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A criterion for virtual global generation

INDRANIL BISWAS AND A. J. PARAMESWARAN

Abstract. Let X be a smooth projective curve defined over an algebraically
closed field k, and let FX denote the absolute Frobenius morphism of X when
the characteristic of k is positive. A vector bundle over X is called virtually glob-
ally generated if its pull back, by some finite morphism to X from some smooth
projective curve, is generated by its global sections. We prove the following. If
the characteristic of k is positive, a vector bundle E over X is virtually globally
generated if and only if (Fm

X )∗E ∼= Ea ⊕ E f for some m, where Ea is some
ample vector bundle and E f is some finite vector bundle over X (either of Ea and
E f are allowed to be zero). If the characteristic of k is zero, a vector bundle E
over X is virtually globally generated if and only if E is a direct sum of an ample
vector bundle and a finite vector bundle over X (either of them are allowed to be
zero).

Mathematics Subject Classification (2000):14H60 (primary);14F05 (secondary).

1. Introduction

Fix an algebraically closed field k; the characteristic of k will be denoted by p. Let
X be an irreducible smooth projective curve defined over k.

A vector bundle E over X is said to be virtually globally generated if there
exists a smooth projective curve Y defined over k and a surjective morphism

f : Y −→ X (1.1)

such that the vector bundle f ∗E is generated by its global sections. Our aim here is
to give a necessary and sufficient condition for a vector bundle over X to be virtually
globally generated. Before we state the condition, we need to recall the definition
of a finite vector bundle.

A vector bundle E over X is called finite if there is a finite étale Galois covering

γ : X ′ −→ X

such that γ ∗E is trivializable; see [No]. Any finite vector bundle is of degree zero.
If k = C, then a vector bundle is finite if and only if it admits a flat holomorphic
connection whose monodromy is a finite group.
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If the characteristic p > 0, then FX will denote the absolute Frobenius mor-
phism of X .

We prove the following theorem (Theorem 4.1):

Theorem 1.1. Assume that p > 0. A vector bundle E over X is virtually globally
generated if and only if there is a positive integer m such that

(Fm
X )∗E ∼= Ea ⊕ E f ,

where Ea is some ample vector bundle and E f is some finite vector bundle over X
(any of Ea and E f are allowed to be zero).

Assume that p = 0. A vector bundle E over X is virtually globally generated
if and only if

E ∼= Ea ⊕ E f ,

where Ea is some ample vector bundle and E f is some finite vector bundle over X
(any of Ea and Et are allowed to be zero).

As a corollary, any ample vector bundle over a smooth projective curve is vir-
tually globally generated.

The unpublished manuscript [Pa] contained some of the results proved here.

2. Degree of the universal subbundle

In this section we assume that the characteristic of the field k to be zero. Fix an
irreducible smooth projective curve X of genus g defined over the field k.

For a vector bundle V over X , the projective bundle over X parametrizing
all one dimensional quotients of the fibers of V will be denoted by P(V ). The
tautological line bundle over P(V ) will be denoted by OP(V )(1). We recall that V
is called ample if the line bundle OP(V )(1) is so. The slope µ(V ) of V is defined as
µ(V ) := degree(V )

rank(V )
. A vector bundle V over X is called semistable if µ(W ) ≤ µ(V )

for every subbundle 0 �= W ⊂ V .
Given a vector bundle V over X , there is a unique filtration of subbundles

0 = V0 ⊂ V1 ⊂ · · · ⊂ V�−1 ⊂ V� = V , (2.1)

known as the Harder–Narasimhan filtration, which has the following properties:
Each successive quotient Vi/Vi−1, i ∈ [1 , �], is semistable, and µ(Vi/Vi−1) >

µ(Vi+1/Vi ) for all i ∈ [1 , � − 1]. The vector bundle V1 (respectively, V�/V�−1)
is denoted by Vmax (respectively, Vmin), and the rational number µ(Vmax) (respec-
tively, µ(Vmin)) is denoted by µmax(V ) (respectively, µmin(V )). The following
lemma is well–known.

