a compact neighbourhood of 1 € G such that UyenN - C = G, and try denotes

the trace of the operators projected on the subspace spanned by the first N vectors,

having fixed a fundamental sequence of vector fields.

For instance, having fixed a quasinorm, we can choose C := {|7| < 1}, see Sec-
tion 2.3. The definition of a fundamental sequence of vector fields may be found
in [21, A93].

Proof. Corollary 2.19 implies the result when « € D(G). Bedsides, if « is a com-
pactly supported distribution, we consider | € D(G) satisfying ¥ (0) = 1, and
Ve(x) := e 2y (e 'x). Then ke = k * V¢ is in D(G) and we conclude the proof
by passing carefully to the limit using Lemma 2.17. O
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2.7. Operators of type v

The properties of kernels or operators of type v extend from the Euclidean setting
to the case of homogeneous Lie groups, so in particular to graded Lie groups (see,
e.g.,[27, Chapter 6 A] or [25, Section 3.2]):

Definition 2.22. A distribution x € D’(G) which is smooth away from the origin
and homogeneous of degree v — Q is called a kernel of type v € C on G. The
corresponding convolution operator f € D(G) +— f * k is called an operator of

type v.
Example 2.23. Let R be a positive Rockland operator of homogeneous degree v.
For any a € C, Ra € [0, Q), the operator R~ v is of type a. See [25, Section 4.3].

The next statement summarises the properties of the operators of type v used in the
paper:

Proposition 2.24. Let G be a graded group.

(1) An operator of type v with v € [0, Q) is (—v)-homogeneous and extends to
ci bounded) operator from LP(G) to L1(G) whenever p,q € (1,00) satisfy
1 1 _ %y,

2) Lpet que a smooth function away from the origin, homogeneous of degree v
with Wv = —Q. Then « is a kernel of type v, if and only if its mean value
is zero, that is, when |, gk do = 0 where o is the measure on the unit sphere
of a homogeneous quasi-norm given by the polar change of coordinates, see
Proposition 2.1; (This condition is independent of the choice of a homogeneous
quasi-norm.)

(3) Let k be a kernel of type s € [0, Q). Let T be a homogeneous left differential
operator of degree vr. If s — vy € [0, Q), then Tk is a kernel of type s — vr;

(4) Suppose k1 is a kernel of type vi € C with Rv; > 0 and k3 is a kernel of
type vo € C with Rvy > 0. We assume R(vy + v2) < Q. Then k1 * k2
is well defined as a kernel of type vi + vy. Moreover if f € LP(G) where
1 < p < Q/N(w1+ 1)) then (f xk1)*k and f * (k1 *Kk2) belong to L1(G),
5 = % MQ'"UZ) and they are equal.

The L2-boundedness of operators of type 0 (see Part (1) in the case v = 0) and the

characterisation of Part (2) are proved using the classical construction of a principal

value distribution and quasi-orthogonality. The next lemma summarises the result
in more detail with the vocabulary of this paper:

Lemma 2.25.

(1) Let k € Cl(G\{O}) be (—Q)-homogeneous and with vanishing mean value.
Then k extended to a distribution on G which is the kernel of a convolution
operator bounded on L%(G). We Jfix a homogeneous quasi-norm | - |. For each
J € Z, we define the integrable function k; via kj(x) := K (X)1pj <y <2+t

x € G. Then for each 7w € G, and each v € Hy, the limit Z?Z_Ml Kj(mv
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converges in Hy as My, My — oo. This defines a field of operators ) jez Kj
wich is 0-homogeneous and satisfies:

sup |y %) <C sup [X%(@)I (2.24)

neG | jeZ LMy lz|=1,]er|<1

where C is a constant which depends on the structural constants of the group

G and of the choice of a homogeneous quasi-norm | - |, but not on k ;
2) Leto = {o(w) € L(Hy), m € G} be a measurable field of operators such
that:

e o is 0-homogeneous, i.e. o(rmw) = o(w) for (almost) all 7 € G and all
r>0;

e 0 is bounded, i.e. sup, g llo (7). zH,) < 00,

o The kernel associated with o, i.e. k € S8'(G) such that’ € = o, coincides
with a C' function on G\{0}.

Then the mean value of k vanishes. Using the notation of Part 1, the sum ) iKj

converges in S'(G) and defines a tempered distribution which coincides with
k on G\{0}. We have

K = Zlcj + ¢5 %0,
J

where c; = [ k(2)x(z)dz where x € D(G) is such that x(0) = 1 and
x @) = x1(z]) for some x1 € D(R). The constant c, does not depend on
xor|-|.

As a representative of the measurable field o, we may choose the one given by

+00
o(m) = Z Kj(m) + colp,, meG.

j=—o0

Sketch of the proof of Lemma 2.25. See, e.g., [25, Section 3.2.5] for the proof of
Part (1). For Part (2), let & be the kernel associated with the symbol > jez kj. Then
K= Zj K j is a (—Q)-homogeneous tempered distribution. For any ¢ € D(G), the
sum Y j (kj, ¢) is absolutely convergent and its sum is (k, ¢). Hence k coincides
with « on G\{0} so the distribution ¥ — ¥ being —Q-homogeneous and supported
at the origin must be a multiple of 8. If there exists ¢; € C(R) such that ¢(z) =
#1(|z]) then

(kj, P) = / ~ k(@2)1(lzhdz =0
2/ sz]<2i !

as the mean value of « is zero and (k, ¢) = 0. This together with k = k¥ + ¢58p
with ¢, € C implies the rest of the statement. O
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3. Pseudo-differential calculus

Here we outline the pseudo-differentical calculus developed in [25].

3.1. Quantisation

A symbol is a measurable field of operators o (x, ) : HY — HZ°, parametrised
by x € G and 7 € G. We formally associate to o the operator Op(o) as follows

Op(o) f(x) = /G tr (w(r)o (o, 1) F ) dp(m),

where f € S(G) and x € G.

Regarding symbols, when no confusion is possible, we will allow ourselves
some notational shortcuts, for instance writing o (x, w) when considering the field
of operators {o (x, ) : H3° — H°, (x, w) € G x G} with the usual identifications
forw € G and p-measurability.

This quantisation has already been observed in [5,25,50] for instance. It can
be viewed as an analogue of the Kohn-Nirenberg quantisation since the inverse
formula can be written as

fx) = /;;tr (n(x)f(n)) du(m), feSG), xedG.

This also shows that the operator associated with the symbol I = {Iy,, (x, ) €
G x 6} is the identity operator Op(I) = I.

Note that (formally or whenever it makes sense), if we denote the (right con-
volution) kernel of Op(o) by «,, that is,

Op(0)p(x) = xKkx, x€G, ¢ SG),

then it is given by
w(ky) =o(x, ).

Moreover the integral kernel of Op(o) is

K@) = (7). where 0p@)o(n) = [ Kx.3)80)dy.
G
We shall abuse the vocabulary and call «, the kernel of o, and K its integral kernel.

3.2. Difference operators

The difference operators are aimed at replacing the derivatives with respect to the
Fourier variable in the Euclidean case. For each o € Ng, the difference operator
A“ is defined via . .

A*f(m) = ]:G(x“f)(n), 7 eG.
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Here f is in a distributional space on which the group Fourier transform has been
defined, i.e. L'(G), L*(G) or K, 5(G) etc...
The difference operators satisfy the Leibniz rule:

A*(o1o) = Y CoA¥o1 A%0y, (3.1)
[ag]+[az]=[a]

where ¢y, o, are universal constants. By “universal constants”, we mean that they
depend only on G and the choice of the basis {X; ’}:1. This comes from the fact

that for any o € Nj, with the same constants cy, o, as above, we have
= D Caax® ™ (32)
lar]+[ez]=[a]
Note that 0. = ‘Sa:a; and Col 0 = 5a{=a-
From (3.2), one also deduces that if ¢ € S(G) and k € S'(G)
P k= Y Capan (DX % (x“).
[ ]+-[ez]=[a]
Taking the Fourier transform the followmg property holds for any ¢ € S(G) and
o€ L°°(G) satisfying Ao € L°°(G) for any o’ € Njj with [a] < [«]:
A= > Capay(=D2A"{A%0 §}. (3.3)
[ai]+[on]=([]
Example 3.1. One can prove easily
0 if [a] > [B],

o ﬁ _ ’ .
A" (X))’ = . [Z] [ﬂ]c‘;, a’ﬁn(X)“ if [¢] < [B],
o |l=|lo|—

where C:x’ o p AT€ universal constants.
Using (2.8),if f and x* f are integrable, then
(-G f) = TGy = r N (x fy) = r A Fy.

Hence denoting o0 = fand 0. ={0p.q, T € 6}, we have o,. = ﬁr) by (2.8) and
we have obtained:

A% (o,.) () = rl¥ (A“a) r-m), r>0,me G. (3.4)

One easily checks that (3.4) holds as long as it makes sense.
We also have the following integration by parts:

/Atr (A"‘al 02) dp = (-l /Atr (01 A“az) du,
G G

if 01,070 € FgS(G) and a € Nf. Indeed in this case, using the FIF, see Proposi-

tion 2.16, both sides are equal to fG .7:5101 (x)x"‘fc_;lag(x_l)dx. Along the same
idea, we have:
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Lemma 3.2. Let o be a symbol such that at least one of the two quantities

sup HTF(I‘FR)%O’(T[) , sup Ha(n)n(I—I—R)%
neG neG

L (M) L M)

is finite for some s > Q. Then for any a € Nj\{0}, we have:

/ tr (A“a(n)) du(m) =0,
G

in the sense that if (V¢)eso is any So-approximate as in Lemma 2.17, then each
quantity

/ tr |o(n) A“fp\é(n)| du(m), € >0,
G

is finite and the following limit exists and is zero:

lim | tr (o(7) A%Pe () dp(m) = 0.
G

e—>0

By Remark 2.18, in the case « = 0, the limit above is ck (0) where ¢ = f ¢ Y1 and
Kk is the kernel of .

Proof of Lemma 3.2. We set ¢1(x) = x*1(x) and ¢¢(x) = € 2¢(e"'x). The
statement follows from ¢, = € ~[*I A%y, by (3.4) and by Remark 2.18,
/Atf (o(m) $e(ﬂ))du(ﬂ)—6cf‘10(0), with c=/ é1. O
G €~ G

3.3. The symbol classes S (G) and the calculus

In this section, we recall the definition and properties of the symbolic pseudo-
differential calculus defined on graded Lie groups in [25, Section 5].

Definition 3.3. A symbol o = {0 (x, 7) : H>® — H, (x,7) € G x G} is called
a symbol of order m whenever, for each o, B € Njj and y € R we have

[a]l—m+y
v

sup 7+ R) XPA% (x, )mA+R) ¥l 2ge,) <00, (3.5)

xeGﬂeé
where R is a (fixed) positive Rockland operator of homogeneous degree v. The
symbol class S™ = §™(G) is the set of symbols of order m.

By Lemma 2.13, each symbol class $™ is independent of R. For a chosen positive
Rockland operator R of homogeneous degree v, the seminorms

[a]—m+y

o5 a.pi= max supHJT(I—l—R) ; XfA“o(x,n)n(IJrR)—%H
xe@G

L(Hq)'

o]<a

[Bl<b.ly|<c reG
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yield a structure of Fréchet spaces on each S, m € R. One checks that S™! C §"2
if m; < my. We also define the space of smoothing symbols

§7® = ﬂ N

meR

which is endowed with the topology of projective limit.
The corresponding spaces of operators

U = 9" (G) :=0p(§"), meRU{—o0},
yield a calculus:
Theorem 3 4.

(1) The set of operators Uy, crS™ is an algebra of symbols in the sense that prod-
uct, taking the adjoint and applying spacial and dual derivatives

SM1 w §M2 Sm1+m2 sm o, gm Mo Smf[(x]
and

(01, 02) —> o102, or—o* o — XPA%
(for any m,my, my € R and o, B € Njj) are continuous operations;

(2) Furthermore o € S™ if and only if it satisfies (3.5) with y = 0. The seminorms
Il - llsm.a.b,0 yield an equivalent family of seminorms for the Fréchet topology
Of sm :

(3) The set of operators Uy, cr W™ is a calculus in the sense that product and taking
the adjoint

W Pm2 s \mitm J ym sy \pm
an
(T, ) —> Th'T» T+—T*

(for any m, m1, my € R) are continuous operations, and that any operator in
U™ maps continuously LSZ,(G) to Lsz,_m(G);
(4) We have the asymptotic expansions:

Op~' (Op(a1)0p(02)) ~ Y " caA%01 X% 0,
[e]
Oop~! (Op(0)*) ~ Zc&X?A“a*,
[e]

where the constants c, and c(’x, o€ N(')’, are universal with ¢y = c6 =1.
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In the statement above we use asymptotic expansions of the form

o0
o~ Zag, og € 8™,  with my strictly decreasing to — oo. (3.6)
=0

This means that for any M € N,

o — Z o € S"MEL
<M

More precisely in Theorem 3.4, this was used with

op= Z caA%01 X%, € "MW and oy = Z L, XSAc™ e ST

[o]=wg [a]=wg
Note that any formal asymptotic yields a symbol modulo a smoothing operator:

Theorem 3.5. Let {o¢}¢cn, be a sequence of symbols such that oy € S™¢ with my
strictly decreasing to —oo. Then there exists o € S™°, unique modulo S™°°, such
thato ~ ), 0¢.

Naturally the calculus U,,cg W™ contains the left-invariant calculus since we have:

Example 3.6.

(1) For any & € N2, X% = Op(w(X%)) € wl*l;
(2) The set W contains any smooth function f : G — C with bounded left-
derivatives, that is,

VB e NI, sup | XP f(x)| < 0. (3.7)
xeG

Another important class of symbols in the calculus is given by multipliers in Rock-
land operators. The precise class of multipliers that we consider is the following.
Let M,, be the space of functions f € C*°(R™) such that the following quantities
for all £ € Ny are finite:

Iflimy,, = sup  (L+0)7" 8 ).
1>0,¢'=0,....0

In other words, the class of functions f that appears in the definition above are the
functions which are smooth on R and have the symbolic behaviour at infinity of
the Hormander class S7,(R) on the real line. For instance, for any m € R, the
function A — (1 + A)" isin M,,.
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Proposition 3.7. Let m € R and let R be a positive Rockland operator of homoge-
neous degreev. If f € M% ,then f(R) isin W™ and its symbol { f (r(R)), w € G}
satisfies

Va’ bs (eSS NO! Hz € N7 HC > 07 ||f(7T(R))||(l,b,C S C”f”M%l,Z?

with £, a, b, c € Ng and C independent of f.

Corollary 38. If x € C*(R) is such that (supp x) N [0, +00) is compact, then
the symbol {x (m(R)), m € G} isin S™°°. Moreover its kernel x (R)do is Schwartz,
{(x(@(R)), m € G} € L*(G) and

/atTIX(H(R))IdM(n) < 00.

Note that the membership of x(R)8p in S(G) was already proved in [38]. It is
sometimes called the Hulanicki theorem and is used to show Proposition 3.7.

We conclude this section with recalling the following properties of the kernel
associated with a symbol in the calculus:

Proposition 3.9. Let o € S™ and let « its associated kernel. This means that for
eachx € G,y € S'(G) and o (x, ) = k(7). Furthermore x — Kk, € S'(G) is
smooth on G, and for each x € G, k, € C®°(G\{0}). Furthermore, for any N € N
and any a, B € Ny, there exist a constant C > 0 and a seminorm || - ||sm 4 p.c Such
that

Vx,z€G, z#0,  [X*XPi(2)| < Csllolsmapclzl™.

The constant C and the seminorm || - ||sm q.p.c may depend on N, o, 8 but are inde-
pendent of o.

4. Homogeneous and principal symbols, classical calculus

In this section, we define the notions of homogeneous symbols, classical symbol
classes and principal symbol in a way analogous to the Euclidean case.

4.1. Homogeneous symbol classes sm

Definition 4.1. A symbol o = {o(x, ) : H®* — H®, (x, 1) € G x 6} is said to
be homogeneous of degree m € R or m-homogeneous when

o(x,r-m)=r"o(x, ),

for all x € G and p-almost all w € G and dr-almost all r > 0.
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A m-homogeneous symbol o = {o(x, )} is regular if for any o, 8 € NI},
yeR:

la]—m+y

sup |7 (R)“ 5 xf A% (x, mym(R)

reG
xeG

<00 4.1

L(Hx)

where R is a positive Rockland operator of degree v.
We denote by S™ the space of regular m-homogeneous symbols.

Remark 4.2.

(1) As in the inhomogeneous case, Lemma 2.13 implies that each symbol class $”
is independent of R;

(2) The property of interpolation of Sobolev spaces (cf. Theorem 2.14) also
implies that it suffices to have (4.1) only for a sequence (y¢)¢cz Wwith
Ve —> 400 £0OO.

