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Non-convex functionals penalizing simultaneous oscillations along
independent directions: rigidity estimates

MICHAEL GOLDMAN AND BENOIT MERLET

Abstract. We study a family of non-convex functionals {£} on the space of
measurable functions u : 21 x Qp C R" x R" — R. These functionals
vanish on the non-convex subset S(2; x €2,) formed by functions of the form
u(xy,xp) = uj(xy) or u(xy,xp) = up(xp). We investigate under which con-
ditions the converse implication “€(u) = 0 = u € S(2] x €2,)” holds. In
particular, we show that the answer depends strongly on the smoothness of 1. We
also obtain quantitative versions of this implication by proving that (at least for
some parameters) £(u) controls in a strong sense the distance of u to S(21 x 7).

Mathematics Subject Classification (2020): 46E30 (primary); 35R70 (sec-
ondary).

1. Introduction

Given two bounded non-empty connected and open sets 2 C R"!, Q, C R™,
we consider the non-convex set S(2) of measurable functions u defined on Q =
Q1 x Qy C R which only depend on the first n1 coordinates or on the last n
coordinates, that is u(x) = uj(x1) or u(x) = ua(x2). We present and study a family
of non-convex functionals that detect whether a measurable function u defined on 2
belongs to S(£2). As a first guess, we could expect that for u with Sobolev regularity
the relation

IViu| |Vau| =0 ae. in (1.1)

would imply u € S(€2). As we will see later on, this is not the case even for u €
Lip(€2) and therefore (1.1) cannot be the starting point for defining our functionals.
However, our construction relies on a discrete version of (1.1). If u € S(2) then
at any point x = (x1,x2) € , and for any z = (z1, z2) € R"" with |z| small
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enough, the product
lu(xr + z1, x2) —u(x)| Ju(xy, x2 + z2) — u(x)] (1.2)

is well defined and vanishes. The functionals that we consider are based on the
integration of (1.2) in x and z with a weight depending on z and a limiting process
that localizes the integration around z = 0.

1.1. Definitions and context

Let us introduce some notation. For convenience, we write the Cartesian product as
a sum: we decompose the n-dimensional Euclidean space X = R" as,

R'=X®X,, with n:=dimX; >1forl =1,2.

We will assume for simplicity that X; L X,. The domain @ C R" is Q :=
Q1 + Q2 where, for [ = 1, 2, €; is a non-empty bounded domain (i.e., open and
connected) of the subspace X;. We note L(U) the space of Lebesgue-measurable
functions defined on a measurable set U and for x € R", we note x = x| + xp its
decomposition in X| 4+ X5,. With this notation we define the set

S(RQ) = {u e L(Q):ulx)=u(x)inQwithl =1or/ =2and u; € L(Ql)}.

(This set depends on €21, €2> but as no ambiguity arises we choose this short nota-
tion.)
We also fix a radial non-negative kernel

peL'(R" Ry) with /p:l, and suppp C Bj.

As usual, for ¢ > 0 we introduce the rescaled kernel p, := ¢ "p(e~!-) so that
{pe}e>0 forms a family of radial mollifiers. We introduce three real parameters p,
01, 6> > 0 and define for any measurable function u : 2 — R and any ¢ > 0, the
quantity

589’11;92 (u; Q) = 556,1];92 ()

. 6 _ 6 13
::/ e [ et —u " e ) —ueop ()
n QF |z|P

with

QF 1= QF 4+ Q5, and Q= () @-z) forl=12.

zn€Xp.lzil<e
Eventually, we send ¢ to 0 and define the functional

ENP(u; Q) = ENP () = lim %)nfgf}fz ().
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Most of the time, we omit the dependency on the parameters 61, 8, and note
Eepu) = ENL2(w),  Epu) = EG" ().

We are interested in the qualitative and quantitative properties of functions with
finite energy £ p(u). We first observe that u, 61 and 6, being fixed, there exists at
most one value of p for which 0 < &, () < oo.

Remark A. From the properties of the kernel p, we have for p < g,
ga,p(u) <egl™? gs,q(u)-

Sending & to 0, we see that [£,(u) > 0] = [&,(u) = oo] and we deduce that there
exists p*(u) € [0, oo] such that

_ )0 forp < p*(u)
Epw) = oo forp > p*(u).