Lemma 2.1. For any vector bundles V , W , and W ′ over X we have:

(a) µmax(V ⊗ W ) = µmax(V ) + µmax(W ).
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(b) µmax(SnV ) = n · µmax(V ), where SnV is the n–fold symmetric power of V .
(c) µmin(V ∗)=−µmax(V ) and µmax(V ∗) = −µmin(V ), where V ∗ is the dual of V .
(d) If µmax(V ) < 0, then H0(X, V ) = 0.
(e) If V −→ W is a surjective homomorphism with V ample, then W is ample.
(f) If 0 −→ W ′ −→ V −→ W −→ 0 is a short exact sequence of vector bundles

with W and W ′ ample, then V is ample.
(g) A vector bundle V over X is ample if and only if µmin(V ) > 0.
(h) Any pull back of a virtually globally generated vector bundle is again virtually

globally generated.
(i) If V is semistable (respectively, ample), and f : D −→ X is a finite morphism

from a projective curve D, then f ∗V is semistable (respectively, ample).

The statements (a) and (b) in Lemma 2.1 follow from the fact that the tensor
product of two semistable vector bundles is again semistable, provided the charac-
teristic of the base field is zero (see [RR, Theorem 3.18]). Statements (c) and (d) are
obvious. For the rest, see [Ha1] and [Ha2, Proposition 2.1(ii)]. That the pull back
of a semistable vector bundle is semistable follows from the fact that the Harder–
Narasimhan filtration for a pull back by a finite map descends, and the descended
filtration coincides with the Harder–Narasimhan filtration of the original bundle.

Remark 2.2. When the characteristic of the base field is positive, the tensor prod-
uct of two semistable vector bundles need not be semistable. For this reason we have
to treat separately the two cases of zero characteristic and positive characteristic.

For a vector bundle V over X and a divisor D on X , the vector bundle V
⊗

OX
OX(D)

will be denoted by V (D).

Lemma 2.3. Take a vector bundle V over X. Let L be a line bundle over X and n a
positive integer such that degree(L) > 2g−n ·µmin(V ) (as before, g = genus(X)).
Then the line bundle OP(V )(n) ⊗ π∗L over P(V ) is very ample, where π is the
natural projection of P(V ) to X.

Proof. For any two points x, y ∈ X , by Serre duality,

H1(X, SnV ⊗ L(−x − y)) = H0(X, SnV ∗ ⊗ L−1(x + y) ⊗ K X )∗ .

Therefore, in view of Lemma 2.1(d), to prove that

H1(X, SnV ⊗ L(−x − y)) = 0 (2.2)

it suffices to show that µmax(SnV ∗⊗L−1(x + y)⊗K X ) < 0. Using Lemma 2.1(a),
(b) and (c) we have:

µmax(SnV ∗ ⊗ L−1(x + y) ⊗ K X ) = −nµmin(V ) − degree(L) + 2g ,

which is negative if and only if degree(L) > 2g − nµmin(V ).
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Since (2.2) holds, for any two distinct points x, y ∈ X , the evaluation map

H0(X, SnV ⊗ L) −→ (SnV ⊗ L)x ⊕ (SnV ⊗ L)y (2.3)

is surjective. This implies that the global sections of OP(V )(n) ⊗ π∗L separate
points of P(V ), where π is the projection of P(V ) to X .

To prove that the sections of OP(V )(n) ⊗ π∗L also separate tangent vectors
of P(V ) we proceed as follows. Take any point z ∈ P(V ), and take any nonzero
tangent vector v ∈ TzP(V ). Set x := π(z). If v is tangent to the fiber π−1(x) =
P(Vx ), then there is a section

σ ∈ H0(P(Vx ), OP(Vx )(n))

such that σ(z) = 0 and v is transversal to the divisor of σ . Let

σ̂ ∈ H0(P(V ), OP(V )(n) ⊗ π∗L)

be a lift of the section σ ; since the homomorphism in (2.3) is surjective, such a lift
σ̂ exists. The section σ̂ clearly separates v.

Now assume that v ∈ TzP(V ) is not tangent to P(Vx ). Consider the long exact
sequence of cohomologies for the short exact sequence of sheaves

0 −→ SnV ⊗ L(−2x) −→ SnV ⊗ L(−x) −→ (SnV ⊗ L(−x))x −→ 0 .

Since H1(X, SnV ⊗ L(−2x)) = 0 (see (2.2)), from this long exact sequence we
conclude that the evaluation map

H0(X, SnV ⊗ L(−x)) −→ (SnV ⊗ L(−x))x

is surjective. Consequently, there is a section

σ ∈ H0(P(V ), OP(V )(n) ⊗ π∗L(−x))

such that σ(z) �= 0. Therefore, z is a smooth point of the divisor on P(V ) for the
section of OP(V )(n) ⊗ π∗L given by σ , and furthermore, the divisor is transversal
to v. This completes the proof of the lemma.