Before giving some concrete examples and an equivalent description for symbols
in §™, let us mention some routine properties regarding classes of symbols. Each
S™,m € R, is a Fréchet vector space when equipped with the seminorms

la]—m+y Y
o || em = max  sup |[7(R) v XPAY% (x,m)m(R)" v ,
I9n 0= max sup |x(R) (o ma® |,
[B1=b.lyl<c ned
a,b,c eNp,

where R is a positive Rockland operator of homogeneous degree v. This Fréchet
structure is independent of the chosen positive Rockland operator and we will see
later in Corollary 4.12 that we may assume ¢ = 0. Furthermore taking the product
and the adjoint and applying spacial and dual derivatives

Smi s §m2 . gmit+mo §m __y gm 4 §m __y gm—lel
C A, s XA

’

(01,02) —> 0107 "o — o
(forany m, mi, my € Rand a, B € Nj)) are continuous operations for this topology.
Example 4.3. The symbol 7 (X)* is homogeneous of degree [«] and regular. (See
(2.7) and Example 3.1)

Example 4.4. The symbol given by a function o (x) independent of G is homoge-
neous of degree 0. It is regular if the function is smooth with bounded left invariant
derivatives, see (3.7).

Example 4.5. If R is a positive Rockland operator of degree v and if m € R, then
the symbol 77 (R) ¥ (defined spectrally) is regular and homogeneous of degree m.

Proof for Example 4.5. The homogeneity may be obtained from the properties of
the Rockland operator as in Lemma 2.12. The regularity will be a direct conse-
quence of Proposition 4.6 below. O



234 CLOTILDE FERMANIAN-KAMMERER AND VERONIQUE FISCHER

We now give equivalent properties characterising a symbol in §”. In the
abelian case, the statement boils down to the fact that a regular homogeneous sym-
bol yields a (non-homogeneous) symbol in S (R") once the low frequencies have
been cut off.

Proposition 4.6. Leto = {o(x, ) : HY - HY, (x,m) € G x 6} be a homoge-
neous symbol of degree m > 0. The following properties are equivalent:

(1) o isin $™;
(2) There exist a positive Rockland operator 'R and a real-valued function v €

C®°(R) satisfying v = 0 on a neighbourhood of 0 and ¥ = 1 on (A, o) for
some A\ > 0 such that the two symbols

[V (@ (R)o (x,7),(x, 1) €Gx G} and {o(x,7)¥((R)),(x,7)€C x G},

are in S™;
(3) Property (2) holds for any such 'R and .

Moreover the mapping

§m s g x §m

o — (Y (@(R))o, oy (7 (R))),
is continuous, injective and open (i.e. with continuous inverse) onto its image.

The proof is given in the next subsection, but first let us notice that using ¥ (7 (R))o
or o (7w (R)) is essentially equivalent as we have:

Corollary 4.7. If o € §™, R is a positive Rockland operator and W € C®(R) is
a scalar valued function such that v = 0 on a neighbourhood of 0 and = 1 on
[A, 00) for some A > 0, then Y (7w (R))o — oy (w(R)) is in S~°.

Proof of Corollary 4."1. Wekeep the hypotheses of the corollary and denote W (7) :=
Y(m(R)). As W (mr) = (1—¢)(w(R)), by Corollary 3.8, 1 — W is smoothing. Since
Wo and oW are in ™ by Proposition 4.6, the symbol Wo — oW = Wo (I — W) —
I — W¥)o VW, is smoothing. O

4.2. Proof of Proposition 4.6

The underlying idea is to find a replacement for the following property in the Eu-
clidean case: in the case of R”, if a cut-off function v (£) on the Fourier side is
constant for [§] > A (A large enough), then its derivatives are 8?1//(5) = 0if
€] > A. In our case, we cannot say anything in general about vanishing deriva-
tives. However, we can show that these derivatives are smoothing and behaves well
enough in the following way:
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Lemma 4.8. Let v € C*(R) be a real valued function satisfying V(A +o0) = 1
for some A > 0. Let R be a positive Rockland operator of homogeneous degree v.
Then for any o € Nj\{0}, the symbol given by AV (m(R)) is smoothing, i.e. is in
S, Furthermore for each a, b € R, the fields of operators given by

TR A Y ((R)T(R), 7 +R) A% (r(R)T(R)F,
T(R)* A%y (r(R)m(+ R)¥,

are in Loo(a).

Proof of Lemma 4.8. By Example 3.1, A“1l = 0 thus A*y (7 (R)) = —A“(1 —
¥)((R)). Corollary 3.8 then implies the first part. If a, b € vNy, the given fields
of operators are bounded since A%y ((R)) € S~ while 7(R)" and 7 (I+ R)"v
are in W for any m € vNy. Hence this is also the case for a, b € v(—Np) by duality
(see Theorem 2.14 (2.14)), and then for any a, b € R by interpolation (see Theorem
2.14 (2.14)); indeed the adjoint of (Op (A% (7 (R))))* is a linear combination of
(Op (APy ((R)))), [B] = [a]. O

We will also need the following technical lemma.

Lemma49. Let o = {o(n) : HY — HY, 7w € 6} be a measurable field of
operators which is 0-homogeneous in the sense that o (r - ) = o () for anyr > 0
andm € G.

(1) If there exist a positive Rockland operator R and a scalar valued function €
C>(R) such that = 1 on (A, 00) for some A > 0, and {{ (7w (R))o ()} €
L%(G) then o € L*(G). R
Conversely, if o € L®°(G), then {y(w(R))o ()} € L*°(G) for any positive
Rockland operator R and any scalar valued function v € C*°(R) such that
Y =1o0n (A, o0) for some A > 0 and we have:

01l @y < SUp 1 TR () L7ty = SUp 1G] 10l .
7eG 2=0

We have the same property with {o (m)¥ (w(R))};

(2) We assume that o € L°°(G) and that there exist a real-valued function €
C®°(R) satisfying ¥ = 0 on a neighbourhood of 0 and ¥ = 1 on (A, +00) for
some A > 0, a positive Rockland operator R of homogeneous degree v and a
number m' € R

2R Y (2 (R))o () o ()Y (T (R (R

’

ZL(Hx)

sup
neG

or sup
L (M) neG

is finite. If m' > 0 then o = 0.
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Proof of Lemma 4.9. Leto = {0 (1) € £ (Hx)} be a 0-homogeneous symbol. Let
us assume that the quantity

sup o (D)2 = sup o (@l

reG TeG
ueHyz, ullr, =1

is finite. Then, for any € > 0, there exists g € G and up € Hxy, ||u0||Hﬂ0 =
such that

sup o (T) [ 21y < llo (T0)u0lla¢y,, + €.
reG

By (2.17), for any r > r,, we have ¥ (r - mo(R)) = IHnO thus

Y (r - mo(R))o (mo)uo = o () uo.

As o is 0-homogeneous, we have o (7mg)ug = o (r - mo)uo. Hence

\

sup ¥ (7w (R)o () |.2(+,) = I1W (r - 1o (R))o (m0)uoll £+,

reG

%

sup o (1) |l 24,y — €
reG

This is true for any € > O and this shows

sup [|o () [ 2¢r) < sup Y (T (R)o ()| 231, -
reG reG

The rest of Part (1) follows from similar considerations and properties of the func-
tional calculus of 7 (R).
For Part (2), let us assume that the first quantity is finite, that is,

2R Y (n(R))o ()

< Q.

sup

reG ZL(Hx)

For each r > 0, we use the change of index 7= + r - & and this quantity becomes
by homogeneity

r ~]T(R)%1/f(r T (R)o(r - m)

sup
nea £ (Hx)
=" sup |2 (R)¥ ¥ w (R))o () (42)
neCG Z(Hx) '
Zrm/ sup n(R)mTJ(n) ,
ﬂea g(Hﬂ)

r>rqg
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having used (2.17). Note that the limit

lim sup 7(R)Vo(r) = sup |7(R)" o () , 423)
* r1eG LMx)  7wel Z(Hz)
r>rg

is infinite unless either m’ = 0 or o = 0. Indeed, for the same reason as above, we
have for any r; > O:

sup JT(R)’:’_)U(JT) = sup ||r ‘n(R)%a(m - 7T)
neG LHz)  7eG L (M)
= r{”/ sup T(R)7 o () .
7'[66 f(’Hrz)

If the limit in (4.3) is infinite, as each side of (4.2) must be finite as r — 00, we
then must have r™ — 0 asr — oo, that is, m’ < 0. This concludes the proof of
Part (2). O

We can now prove Proposition 4.6.

Proof of Proposition 4.6. Let R be a positive Rockland operator of homogeneous
degree v. Let v € C*°(R) be a real valued function satisfying ¥ = 0 on (—o0, €,)
and Y = 1 on (A, oco) forsome 0 < €, < A. )

Let us assume Property (1), that is, let 0 € S™. We will prove that for any
o, B e N,

sup HJT(I

xeG,rreG

W@l <. @

The case o = 0 of (4.4) follows from

Hn(H—R) = XP Y (r(R))o (x, n)” o

-Jrosri7y P S
< su 1+)L77m nR%mXﬂax,n“ < 0
b% ( ) R) (x, ) S0

Let o € Njj be such that |a| = 1. Using the Leibniz rule (3.1), we obtain

|=a Wa®pow |,
< a (A“W(R))) Yo,
+ |a+a Ry (aXPo(x, m)|

LMy
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For the second term on the right hand-side, we proceed as above. We modify the
argument for the first term using Lemma 4.8. Recursively we prove (4.4) with the
same arguments. The case of o (x, 7))y (7w (R)) are handled in a similar way, the
details are left to the reader. We have proved (1) = (2) and (1) = (3).

Since (3) = (2), it only remains to prove that (2) = (1). We assume that
{Y(m(R))o (x, )} and {o (x )Y (w(R))} are in $™ and we want to prove that

W (R)o (x, M)} (R)™"

n(R

< 00,
ZL(Hx)

sup ’

xeG,neG

for any «, B € Njj and for a sequence (y¢)¢ez With yp — ¢ 100 £00 (see Remark
4.2 (2)), and similarly for oy (;r(R)). Clearly it suffices to show it for § = 0.
Using recursively the Leibniz rule (see (3.1)) and Lemma 4.8, it suffices to show

{o(x, )} (R)™V

le]—m-+y
sup H T(R) v

xeG,meG

<
ZL(Hx)

for any o € N} and for a sequence (y¢)¢ez With yp — ¢ +00 £00 (see Remark 4.2
(2)), and similarly for A*{o (x, 7)} ¥ (7 (R)). By homogeneity of the operator A%
(see (3.4)), it suffices to prove the case o = 0 which we now do.

The field of operators {n(R) o ox,m)m(R)~ 5 ,TTE G} is 0-homogeneous.
Thus by (1) of Lemma 4.9 and functlonal analys1s

sup Hn(R) a(x n)n(R)

zeC Z(Hz)
+ Y
= sup olx,m)m(R)™ v )
7eG Z(Hx)
<Csup (I {W(ﬂ(R))G(x A+ R)" ,
7eG H L(Hxz)

with a constant
Y

m— Y
1+ v A v
C =Cp,y,y= sup ( 1) sup ( 2 ) ,
r1>€p Al X>0 I+

finite for y > 0. We apply the same a.rgument to o* and obtain

sup Hn(R) EXPo(x, m)m(R)™ o
= sup |7 (R) =5 XPox, ) m(R) ¥ o
<C§2‘; H”(I+R [ (R)o (x, 1) }r M+ R)™H o
=C sup 7@+ R Ko my R R

This concludes the proof of (2) = (1). The rest of the proof follows easily. [
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4.3. Consequence of Proposition 4.6 and of its proof

The proof of Proposition 4.6, especially the implication (1)==(2), together with
Proposition 3.7 imply

Corollary 4.10. Let R be a positive Rockland operator. Then for any seminorm
I+ lsm.a,b,c of S™, there exist a seminorm || - |gm oy of S™, C > 0, and k € N
such that for any o € S™ and for any real-valued function € C*°(R) satisfying
Y = 0 on a neighbourhood of 0 and = 1 on (A, o) for some A > 0, we have:

max (|| (x (R)ollsm,a,b.c. loW¥ (@R llsm,a,b,c)

<C sup (141" ‘afw(x)
E—}L0>O k

”U ” S’m’a/’b/’c/.

Note that the constant C and the integer k are independent of o or .

In Section 5, we will analyse more precisely the homogeneous symbols of
degree 0. From Proposition 4.6 and Corollary 4.10, we can already prove the fol-
lowing regularity of their kernel. If o € $9, then, foreach x € G, o(x,) € L°°(G)
has a kernel «,, € S’'(G) such that o (x, w) = Ky, see Section 2.2. The regularity of
the symbol implies that this distribution coincides with a smooth function:

Proposition 4.11. Let 0 € SO and let ky € S'(G) be its kernel, ie. mw(ky) =
o(x,m).
Then for each x € G, the distribution k. is (—Q)-homogeneous:

Vr > 0, Kx(ry) = riQKx(y).

For each x € G, the distribution k coincides with a smooth function away from the
origin and the function (x, z) > kx(2) is smooth on G x (G\{0}). Furthermore,
for any compact subset S of G\{0} and any «, B € N}, there exist a constant C > 0
and a seminorm || - ”SO,a,b,c such that

sup | X2 XP k()| < Collollg0. g pc-
xeG
Z€S§
The constant C and the seminorm || - |0 , , . may depend on S and a, B but are

independent of o .

Proof of Proposition 4.11. Let R be a positive Rockland operator of homogeneous
degree v. Let ¥ € C*°(R) be a real-valued function satisfying ¥ = 0 on a neigh-
bourhood of 0 and ¢ = 1 on (A, oo) for some A > 0.

Let 0 € SO and let kx be its associated kernel. For each t > 0, we set
on(x,m) = o(x, )Y (w(R)). By Proposition 4.6, this defines a symbol o)
in SO and we denote by k() its kernel. Lemma 2.10 (3) and the L?-boundedness of
Op(SO) imply that for each x € G, Op(o()(x, -)) = Op(o (x, -))¥ (t'R) converges
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to Op(o (x, -)) as t — O for the strong operator topology of L(G). This implies
that k(). converges to «, in §’(G) for each x € G as t — 0. More generally, for

each x € G and each 8 € N, Xf/c(,),x converges to Xf/cx in S'(G) ast — 0.
The statement now follows from the convergence in distribution, Proposition 3.9
and Corollary 4.10. O

Another consequence of Proposition 4.6 and its proof is that as in the inho-
mogeneous case (see Theorem 3.4, Part (2)), we can simplify the conditions on the
regularity of the symbol:

Corollary 4.12. Let o be a homogeneous symbol of degree m € R. Then o is in
S™ if and only if

[a]—m [a]—m

sup Hn(R) v XfA“a(x,n)H , sup HXfA“a(x,n)n(R) v
7eG Z(Hx) neG

L(Ha)'
xeG xeG

are finite for all a, B € Njj. Here R is a fixed positive Rockland operator of degree
v. Furthermore, for a fixed positive Rockland operator, these quantities yield an
equivalent family of seminorms for the Fréchet topology of S™.

Finally, we observe that Proposition 4.6 implies the following property:

Corollary 4.13. Let x € D(R) with support in (0, 00). Let R be a positive Rock-
land operator. Let o € S™. Then o x (w(R)) and x (7w (R)) o are smoothing, i.e. in
S™%°. Consequently if o does not depend on x then their kernels are Schwartz.

Proof. The first part follows from Proposition 4.6 and Corollary 3.8. The conse-
quence follows from [25, Theorem 5.4.9]. O

4.4. Homogeneous asymptotic and principal part

In this subsection, we give a meaning to a homogeneous asymptotic sum

o0
o~ Zog, o¢ € §™,  with my strictly decreasing to — 00, 4.5)
=0
which is different to the (inhomogeneous) asymptotic sum in (3.6). This will enable
us to define the principal part og of such an expansion. In order to give a meaning
to (4.5), we show:

Proposition 4.14. Let {04}cN, be a sequence of homogeneous symbols such that
oy € S,Z“ﬁS with my strictly decreasing to —oo. If 'R is any positive Rockland opera-
tor and ¥ € C®(R) is any real-valued function satisfying v = 0 on a neighbour-
hood of 0 and = 1 on (A, 00) for some A > 0, then the two sums

Y oy(@(R) and Y Y(x(R))o,
l £

define the same symbol in §™° modulo S™°.
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Moreover, this symbol modulo S~ does not depend on the choice of R and
W . And, if this symbol is in S™ with m < my, then the first term in the homogeneous
expansion is og = 0.

If {o¢}een, is as in the statement, then the two sums ), o¢¢ (w(R)) and
Y ¢ ¥ (@ (R))o, make sense as symbols in S”° modulo S™°°, see (3.6) and The-
orem 3.5. Furthermore, they yield the same symbol modulo S~ by Corollary 4.7.
The independence in R and v is a direct consequence from the following property:

Lemma 4.15. If R| and ‘R, are two positive Rockland operators and if Y1, Yo €
C>°(R) are two real-valued functions such that ¥ ; = 0 on a neighbourhood of 0
and yj = 1 on (A}, +o0) for some Aj > 0 and j = 1,2, then {y2(7(R2)) —
Yi(@(R1), 7 € G) € S,

Proof of Lemma 4.15. We write

V2(R2) —¥i(R1) = (Y2 — ¥ 1)(R2) + A —yD(R1) + (Y1 — D(R2).

The result follows from the application of Corollary 3.8 to ¥, — v and to (1 —
V). O

It remains to prove the last claim in Proposition 4.14.