By construction, & ,(u) = &,(u) = 0 for every u € S(2). A first natural
question is:

“Does &, (1) = 0 implies u € S(2)?” (1.4)

We will see that the answer is “yes” for p large enough depending on 6y, 6>. This
question initially appeared (with u being a characteristic function and np = 1) in
the study of pattern formation in some variational models involving competition
between a local attractive term and a non-local repulsive one. Indeed, in [7,10]),
energies related to £, are used to show that some sets S C R” are union of stripes.
The functionals £, extend this setting to general functions and to general dimen-
sions (ny, n2).

Our second main result may be seen as an answer to a quantitative version of
Question (1.4). Indeed, we prove (at least for some values of 6] and 6,), that the
non-convex energy &£, (u) controls the distance from u to the non-convex set S(£2)
in a strong norm. Of course, as seen from Remark A, this is an interesting question
only for the borderline exponent p for Question (1.4).

Remark B. Let us point out that when investigating Question (1.4), there is no loss
of generality in assuming that u € L°°. Indeed, arctanu € S(2) if and only if
u € S(Q) and &, (arctanu) < &, (u).

Remark C. Notice that the functionals 5,9,1’92 can be seen as variants of the non-
local functionals used by Brezis et al to characterize Sobolev spaces [2,3,6,11,12].
It turns out that the present non-convex setting is rather different but we do use their
results in our analyses at some point: when u(x) splits as u1(x1) + uz(x2).
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1.2. The vanishing energy case: Question (1.4)

To get some insight into the behavior of the functional £, let us first consider the
simple situation u € C!(€). Within this setting, the problem is rigid as soon as
p=060i+06.

Proposition D (Proposition 2.1). Let us note 6 := 61 + 6,.

(i) For every u € Lip(R2), £y(u) < oo (and therefore £,(u) =0 for p < 6);
(i) Ifu € Cl(ﬁ), then [Eg(u) =0] = u € S(Q).

To obtain the point (i) we simply plug the inequality |u(x+z;) —u(x)| < ||Vu|lcolzi|
in the definition of & g. This first point shows that the parameter p = 6 is sharp
in (ii). The proof of (ii) runs as follows. Using the relation u(x + z;) — u(x) =
Vu(x) - z; + o(|z]) in the definition of & g(u), we obtain that & (u) = 0 implies
that Vu satisfies the differential inclusion (equivalent to (1.1))

Vu(x) € X1 UX, almost everywhere in 2. (1.5)

This differential inclusion is rigid for u € C L(Q): it yields u € S(€2). On the
contrary, since the convex hull of X; U X3 is R”, the differential inclusion (1.5) is
not rigid in the class of Lipschitz continuous functions. Indeed, the set of Lipschitz
functions satisfying (1.5) is dense in WL1(Q) (see [4, Theorem 10.18]). As a con-
sequence we cannot substitute Lipschitz continuity to the C!-regularity assumption
in Proposition D (ii). More precisely, at least in the range min(61, 62) < 1, when we
pass from C!-regularity to Lipschitz continuity, the threshold jumps from p = 6 to
p = 1 + 6 as shown by the two following propositions. The first one follows from
Theorem I (with 61, 6, in the range (b) of (1.6) below).

Proposition E (Proposition 3.9). Assume min(01, 62) < 1 then for u € Lip(£2),
[E140(u) = 0] = u € S(Q).

Proposition F (Proposition 2.2 (i)). There exists u € Lip(2)\S(R2) with 0 <
Er46(u) < oo.

The typical example of a function u € Lip(2) \ S(R2) with 119(u) < o0 is the
“roof” function u(x) := min(xq, xp) defined on & = (0, 1) x (0, 1) with n; =
ny = 1. This function is locally independent of x| or of x, away from the diagonal
{x1 = x3}, so that the integrand in (1.3) vanishes outside {(x, z) : |[x; — x2]| < |z| <
¢}. With this remark, it is not difficult to guess that &1 19 () is finite and positive.