Given a vector bundle V over X , consider the canonical universal exact se-
quence of vector bundles on P(V ):

0 −→ K(V ) −→ π∗V −→ OP(V )(1) −→ 0 , (2.4)

where π as before is the projection of P(V ) to X .

Lemma 2.4. Let V , L and n be as in Lemma 2.3. Let D be an irreducible complete
intersection curve in P(V ) obtained by intersecting divisors on P(V ) lying in the
complete linear system for the very ample line bundle OP(V )(n) ⊗ π∗L. Then

degree(K(V )|D) = −(r − 1)nr−2degree(L) ,

where r = rank(V ).
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Proof. Since D is a complete intersection curve, degree(OP(V )(1)|D) ∈ Z coin-
cides with the cup product

c1(OP(V )(1)) ∪ c1(OP(V )(n) ⊗ π∗L)r−1 ∈ H2r (P(V ), Z) = Z .

For any line bundle ξ on P(V ), let [ξ ] ∈ H2(P(V ), Z) denote the first Chern class
of ξ .

Note that [π∗L] ∪ [π∗L] = 0. Also, for any fiber F := π−1(x) we have

[OP(V )(1)]r−1 ∩ [F] = 1 ,

where [F] ∈ H2r−2(P(V ), Z) is the homology class of the fiber. This implies that
[OP(V )(1)]r−1 ∪ [π∗L] = degree(L). We also have

[OP(V )(1)]r = degree(V ) .

Combining all these we get the following:

degree(OP(V )(1)|D) = [D] ∪ [OP(V )(1)]

= ([OP(V )(n)] + [π∗L])r−1 ∪ [OP(V )(1)]

= ([OP(V )(n)]r−1 + (r − 1)[OP(V )(n)]r−2 ∪ [π∗L]) ∪ [OP(V )(1)]

= nr−2[OP(V )(1)]r−1 ∪ (n[OP(V )(1)] + (r − 1)[π∗L])

= nr−2(degree(V )n + degree(L)(r − 1)) .

Now, since the degree of the restriction map π |D : D −→ C is nr−1, the lemma
follows from the universal exact sequence (2.4) and the above expression for
degree(OP(V )(1)|D).

3. Ample subbundles of ample vector bundles

Throughout this section we will continue with the assumption that the characteristic
of k is zero.

Proposition 3.1. Let X is an irreducible smooth projective curve of genus g. Let
V be an ample vector bundle of rank r over X, with r ≥ 2. Assume that either
r = 2 or V is semistable. Then there exists a smooth irreducible curve D in P(V )

as in Lemma 2.4 such that the restriction K(V )|D is ample, where K(V ) is defined
in (2.4).
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Proof. Fix an integer n >
(r−1)(2g+2)

µmin(V )
. Then there is an integer d < 0 such that

− (r − 2)nµmin(V )

r − 1
> d > 2g − nµmin(V ) . (3.1)

Let L be a line bundle over X of degree d. Then OP(V )(n) ⊗ π∗L is very ample by
Lemma 2.3 and the inequality (3.1). Take any complete intersection curve D as in
Lemma 2.4. As degree(L) = d < 0, using Lemma 2.4,

degree(K(V )|D) = −(r − 1)nr−2degree(L) > 0 .

Hence, if r = 2, then the line bundle K(V )|D is ample.
Assume now that the vector bundle V is semistable. Take any D as in Lemma

2.4. By Lemma 2.1(i), the restriction (π |D)∗V = (π∗V )|D is semistable. Then by
Lemma 2.4,

degree(K(V )|D) = −(r − 1)nr−2degree(L) .

Hence from (3.1) we conclude that

degree(K(V )|D) > (r − 2)nr−1µ(V ) (3.2)

(as µmin(V ) = µ(V ) and d = degree(L)).
To prove that K(V )|D is ample we need to show that µmin(K(V )|D) > 0

(see Lemma 2.1(g)). Assume that µmin(K(V )|D) ≤ 0. Then there is a subbundle
K ′ ⊂ K(V )|D with degree(K ′) ≥ degree(K(V )|D) (take K ′ to be the kernel of
the projection K(V )|D −→ K(V )|D/(K(V )|D)min). Combining this with (3.2) we
have

µ(K ′) := degree(K )

rank(K )
≥ degree(K(V )|D)

r − 2
>

(r − 2)nr−1µ(V )

r − 2

= nr−1µ(V ) = µ(π∗V |D) .