End of the proof of Proposition 4.14. Now let us assume that the symbol defined
by >, 0 (m(R)) is in §™ with m < mg. We may assume that m; < m < my.
Then ogy¥ (m(R)) € S§™. Denoting by v the homogeneous degree of R, we have

m

Y (R)H)T(R)~v € §™ and

5 5 ooy (TRNY T(RNT(R)™S = aon(R)~ y2(m(R)n (RS

with m’ := —m + mg > 0. For each x € G, the 0-homogeneous field

{o0(x, Hm(R)™, 7 € G)
satisfies the hypotheses of Lemma 4.9 (2) and thus must be zero. This conclude the
proof of Proposition 4.14. O

Proposition 4.14 allows us to give a meaning to a homogeneous expansion as
in (4.5):
Definition 4.16. Let {o,},cr, be a sequence of homogeneous symbols such that
oy € §™¢ with my strictly decreasing to —oco. Then Y 7o o¢ denotes the symbol o
in §™° modulo $~°° given by the asymptotic sum ) _,v¥ (7w (R))og or ) _,0¢¥ (w(R))
in the sense of (3.6) where R is any positive Rockland operator and ¢ € C*°(R)
any real-valued function satisfying ¢ = 0 on a neighbourhood of 0 and ¥» = 1 on
(A, o0) for some A > 0. We then write (4.5).

We denote by Sﬁgmp the set of symbols o € $™0 which admits such an homo-
geneous expansion.
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The last part of Proposition 4.14 also shows that the first term of an expansion
o~ Zﬁo oy is unique (hence, proceeding recursively and up to writing zero terms,
the expansion itself is unique). This allows us to define the principal part of a
symbol:

Definition 4.17. If o ~ 72 o¢ is in Sasymp. then its first term o is called its
principal part and we write:

princy,, (o) = op.

Example 4.18. If 0 = ), co (x)7(X)® where (cq)aenn is a sequence of functions
in C*°(G) such that ¢, and all the left derivatives X# ¢, are bounded while all but a

finite number of ¢, are zero, then o € Sg;ymp where m = max{[«], ¢, # 0} and

m
o = Zam_g with o,_; = Z ca ()T (X)* € 8t N S,
=0

[a]=m—t

Moreover the principal part coincides with the top part of the left-invariant differ-
ential operator:

princ,, (o) = Z Co ()T (X)Y.

[a]=m

The asymptotic expansion and the principal part satisfy the analogue properties to
its Euclidean counterpart:

Proposition 4.19. The set SI: is a linear subspace of S™ and the mapping

asymp
: C . . . ,
princy, : Syymp — S™ is linear. Moreover if o € Sy, and o' € Sy,
with asymptotic expansion ¢ ~ ) _,0¢ and o' ~ ), aé, then o* € S;y;ymp and
! . . .
oo’ € S;’;;'rn’l’% with asymptotic expansions
o* ~ Zaé" and oo’ ~ Zagaé/.
4 e’e/

In particular,

princ,, (o) =princ,,(6)* and princy, (00") = princ,, (o)princ,, ().
Proof. The linearity of Sg’gymp and of princ,, is easy to check. The property regard-
ing the adjoint follows from Theorem 3.4 (3). Let o and o’ be as in the statement.
We fix a positive Rockland operator R and a real-valued function ¥ € C*°(R) sat-
isfying ¥ = 0 on a neighbourhood of 0 and ¢ = 1 on (A, oo) for some A > 0.
Then we can develop

(Z Ozl/f(ﬂ(R))> ( > wm(R))az)

<M v<M’
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on one hand as (see Proposition 4.14 (1))
(o mod §™) (0/ mod Sm/M) — oo’ mod M

where M := max(m + m'y,,,m' 4+ my, my, m),),and on the other hand by Corol-
lary 4.7

Z U@WZ(JT(R))Gé/ = Z wz(n(R))agoé/ mod §—%°.
<M <M
14974 <M’

Hence 00’ =) o pro<pr’ wz(n(R))agoé, mod SM.
mg+m/lzll;1

This implies o0’ ~ ) 5 6; where 6; := Zme+me/="~1z o¢o,, € §™7, and in particu-

lar 50 = U()Ué. ]

4.5. The classical calculus Um\Ilé'l’(Sl)

We can now define the classical classes of symbols and of operators.

Definition 4.20. Let 2 C G be an open subset. We denote by S7j (€2) the class of
symbol o € S such that the integral kernel of Op(c) is compactly supported

asymp
in Q x 2. The corresponding class of operators is denoted by

W () 1= Op(SH ().
The operation of taking the principal part is denoted by princ,,:
princ,, (Op(0)) = Op(princy, (0)), o € S ().

If @ = G we may allow ourselves the shortcuts S7/ (G) = Sj and W (G) = V(.
Naturally the differential operators in the calculus with support in €2 are classical:

Example 4.21. If (cy)qene is a sequence of functions in D(€2) and all but a finite
number of ¢y are zero, then ), ¢y (x) X is in Wl (2) where m = max{[a], cx #

0}. Indeed the (right convolution) kernel is ), ¢4 (x)(S(()“) which is supported in {0}.

Moreover
princ,, (an(x)X“) = Z ca(X) X%,
o

[a]l=m

We will often use the following easy lemma without referring to it.

Lemma 4.22. Let Q2 C G be an open subset. If A € \I-'g] (S2) then the operator A
extends uniquely into a continuous mapping L*($2, loc) — L*(Q).

As is customary, L?(2, loc) denotes the space of distributions f € D’(£2) such that
forall x € D(Q), fx € L?(2). Later on, we will need the more general definition:
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Definition 4.23. Let Q C G be an open subset. We denote by L2(£2, loc) the space
of distributions f € S'(£2) such that forall x € D(RQ), fx € L?(G). It is equipped
with its natural structure of Fréchet space.

Proof of Lemma 4.22. Let A € \IJSI(Q). Its integral kernel is supported in a com-
pact K C Q. We can always find x € D(R2) such that x = 1 on K. Hence if
¢ € D(2),then Ap = A(x ).

Let f € L%*(Q,loc). Then fx € L*(Q) C L*(G) and we define Af :=
A(fx),as A € WO, itis bounded on L*(G) (see Theorem 3.4). It is easy to show
that this does not depend on the choice of x and that we have:

Vfe LZ(Q, loc) ||Af||L2(G) = ||A||z(L2(G))||fX||L2(G)-

Since f € L*(Q,loc)— fx € L*(G) is continuous, the operator A: L?(£2, loc) —
L?(2) is continuous. ]

We now state and prove a theorem which in the Euclidean setting is a conse-
quence of Rellich’s theorem (which states that if 7 < s and K C R” is a compact
subset, then the inclusion map H*(K) — H' is compact).

Theorem 4.24. Let Q C G be an open subset. If A € W[ (Q2) with m < 0 then the
operator
A: L%, loc) — L*(RQ)

is compact,ie. if uy — uin LZ(Q, loc) then Auy —> Au in the L%-norm.
k— 00 k—o00

The notation uy . — uin L3(2, loc) means that the sequence (uy) of distributions
—00

in L2(2, loc) converges towards u for the Fréchet topology of L2(£2, loc). Con-
sequently, ug kA u in L?($2, loc) if and only if for every v € L?(£2) compactly
—00

supported, (ug, v);2 — (U, v) 2.
k—00

Proof of Theorem 4.24. As A € W[ (), its integral kernel is supported in a com-
pact K C Q x € that we can assume of the form K = K| x K». We can always
find x € D(2) such that y = 1 on K,. As the integral kernel of A is supported
in K, we have Ap = A(x¢), forany ¢ € L2($2,1oc). Let R be a (fixed) positive
Rockland operator of homogeneous degree v. As A € W A(I+R)™"/" e W0 is

bounded on L%(G). Let (ux) be a sequence in L2(2, loc) with uy k—\ u. We have
—00

| Aug = Aull > = NG = xwllz = | AG+ R 1+ R Guane — x|

12
< HA(I +R)H

I+ R)¥ G = x|

LLAG)) H L2’

By Proposition 2.15,

[+ R)% e = 3|, = 1 Gux = )22, 6 = ConllX e = )] g

L2
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As uy k—\ u in L?(, loc) and m/v; < 0, by Rellich’s Theorem and the unique-
—00

ness of the limit on a compact, y uy k—> yu in the Sobolev norm of H”/V1 . There-
— 0

fore

Aug — Aull» < HA(I +R)H

C Uup —u mjv _)O,
iy CmlX @ =0l —

and Auy —> Au in the L?-norm. Ll
k—o00

5. C*-algebras generated by 0-homogeneous regular symbols

In this section, we study the regular 0-homogeneous symbols, that is, the symbols
in $Y, and the C*-algebra it generates. We give a particular attention to those that
do not depend on x.

5.1. The Fréchet space S0

In this section, we study the invariant regular 0-homogeneous symbols, or in other
words the symbol in S independent of x. They form the space S°:

Definition 5. 1. We denote by S the set of measurable fields o = {o () : HY —
HE, e G) satisfying

(1) o is 0O-homogeneous, i.e.o(r -m) = o () forallr > 0,7 € 6;
(2) If R is a positive Rockland operator of degree v and « € Nj and y € R, then

sup Hn(R) A“a(n)n(R) < 0.

Naturally, the second condition is independent of R and it suffices to show it for a
sequence (y¢)eez With limy_, 4o, = F00. This equips naturally the vector space S0
with a Fréchet topology which is the same as the one obtained with viewing S0 as a
cloggd sub-vector space of $9. Note that SO is also an algebra, in fact a sub-algebra
of S”.

By Corollary 4.12, a 0-homogeneous symbol o = {0 ()} is in S if and only
if for each @ € N{j, the following suprema are finite

sup Hn(R) A% () H

(5.1)

L(Hy) L(Ma)

and sup H A% () J'r(R)l%J
neG
Here R is a fixed positive Rockland operator of degree v.

Proposition 4.11 implies that the kernel associated to a symbol ¢ in §°, i.e
k € 8'(G) such that ¥ = o, is smooth on G \ {0}.
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Lemma 5.2 below shows the converse to Proposition 4.11 in the following way:

Lemma 5.2. Leto = {o(n) € L(Hy), 7 € G } be a measurable field of operators
such that:

e o is 0O-homogeneous, i.e. o (rm) = o(x) for (almost) all & € Gandallr > 0,
e 0 is bounded, .. sup, g llo (7))l zH,) < 00,
e The kernel associated with o coincides with a smooth function on G\{0}.

Theno € S°.

Note that the proof of Lemma 5.2 given below does not produce any bounds for the
suprema in (5.1) in terms of « or . The main ingredient is the analysis of operators
of type v, see Section 2.7.

Proof of Lemma 5.2. 1f i« is any tempered distribution, then 7, denotes the con-
volution operator with right-convolution kernel «1, i.e. Ty, (¢) = ¢ x k1, ¢ € S(G).
Recall that X1, ..., X, is a basis of g.
Let o, k satisfy the hypotheses of the statement. We fix @ € Nj, o # 0.
By Lemma 2.13, we may replace R by one of its power and thus we assume that
v > [a]. The operator R is a linear combination of X B with [B] = v. Let us write
one X? as Y, ...Y; with Yj € {X1,..., Xy} for j = 1,...,r. We also denote
by [Y;] the homogeneous degree of Y;, so that v = [B] = [Yi] + ... + [¥;] >
[@]. Letr" € No,0 < v’ < r, be such that [a] — (V1] + ... + Y] > 0
but [¢] — ([Y1] + ... + [Y4+1]) < O, with the convention that [Y7] + ... +
[Y,)] = 0if ¥/ = 0 and in this case Y,»...Y; = 1. By Proposition 2.24 (4),
the operator Y,/ ... Y 1Tya, = Ty, y,xec is of type [a] — ([Yi] + ...+ [Y]) €
al=(IY H Y D
(0, Q). As the operator R v isof type [Yi]+ ...+ [Vl —[a] €
[@1=([Y) 4.4V, D
(0, Q), see Example 2.23, the operator Y,/ ... Y Ty, R v
lel= (¥ HHY D
[Y;/41]. Thus the operator Y,rpq ... Y1 Tye, R v is of type 0. Then
&)= (1Yg .Y, D)

Yoyir... V1T R v is of type [Y,/42] and

is of type

(&)= (1Y .Y, D)

Yr/+2 ‘e Y] TxerR v

is of type 0. Proceeding recursively, we obtain that

v—[a] _ I+ A Yr]—le]
v

XPTwe R~ =Y, ...Y1Te R

is of type 0. Thus RTxaKR_U_TM is bounded on L2(G). We can apply the same
reasoning to 7%, = (— D)1 Tax where k*(x) = i (x~!). This shows that Tye,
and its adjoint 775, map L'lz)_[a] — le; continu'ously. 'By dualiFy and intgpolation
(see Theorem 2.14), we obtain that Tye, maps L? — Lza and Lz_[a] — L? contin-
uously. The Plancherel theorem, see Section 2.2, now implies that the suprema in

(5.1) are finite. This concludes the proof of Lemma 5.2. O
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We can now describe the symbols in SO via their kernels. We will use the
following conventions:
Definition 5.3. We denote by C(’f Q)_hom(G\{O}) the set of functions which are
smooth and (—Q)-homogeneous on G\{0}, and by F the subset of functions in
C E’f Q)—hom(G\{O}) with zero mean value.

The definition and properties of having zero mean value were given in Proposition
2.24 (2). The vector space C(’f Q)_hom(G\{O}) is naturally a Fréchet space iso-
morphic to the Fréchet space of smooth functions on the unit sphere given by a
smooth quasi-norm; this latter Fréchet space is well-known to be separable. Note
that by a smooth quasi-norm, we mean a quasi-norm which is smooth away from
0; such a quasi-norm exists. We also observe that F is a closed subspace of

Cfo)_hom(G\{O}). Hence F and CE’SQ)_hom(G\{O}) are separable.

Corollary 54. If o € 50, we denote by k, € F the smooth function obtained by
restriction of the associated kernel to G\{0} and by Lemma 2.25 we have

+00
7= Z FG {KUIZ-if\x\gszrl} + co1,

j==o

with ¢, € C. The map
o : S0 — FxC
o — (ks,co)

is an isomorphism of Fréchet vector spaces. Consequently, the Fréchet space SO is
separable.

Proof of Corollary 5.4. The fact that the map © is well defined, linear, continu-
ous, and injective follows easily from Proposition 4.11 and Lemma 2.25. Let us
show that ® maps S9 onto F x C. Given (k,c) € F x C, we want to construct
o € 89 such that ©(c) = (x,¢). Defining j as in Lemma 2.25, we then set
o(m) =3 ez Kj+ Iy, . The proof of Lemma 2.25 shows that this defines a field
of operators‘ {o (), m € H;} which is bounded by:

sup [lo (M)l 21, < lel+C  sup [ X%k (2)].

neG lz]=1,|e|<1

One easily checks that o is 0-homogeneous and that the kernel associated with o
coincides with k on G\{0} and that ¢, = ¢. By Lemma 5.2, 0 € SO, Thus ©
is surjective. As the map ® is a linear and continuous bijection between Fréchet
spaces, it is an isomorphism by the open mapping theorem. O
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5.2. An important example

This section is devoted to a more concrete example of a symbol in 8%, more pre-
cisely to the symbol oy defined and studied in Lemma 5.5. It will be useful later.

Lemma 5.5. We fix a quasi-norm | - | on G. Let | - | be the associated mapping on
G see Section 2.3. For any [ € S(G), SO contains the symbol o ¢ defined via

op(m) = f(lml™' - 7), =eG\{l}.

Strategy of the proof of Lemma 5.5. Since f € S(G), foreach 7w € 6 the operator
f () maps H° to itself and has operator norm < || f|[,1. Moreover the field of
operators f is measurable. Since the map 7 +— ||~ 1.7 is continuous G\{l} — G
see Section 2.3, we have oy € L°°(G) with sup_ & llof ()l ##,) < I fll 1. One

easily checks that o'y is 0-homogeneous.

We denote by k € S'(G) the kernel of of € LOO(G) ie. of = k. By
Lemma 5.2, it suffices to show that its kernel ¥ € S’(G) is smooth away from 0.
And for this, it suffices to show that for every M € Ny there exist N € Ny and
C = C(0, M) > 0 such that for any ¢ € D(G\{0}), we have:

(. RMg)| < (||¢||L1(G) + 18l + 15170 Lz@) .62
Indeed (5.2) will imply that X%k is locally square integrable on G\{0} for any
a € Njj, and thus that it is smooth away from 0. O

Proof of (5.2) in the case M = 0. We fix x € D(R) suchthat0 < y < 1,x =1
on [—1,1] and x(A) = O for |A| > 2. Let ¢ € D(G). Since x(R)dy € S(G),
see Corollary 3.8, x(R)¢p = ¢ x x(R)Sy is Schwartz and so is (1 — x)(R)¢. As
k € 8’(G), we can write:

(K, @) = (ic, x (RIP) + {ie, (1 = X)(R)¢).