In this work we consider lower regularities than Lipschitz continuity, like
merely measurable functions or Llloc or L functions for the finest results (recall
however Remark B). In this setting, a second important example of a function
which “almost” belongs to S(€2) is given by the characteristic function of a “cor-
ner’, u := 1y 1y defined in Q = (-1, 1)2. Here, the integrand of (1.3) vanishes
outside {(x, z) : |x| < &, |z] < €} and it is easy to check that & (1) < oco.

Proposition G (Proposition 2.2 (ii)). There exists u € L®(Q)\S(Q) with 0 <
E(u) < oo.
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Propositions F and G show that the implication
Yue L(Q), &u)=0=ucS)

could only hold under the condition p > max(1+ 6, 2). Our first main result shows
that, in many cases, this bound is sharp.

Definition H. For 61, 6, > 0, using the notation 6 := 6; + 6>, we define

2 ifg <1 (a)
P@61,0r) =314+86 if 6 > 1 and min(01, 6) < 1 (b) (1.6)
min(6,0) +0 if 61,6, > 1. (c)

To lighten notation, from now on, 61, 6, > 0 being given, we note

E) :=Ep@.0,) () = 5%{512,92)(“)'

Theorem I (Theorem 3.7). For every u € L(R2), there holds Eu) =0 = u €
S(R2).

Remark J. The counter-examples of Propositions F, G show that the exponent
P(01, 62) cannot be improved in the cases (a) and (b) of (1.6). On the contrary,
in case (c) we believe that the sharp exponent should still be 1 4 6 although we
only succeed to prove that the optimal exponent was not larger than P (61, 6;) =
min(6y, 62) +6 > 14 6.

Since £(u) < oo implies &, (u) = 0 for every p < P (61, 6») (see Remark A),
we obtain as direct corollary of Theorem I:

Corollary K. If u € L(R) satisfies £,(u) < oo for some p > P(6,62), then
ue S(Q).

Another consequence of the theorem is the following generalization of [10, Propo-
sition 4.3].

Corollary L (Corollary 3.8). For every p > P(61,02), r > 0, and every u €
L), if

// u(x 4 21) = u@)" u(x + z2) — u(x)|”

|Z|n+p

dxdz < 00,

thenu € S(2").

This is indeed a far reaching generalization of [10, Proposition 4.3] since the same
conclusion was obtained there under the assumptions that np = 1, u = 1 for
some set E of finite perimeter satisfying an extra technical assumption and p > n
(see also [7] where the condition p > n was independently relaxed to p > 2). As
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opposed to [10] and [7] where the proofs are somewhat geometrical and based on
slicing, our proof is purely analytical.

The main insight in the proof of Theorem I is that if £(«) does not control
first order differential quotients it does control second order ones. Very roughly
speaking (at least for 6 < 1), the main observation is that!

_ _ 0
liminf/ 0e(2) lu(x+2z1+22) u(x—:fgl)g u(x+z2) + u(x)| dx dz < Ew).
el0 JRrn Qf |Z| 1,62)

This yields a quantitative control on the distribution?
ulul ;== ViVou.
Proposition M (Proposition 3.3). Letuc L] (Q). For every ¢ € C°(Q, R"*"™),

loc

6=1or

e if (a) holds with
@)@l if (@) holds with 1 o 1 il <1

(nul, @) S 1/6

E"IViel NS if (b) holds and 6, < 1,

EWIViI P 1018 if (c) holds and 6; < 6,.

(1.7)

Remark N. For some estimates (as the first one above), u is required to be
bounded. In these situations, we avoid complex formulas involving |u|| - by as-
suming ||#]|co < 1. The general case can be recovered by scaling.

Remark O. If ny = np = 1 and £(u) = 0, (1.7) implies that u satisfies the wave
equation d;oou = 0. As noticed in the context of linearized elasticity by Kohn
(see [5]), this equation is rigid when coupled with the constraint u € {0, 1}, i.e., if
u € {0, 1} solves the wave equation then u € S(£2) (see also [9]).