The above inequality µ(K ′) > µ((π |D)∗V ) contradicts the semistability condition
of (π |D)∗V . Consequently, µmin(K(V )|D) > 0, which implies that K(V )|D is
ample. This completes the proof of the proposition.

Remark 3.2. In the proof of Proposition 3.1 we saw that if n >
(r−1)(2g+2)

µmin(V )
and

d := degree(L) satisfies (3.1), then OP(V )(n) ⊗ π∗L is ample. If, furthermore,
rank(V ) = 2, then we saw that for any complete intersection curve D as in Lemma
2.4, the restriction of the line bundle K(V ) to D is ample. Therefore, if rank(V ) =
2, then there are closed curves D1, D2, D3 ⊂ P(V ) such that

3⋂
i=1

Di = ∅

and all the restrictions K(V )|Di , i ∈ [1 , 3], are ample.
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Corollary 3.3. Let V be an ample vector bundle over X of rank at least two. There
is a finite map f : Y −→ X, where Y is a smooth projective curve, such that f ∗V
admits an ample subbundle of co-rank one.

Proof. If V is semistable, then this follows from Proposition 3.1. Assume that V is
not semistable. Let

ψ : V −→ Vmin

be the quotient homomorphism; the quotient Vmin is defined in Section 2. As V
is ample, we have degree(Vmin) > 0. Therefore, each successive quotient in the
Harder–Narasimhan filtration of V is ample (follows from Lemma 2.1(g)). Now
using Lemma 2.1(f) we conclude that the subbundle kernel(ψ) ⊂ V is ample.

Therefore, if Vmin is a line bundle, then kernel(ψ) is an ample subbundle of V
of co-rank one.

Assume now that rank(Vmin) ≥ 2. Then from Proposition 3.1 it follows that
there exists a finite morphism f : Y −→ X , where Y is a smooth projective curve,
such that there is an ample subbundle V ′ ⊂ f ∗Vmin of co-rank one. The inverse
image ( f ∗ψ)−1(V ′), where f ∗ψ is the pull back of the homomorphism ψ to Y , fits
in the following short exact sequence of vector bundles over Y

0 −→ f ∗kernel(ψ) −→ ( f ∗ψ)−1(V ′) −→ V ′ −→ 0 .

The vector bundle f ∗kernel(ψ) is ample as kernel(ψ) is so (see Lemma 2.1(i)).
Therefore, using Lemma 2.1(f), from the above exact sequence it follows that the
vector bundle ( f ∗ψ)−1(V ′) is ample. Hence, ( f ∗ψ)−1(V ′) ⊂ f ∗V is an ample
subbundle of co-rank one.

Proposition 3.4. Let V be an ample vector bundle over X of rank at least two.
Then there exists an irreducible smooth projective curve Y and a finite morphism
f : Y −→ X with the following property: there are finitely many ample subbundles
of co-rank one

Ki ⊂ f ∗V ,

i ∈ [1, n], such that the natural homomorphism

n⊕
i=1

Ki −→ f ∗V

is surjective.

Proof. First assume that rank(V ) = 2. There are curves D1, D2, D3 ⊂ P(V )

such that the restrictions ξi := K(V )|Di , i ∈ [1 , 3], are ample line bundles and⋂3
i=1 Di = ∅; see Remark 3.2. Let

ν : Y −→ D1 ×X D2 ×X D3

be the normalization of an irreducible component of the fiber product over X .
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The projection from Y to Di will be denoted by νi ; the projection from Y to
X will be denoted by ν. Then ν∗

i ξi are ample by Lemma 2.1(i), and they together

generate ν∗V as
⋂3

i=1 Di = ∅.
Now assume that rank(V ) > 2. Applying Corollary 3.3 twice we obtain

a finite covering f : D −→ X and an ample subbundle K of f ∗V such that
rank( f ∗V/K) = 2. We note that f ∗V is ample on D by Lemma 2.1(i), and
hence f ∗V/K is ample by Lemma 2.1(e). Replacing (X , V ) by (D , f ∗V/K) in
the first part of the proof we conclude that there is a finite covering f0 : Y −→ D
and ample line subbundles Li ⊂ f ∗

0 ( f ∗V/K), i = 1, 2, 3, such that Li together
generate f ∗

0 ( f ∗V/K).
Let

ψ : f ∗
0 f ∗V −→ f ∗

0 ( f ∗V/K)

be the quotient map. Then ψ−1(Li ), i ∈ [1 , 3], are ample by Lemma 2.1(f). Clearly
they together generate f ∗

0 f ∗V . This completes the proof of the proposition.