Note that if ¥ € S(G), then (Tf{.ﬁ\f[(l + RN € Loo(a) forany N € N, and orfl/p\
satisfies the hypotheses of Proposition 2.16. So the Fourier inversion formula yields

vy = [ (o F@) o)) diat),
G
where ¥ (x) = ¥ (x '), and
e V)1 < o (D) /6 tr [F() )| diat)

<1l /Gtuf(x/f)(nndu(n).
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Applying this to ¢ = x(R)¢ € S(G) implies that
[, X (RIS < 1 £l 16 Il 6 /atrlx(ﬂ(R))ldu(n),

and the last integral is finite, see Corollary 3.8.
We now turn our attention to («, (1 — x)(R)¢). For the same reason as above,

/ﬂ o o7 ()1 = 307 (R) F(m) | diam) < o0
and
e, (1= 1) (R)9)
= /n i {orma = 0@RNFS@ | dui)

eG

:/ / tr {Uf(r.n)(l _X)(r‘”(ﬁ))f‘z’(’"'”)}d§|-|(ﬂ)rQ‘1dr,
r=0 ﬂEZl_H

having used the polar decomposition on 6 see Lemma 2.6. We now write:

00 1 oo
| =] ] =n+n
r=0 r=0 r=1

Wehaver - 7(R) =r'n(R)andoy(r - m) = f(n), 7w € X1, so fixing No € N

- Ny _
o)1 = (- 7(R) =r"MR " F(m)xn (P (R))
where xn,(A) = (1 — x(A)A~No, and

1
|11|S/ / tr
r=0 JTGZLH

—

=No % o
ko 1@ ./r=o fnezm HXNO(r n(R))HHS(H,,)

—

R £y (- (R)) For - ) Nov+0-1,

dg. (m)r

=

Foor )| de. (r)r@
< |Foe-m, o darear

< ‘7:2N0f L XN (T (R 126 ”$HL2(§)’

by the Cauchy-Schwartz inequality. The Plancherel formula yields ||$ I L2G) =
@12y and, together with the functional calculus of R,

v (R 26y = v (R)oll 26
1+ 2\
< sup(1 — x (1) (%)

A>0

I+ R) Mg,

L2G)
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This last quantity is finite when Nov > Q/2 since (I + R)STISO e L%(G) for s; <
—Q/2,see [25, Section 4.3.3].
For the second integral, we see

k2 :/ 1/ > . {f(n)(l N X)(r”rr(ﬁ))]-‘q;(r : ”)}dS‘l.l(Tr)rQ*ldr.
r=1JmeXxy ),

For each r > 0, we define g, := (1 — X)(r”ﬁ’,)f € LZLG) so that §,(7T/)\ =
f(@)(1 = x)(r"m(R)) also defines an operator for each 7 € G with 2 € L®(G)N
L*(G). We observe that if oy € N2, ap # 0, then

A% (1 — ) (T (R)) = —A% x (7 (R)) € F6S(G).

This together with the Leibniz formula easily implies that for any « € N7}, we have

that A%g, () is a well defined bounded operator on H;; for each 7 € G and that
A%g, € L*(G).

Let N € Ny. For any x € G\{0}, we set ¢n(x) = |x| V¢ (x) and assume
¢ = 0 in a neighbourhood of 0, so that ¢ € D(G). We may assume that the
integer N and the quasi-norm | - | are such that | - [V is a polynomial in x, which is
then necessarily homogeneous of degree N. One checks readily that ¢ = |x|N ¢y
and by (34),

Fo(r-m) =r VA wF(w),,, (0.
From (3.3), we have
tr {f(n)(l — O T (R) Fir - n’)} =Ny {;g‘r(n)A|x|Nf(<;3N)(r)(n)}
=r N Z Cay,antl {Aal {Aa2§r () f((ﬁN)(r)(ﬂ)}}

[o1]+[an]=N
= Y (a7 o Fgn)| ¢ o)
[o1]+[a2]=N

where 0, (r - ) = r %11, | A%g, (1) (r > 0,7 € £y is in L(G). By
Lemmata 2.6 and 3.2,

_ Z 00 . ) | .
12_[0l|]+[a2]:N Conen /r‘:O ./nezu‘tr {A l {0‘12 f(‘bN)} (r JT)} d§|.|(7T)r dr
= 2, caa ) A oy, F(é d
[a1]+[a2]=NC ? -/r:O /J;GZH' r { {0 2 (¢N)} (”)} w(m)

> o fa“ {oe, F(@n) ]} 0rdnco).

[a2]=N
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So we have obtained:

LIS ) /§tr

[a2]=N

0w F()| 0 dn S Y- N0wsllizg) | F(@v))

e =N LG

By the Plancherel formula, ||.7-"(¢V>N)||Lz(@) = ll¢nllL2()- We have with an € N,
[o2] = N:

o0
2 -~ 2 —ON+0-1
|ow, “L2(5) = /r:l /neZu ) A% g, () gy 574, lirdg . (n),

and by the Leibniz formula

1828 O yspey S D 1A% FE@ A0 =0 TR) | s
laol+lar]=N

In the sum above, for o1 # 0, we have

| A% Fr) A% (1 = 00 (R | sy

W(”)H 5 [A“ x " (R | g2

<|
LG

whereas for «; = 0, we have

” Aaof(n) (11— X)(r”ﬂ(R))HHS(Hn)
F [ RNox £} ) v, (' (R) |

SrNOV

HS(Hyz)

When Nov < 2N, these estimates yield

> Mol S Y [FF@|, L5 2 IAXERDIE
[a2]=N [ap]<N i O<[a1]=N
+ 3 |7 {RYxr}] L g lm G RN
=Y [CR 1A N (CERTIAPTCE Y

+ Y RNy e (R)doll 2
[ag]=N

LY(G

Recall that x (R)dp € S(G) and we have already seen that xn,(R)dy € L%(G)
when vNg > /2. This implies that I is bounded up to a constant of f by
NIl 2(c)- Hence (5.2) is proved in the case M = 0. O



252 CLOTILDE FERMANIAN-KAMMERER AND VERONIQUE FISCHER

Proof of (5.2) for M € N. If M € N, then we modify the proof above. We write
(1. RYg) = (. RMx (R)$) + (k. RM (1 = )(R)$ ).

For the first term, we have
(R xR)) = | e {or om R M x (e (R) Fo) | )

(e X (RO = £l / 1w |00 (2 (R) | duet),

reG

and this last integral is finite since (AM X)(n(ﬁ’,)) is the Fourier transform of a
Schwartz function by Hulanicki’s theorem. For the second term, we have:

(e, RM (1 = x)(R)¢)
/ / tr f(yr)r”M (R) (I—X)(r (R ))f(])(r-n)}dg\.|(7r)rQ_ldr.
r=0 €E]||

We decompose again [, = frlzo + [,. and a modification of the argument

yields:
1 -
[ =[7
r=0

and [, < ¢l 1215 with

I ||XN0+M(7T(R))”L2(6) ||$||L2(6)’

(IH? < /E / HA“OJ-"G [RM £(m)} A% (1 = x)(r n(R))H
LI

[ao]+ ai]=N
x r"M=2NT0= Vg g ¢ ().

HS(Hx)

This implies (5.2) for M € N and concludes the proof of Lemma 5.5. O

5.3. The C*-algebra C *(50) and its spectrum

In this section, we study the closure of SO for sup, ¢ Il - .2, - It is denoted by
C*(8Y). More precisely, we prove:

Proposition 5.6. The closure C *(S'O) of SO for sup_ & Il - |l .2H,) is a separable

C*-algebra and a sub-C*-algebra of the von Neumann algebra L°°(G). It is of
type 1 and its unit is the identity field 1.
If mp € G\{l} then the mapping

SO — L(Hr,y)

o —> o (m).
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extends to a continuous mapping pr, : C *(S’O) — L (Hy,) which is an irreducible
representation of C *(89). For any r > 0, we have Pry = Pr.my. Denoting by
o € 1 = (G\{1})/R™ the class of representations {r - wo, r > 0}, the mapping

R 1T — (Y
70 —> Py

is a homeomorphism.

Consequently, we may identify the spectrum of C *(80) with 2. Recall that ¥,
may be viewied as the sphere from the polar decomposition on G, see Section 2.3.

One easily checks that C* (8% isacC *-algebra. Its separability follows from
Corollary 5.4. The essential point in the proof of Proposition 5.6 is the following
lemma:

Lemma 5.7. Let p be a representation of the C* algebra C *(89). For any f €
S(G), we set

7o (f) = p(af®),

where the symbol oy € SO is defined as in Lemma 5.5 (we assume that a quasi-
norm on G has been fixed). Then the mapping w, : S(G) — £ (H,) extends to a
continuous representation 1, of C*(G).

If p is non-zero irreducible, then w, is non-zero irreducible, ie. w, € G.
Furthermore, w, # 1 and for any symbol o € SO we have p(o) = o(mp).

Proof of Lemma 5.7. We keep the notation of the statement. We check readily that
for any f, f1, f» € S(G), we have:

||Uf||Loo(5) = ”f”Loo(’G‘), Ofinf =05 0f, and of" =op.

Let p be a representation of C*(5%). We check easily that the mapping T,
S(G) - Z(H,) defined via m,(f) = p(of*) extends to a continuous repre-
sentation of C*(G).

We assume that p is irreducible and non-zero. Let us show that 7, is irre-
ducible and non-zero. We will need the following preliminary step. Let x; €
D(R)\{0} be supported in [1/2, 2] and valued in [0, +00). We set xc(A) = x1(€A)
foreache > 0, € R. The properties of R implies that ¢ (R)do = (x1(R)d0)(e) €
S(G). Since

¢i= /GXG(R)% = /le(R)So = |V RS0 12 > 0.

we may replace x; with ¢! x1, and assume ¢ = 1. Let us show that

7o (xe(R)do) = ,O(O'XG(R)(SO) 6—_)()) Iy, inSOT on H,. (5.3)
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By Lemma 2.17, if 1 is a continuous unitary representation of G, then

Xe (M1 (R)) = mi{xe(R)So} — 11, inSOTon Haz, . (5.4)

For any v € H,, the representation 7, restricted to the closure of the subspace
7,(C*(G))v can be identified with a continuous unitary representation of G when
m,(C*(G))v # {0}, see [21, Section 13.9.3]; we can then apply (5.4) to this rep-
resentation. By [21, Proposition 2.2.6], the space H;, = H, of the representation

7, decomposes into Hﬂp,o et 'HJJT‘ o Where H ,.0 denotes the closure of the sub-
P

space of v € H, satisfying 7,(C*(G))v = {0}. Hence we have obtained that, as
€ = 0,7, (xc(R)30) = Ly in SOT onH,, = Hz, and on Hy o veM, o

and o € 89, then 7o(xe(R)d0)p(o)v is in H#p o and converges to p(o)v which is
necessarily in HJ‘ . Thus the closed subspace 'HJ‘ 0 is invariant under p. As p is

irreducible and non-zero, we must have H 0= H - Thus we have obtained (5.3).
Let us now show that (5.3) 1mphes the 1rredu01b111ty of ,. Let T be a symbol

in S°. For everye > 0andm € G we set f6 (1) := xe(@(R))T (). By Corollary
4.13, fe,r := fe is Schwartz. We check easily that oy, = o, (r)5,T thus

Tp(fo) = p(01) = p(ox R)s)P(T) —;p(®) inSOTon Hp. (5.5)

This convergence implies that any 7 ,-invariant subspace of H, is also invariant
under p. Thus the representation 77, of C*(G) is irreducible.

We keep the same notation for the corresponding representation (class) m,, € G
of G. We observe that

T (fe) = fe(mp) = xe(my(R))T (7))

and, for SOT on H,, the left-hand side converges to p(t) by (5.5) whereas the
right-hand side tends to 7(r,) by (5.4). Hence p(t) = 7(7,) forany 7 € 9.

If m, = 1 then 7,(R) = 050 xe(7,(R)) = 0 and, with the notation above,
fer =0foreverye >0and 7 € S%. 50 p is zero on S° because of the convergence
in (5.5),and p = 0. If p is non-zero, then (5.5) shows that 77, is also non-zero. This
concludes the proof of Lemma 5.7. O

We can now prove Proposition 5.6.

End of the proof of Proposition 5.6. We fix my € G\{ }. By Lemma 2.25,if 0 €
S9, we can consider o (79) € .& (Hx,). One checks readily that pr, : o — o ()
is a representation of the algebra S° which extends to a continuous representation
Py of C*(89). This defines an injective mapping R : 779 — p, which is contin-
uous. By Lemma 5.7, R is surjective. As X1 is compact, see Lemma 2.4, R is a
homeomorphism.
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If p € C*(89), then p(C*(S%)) contains 7,(C*(G)) having used Lemma 5.7
and its notation. As C*(G) is of type 1, by [21, Theorem Dixmier 9.1], 7, (C*(G))
contains the space of compact operators in .2 (H ,) thus so does p(C * (5’0)). Again
by [21, Theorem Dixmier 9.1, this shows that C*(S°) is type 1. This concludes the
proof of Proposition 5.6. O

5.4. The C*-algebra C*(S?(Sl)) and its spectrum

We can use the results in Section 5.3 on invariant symbols to analyse 0-homogeneous
regular symbols which depends smoothly in x and are compactly supported in x.
We introduce the following definitions.

Definition 5.8. Let Q2 be an open set of G.

e Asymbolo = {o(x, ) : HY — HX, (x,m) € Qxa} is compactly supported
in € when there exists a compact K C €2 such that o (x, 7) = 0 for almost all
(x, ) € (G\K) x G; )

o We denote by S?(2) the space of symbols in $” which are compactly supported
in .

One easily checks that S'?(Q) is an algebra without unity. Note that the symbol I,
and more generally any invariant symbol o € S°, is not a symbol in S'?(Q) where
€2 is an open subset of G.

The vector space S?(Q) is equipped with the following topology. If Q' is an
open subset of Q such that Q' C , the subspace of o € SO(Q) which are x-
supported in € is a Fréchet space when equipped with the S°-semi-norms. The
union of these subspaces when 2’ runs over the open bounded subsets of € such
that Q' C Q is S?(Q). In fact, it suffices to consider a sequence of growing open
subsets € which exhausts 2. Hence, we can now equip S?(Q) with the inductive
topology, so that it becomes a complete locally convex topological vector space.

Example 5.9. If f € D(2) then the symbol f(x)I is in S?(Q). This yields a
continuous inclusion of D(2) <« S?(Q) for any open subset Q2 C G.
As in the invariant case (see Corollary 5.4), we can describe the elements of S Q)

in terms of their kernels and this implies that $0(Q) is separable. We will use the
space JF defined in Definition 5.3 and the following convention:

Definition 5.10. If 2 is an open subset of G and | a Fréchet space, then D(2; F1)
denotes the set of functions from €2 into ; which are smooth and compactly sup-
ported in 2. Equipped with the inductive topology, it is a complete locally convex
topological vector space.

For instance D(2, C) = D(R2). Note that if F; is separable then so is D(2; F1).
This together with Corollary 5.4 easily imply:

Proposition 5.11. Let Q2 be a open subset of G. If o € S?(Q) then for each x € Q2
the symbol o (x, ) is in SO and, as in Corollary 5.4, we denote by ks € F the
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smooth function obtained by restriction of the associated kernel to G\{0} and by
Lemma 2.25 we have

+00
ox,) = Z Fe {Ka,x12.15|x|§2j+1} + coxl,

j==oc

with ¢ x € C; then the function ks : x > kg is in D(Q; F) and the function
Co ' X > Cox is in D(Q). The map

o $9(Q) — D(Q; F) x D(RQ)
"o — (K, Co)

is an isomorphism of topological vector spaces. Consequently, S? (R2) is separable.

Definition 5.12. If Q2 is an open subset of G, we denote by C *(S’?(Q)) the closure
of $9() for

T sup lT(x, )z -
(x,m)eRXG

We view C *(S?(Q)) as a space of fields on €2 x G. Let us summarize its properties:

Proposition 5.13. The space C *(S'?(Q)) is a separable C*-algebra of type 1. It is
non-unital but admits an approximate unity.
If mo € G\{1} and x¢ € 2, then the mapping
$2UQ) —> L (Hxy)
o +—> o (xg, 7o),
extends to a continuous mapping px,x, : C *(SO(Q)) — L(Hz,) which is an

irreducible non-zero representation of C* (SO(Q)). Foranyr > 0, we have py, =, =
Pxo.r-mo - Denoting by 1 the class of representations {r - mo, r > 0}, the mapping

R:{szl — CrS0@)

(X(), 7:{0) > IOX(),JT()
is a homeomorphism.

Proposition 5.13 is the non-invariant version of Proposition 5.6 whose proofs we
adapt. We will need the following notation: if A is a C*-algebra, we denote by
Co(€2; A) the C*-algebra of continuous functions f : Q@ — C *(89) such that for
every € > 0 there exists a compact of €2 outside of which || f(x)|| -« 50y < €. For
instance, Co(2, C) = Co(Q).
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Proof. Fixing a sequence (fj)jen of CZ°(2) valued in [0, 1] and satisfying
supp (f;) C {fj+1 = 1} together with Ujen{f; = 1} = €, we check easily
that f;1 € S0(Q2) with

17Ul cx(so@)) = sup |fil <1

and

Vo e C*(S2()  |(fiDo —o| — 0.

Jj—>00

C*(80() = ”G (fih — G| C*(89(2))

Hence, (f;1) jen is an approximate unity of the C*-algebra C*(S’Q(Q)).