The proof of Theorem I continues as follows. Proposition M implies that if
E(u) = 0 then u[u] = 0. Obviously, the space of functions u € LIIOC(Q) with
ulu] =01is

Ll () Nspan S(8) = {x € Q> up(x) +ua(xa) tuy € LL () forl = 1, 2} .

Plugging the decomposition u(x) = u1(x1) + u2(x2) into the definition of & , (1),
the integrations over 2 and €, decouple. Using again £(u) = 0, we deduce that
for/ =1 orl = 2, we have a control of the form

- lug (x) — w (v 10
/ / Pe(X; — Y1) > dx;dy; = 0.
[ JQf

lx; — %

1 By convention a < b means that there exists a non-negative constant C which may only depend
on 61, 6, n, Q2 or on the kernel p such thata < Cb.

2 Foru € Lll0 - (€2) we note V; the distributional gradient with respect to the variables in X;.
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We then use ideas from [2] in either 2 or €2, to obtain Theorem I.

Before developing further the consequences of Proposition M let us comment
about its optimality. In the cases (a) and (b) of Proposition M, the estimates are
optimal in the sense that for p < P(01, 63), (1.7) does not hold in general. Indeed,
we can precise Propositions F, G as follows.

Proposition P (Proposition 2.2).

(1) There exists u € Lip(Q2)\S(R) with 0 < E149() < 0o and u[u] # 0 (typi-
cally, u is a “roof” function);

(ii) There exists u € L®(Q)\S(Q) with0 < £ (u) < oo and u[u] # 0 (typically,
u is a“corner” function).

Let us make the important observation that Proposition M gives more information
than £ (u) = 0 implies u € S(2). Indeed, it shows that if 0 < £(u) < oo, then u[u]
lies in some Sobolev space with null or negative regularity exponent. In particular,
incase (a) (@ =1orf < 1landu € L®(Q)),if £(u) = E(u) is finite then w[u] is
a finite Radon measure. By construction, we prove that it is not necessarily true in
the other cases.

Proposition Q (Proposition 2.3). For every 6 > 1, there exists u € Lip(Rz), com-
pactly supported, with E119(u) < oo and for which ulu] = 910xu is not a finite
Radon measure.

1.3. Control of the distance of u to S(£2)

We then focus on case (a) of (1.6) with the assumption u € L°°(£2). We prove that
the energy gives a quantitative control on the distance of u to S(£2). We obtain the
strongest result in this direction for n = 2.

Theorem R (Theorem 4.1). Assume thatny = ny = 1 and 0 < 1. Then, for every
u € L®°(Q) with |ullee < 1 and £(u) < o0, there exists i € S(Q2) such that
u—iu € BV () N L>®(Q) with the estimate

It — itlloo + |Vt — @1(Q) < E@) + Ew)?.

The idea of the proof is to first decompose u as u(x) = uy(x1) + uz(x2) + w(x)
where w satisfies djdhw = ufu] = 9;0u and ||wllco + |Vw|(R) < E(u). Using
this (and in particular the L° bound on w), we can quantify how much the integra-
tion with respect to x; and x; in the definition (1.3) of & »(u) decouples. In higher
dimension, the failure of the Sobolev embedding BV (€2;) C L*°(£2;) makes the
situation more complex (and in particular the energy does not control the corre-
sponding w in L°°) and we were not able to obtain a BV estimate. Nevertheless,
we have:

Theorem S (Theorem 4.5). Assume that n := max(ny, ny) > 2, that Q1 and
are bounded extension domains and that 6 < 1. Let u € L (Q) with |u]lc < 1
and E(u) < 00. Then, there exists u € L*°(2) N S() such that

le—ill & < Ew) +EW?.
Li-1()
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Notice that the LT norm (which comes from the embedding of BV (£2;) into

U n
Lm=1(€2)) is stronger than the L7-T norm which would come from the embedding
of BV ().

1.4. Further results

In a second paper [9], we will focus on the case 6 < 1 with u € L°°(2) and
E(u) < oo and study the structure of the defect measure i = p[u] (which is then a
Radon measure).