The following lemma is well known; see [Mu].

Lemma 3.5. Let Z be an irreducible nonsingular projective variety defined over
k. Let L be a line bundle over X such that the line bundle Lm has a nonzero
section σ for some positive integer m. Then there exists a finite cyclic covering
f : Z ′ −→ Z (possibly ramified) such that the line bundle f ∗L has a nonzero
section σ ′ satisfying the condition f (Div(σ ′)) = Div(σ ). Moreover, if the divisor
Div(σ ) is smooth, then Z ′ and f (Div(σ ′)) can be chosen to be smooth.

Proof. Let π denote the projection to Z of the total space of L . Let Z ′ be the
subvariety of the total space of L defined by:

Z ′ := {z ∈ L | zm = σ(π(z))} .

Let f : Z ′ −→ Z be the restriction of π . We have the section σ ′ of f ∗L that sends
any y ∈ Z ′ ⊂ L to (y , y) ∈ f ∗L ∼= L ×Z Z ′. The pair (Z ′ , σ ′) satisfy all the
conditions in the lemma.

Theorem 3.6. Let V be an ample vector bundle over an irreducible smooth pro-
jective curve X defined over an algebraically closed field k of characteristic zero.
Then V is virtually globally generated.

Proof. First assume that V is an ample line bundle. Choose an integer m � 0 such
that V ⊗m is a very ample line bundle. Fix two sections

τ1, τ2 ∈ H0(X, V ⊗m)

having only simple zeros such that Div(τ1)
⋂

Div(τ2) = ∅. Then by Lemma 3.5
one can have two coverings

fi : Yi −→ X
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and sections σi ∈ H0(Yi , f ∗
i V ), i = 1, 2, with the property that σi vanishes on

Div(τi ). Let Y be the normalization of an irreducible component of the fiber product
Y1 ×X Y2 over X . The pull back of the two sections σ1 and σ2 to Y together generate
the pull back of V to Y .

Now we assume that r := rank(V ) ≥ 2. We will employ induction on r . We
assume that any ample vector bundle of rank at most r − 1 over a smooth projective
curve is virtually globally generated.

By Proposition 3.4, there is an irreducible smooth projective curve D0 and a
finite morphism

f0 : D0 −→ X

with the following property: there are ample subbundles co-rank one Ki ⊂ f ∗
0 V ,

i = 1, · · · , s, over D0 generating f ∗
0 V . Consequently, by our induction hypoth-

esis, each Ki , i = 1, · · · , s, is virtually globally generated. Therefore, there is an
irreducible smooth projective curve Y and a projection

h : Y −→ D0 ,

such that the vector bundle h∗Ki over Y is globally generated for each i ∈ [1 , s].
As Ki , i = 1, · · · , s, together generate f ∗

0 V , we conclude that h∗Ki , i ∈
[1 , s], together generate h∗ f ∗

0 V . Since each h∗Ki is globally generated, this im-
plies that h∗ f ∗

0 V is also globally generated. This completes the proof of the theo-
rem.

4. Criterion for virtual global generation

Let k be an algebraically closed field of arbitrary characteristic. Let X be an irre-
ducible smooth projective curve defined over k. In the introduction we recalled the
definition of a finite vector bundle. A vector bundle V over X is called essentially
finite if degree(V ) = 0, and there exists a finite vector bundle V ′ and a quotient
bundle Q of degree zero of V ′ such that V is isomorphic to a subbundle of Q;
see [No].

If the characteristic of k is positive, we will denote by FX the absolute Frobe-
nius morphism of X . For any integer m ≥ 1, the m–fold iteration of the self-
morphism FX will be denoted by Fm

X . If the characteristic of k is positive, a vec-
tor bundle V over X is called strongly semistable if (Fm

X )∗V is semistable for all
m ≥ 1.