In order to show the rest of the statement, let us first show the analogue of
Lemma 5.7. Given a representation p of the C*-algebra C*(S°(Q)), we consider

7@ ) = p(907) = p@)p(07) ¢ € D@, [ €S@).

Proceeding as in Lemma 5.7, we see that 7, extends to a representation of the
C*-algebra Co(R2; C *(89)). Note that the linear combinations of symbols of the
form ¢(x)t(mw) with ¢ € Co(2) and 7 € C*(S’O) form a dense subspace of
Co(2; C*(SO)) and that the spectrum of the C*-algebra C(2; C*(SO)) s Q2 x Xj.

We now assume that p is irreducible and non-zero. As for any ¢ € Co(£2), the
operator p(¢I) € £ (H,) commutes with any p(7), 7 € Co(L2; C*(8%Y), it must be
scalar, i.e. p(¢I) € Cly ,- This yields the one-dimensional non-zero representation
Co(2) 3¢ p(@] € (CIHP- Hence it is given by xg € €2, i.e.

Vp € Co(R2)  p(@D) = ¢ (xo)lp,.

We fix a function ¢ € Co(£2) such that ¢ (xo) = 1. The restriction of p to ¢C*(§O)
yields an irreducible representation of C*(S°), which may be identified with an
irreducible non-trivial representation (class) mg € G\{1} of C*(G) by Lemma 5.7.
This easily implies

p(t) = t(x0, 70)-

We have obtained that any irreducible non-zero representation of Co(£2; C *(89)) is
of the form 8y, ® mp with xo € € and 79 € G\{1}. Conversely, if p = ,, ® mo,
then it is an irreducible non-zero representation of Co(2; C*(G)).

The rest of the proof is obtained easily by adapting the arguments given in the
proof of Proposition 5.6. O

5.5. The states of C*(S) and C*($%(R))

In Propositions 5.6 and 5.13, we described the spectra of the C*-algebras In this
section, we show that this allows us to describe the states (i.e. the continuous posi-
tive forms) of these C*-algebra in terms of objects depending on G.
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Definition 5.14. Let Z be a complete separable metric space, and let £ — He a
measurable field of complex Hilbert spaces of Z.

e The set M (Z, (H¢)zez) is the set of pairs (y, I') where y is a positive Radon
measure on Z and I' = {I'(§) € L(He) : &€ € Z} is a measurable field of
trace-class operators such that for all compact set K C Z,

/KTTIF(E)IdV(é) < +00;

e Two pairs (y, ') and (y', ") in M(Z, (Hg)eez) are equivalent when there
exists a measurable function f : Z — C\ {0} such that

1
dy' (&) = d d I'eE)=—rT
y (&)= f()dy§) an &) G &)

for y-almost every & € Z. The equivalence class of (y, I') is denoted by I'dy;
e A pair (y,T") in M(Z, (Hg)eez) is positive when I'(§) > 0 for y-almost all
& € Z. In this case, we may write 'dy > Oor (y,I') € MT(Z, (He)eez).-

We start with C *(SO). We will use the short-hands
MFE(E) = M (Z,(He)gez) when Z={7 e %}, and H; =Hy,

where ¥ is the sphere coming from the polar decomposition together with its mea-
sure ¢, see Section 2.3.

Proposition 5.15.
(1) If ¢ is a state ofC*(S’O), then there exists (y,I") € MT(Zl) satisfying

/ tr (C())dy () =1, (5.6)
P

and
Vo e C*(89) E(a):/ tr (o (7)) (1)) dy (7); (5.7)
)

(2) Conversely, given (y,T') € MT(El) satisfying (5.6), the linear form £ defined
via (5.7) is a state of C*(8°). Furthermore, if (y',T”) € MT(El) also satis-
fies (5.6) and (5.7) for the same state £, then (y’, ') is equivalent to (y, ).

Proof of Part 1 of Proposition 5.15. Let ¢ be a state of the C*-algebras C*(S‘NO).
The GNS construction [21, Proposition 2.4.4] yields a representation p of C *(89)
on the Hilbert space H, := C*(5°) /{0 : £(c0*) = 0} and

o) = (p(0)E, &), , o € C*(SY),
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where the unit vector £ is the image of I € SO via the canonical projection C*(5°) —
He. We then decompose [21, Theorem 8.6.6] the representation p (taking into
account the possible multiplicities) as

(0, He) ~ (p1, H1) ®2(p2, H2) @ ... & Ro(poo, Hoo),

and each p,,r € NU {oco}, may be disintegrated as
or ~ [—_¢dy(&);
C*(89)

furthermore, the positive measures y1, y2, . . . , Yoo are mutually singular in C *(80).
Consequently we can write £ € H, as

E~(&1,8&,...,8x), With& = (& 5)1<s< foreachr eNU {oo}, and & ;€ H,.

Note that

=gz, = Y. ZMH, with [€ 7, = /C/(S\) €5 ()¢, dyr ().

reNU{oco

—

Since we have identifed C *(S‘O) with Xy:

oo~ [ Ho~ [ Hadnci, / 6D dyy ) = 1.
% 2 P

rlsl

Hence I', = Zgzl &5 Q& ¥ is a y,-measurable field on ¥ of positive trace-class
operators of rank . We have obtained:

Lo) = (p(0)§.6) = Y _ Z (O OEs (), s (D, ()

reNU{oo} s=1

_ / tr (o ()T, (1)) dyy (7).
reNU{oo} ¥ 21

We now define the positive measure y := ) . y-. As the measures y, are mutually
singular, the field I' := ) T, is measurable and satisfies

'r) >0, tul'(r) < oo, f trC()dy(r) =1.
P

This shows Part 1. O
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Proof of Part 2 of Proposition 5.15. Given (y, ') € Mf(El) satisfying (5.6), one
easily checks that the linear form £ defined via (5.7) is a state of C *(S‘O). To prove
the last part of the statement, we consider (y/, ') € MT(El) which also satisfies
(5.6) and (5.7) for the same state £. It suffices to consider the case of y and I
obtained as in Part 1; in particular y and I' have the same support in ¥;. We may
also assume that " and I"" have the same support in X;. For each r € N U {oc},
let B, be the measurable subset of G /R+ where I''(77) is of rank r a.e. We may
assume these subsets disjoint. We define the measure ¥, = 1p ¥’ and the field
') := 1p,I" as the restrictions of " and I'" to B,. As I', is a measurable field of
positive operators of rank r, there exists a measurable field of orthogonal vectors
(&.5)._ suchthat T, =" & ®& * WehavetrI', =\ |& |

We define the representation p’ of C *(SO) and the vector &’ of p’ via
IO/:_GBI’ENU / jT dVr(T[) and 5 _GBVENU{OO} 695 ]/ ér S(Tr) dyr(ﬂ:)
%)

We observe that £’ is a unit vector:
r
Z Z|§VI,S|2= / tr[, dyr_/ trIMdy’ = 1.
reNU{oo} s=1 reNU{oo}

Moreover for any o € C *(5‘0):

/ or‘;‘”,“;‘” dy! = / tr (o)) dy,
reNU{oo s=1 reNU{oo} Xy

= / tr (oT")dy’ = (o).
2

In other words, the state associated with p” and &’ coincides with £. This implies
that p" and p are equivalent [21, Proposition 2.4.1], therefore the measures y, and
yr are equivalent for every r € N U {oo} [21, Theorem 8.6.6]. In other words,
there exists a measurable positive function f supported in B, such that dy,/ () =
fr(@)dyr (7). As &' corresponds to & via the (p’, p)-equivalence, we must have
[, () = f (). (7). This concludes the proof of Part 2. O

(p'(0)E", &)

From the proof of Proposition 5.15, we can determine easily the pure states,
that is, the states corresponding to the irreducible representations:

Corollary 5.16. The pure states of the C*-algebra C *(89) are the Sfunctionals £ =
Lr,v0 Of the form:
£(0) = (0 (10)vo, )1y, 0 € C*(S7),

where mo € G and vy € Hy, is a unit vector. The states { = €y, where 1y € G
and vy € 'H;f) is a smooth unit vector, form a dense subset of the set of states of

C*(89).
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We observe that £, ,, corresponds to y (77) = 85,(7r) and I'(779) = vp ® v(’;‘.
Using the short-hand

M@ x 1) = MF(Z, (He)eez)

5.8
when Z={(x,7) e Q2x %1}, and Hyz =Hy, (5.8)

we also have a similar description of the states of C *(S?(Q)):
Proposition 5.17. Let Q2 be an open set of G.
(1) Iftis a state ofC*(S?(Q)), then there exists (y, ') € MT(Q X 1) satisfying

/ tr (C(x, 7)) dy (x, ) = 1, (5.9)

Qx ¥

and

Vo e C*(52()) E(a):/ tr (o(x, ) (x, 7)) dy(x,7); (5.10)
Qx X

(2) Conversely, given (y,T') € MT(Q x X1) satisfying (5.9), the linear form £ de-
fined via (5.10) is a state ofC*(Sg(Q)). Furthermore, if (y',T) € MT(Q X
1) also satisfies (5.9) and (5.10) for the same state £, then (y', T'') is equiva-
lent to (y,T'); )

(3) The pure states of the C*-algebra C *(S?(Q)) are the functionals £ = £y 7. v,
of the form:

(o) = (0 (x0, 70)V0, V) 1y 0 € CH(SL(Q)),

where xo € @, o € G and vy € Hy, is a unit vector. The states £ = Ly, 74, v,
where xg € Q, 1o € G and vy € H;ﬁ is a smooth unit vector, form a dense
subset of the set of states of C* (S‘? (2)).

Proof. The proof of Proposition 5.17 is a simple modification of the proof of Propo-
sition 5.15; indeed, it suffices to replace the characterisation of the spectrum of
Cc* (50) with the one of C *(S‘?(Q)) given in Proposition 5.13, using an approximate
unity of C*($9(R2)) instead of the unity of C*(8°). It is left to the reader. O

We observe that £y r, 4, corresponds to y(x,7) = 8y (x) ® 8,(;r) and
I (x0, 770) = vo ® vy.

6. Defect measures
In this section, we state and prove our main results, that is, the existence of defect

measures. We also give examples of such measures and prove the consistency of
our description.
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6.1. Main result

The microlocal defect measures that we are going to define are elements in /\/l;r (2x
1), see Definitions 2.12 and 5.14 and the shorthand (5.8).

Theorem 6.1. Let Q2 be a non-empty open set of G. Let (uy) be a sequence in
L?(Q2,loc) and u € L*(S2, loc). We assume that uxy —k—oo  a.e. in L*($2, loc).
Then there exist a subsequence (uy(j) jeN of (uy) and a positive measure (y,I") €
MT(Q X 1) such that for any A € lIISI(Q), we have the convergence

fr (Awk(iy = 1), ey = ) 2q)
= / tr (princo(A)(x, ) ['(x, 7)) dy (x, 7).
QXE[

Moreover, once the subsequence (k(j)) is fixed, the positive trace-class-valued
measure (I', y) is unique up to equivalence.

Definition 6.2. With the notation of Theorem 6.1, a sequence (uy) is pure when
the subsequence is trivial, i.e. k(j) = j. In this case, the equivalence class ['dy is
called the microlocal defect measure, or MDM, of (uy).

The definition of pure sequence follows the vocabulary set in [32]; it bears no rela-
tion with pure states.
The main step in the proof of Theorem 6.1 is the following property:

Lemma 6.3. Let Q be an open set of G. Let (uy) be a sequence in L2($2, loc)
satisfying ux —i—oo 0 in L*(2,1oc). Let x € D(). We fix a positive Rockland
operator R and a function € C*°(R) such that = 0 on a neighbourhood of 0
and ¥ = 1 on a neighbourhood of +00. For any o € Sg(Q), we set:

v](((r,x) = (Op(a ¥ (T(R))) (xu), (Xuk))L2(sz) :

(1) The sequence (v,EU’X ))keN is bounded;

(2) We can extract a subsequence (k) jen such that the sequence (v,ij’x )) jeN has
a finite limit in C;

(3) If (kj) is as in Part (2), then the limit is independent of ¥ and R and it
is the same with Op(Y (w(R)o) or with Op(Y(m(R)oy (w(R)) instead of
Op(a ¥ (x(R)); )

(4) If (kj) is as in Part (2), then the sequence (v,E(/_T*’X))jeN has also a finite limit
and . '

]IHI;O v/(c(jf 0 = lim vkj’ :

(5) If o is of the form o = t*1 with T € S?(Q) then any limit obtained as in Part

(2) is non-negative.
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Proof of Lemma 6.3. As Op(cy/(r(R))) is bounded on L?(2) and

sup [ xull 2@ < 0,
k'eN

the sequence (v,EU’X )) is bounded by
(0.0 0 R 2 6.1
v 0| < 10Dy (TR 120y SUP Ixtter 1122 6.1)
k'eN

This proves Part (1) and thus Part (2).
By Proposition 4.14 and its proof together with the properties of the pseudo-
differential calculus,

Op(c*¥ (1 (R))) = Op(¢ (7w (R))o*) modW¥ >
= Op(cy(m(R)* + E,

where E is an error term in W~!. Using Rellich’s theorem as in Theorem 4.24 and
its proof shows Part (4). Similar arguments show Part (3).

Ifo = t*r witht € S?(Q), by Proposition 4.14 and its proof together with
the properties of the pseudo-differential calculus,

Op(o ¥ ((R))) = Op(¥ ((R)o ¥ (7 (R))) modw >
= Op(Y (w(R))T*)Op(t ¥ (7w (R))) mod ¥~
= Op(ty¥ (w(R)*Op(x ¢ (m(R))) + E,

where E is an error term in W !, Thus we have
0 = 0P (T (RNT) (i) 72, + (EC1ae), xui) 12

The first term of the right-hand side is non-negative for all k € N whereas the
second term tends to 0 as k — oo by Theorem 4.24 and its proof. This shows
Part (5). O

We can now prove our main result.

Proof of Theorem 6.1. Let 2 be a non-empty open set of G. Let (1) be a converg-
ing sequence in L?(2, loc). We may assume that the weak limit is u = 0. We fix
a positive Rockland operator R and a function ¢ € C*°(R) such that ¥ =0 on a
neighbourhood of 0 and v = 1 on a neighbourhood of +o0.

_ By Proposition 5.11, there exists a dense and countable (Q 4-i(QQ)-subspace Vo
of S?(Q). By diagonal extraction, we may assume that the subsequence (k) jen ob-
tained in Lemma 6.3 is the same for any element of Vjy. Let us consider a real-valued
function x € D(). As xur —i—oo 0in L*(Q), the sequence (I xukll L2(@))keN
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is bounded and we may extract further a converging subsequence still denoted by
(kj)jen. We set

— T 2 _ 1 ©@.%)
Sy .:jgrfoouxukj ”LZ(Q) and when s, #£0, £,(0) := . ]li)n;o v 2% 5 e V.
Using the density of V{ and the proof of Part (1) of Lemma 6.3, we extend £, to a
continuous linear functional on S?(Q) satisfying

Vo e 32 16 S o ls0c).ap.e

having kept the same notation for £ and its extension.
Note that we can construct the subspace Vj of S? (£2) as follows. We consider

V a dense and countable (Q + iQ)-subspace of S% and V; a dense and countable
(Q + iQ)-subspace of D(2). The tensor product of V and V; yields Vj, the set
of symbols which are finite linear combinations over (Q + iQ) of ¢ (x)o (77) with
¢ € Vi,o0 € Vy. Then Vj is a dense countable subset of S?(SZ). The proof of
Proposition 5.11 shows that Vj is also dense in the Banach space C *(Sg(Q)) whose
norm satisfies

(X,f[)GQXEl i TEX 1

sup [lo(x, n)nm,,)—mf{z sup 15 4z) Sup i ()| = Zf,n

If the symbol o is of the form f(x)t (), with f € V|, 7 € V,theno € S‘g(Q) and

(a x) = (Op(z ¥ ( (R))) x ux, fXMk)L2(S2)

]v,f’x’] < 10p ¥ (T Rz Il 2 | el 2
< el o ¥ oo e a0 1 £ 1@ -
thus,
64 (@)] < Il I fllzoe = sup llo (., )2

(x,7)ERX X

Hence £, admits a unique continuous extension to a linear functional of C* (S‘? (2)).
It is not zero since £, (fI) = 1 for a function f € D(R2) such that f = 1 on
supp (x). Hence, ¢ is a non-zero continuous linear functional on C *(S‘?(Q)) which
is positive since Lemma 6.3 implies that £(t*7) > 0 holds for all T € C *(S?(Q)).
In other words, £, is a state of the C*-algebra C* (S' 0(Q)) and therefore corresponds
to a measure (y,,["y) € MT(Q x X1) as in Proposition 5.17. This measure is
unique up to equivalence. Furthermore, one easily checks that it is supported in x
in supp (x).
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We now consider a sequence of functions (x /) jen in D(2) which is real-
valued and such that supp (x;) C {xj;41 = 1} and Ujen{x;s = 1} = Q. By
another diagonal extraction, we may assume that the subsequence (k;) jen taken
above is the same for each x e Furthermore, we may assume Sy # 0 for every

j' € N. Indeed, if this is not possible, then the sequence (uy) admits a subsequence

which is locally converging in L2-norm and therefore admits the trivial MDM 0.
We denote by €2 the interior of {x ;.1 = 1}. Let us show thatif j; < j; < j’

then the restrictions of the states £ X and ¢ X1 of the C*-algebras C *(S‘O(SZ 7)) and

C*(SO(le/)) to C*(SO(QJ-Z/)) coincide up to the normalising constants Sxjro Sy
J1

ie. Sy ny C*(SO(QJ;)) = st'iKXfi e, . (6.2)
72

We have for ji < j| < j and a symbol o € $%(2) which is x-supported in
{Xj/ =1}
2

o, Xl o Xji

v = 4 (Oplay (R (X — le’)uk), (le’uk))Lz(Q)-

The integral kernel K (x, y) of Op(oc ¥ (w(R))) € W0 is smooth (even Schwartz)
away from the diagonal and x-supported in {x i =1}k Since x;r — x j Vanishes
on the compact set {x i = 1} which is a neighbourhood of {x B = 1}, the integral
kernel of Op(o ¥ (m(R))(xj» — x jl/) is smooth and compactly supported in {x B =
1} x {xjr — Xj = 0} in (x, y). Theorem 4.24 and its proof imply

Hop(gw(n(R)))(Xj/ = XUk

—>0.
L2(Q) k—o0

This yields (6.2). Therefore, the restriction of (sxl., Yxjr Fx,/) to WX 31 coincides
with the restriction of (SX/" Yy r x,-/) to i X %1. This defines a unique measure
71 /1 /1

(y,T) € M{(2x X)) suchthatforall j/ > js+1ando € C*(S2(£2)) x-supported
in {ng = 1} we have

sxj,ZXj,(a) =/;2 - tr (o(x,7)'(x,7))dy(x, ).

Let A € llfgl(Q). Let j5, € N be such that the integral kernel of A is supported in
{xj; =1} x {x;; = 1}. We set Jj' = j5+2and op := princo(A) € S%(R). Then oy
is x-supported in {x B = 1} and

o, X
(Auk, uk)L2(Q) = Uk J + (Bl/lk, uk)LZ(Q)v
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with B € W' (Q). By Theorem 4.24, (Buy, ug) 2o = 0. Therefore,
—00

lim (Auk;, uk;) 20 = sz,EXj,(cr) = f tr (o(x,7)'(x,7))dy(x, ).
J—=>© QXE]

This concludes the proof of Theorem 6.1. O

6.2. Example: spatial concentration

In this section, we study the example of a sequence of functions whose mass is
concentrating at 0:

Proposition 6.4. Let u; € S(G). We define
Q
up(x) =kZuy(kx), xe€G, keNy.
Then uy k—\ 0 in L%(G, loc) and this sequence is pure. Its MDM is given by
—> 00

o0

Yy, 1) =8=0®c(m), T(1)= / (- m)ar - )*r@dr.

Note that I'(sr) > 0 and that the polar decomposition in Section 2.3 yields

0
/trF(fr)dg(n)=// a1 (r - )35, @ dr ds ()
21 E] r=0
= /6||a1<n>||§,m>du<n> = llurll 26y < o©.

One easily checks that I" on Gisa (—Q)-homogeneous field of operators.
Proof of Proposition 6.4. By Rellich’s theorem (c¢f. Theorem 4.24 and its proof),
we may assume that A = Op(ap) where 69 = oo (w(R)). Using (2.1), the group
Fourier transform of uy is
~ _2..
up(m) =k 2u1(k ‘n).
Hence we have:
(Aug, u) = / /Atr (7w (x)Go (x, 70)ux (1)) dp()ig (x)dx
GJG
- / /Atr (n(x)&o(x, oy k! n)) d ()it (kx)dx
GJG

= / /Atr (n/(x’)ég(k_lx/,k-n’)ﬁﬂn'))du(n’)ﬁl(x’)dx/,
GJG
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after the change of variables x’ = kx and 7’ = k~! - 7, using (2.1) and (2.9). We
are going to prove that the following expression tends to 0 as k — oo:

(Aug, ug) — /étr (@1 (") 00(0, " yur (")) du(z’)
:/ /;r (n(x) (&O(k—lx,k-n)—ao(o,k-n))ﬁl(n))du(n)m(x)dx
GJG
=T+ 12,
where

lef /Atr (n(x) <ao(k—1x,k-n)—ao(o,k-n))x/f(k-n(n))m(n))
GJG
x du(m)uy(x)dx,

T = fG /Gtr (7 (0)00(0, 1) (1 — Y (k - 7w (R)) 1 (7)) dps ()it (x)dx

- /a“ (000, 7)(1 — Y)(k - 7(R)) &1 o)y (1)) dpa (),

and the function v is chosen as usual, ¥ = 0 on a neighbourhood of 0 and ¥ = 1
on (A, 0o) for some A > 0. R
For T,, we use that by (2.17), for each & € G, there exists k; € N such that
(1 —=yY)(k-mw(R)) =0 forall k > k. Hence for k > k;, we also have
tr (00(0, ) (1 = ) (k - (R)) &1 (m)ids (7)*) = 0.
Since we have

|tr (1 = ¥)(k - T(R)oo(0, ) &1 ()i (1)*)| < Cypo 171 (T 1 531,

with Cy.g = sup;-q |1 — Y (M) sup,cg 000, ') 231, € (0, 00) and

/a 71 GO G 534,y d () = llur]l5 < oo,

the Lebesgue dominated convergence theorem yields that 7> tends to O as k — oo.

Let us now study 77. The mean value theorem stated in Lemma 2.2 extends to
Banach value functions. Hence fixing a homogeneous quasi-norm | - |, there exists
a constant C > 0 such that for any o € SO, x € Gandr > 0, we have

n
sup [loo(rx, ) = 600, ™)l 2y < C Y _Irx¥ sup [[Xj00(y, 7) | 2(Hy)-
neG j=0 yeG,reG
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We obtain

‘tr (n(x) Wk - 7(R)) <ao(k—1x, k-1) — 000, k - n)) 7 (n)) i (x)‘

n
<CCy oo lur ()] D kx|t i ()|
j=0

,,,,,

Since u; € S(G), we have
n
/ luq (x)] Z |x|"dx < oo and /Atr [t1 ()| dp(m) < oo,
G — G
j=0

and the Lebesgue dominated convergence theorem yields again that 77 tends to O as
k — oo.
We have shown that 71 and 7> tend to 0 as k — oo and this implies

(Auk, Mk)LZ(G) k_o)o/;tr (7,{\1 (ﬂ/)*ovo(o, j'[/)i{\] (7'[/)) d/_l/(n/),
- G

which gives the result by use of the polar decomposition for the Plancherel measure,
see Section 2.3. 0

6.3. Example: oscillations from square integrable representations

We now study another example, which may be viewed as a spectral or dual con-
centration. We consider a graded group G which admits an infinite dimensional
(unitary irreducible) representation mp which is square integrable modulo its cen-
tre. We also fix a smooth unit vector vo € H7> and consider the associated matrix
coefficient:

eo(x) := (o (x)vo, VO)H,,» X €G.
We may assume that the basis {X1, ..., X,} of the Lie algebra g has been chosen
so that a subset {X,..., X Jing }, form a basis for the centre 3 of g. Therefore we
can write any element x as

x =expg (1 X1+ ...+ x,X,) = x'x; = x3x,

.....

Naturally, we identify the centre of the Lie algebra 3 and the centre of the group
Z = expg 3 with R"s. Note that we still consider anisotropic dilations in those
directions. The quotient group G’ := G/Z is also graded and we denote by Q’ its
homogeneous dimensions, also given by

Q = Z vj.

JUt e ing)
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Finally, we denote by dy, the formal degree of o for which we have for any
V1, Wi, V2, W2 € Hy,:

dm)/ (700 (X" Yv1, Wi)H, (70 (X )02, W23 dX" = (U1, V2) 1) (W1, W23y, (6.3)
G/z

see [18, page 169 and Theorem 4.5.11].

Proposition 6.5. Ler ug € S(R"3). For each k € N, let uy : G — C be the square
integrable function given by

ue(x) = kT eo(kx)uo(xy), x € G.

Then ”I/tk”LZ(G) = ||€()||L2(G/)|IM()||L2(Z) < 00 and Ug kjooo in L2(G, IOC). This

sequence is pure and its MDM is given by

: Juo (x;)|?
y(x,m) = (Tﬁdxﬁ ®bx=0 ) ® Sr=s,>
0

and I (110) = vo ® v being the orthogonal projection on Cuy.

The Schwartz function on the centre is needed to contain the oscillations, as in the
abelian case. Indeed, on the one hand, on the centre Z of the group, 7 coincides
with the character e!*0", i.e. 7 (x;) = ¢/*0%; where we identify x; with an element
of R"s and where Aox; denotes the standard scalar product of the two elements Ao
and x; of R"s. Thus for any x = x’x; in G we have

i)\()xﬁ(no(x/)vo’ UO)H — €i)L0x3€0(X/).

70

!/
eo(x) = (no(x X3)v0, UO)HﬂO =e
On the other hand, eoiG, € S(G'). See again [18, page 169 and Theorem 4.5.11].
Before starting the proof, let us describe the more concrete case of the Heisen-
berg group and the matrix coefficient given by the bounded spherical functions, see,
e.g., [5]. More precisely, we realise the Heisenberg group as H; = {(x, y, 1) € R}
with law

1
oy, D&Y = (x+x y+y t+1+ E(xy/ —x'y)).

Let 7o be the representation of H; determined (up to equivalence) by the fact that
it coincides with the character 7 > ¢!’ on the centre of H 1. For the smooth vector,
we choose the ¢-th Hermite function (with L?(R)-normalisation) if we realise this
representation in the Schrodinger model, or equivalently, the (suitably normalised)
monomial of degree £ in the Bergman-Fock model. In this case, the matrix coeffi-

cient is given by
2442
; x“+
eo(x,y, 1) =e"Ly ( 2 : ) :
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where L, is the £-th Laguerre function, that is, L¢(r) = e 7L ¢(r) and Ly is the ¢-th
Laguere polynomial. Note that the ey in this particular case is of the form described
above.

Proof of Proposition 6.5. First let us show that each function u is square inte-

grable:
[k ||2 = / /
L2(G) Sy

= /G/ |eo(kx’)|2kQ,dx/ ./Rna |uo(x3)|2dx3

= [ e [ Juofey e,
G’ R"3

having used the change of variable x” = kx’. As the functions ey and u( are
Schwartz on G’ and R": respectively, the quantity above is finite, and u; € L*(G)

with ||”k||L2(G) = ||eO||L2(G’)||”O||L2(z)-
For any ¢; € D(R"3), ¢» € D(G’), we have

///R" ug (x3x") 1 (x3) 2 (x")dxzdx’

=/ e”“)(kxﬁ)uo(xz,)qﬁl(xz)dxa/ eo(kx’)qﬁz(x’)k%dx’.
R"3 G’

2

e (kx"kx;)uo (xa)k% dxzdx'

By the Riemann-Lebesgue theorem, the integral over R"s tends to zero as k — oo.
After the change of variable x” = kx’, the integral over G’ becomes

/ co(kx')pa(x' )k de’

G/

¥ / e0 ()2 (K1 x)dx" ~ o0 kF $2(0) / eo(x")dx"
! G,

thus this integral tends to zero as k — oo. Hence uy k—\ 0in L%(G, loc).
—00

Let us now compute the MDM of wk). Let A = Op(o) € \IJSI(G). Let
x € D(G) be real valued and such that the support of the integral kernel of A is in

{x =1 x{x=1}.
(Aug, ui) 12y = (AXuk), Xur) 126y
= /GfGtr (mr(x)oo(x, )Y (mo(R) 7w (xur)) (xur)(x)dxdp(m);

here we understand the double integral over G asin Proposition 2.21, that is, as the
limit of the absolutely convergent double integral:

lim / /trN (r(x)oo(x, T) Y (o (R))7w (xuk)) (xur) (x)dxd (),
N—+oo Jn.c JG
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where C is a compact neighbourhood of 1 € G such that U NenN -C = G ,and try
denotes the trace of the operators projected on the subspace spanned by the first N
vectors, having fixed a fundamental sequence of vector fields. Hence we are led to
study:

/?;/Gtr (r(x)o (x, 7w (xuk)) (xix) (x)dxdp(r)
=/6/G/Gtr ()0 (x, 1) (¥)*) (i) () Q) (V) dxdyd (),

having expanded 7 (x ug). This multiple integral is again convergent. Applying the
change of variables first y — w = y~!x and using the properties of the trace, the
integral above becomes

/A//tr (n(x)a(x,rr)n(wx_l)) (xug)(x) (Xuk)(xw_l)dxdwd,u(n)
GJGJIG
= fA / / tr (r(w)o (x, 1) (X)) O (vw ™ )dxdwd ()
GJGJG
Z/A/ / tr (7' (who (x, k- 7)) (i) () (qur) (x k_lw/_l)dxdw/du(n/),
GJGJIG

after the change of variable (7, w) — (7/, w') = (k~!- 7, kw), whose Jacobian is
1 by (2.1) and (2.9). Let us write

(o) () G (x k1w ™)
=kQ/X(x)x(x k’lw’_1> éo(kx)e()(kx w’_1> ﬁo(xg,)uo<(x k71w1—1)3>

:kQ/|X|2(x)|uo|2(x3)éo(kx)eg(kx w/_1> + ex(x, w').

We claim that for any 7 € L>(G) such that Fs Iz is a compactly supported distri-
bution on G, we have for any x € G

/a /G tr (rTe(xy™")) dydp(m) = )T, Wiy, (64)

Indeed by the Fourier inversion formula, the limit is equal to

/Gf(;lt(y) eo(xy™")dy

interpreted in the sense of a compactly supported distribution at a smooth bounded
function, and this is equal to the rlght hand side of (6.4). We can apply this to

Tt ={ox,m), T € G} since F a(x -) is the convolution kernel of A which is
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compactly supported (as the integral kernel of A is compctly supported). Hence the
claim in (6.4) is proved and we may apply it to obtain:

(Aug, Uk)L2(G) =T (k) +&(k)

where
T (k) :zf k' x 2 () luo | (xg)eo(kX)(no(kX)U(x k - 710)v0, V0)H,, d X,

g(k):= lim / //tr 7’ (x. k- 7)er(x, w')) dxdw'dp(r’).
(k=1R)-C

R—+o00

Let us show that (k) tends to zero as k — 00. It is easy to see that in the Sobolev
space L?(G) for any s > Q/2, we have the uniform convergence:

sup llex(x, )26y —k—o0 O
xeG

From Section 2.6, we have

Vo eL2(G), 1eL™(G) ' fa tr (2(m)$(m)) diu(m)| < Cs Tl 1o 3y 10 12 -
From the two properties above, we obtain easily

Bk < /G o Ge, M oy ek (. 26y dx — k00 O,

as the integrand has compact support in x € G.
For T (k), as we have

éo(kx)mo(kx) = e~ %0, (kx') €043 g (kx')

= Eo(kx )JT()(kx ),

the change of variable x” = kx’ whose Jacobian is k=2 yields:

o= [ [ KPR k)

X (no(kx/)cr(xéx/, k - 7m0) vo, v())H dx;dx’

0
// |12 (k™ ") luo | (x;) @0 (x)

X (no(x )a(xzk_ x", k - ) vo, UO>H dx;dx".

70
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We claim that, by the Lebesgue theorem, this converges towards

10 = [ [ Pl ()l)

(6.5)
% (770 (x//)ao (xa, 7'[0)1)0, vo)H”O dxg,dx”,

where op = princ(A). Indeed we fix a positive Rockland operator R (of homo-
geneous degree v) and ¥ € C°°(R) a smooth function such that v = 0 on a
neighbourhood of 0 and ¢ = 1 on [A, 00). We know that the symbol

p =0 — oY (n(R)),

isin S with m; < 0. We may write

(p(x, k- 0)v0, V03, = (Pk,x vk, UO)H,,O

where gy = p(x, k - mo)k - to(I+R)™+ and vy := k - mo(I+ R) 7 vo. The op-
erator P is uniformly bounded:

< llellsm1,0,0m,
L) ,0,0,m

~ _m
1l 206y = swp oG mm @+ R~
xeG,meG

and so is the vector vg:

ool < sup  (1+K"2)7 < 1.

mj
vkl < [k - 700+ R)
0 £ Hno) A>Amin (770)

Here Amin(mg) is the smallest eigenvalue of mg(R), see Lemma 2.10 (2), so
Amin(0) € (0, 00) and ||vk|#, tends to 0 as k& — oo. It is now a routine exer-
cise left to the reader to apply the Lebesgue theorem and obtain the convergence
in (6.5).

As A is compactly supported in {}y = 1} x {y = 1}, we may assume that o is
compactly supported in x, and that this support is included in {x = 1}. Hence we
have obtain that the (Aug, uk) 2 ;) has the same limit as 7 (k) and, in view of (6.3),
this limit can be rewritten as

1 .
iR ((/ princo(A) (x;, 70) |u0(x3)|2dx3> vo , vo) . ]
0 G H”O

6.4. Example: general oscillations

In Section 6.3, we constructed a pure sequence associated with a square integrable
representation. In this section, we generalise the idea to any irreducible represen-
tation of G. If the representation is finite dimensional, then it is of dimension 1
(see [18]) and we may proceed as in the Euclidean case. Let us consider 7y an
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irreducible representation of infinite dimension. We will replace the properties
of square integrability with the general results on representations of nilpotent Lie
groups due to Pedersen [46].