Theorem 4.1. Assume that the characteristic p = 0. A vector bundle E over X is
virtually globally generated if and only if

E ∼= Ea ⊕ E f , (4.1)

where Ea is some ample vector bundle and E f is some finite vector bundle over X
(any of Ea and Et are allowed to be zero).
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Assume that the characteristic p > 0. A vector bundle E over X is virtually
globally generated if and only if there is a positive integer m such that

(Fm
X )∗E ∼= Ea ⊕ E f , (4.2)

where Ea is some ample vector bundle and E f is some finite vector bundle over X
(any of Ea and E f are allowed to be zero).

Proof. We first consider the case where the characteristic of k is zero.
Assume that E = Ea ⊕ E f , where Ea is an ample vector bundle and E f a

finite vector bundle over X . Since Ea is ample, there is a nonconstant morphism of
smooth projective curves

f1 : Y1 −→ X

such that f ∗
1 Ea is globally generated (see Theorem 3.6). Since E f is a finite vector

bundle, there is a finite étale Galois covering

f0 : Y0 −→ X

such that the vector bundle f ∗
0 E f is trivializable. Let Y be the normalization of

some connected component of the fiber product Y1 ×X Y0 over X . Let f denote the
natural projection of Y to X . Since both f ∗Ea and f ∗E f are globally generated,
we conclude that the vector bundle E = Ea ⊕ E f is virtually globally generated.

To prove the converse, let E be a virtually globally generated vector bundle
over X . Let C be an irreducible smooth projective curve and

ρ : C −→ X (4.3)

a nonconstant morphism such that ρ∗E is globally generated.
Let

0 = E1
0 ⊂ E1

1 ⊂ · · · ⊂ E1
�−1 ⊂ E1

� = E (4.4)

be the Harder–Narasimhan filtration of the vector bundle E . Since ρ in (4.3) is a
finite morphism, the pull back to C of a semistable vector bundle over X remains
semistable. Consequently, the pull back to C of the filtration in (4.4) has the prop-
erty that each successive quotient is semistable with decreasing slopes. Therefore,
the filtration in (4.4) pulls back to the Harder–Narasimhan filtration of ρ∗E . Set

Ei = ρ∗E1
i (4.5)

for all i ∈ [0 , �]. Therefore,

0 = E0 ⊂ E1 ⊂ · · · ⊂ E�−1 ⊂ E� = ρ∗E (4.6)

is the Harder–Narasimhan filtration of the vector bundle ρ∗E .
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Since ρ∗E is globally generated, the quotient (ρ∗E)/E�−1 is also globally
generated. Hence

µmin(ρ
∗E) := µ((ρ∗E)/E�−1) ≥ 0 .

First assume that µmin(ρ
∗E) > 0. Then ρ∗E is ample (see Lemma 2.1(g)). From

this it follows that E is ample. Hence (4.1) holds with Et = 0.
Next consider the other case, namely µmin(ρ

∗E) = 0, where ρ is the mor-
phism in (4.3). Let r0 be the rank of (ρ∗E)min := (ρ∗E)/E�−1 (see (4.6)). Let

q : ρ∗E −→ (ρ∗E)/E�−1 (4.7)

be the quotient homomorphism.
Fix a k–rational point z0 ∈ C , and also fix sections

β j ∈ H0(C, ρ∗E) ,

j ∈ [1 , r0], such that {q(β1(z0)), · · · , q(βr0(z0))} span the fiber ((ρ∗E)min)z0

(recall that ρ∗E is globally generated and r0 = rank((ρ∗E)min)). Consider the
homomorphism

φ : O⊕r0
C −→ (ρ∗E)min (4.8)

defined by

φ(y; λ1, · · · , λr0) =
r0∑

i=1

λi · q(βi (y)) ,

where y ∈ C , λi ∈ k, and q is defined in (4.7). This homomorphism φ induces a
homomorphism of determinant line bundles

r0∧
φ :

r0∧
O⊕r0

C = OC −→
r0∧

(ρ∗E)min .

Since degree(
∧r0(ρ∗E)min) = 0 and

∧r0 φ(z0) is an isomorphism, we conclude
that

∧r0 φ is an isomorphism of line bundles. Hence the homomorphism φ in (4.8)
is an isomorphism.