Unfortunately, the notation adapted to the presence of dilations is in conflict
with the conventional notation for Jordan-Holder bases. Indeed, our canonical ba-
sis X1, ..., X, of g, that is, a basis adapted to the gradation (see Section 2.1), is
adapted to the Jordan-Holder sequence:

QZZgann_l ch] Cgo :Z{O},
where gy =RX, 4411 ®...®dRX,, k=1,...,n,

except for the order of the labels in the basis; for instance Xy € gn—k+1\@n—k. We
denote by J the set of jump indices of mg:

Ji={1<k=<n: m(Xi) ¢ mogn-r))}.

We recall that we have denoted in the same manner the representations of G and g.
We observe that the set of jump indices is the same for r - 7o, for any r > 0. We set

g7 = OresRXy and gJje 1= @ngJRXk-

The natural Haar measures on gy and g ¢ are I1gc dx; and I;¢ dx; respectively;
we will denote them by dx, or any other letter representing the variable of integra-
tion.

For any Schwartz function ¢p € S(g;) on the vector space g, we define:

¢~5 ::f ¢ (x) mo (exp (ijXj)>>dx.
X=(Xr)keJ €8J kel

This is a smooth operator on Hy,, i.e. be (Hxy)oo- Moreover (cf. [46]), ¢ — é
is an isomorphism between the Fréchet spaces S(g;) and £ (Hr,)oo; its inverse is
given by

ZLHry)oo 2 A fa oexp\gj, where fa(x) :=tr (mp(x)A), x € G. (6.6)

Any element in .2 (Hy,)o is trace-class. An example of an element of .2 (Hx,)oo
is v ® w* where v and w are two smooth vectors of H,. For any ¢ € S(g,) the

operator g5 is trace-class with [46]

-1
g =——(0). 6.7)
0

Here dn, > 0 is the computable constant in (6.3). It depends on 7o and on the
choice of Jordan-Holder basis (but not on ¢), and generalises the notion of degree
for square integrable representations.

We can now state and prove the following generalisation of Proposition 6.5:
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Proposition 6.6. Let g be an irreducible representation of G of infinite dimension.
We define its jump set J and the subspaces gy, gjc of g as above. We set

Q= ka.

keJ

Letug € S(gje). Let A € L (Hxr,)oo and define fa as in (6.6). For each k € N, let
uy : G — C be the function given by

up(x) = k%fA(kx) uo(xe).

—1/2 . .
Then |lugll;2 = dﬂo/ ||A||H5(H”0)||u0||L2(gJC) and uy k:OOO in L*(G,loc). This
sequence is pure and its MDM is given by

. uop(Xje 2 . .
yx,m) = <|0(di])|dwv ® bo(xy) | ® b5,(), ['(m) = AA™.
0

In the statement, we have used the following notation:

n
if x = eXp (ZXij)EG, thenxlc = ()Cj)j¢Jc € gye, Xj 1= (Xj)jej cgy.
k=1

In the proof, we will use the following properties:

Lemma 6.7. Let g be an irreducible representation of infinite dimension of G. We
define as above its jump set J, the subspaces g, gjc.

(1) There exists a linear function F : g; X gjc — @y such that
70(x) = 70( exp (Xs + F(Xy, X)),
where x =exp(} ;1 X; X)) €G, Xy=) yc;xjXj€8y, Xje =3 gy X;X; €
Ig?i;),‘hermore,for any X je, the change of variable X j+—>X', =X j+F (X 7,X jc)

is a diffeomorphism of gy with determinant 1;
(2) Let A € L (Hz,)oo and define fa as in (6.6). We have

%k
1
/ fa(x) mo | exp ijXj dx = —A;
(xi)kes €87 kel dr,

) Leto € L°°(§) be such that F o isa compactly supported distribution on
G. Then

/G fatr (0 () w(w)) faw ™ x)du(m)dw = tr (k(mo)mo(x) A)
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interpreting the left-hand side as in Proposition 2.21, that is, as the limits (in
this order) of the absolutely convergent double integral:

R—00 N—+o00

lim lim / /trN(o*(n)n(w))fA(w_lx)XR(w)dwdu(n),
N-CJG

where X € D(G) with x = 1 on a neighbourhood of 0 and xg(x) :
x(R™'x), C a compact nelghbourhood of 1 € G such that UyenN - C = G

and try denotes the trace of the operators projected on the subspace spanned

by the first N vectors, having fixed a fundamental sequence of vector fields.

Proof. Part (1) is a simple consequence of the definition of a jump set, it is left to
the reader. Part (2) is in [46]. For Part (3), we apply Proposition 2.21 to obtain:

f /Atr (o () m(w)) fA(wflx)d,u(rr)dw :/ fgla(w) fA(wflx)dw
GJG G
= / tr (F5'o (ymo(w) mo(x) A) dw = tr (@ (T0)m0(x)4)
G
since A is trace-class and o (7m9) € £ (Hx,). O

The arguments to show Proposition 6.6 follow the ones for Proposition 6.5.
The main modifications come from replacing the properties of the centre with
Lemma 6.7 Part (1). We will only outline the ideas, the technical details being
very similar to the ones in the proof of Proposition 6.5.

Sketch of the proof of Proposition 6.6. Let x € D(G) and o € Sg](G).

(Op(o) (Xui), Xuk)12(G)
=K</ /A/ / tr (o(x, m)mw(w)) (Xuk)(Xw—l) FiE () dwdxd (7
GJGJG

:kQJ/A/ / tr (o (x, k- 7)mw(w)) (pur)(x k—lw_1)m(x) dwd-xdu (o).
GJGJIG

after the change of variable (7, w) — (k - 7, k~'w). For k large,

cu) (x k™ w ™) ~ (uo) (x) fa(tkxyw™).

Lemma 6.7 Part (3) implies

fA/ tr (o(x, k- m)w(W)) fa(kx)w™") dwdp () = tr (o (kx)o (x, kmo) A) .
GJG
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Let us define ug(x) = ug(xjc) when x = exp(zzzl x;jX ) € G. Therefore
(Op(@) (xun), xur) 2y ~ k& f tr (o (kx)o (x, k1) A) Fa (k)| xuo | (x)dx
G

_ / / o <n0<€XJ+kX_,c>a(ek‘lXj-i-X_,c’kno) A)
gjc J @y
X fa(@X X5 yug (e XItXrYdX jd X e,

having written x = exp(X; 4+ X;¢) and then performed the change of variable
X7k 1X;. Wehave k=1 X; — 0, so

(Op(a)(xuk), xur)12G)
~ /g i /g E (no(eXHkXﬂ)o(eXn, km)) A)WI Xu0|2<exjc> dXdX e

=/ / tr (JT()(eX,J)o(eXJC,kJTO)A) fA(eX/J)|Xu0|2(eXJC>dX’JdXJc,
gyc v 8y

after having used the change of variable X; — X'/, = X; + F(X;,kXc), see
Lemma 6.7 Part (1). Applying Lemma 6.7 Part (2) on the integral over g; concludes
the (sketch of the) proof. ]

In the next section, we will need the following limits which follow from similar
computations to the ones above:

Corollary 6.8.

(1) Let mg, A, ug and uy as in Proposition 6.6. If xo % x| and ug has a compact
support small enough then

Jim (Op() (rur (1)), xuk(x0) 26y = 0-

(2) Let mo and ug as in Proposition 6.6 and A, B be in £ (Hz,)oo. We construct
(ug) and (vy) as in Proposition 6.6 for A and B respectively. If AB* = 0 then

lim (Op(o)(xuk), xvi) 2y = 0.
k—00

(3) Let my, A and ug as in Proposition 6.6 and consider 71 € G with T # 1o,
and vo and B in L (Hz,)oo. We construct (ux) and (vi) as in Proposition 6.6
for ug, mo, A and vg, 71, B respectively. Then

klingo(op(ﬁ)(x (ur + i), x(ur +ve)) 2 = klif;o(Op(U)(X”")’ XUk) 2

+ lim (Op(o)(xvk), X Vi) 2.
k—o00
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Proof of Part (1). An argument of translation shows that it suffices to prove the
case x1 = 0. Proceeding as in the proof of Proposition 6.6, we obtain:

(Op(o) (xur), xuk(x0-))2(G)

~ k97 /G tr (mo(kx)o (x, kmg) A) fak(xox))(xuo)(x) Yuo(xox)dx.

Now ug(x)ig(xox) = 0 for any x € G when ug has a support small enough and
xo 0. O

Proof of Part (2). Proceeding as in the proof of Proposition 6.6, we obtain:
(Op(o) (xuk), xvi) 26y ~ kQ’/ tr (mo(kx)o (x, ko) A) f(kx)|xuol*(x)dx
G
<[ (oo e k) ) Fae ) o e XX e
gje Jay

1
:/ tr (—B*a(eXf", knO)A> |xuol*(eX/)d X', dX je.
gJC d]TO

Hence this is zero when AB* = 0. O
Proof of Part (3). Proceeding as in the proof of Proposition 6.6, we obtain:
(Op(o) (xuk), Xvi)12(G)

~ ks f tr (o (kx)o (x, ko) A) i (kx)| xuo|* (x)dx
G
~ tr (7o (X7 7X0¢) o (X7, ko) A) F5(eX1H-X 00 )  xuo > (X7 )d X yd X ye,
[ [ (a(e ol k) ) ()

having used the jump set for mp. And this is equivalent to the same quantity with
princo (o) replacing o. So when princg (o) is zero at (x, 7o) for all x € G, we have

lim (Op(o)(xuk), xvi) 2(G) = 0.
k—o00

Let us fix a continuous real-valued function on G /RT such that n(779) = 0 and
n(w1) = 1. Considering a general symbol o, we write 0 = on + (1 — n)o so

ROp(a)(xur), xve) 2 = R(Oplon) (xur), Xxvk) 2
+ R((xur), Op(o (1 —n)*xvi) 2.

As on vanishes at 779, the limit of the first term on the right hand side is zero. For
the second term, we have as in the proof of Lemma 6.3

Jim (Ocue), (Op(a (1 —m)*xvi),2 = Jim (Gcur), Op(o™(1 = m) xvi) -

and it must be zero since o *(1 — n) vanishes at 7. O
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6.5. Consistency of the description

Our main result describes MDMs as trace-class-valued positive measures, see Sec-
tion 6.1. In this section, we will show the converse, that is, that any element of
M(Q x ) is a MDM:

Proposition 6.9. Let Q2 be a non-empty open set of G and (I, y) € MT(Q X ).
Then, there exists a pure sequence (uy) with I'dy as MDM.

Our proof of Proposition 6.9 will use the following description of the topological
dual of C*(S%(Q)).

Lemma 6.10. Let Q be a non-empty open subset of G.

(1) For any complex element (y,T') of M (2 x X1), the linear form

S’?(Q) 50 +— /tr (e D)dy = / tr(o(x, ) I'(x, 7)) dy(x, ),
Qx X

extends uniquely to a continuous linear form £, ry on C *(S?(Q));

(2) Conversely, given any continuous form £ on C* (S?(Q)), there exists a complex
element (y, ") of M1(Q2 x X1), such that £ = £, 1);

(3) If two complex elements (y,T') and (y', ") of M1(2 x 1), yield the same
linear form, i.e. Lyr) = e(y/’rf), then they are equivalent;

(4) The map @ : £ = L, ) — D'dy is an isomorphism from the topological dual
of the Banach space C *(S?(Q)) onto the Banach space of the equivalence
classes T'dy in M (2 x 1) equipped with the norm

[£,.r (o)l
IPdyl:=  sup ~ —L—;
secx§o @) 19 llexso@)

(5) The states of the C*-algebra C *(S‘?(Q)) are mapped by ® onto the measures
I'dy > 0 with ftr (INdy = 1. The pure states corresponds to (8y,(x) ®
8 (1), v0 ® vy) where xo € Q, 7m0 € X1 and vo a unit vector in Hy,;

(6) The positive forms of the C*-algebra C *(Sg(Q)) are mapped by ® onto the
measures T'dy > 0 with (y,T") € MT(Q x 21).

Proof. The states were characterised in Proposition 5.17. The properties are easily
proved from well-known facts or routine exercises in functional analysis. O

Lemma 6.10 allows us to identify the topological dual of C*(S‘?(Q)) with
MT(Q x X1) modulo equivalence. We can now prove Proposition 6.9.

Proof of Proposition 6.9. Let 2 be a non-empty bounded open set of G. We fix a
positive Rockland operator R, and a function ¥ € C*°(R) such that ¥ = 0 on a
neighbourhood of 0 and ¥ = 1 on a neighbourhood of +00. We denote by M the
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subset of M := M (22 x Z}), of ['dy > 0 for which there exists a sequence (uy)
in L2(Q) satisfying uy —— o0 0 and

Vo e $%(%),
: . : .. (6.8)
kli)n;o(Op(Jl/f(ﬂ(R)))uk, Uk)12(Q) =/Q - tr (o(x, ) T'(x, ) dy(x, ).

We want to show that M is equal to MT := M (Qx ). Clearly, M is included

in M™ and we already know that M contains 0, and the examples in Propositions
6.4 and 6.6.

Claim 1: Let us show that M is convex. Indeed, one easily checks that if the
sequence (uy) in L2() satisfies ux —j— o0 0 and (6.8) with I'dy > 0, then for
any r > 0 the sequence (ruy) satisfies the same property with 72I'dy > 0.

Claim 2: One easily checks that if xg € G and if the sequence (uy) in L%(Q) satisfies
U —~k—oo 0 and (6.8) with I'dy > 0, then the sequence (ug(xg)) satisfies the
analogous properties with I"(xox, 7)dy (xox, 7), which thus is in M. In this sense,
M is invariant under spatial translations.

Lemma 6.10 allows us to identify M with the topological dual of C *(S?(Q));
we now equip it with the weak-* topology. By the Krein-Milman Theorem, M™
is the positive span of the pure states and O (i.e. the closure of the set of all non-
negative linear combinations of pure states).

Claim 3: Let us show that M is closed in M. Indeed, let (F(j)dy(j))jeN be a
sequence in M converging to I'dy in M. Considering corresponding sequences

ey in LA(Q) satisfying u\”) —; . 0 and (6.8) with T(dy) > 0, then

we extract a diagonal subsequence (u,(clzg))) jeN satisfying ufﬁ%” —js00 0. By

Theorem 6.1, we may assume that this subsequence satisfies (6.8) for a positive
trace-class-valued measure which is unique up to equivalence, so this positive trace-
class-valued measure coincides with I'dy by Lemma 6.10 (3). Hence the limit I'dy
is in M which is thus closed.

Conclusion: Considering a sequence as in Proposition 6.6 with g € G of infinite
dimension, A € Z(Hxy)oo» u((f) = € Qs/2y5(e"x) where € > 0, ug € D(gye)
with a support small enough and Qyc = Y keJe Uk, the proof of Claim 3 shows
that (8y=0 ® 8=z, AA*) € M when0 € Q. Usigg the invariance under spatial
translation (cf. Claim 2), (8y=y, ® 87=5,, AA*) € M for any xo € Q and 7y € G
of infinite dimension. Note that this membership also holds when g is of finite
dimension, therefore of dimension one; it suffices then to adapt the Euclidean case,
and we view it as a degenerate case of Proposition 6.6. We choose A = vy ® v
with vg € Hy, smooth and unitary. We can remove the hypothesis “smooth” by
considering a sequence of such vectors and Claim 3. This shows that M contains
all the pure states, see Lemma 6.10 (5). Moreover, they can all be obtained as MDM
of sequences obtained by diagonal extractions of suitable sequences constructed in
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Proposition 6.6. This together with Corollary 6.8 and Claim 1 show that M also
contains the positive span of the pure states and 0. Therefore M = M. O

7. Applications

In this section, we investigate the properties of the MDM of a sequence of functions
that satisfy a differential equation. In particular, we are concerned with Div-Curl
type results and, as a consequence, we shall focus on vector-valued sequences.

Let 2 be an open subset of G and let us consider a vector-valued sequence of

functions of L2(Q), (Up)ken = (u’f, e ,u’,‘\,)keN, N € N. We assume that (Uy)
converges weakly to some vector valued function U = (uy,--- ,uy) of LE2(Q)V,
in the sense that for all j € {1,---, N}, u’; tends weakly to u; in LZ(G). In order

to study the defects of compactness of a family of the form (Uy)ken, we shall use
matrices of operators in \IJSI(Q). We shall denote by A" € the set of matrices with
P lines and Q rows and with entries in a given algebra A, for instance A = C
or SO or C*(S%). We shall need basic notions about the C*-algebra ANV for a
general C*-algebra A and N € N, and this is done in the first subsection. Then, we
shall define MDM for vector-valued sequences and discuss localisation property of
MDM whenever (Uy)ien satisfies a system of differential equations. Finally, the
last subsection is devoted to compensated compactness results and application to
Div-Curl Lemma.