Let
φ̂ : O⊕r0

C −→ ρ∗E

be the homomorphism defined by

φ̂(y; λ1, · · · , λr0) =
r0∑

i=1

λi · βi (y) ,

where y ∈ C and λi ∈ k. Hence we have q ◦ φ̂ = φ.
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Since the homomorphism φ is an isomorphism, we conclude that the homo-
morphism φ̂ gives a splitting

ρ∗E = E�−1 ⊕ image(φ̂) = E�−1 ⊕ (ρ∗E)min = E�−1 ⊕ O⊕r0
C . (4.9)

For the filtration in (4.4), from (4.5) we have

µmin(E1
�−1) = µmin(E�−1)/degree(ρ) = µ(E�−1/E�−2)/degree(ρ) > 0

if E�−1/E�−2 in (4.6) is nonzero. Therefore, the vector bundle E1
�−1 over X is

ample if it is nonzero (see Lemma 2.1(g)). Using the decomposition in (4.9) we
will show that E decomposes as a direct sum of E1

�−1 and a finite vector bundle.
Consider the short exact sequence of vector bundles over X

0 −→ E1
�−1 −→ E −→ E/E1

�−1 −→ 0 . (4.10)

We will prove that it splits. For that, take a pair (C̃ , τ ), where C̃ is a connected
smooth projective curve defined over k and

τ : C̃ −→ C

a surjective map, such that the composition

ρ̃ := ρ ◦ τ : C̃ −→ X (4.11)

is a Galois covering. From the splitting in (4.9) we know that the pull back of the
exact sequence in (4.10) to C splits. Therefore, the pull back of the exact sequence
in (4.10) to C̃ also splits.

Fix a splitting

θ : ρ̃∗(E/E1
�−1) −→ ρ̃∗E (4.12)

of the pulled back short exact sequence

0 −→ ρ̃∗E1
�−1 −→ ρ̃∗E −→ ρ̃∗(E/E1

�−1) −→ 0 (4.13)

over C̃ . The Galois group Gal(ρ̃) for the covering map in (4.11) has a natural action
on any vector bundle over C̃ which is pulled back from X . Furthermore, the exact
sequence in (4.13), being a pull back of an exact sequence on X , is compatible
with the actions of Gal(ρ̃) on the vector bundles in the exact sequence. In other
words, all the homomorphisms in the exact sequence commute with the actions of
the Galois group.

Therefore, for any element α ∈ Gal(ρ̃), the pull back

α∗θ : ρ̃∗(E/E1
�−1) = α∗ρ̃∗(E/E1

�−1) −→ α∗ρ̃∗E = ρ̃∗E
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is also a splitting of the short exact sequence in (4.13), where θ is as in (4.12).
Consider the average homomorphism

θ̂ := 1

#Gal(ρ̃)

∑
α∈Gal(ρ̃)

α∗θ

which is a splitting of the short exact sequence in (4.13). This homomorphism θ̂

clearly commutes with the actions of Gal(ρ̃) on ρ̃∗(E/E1
�−1) and ρ̃∗E . From this

it follows immediately that θ̂ descends to a splitting of the short exact sequence in
(4.10). In other words, we have

E ∼= E1
�−1 ⊕ (E/E1

�−1) . (4.14)

We have already shown that the vector bundle E1
�−1 is ample (provided it is nonzero).

We will now show that E/E1
�−1 is a finite vector bundle. For that we first note that

the pull back of E/E1
�−1 to C is trivializable (recall that the homomorphism φ in

(4.8) is an isomorphism). Therefore, the vector bundle ρ̃∗(E/E1
�−1) over C̃ , which

coincides with τ ∗(ρ∗E)min, is trivializable. To prove that the vector bundle E/E1
�−1

is finite, we need to produce an étale Galois covering of X such that the pull back
of E/E1

�−1 to it is trivializable. Although the covering ρ̃ may not be étale, we will
construct a quotient of C̃ which is an étale Galois covering of X .

We will define an equivalence relation on the k–rational points of C̃ in the
following way. Two points y1 and y2 are equivalent if the following two conditions
hold:

• ρ̃(y1) = ρ̃(y2), and

• the identification of the fiber (ρ̃∗(E/E1
�−1))y1 with (ρ̃∗(E/E1

�−1))y2 given by any
trivialization of the vector bundle ρ̃∗(E/E1

�−1) coincides with the identity map of
(E/E1

�−1)ρ̃(y1). It is easy to see that this condition does not depend on the choice
of the trivialization of ρ̃∗(E/E1

�−1). (As both (ρ̃∗(E/E1
�−1))y1 and (ρ̃∗(E/E1

�−1))y2

are identified with (E/E1
�−1)ρ̃(y1), an isomorphism of (ρ̃∗(E/E1

�−1))y1 with
(ρ̃∗(E/E1

�−1))y2 gives an automorphism of (ρ̃∗(E/E1
�−1))y1 .)