7.1. Matrices of a C*-algebra

Let A be an algebra. When A has a unit, we will denote the unitby 14. Let N € N.
We denote by Iy € CV-V the identity matrix and by E; j the N x N complex matrix
with O in every entry except for the ith row and jth column where the entry is 1.
Therefore, we will denote by Aly the set of diagonal matrices in ANV with the
same repeated entry on the diagonal, and by aE;; € ANV the matrix with 0 in
every entry except for the i-th row and k-th column where the entry is a € A. If the
algebra A is also a normed vector space, we set the following norm on AN-!:

V]

IVIEN. = when V =

N

. k
Z vjvj
j=1

’ oy
The next lemma gives the main properties of AN-N when A is a C*-algebra.
Lemma 7.1. Let A be a C* algebra and let N € N.

(1) Equipped with the norm given by

M| gv.v =sup{||ViMValla : Vi, Va € AN |IVi|ava < 1, | Vall gva < 1},
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ANN s a C*-algebra. The sub-C*-algebra Aly of ANV is isomorphic to the
C*-algebra A.

If A has a unit, then 141y is the unit of ANV .

If A is a C*-algebra with approximate unit (ay)xen then ANV is a C*-algebra
with approximate unit (agly)reN;

(ii) Assume here that A has a unit. Let 7w be a representation of the C*-algebra
AN'N_ Let £ be a non-zero vector of this representation with E1€ t (1 4E11)Hy .
We denote by W the closed subspace of Hy, generated by &;. As Hilbert spaces,
W is isomorphic to the orthogonal sum of N copies of w(Aln)&,. Furthermore
the representation w of the C*-algebra AN-N on W is completely determined
by its restriction | Aly to Aly;

(iii) The spectrum of the C*-algebra AN'N may be identified with the spectrum

of the C*-algebra A via the homeomorphism which maps an irreducible rep-
resentation w of ANV to the irreducible representation of A defined by the
restriction w | Ay’

@iv) If £ is a state of A and V € ANV with €(V*V) = 1, then the functional
L = L,y defined on AN-N yig

L(M)=¢V*MV), Me ANV,

is a state of ANV . The pure states of ANV are of the form Ly y with € a pure
state of Aand V € AN-1(C)14 a complex vector satisfying £(V*V) = 1.

Proof. Part (i) is left to the reader. Let us prove Part (ii). Let g be a representation
of the C*-algebra AV'N. Foreach j = 1,..., N, we set Hy(r]) =m(1AEjj))Hy.
() 1 ()
s

The subspaces H;’ are closed, orthogonal and their sum is H; = @;_ j<n Tz

since Ej; Ejj = 8i=jEj; and Iy = Z?’:l E;; in CN'N Furthermore, since 7 (mly)
and (14 E ;) commutes for j fixed and any m € A, the algebra A acts on Hf,j ) via
m +— m(mly). We also observe that forany 1 < i, j < N,w(14E};) maps Hﬁﬁ) to
H;j) since Ej;E;; = Ej;Ej;Ej;. Infact, w(1 4 E j;) maps unitarily Hf,i) onto 'H;j)
with inverse (1 E;;) since E;jEj; = E;; and Ej; E;jj = Ej;.

Let us fix a non-zero vector £ e HY. Let 7(AN-N)&D be the closed

subspace of H,; generated by &1 under 7. Its orthogonal projection on 'H,(Tj ) is

T (LAEjj)m(AN-NED = 7 (14E ) @ w(AIN)T (14 E)§D
=7 (AIn)w(14Ej)EWD,

that is, the closed subspace in H;j ) generated by £/ := (1 ,E il )& under the
action of A given by the restriction of & to Aly. All these orthogonal projections
are unitarily isomorphic:

T(1AEj;)m(ANN)ED = 7 (AIy)ED = m(14Ej)m(AIy)ED.
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So, as vector spaces and in terms of actions of A via 7 |ar,, T(AV-N)EM is iso-

morphic to N copies of 7 (Aly)& (D). Furthermore, writing any matrix M € ANV
as M = Zlfl,ka myg 1 4 Ejp with mpi € A, we have

a(MED = Y wlmplaEEY = Y wmply)w (1aEwEjr)E™

1<l,k<N 1<l,k<N
= Z N(mleN)N(lAEll)é(l) = Z n(mleN)S(l),
1<I<N I<I<N

isin 7 (AN-ME(D  So 7 acts on 7w (AN-V)E(D) where it is completely determined by
its restriction to w(Aly). This shows Part (ii).
Before continuing the proof, let us observe that these last computations imply

(n(M)E(l), 5(1)) _ (n(m”IN)g“), S(l))

Hy Hy

A form of converse of this property consists in noticing that if € is a state of the
C*-algebra A, then the functional L defined on ANV via L(M) = £(m ;) is a state
of the C*-algebra ANV, More generally, if V € AN:! is a fixed vector valued in
A and £ is a state of the C*-algebra A, then the functional L defined on AN-V via
L(M) = £(V*MYV) is a state of the C*-algebra AN- provided that £(V*V) = 1.

For Part (iii) and (iv), if A has no unit, we consider instead its extension A=
A®C,see, e.g.,[28, Section 1.3]. Hence, we may assume that A has a unit. Part (iii)
then follows from Part (ii) and its proof.

Let us now prove Part (iv) under the hypotheses that A has a unit. Let L
be a state of ANV, We set Iji == L(14E;;) for 1 < i,j < N, and consider
the matrix I' = (I';j) € CV'N. Since L(M) = L(M*), the matrix I' = I'* is
Hermitian so there exists a N x N unitary matrix P such that P*I" P is diagonal.
We may replace L by M +— L(PM P*) and assume that I" is diagonal. Since L
is a positive linear functional, so is its restriction M + tr (MT') to CN-N and this
implies I' > 0. Furthermore as L is a state, trI" = 1. So we may assume that
I' = Diag(Ay, ..., Ay)withA; > > ... > Ay >0and A+ ...+ Ay = 1.

We now assume that L is pure. Let  be the irreducible representation of the
C*-algebra AN-N and £ the unit vector associated with L. We can decompose

E=& +...+&, where & :=n(14E};)§ e HY :=n(14E;j;)Hx.
We have 1 = ||§||${” = ||€1||$1ﬂ+. . '+||€Nl|%'{rr = A1+...+Ay and more generally
(& 8))y, = (TUAEDE &), = L(1aEij) = 4;8i=.

Necessarily & # 0. Naturally, & € Hy(f) is orthogonal to S(j) =n(14E1)6 =
m(14E;1)é € H,(TJ) ifi # j.Andfor j =2,..., N,§; is orthogonal toé(j) since

(8:69),, = (T(AER)E T (1AENE),, = (x(1AE1)E &)y
= L(lAE1j) = 51:]'.
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This shows that if & # 0 then the space w(AN-N)&, generated by & under the
representation  of AN-N will be non-zero and distinct from 7 (AN-V)&, contra-
dicting the irreducibility of . Therefore 0 = &, = ... = &y and £ = &) is unitary.
Furthermore we have:

LM)y= )" (r(mijEij)e.&)= Y (m(mijEij)j. &)

1<i,j<N 1<i,j<N
(mmi E\DE1, &) = 6(m1),

where £ is the state of A associated with the restriction of 7 to A on w(Alyx)é;
and the unit vector &;. With the notation of the statement, this shows L = Ly, v
with V = e;1,4 where e; is the first vector of the canonical basis of CV; one easily
checks £1(V*V) = £1(14) = 1. This concludes the proof of Part (iv) and of
Lemma 7.1. O

7.2. Microlocal defect measures of vector-valued sequences and localisation
properties

Let us now go back to the family (Uy)gen in L2($2, 1oc)N where Qis an open subset
of G. We are concerned with the limit of quantities of the form (AU, Uk) 2~
for A € (\IJSI(Q))N’N . We shall denote by Try the trace of operators acting on the
Hilbert space of HQ’: ifo = (0i j)<ij<n. T'= i ji<ij<n,

Try (0 (x, #) D, ) = Y tr (o7, (x, ) Tji(x, 7).
I<i,j<N

A simple adaptation of the proof of our main result in Theorem 6.1 for scalar-valued
sequences and pseudo-differential operators yields:

Theorem 7.2. Let Q be a non-empty open set of G. Let (Uy) be a sequence in
L2(Q,1oc)N and U e L*(Q,loc)N. We assume that Uy —joeo U ae. in
L?(Q2,1oc)N. Then there exist a subsequence (Ug(j)) jen of (Ux) and a positive

measure (y, ) € MT(Q x 1, (HN)zex,) such that for any A € (\I-'SI(Q))N’N,
we have the convergence

jll)n;o (A(Uk¢jy — U), (Ukjy — U))LZ(Q)N

:f Try (princg(A)(x, 7)) I'(x, 7)) dy (x, 7).
Qx X

Moreover, once the subsequence (k(j)) is fixed, the positive trace-class-valued
measure (I', y) is unique up to equivalence.

Let us now consider a matrix-valued operator P consisting of K lines and N rows of
differential operators of order m such that (P Uy ) en converges to 0 in L? m (82, loc)X
as k — —+oo (recall that L?(Q, loc) was defined in Definition 4.23). The MDMs
['dy of (Up)ken satisfy the following localization property.
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Proposition 7.3. Let p(x, ) be the principal symbol of the matrix-valued differ-
ential operator P € (S™(Q)HKN where Q2 is an open subset of G. We assume that
the family (Uy)keN in L2(Q)V is such that PUy tends to PU in Lz_m(Q, loc)VN. Let
I'dy be a MDM of (Uy)keN, then

po(x, T)I(x, w)po(x, )" =0, dy(x,7) a.e.,

where po(x, ) = n(R)_% p(x, 1) for any positive Rockland operator R (with
homogeneous degree v).

Proof. We may assume that the sequence (Uy)ren is pure. The equation satisfied
by (PUk)ken implies that for any o € (SSI(Q))K’K we have

Jim (Op@)A+R)™F P~ U). A+ R FPU~ 1)), =0

By the definition of ['dy , we deduce
/ Try (p(x, ) (R) oo, 1) (R) ™ plr, DT, 7)) dy (v, 70) = 0,
Qx El
and this relation holds for any oq € (S?(Q))K K and this implies the result. [

7.3. Compensated compactness

The issue of compensated compactness result is to pass to the limit in quantities of
the form

/Q¢(X)(Q(X)Uk(X), U (x))cndx,

for some compactly supported scalar-valued smooth function ¢ and for smooth
bounded matrix-valued function ¢ € (D())V:N. The aim is to find conditions
on the matrix ¢ which allow to pass to the limit in terms of the weak limits U of
(Ur)ken. The next proposition is a compensated compactness result. Recall that
the spaces L?(Q, loc) were defined in Definition 4.23.

Proposition 7.4. Let p(x, ) be the principal symbol of the matrix-valued differ-
ential operator P € (8" ()N where Q is an open subset of G. Let (Uy)keN be
a sequence in L2(2,1oc)N which converges to U weakly in L3(2,10c)N and such
that (PUy)reN converges to PU in Lam(Q, loc)X.

(i) Let g € (C®(Q)NN be such that for all x € Q, 7 € G and h € (H)N, we
have
px,m)h =0= (g(x)h, h)H,f;’ =0.

Then the sequence of smooth functions given by x +— (q(x)Uy(x), Ur(x))cn
converges to x — (q(x)U (x), U(x))cn in D'(Q2);
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(ii) Let g € (C®()N'N be such that g* = q and satisfying for all x € Q, 7w € G
and h € (HX)N,

p(x,m)h =0= (g(x)h, h)y = 0.

Then, for any non-negative ¢ € D(RQ),

1}{13{£f/9¢(X)(q(X)Uk(X),Uk(X))cNdx Z/st(X)(CI(X)U(X),U(X))@NdX-

Proof of Proposition 7.4. The proof follows the lines of [32, Theorem 2]. Part (i)
follows from Part (ii), using in particular the decomposition of ¢ = g + ig2 with
q1, g2 smooth functions valued in the space of Hermitian N x N-matrices. So we
just have to prove Part (ii). We may assume that the sequence (Uy) is pure and that
U = 0. As a consequence, we know that

Jim /Q ¢ () (g () Uk (x), Ur(x))cvdx =/ ¢ () Try (g ()T (x, )dy (x, 70),

QXE]

and our aim is to show that the right-hand side of the preceding equality is nonneg-
ative. The proof comes from the following observation:

Ve >0, 3C, >0, V(x,7)eQxX;, VheH,,

. (7.1)
(qCOh, hyygy + CellpoCx, Al = —ellhly,

where po(x,7) = T(R)™ p(x, ). Indeed, this equation yields the positivity of
the operator
Re(x, 1) = q(x) + Cepo(x, ) po(x, 1) + eld

and we deduce for all non-negative ¢ € D(2) and for all ¢ > 0
/ ¢ (x)Try (Re(x, 1) (x, 7))dy (x, 7) > 0.
QXE]

On the other hand,

Try (Re(x, 1) (x, 7)) = Try (g (x)I" (x, 7))
+ C:Trg (po(x, 7))L (x, 1) py(x, 7))+ Tey (T (x, 77)).

By Proposition 7.3, we obtain that

/Q . ¢ () Try ()T (x, )dy (x, 1) = —8/ ¢ () Try I (x, ) dy (x, 70),

QXE]

which allows us to conclude.
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It remains to prove (7.1). We first note that the injectivity of 77 (R) implies that
the property on g with respect to p is also satisfied by pg,i.e. forallx € Q, 7 € G
and h € HY,
po(x, m)h =0 = (q(x)h, h)H,f;’ > 0.
We argue by contradiction: if (7.1) is false, then there exists &9 > 0 and sequences
(xn)nenN of  and (77,)nen of X1, together with unit vectors h, € HJ’TVn for each
n € N such that

(@ Con)hns h)ygy + nll poCen, a3y < —eo.

We interpret these sequences as the data of a sequence of states (Ly)nen of the
C*-algebra C*((S2(Q))N'V) = C*(S2(2))N'V, defined by

Vo e C* ((S2@)™Y)  La(0) = @ G T, Bl
We have
VneN, L,(q)+nL,(p3po) < —¢o,

in particular L,(q) < —¢go for all n € N. We extract a weak-* converging sub-
sequence from of (L,),en and we denote its weak limit by L. Note that L is a
state and it satisfies L(g) < —eo and L(pjpo) = 0. Desintegrating L into pure
states [21, §8.8] and combining Lemma 7.1 with Proposition 5.17, we obtain L as
an integral of states of the form o — (V*(xo, 7t0)o (xo, 7o) V (x0, 70) vo, vo)HﬂO
against a positive measure v. Since L(pgpo) = 0, we have:

(V*(x0, 770) Py Po (X0, 770) V (X0, 770) V0, V0) Ho,

= [|po(x0. 770) V (x0, 7o) oI5« =0 v-ace.
70
But our hypothesis implies
(g(x0)V (x0, 710)v0, V (x0, T0)v0) gy = 0 v-ae.,

and therefore L(g) > 0. This contradicts L(g) < —ep < 0. Hence (7.1) is proved
and this concludes the proof of Proposition 7 4. U

7.4. Link with div-curl results

Our result below gives a new approach to div-curl lemma, which had already been
considered from a more geometric (sub-Riemannian) perspective in [6,7]. We as-
sume that G is a stratified Lie group. We fix a canonical basis X1, ..., X,, on the
first stratum. Then the divergence operator is defined by

sz(fl’ 7fn1) ES(G)nls dlv(f)=X1f1++Xﬂ1fn]

We denote by 7 (div) the symbol of the operator div. This symbol is a vector of n;
symbols of order 1, i.e. div € (S CI] (G))""1. We define the curl-property as follows:
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Definition 7.5. Let 2 be an open subset of G. A n; x n; matrix p(x, ) €
(87 (82))"1-"1 of symbols of order m satisfies the curl-property when, for all x € €2,

TteG,h,hye ('Hjoto)nl

7 (div) - hy =0 and p(x, T)hy = 0 == (h1, h2)yn = 0.

Recall that the spaces L2(2, loc) were defined in Definition 4.23. We have the
following div-curl type result.

Proposition 7.6. Let 2 be an open subset of G. Let (Vi)ren and (Wig)ren be
two pure families of L*(2,1oc)" with weak limits V and W respectively. We
assume that the sequence of scalar functions (div(Vy))ren converges to div(V)
in L%l(Q,loc) as k — +o0 and that there exists p(m) € (S} ())"""! satis-
fying the curl-property (cf. Definition 7.5) such that (Op(p)Wi)ren converges
to Op(p)W in Lz_m(Q, loc)™. Then the sequence of functions given by x +>
¢ (x) (Vi (x), Wr(x))cm converges to x +— ¢(x)(V(x), W(x))cm in the sense of
distribution on Q2 as k — 0.

Proof. We set:

R)" ' (di 0 -
plx, ) = < () . 7 (div) p(x,n)> € Mnl+1,2nl(Scl(Q))

and  g(x) = <IO 8) c (C)Zm,an.
n

Then, for any i = (h1, ho) € (H°)"™ x (HP)™M = ('H;O)Z”I,we have
(g(x)h, h)Hi"l = (h1, hZ)H;I ;

and
px,m)h =0 <<= w(div)-h; =0 and p(x,m)hy =0.

The curl-property allows us to apply Proposition 7.4 Part (i) to the sequence (Ui )reN
given by Uy = (Vi, Wy) € C?"1, the operator P = Op(p) and the matrix-valued
function g (x). The statement follows. ]
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