The quotient of C̃ by this equivalence relation gives an étale Galois covering of X
with the property that the pull back of E/E1

�−1 to it is trivializable.
Therefore, the vector bundle E/E1

�−1 over X is finite. Hence, the decompo-
sition of E in (4.14) is a decomposition of the type as in (4.1). In other words,
(4.1) holds. This completes the proof of the theorem under the assumption that the
characteristic of k is zero.

We now assume the characteristic of k to be positive.
Let E be a vector bundle over X and m an integer such that (Fm

X )∗E ∼=
Ea ⊕ E f as in (4.2). Since Ea is ample, we know that Ea is virtually globally
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generated [BP, Theorem 2.2]. Since E f is finite, it is also virtually globally gen-
erated. Therefore, (Fm

X )∗E ∼= Ea ⊕ E f is virtually globally generated. Since
(Fm

X )∗E is virtually globally generated, we conclude that E itself is virtually glob-
ally generated.

To prove the converse, let E be a virtually globally generated vector bundle
over X . There is an integer m such that

(Fm
X )∗E =

�⊕
i=1

Vi , (4.15)

where each Vi is a strongly semistable vector bundle over X [BP, Proposition 2.1].
The vector bundle (Fm

X )∗E is virtually globally generated as E is so. Hence
each Vi in (4.15) is virtually globally generated. Therefore,

degree(Vi ) ≥ 0 (4.16)

for all i ∈ [1 , �].
If degree(Vi ) > 0, then the strongly semistable vector bundle Vi is ample

[Bi2, Theorem 1.1] (similar results were proved in [La], [Ba], [Br], [Lan]).
Assume that degree(Vi ) = 0. Since Vi is virtually globally generated, there is

a smooth projective curve Y and a finite morphism

f : Y −→ X

such that f ∗Vi is globally generated. Since

degree( f ∗Vi ) = degree( f ) · degree(Vi ) = 0 ,

the vector bundle f ∗Vi is trivializable. This is proved by repeating the earlier argu-
ment showing that the homomorphism φ in (4.8) is an isomorphism.

Since f ∗Vi is trivializable, it follows that the vector bundle Vi is essentially
finite.

Set δi = degree(Vi ). Consider the decomposition

(Fm
X )∗E =

�⊕
i=1

Vi = (
⊕
δi >0

Vi ) ⊕ (
⊕
δi =0

Vi ) =: Wa ⊕ We

obtained using (4.15) and (4.16). We have shown above that Wa is ample and We is
essentially finite. Since We is essentially finite, for all integers n sufficiently large,
the pull back (Fn

X )∗We is finite vector bundle. Consider

(Fm+n
X )∗E = (Fn

X )∗Wa ⊕ (Fn
X )∗We , (4.17)

where n is sufficiently large. Since FX is a finite morphism and Wa is ample, the
vector bundle (Fn

X )∗Wa is ample. In other words, (4.17) is a decomposition of type
(4.2). Thus, any virtually globally generated vector bundle admits a decomposition
of type (4.2). This completes the proof of the theorem.
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Remark 4.2. Fix distinct k–rational points D := {p1, · · · , pd} of a smooth pro-
jective curve X . A parabolic vector bundle over X with parabolic structure over D
is a vector bundle E over X together with a decreasing filtration of subspaces

V i
1 ⊂ V i

2 ⊂ · · · ⊂ V i
�i

= E pi

of each fiber E pi , and furthermore, to each subspace V i
j there is an associated ra-

tional number 0 ≤ λi
j < 1 such that λi

j > λi
j+1 for all i, j ; see [MS] for the details.

The notion of an ample vector bundle can be extended to the context of parabolic
bundles (see [Bi1]). Parabolic vector bundles correspond to orbifold vector bun-
dles, i.e., equivariant vector bundles equipped with an action of a finite group. For
an ample parabolic bundle, the corresponding orbifold vector bundle is ample in
the usual sense [Bi1, Lemma 4.6]. Using this it can be shown that Theorem 4.1
generalizes to the context of parabolic bundles.
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