In dimension 2 (i.e.,n; = no, = 1) we show that if & = 1, then u concentrates
on a set with Hausdorff dimension at most 1. Moreover, if u is Lipschitz continuous,
then u is absolutely continuous with respect to the Hausdorff measure ! (and
satisfies the differential inclusion (1.5)). On the contrary, if 8 < 1, we show that
concentrates on a countable set: there exist sequences (xx)x>1 C 2 and (my)r>1 C
R such that Y [my]? < & (u) and = Y my 8y, . Moreover, if u is a characteristic
function, then my € =£{1, 2} for every k > 1. As a consequence of the estimate
> imi|? < E(u) there exists some n > 0 such that & (u) < 5 implies u = 0,
which in turn leads to u € S(€2). This improves Theorem I and Theorem R in this
particular case.

In higher dimensions, we assume 6 < 1. Using tools from Geometric Measure
Theory (mainly the rectifiability criterion for flat chains of White [13]), we prove
that u is a (n — 2)-rectifiable measure with a tensor structure: for [ = 1, 2, there
exist X; C X; (n;— 1)—rectifiable and a Borel function m : X{ + > — R such that
w=mv; ® vwH" 2L (| + ¥2), where forl = 1,2, v € X; is a normal to %;.
This gives a relatively good understanding of the case where the typical function u
with £(u) < oo is a “corner” (recall Proposition P).

In the case 8 = 1, in order to distinguish between “corners” and “roofs” (see
Proposition P), one needs to impose more regularity on u. To understand this better,
we plan to investigate in a future work, the set of Lipschitz continuous functions
which satisfy the differential inclusion (1.5) and are such that u[u] = Vi Vou is a
Radon measure.

1.5. Conventions and notation

In all the paper, we consider 61,6, > 0 and note & = 6 + 6, their sum. For
x,z€R" andu : Q — R we note

Du(x,z) :=u(x +z) —u(x).

In particular, the expression (1.3) of Sﬁ 1,;62 (u) simplifies to

|Du(x, z)|% |Du(x, z2)|%
589,15)92(14) = /R" 0e(2) /QE 217 dxdz.
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As already said, except at two points (case (c) in the proofs of Proposition M and
Theorem I), we omit the superscript 61, 6, by writing &, ,, for 531,562 and &, for
£ When p = P(6), 6,) as defined in (1.6), we simply write & for &,,.
Ifve L() and U = U; + U, with U; C ; a subdomain of €; for/ =1, 2,
we note,
Ee.p(w; U), fore >0, and &,(v; V)

the energies of the restriction vy .

In the sequel (ey, - - -, e,,) (respectively (f1, -, fu,)) denotes an orthonor-
mal basis of X; (respectively of X37).

Given x € R", we note x; its orthogonal projection on X, for [l = 1, 2, so that
X = x1+x2. Similarly, given a function ¢ € C2°(2) and x € 2, we note Vi (x)+
Vap(x) the decomposition of Ve(x) in X1 + X». By duality, the distributional
derivative of a function u € LIIOC(Q) decomposes as Vu = Viu + Vou, where Vju
is a distribution on €2 with values into X.

Forr > 0 and x € R", B,(x) denotes the open ball in R" with center x and
radius . If x = 0, we simply write B,. For [ = 1, 2, we note B,X !(x;) the open ball
in X; with center x; and radius r.

We use standard notation for the function spaces LllOC
Lip(R2), BV ().

For a € R, we note a := max(a, 0) its non-negative part.

If A C R” is a measurable subset, we note |A| its volume and H*(A) its k-
dimensional Hausdorff measure.

We note f, u(x)dx = |Q|~" [, u the mean value of a function u over Q.

Eventually, by convention, a S b means that there exists a non-negative con-
stant C which may only depend on 61, 6, n, €2 or on the kernel p such thata < Cb.

(€), L1(2), L=(),

1.6. Outline of the paper

In the first section, we prove Proposition D and we build all the examples and
counter-examples introduced above. In Section 3, we consider the zero-energy case
and prove Theorem I (and all the results from Proposition E to Q). Section 4 is
dedicated to the quantitative control of the distance of u to S(€2) in terms of £ ().

ACKNOWLEDGEMENTS. We thank V. Millot for very stimulating discussions dur-
ing the early stages of this research.

2. The case of C!-functions and counter-examples

We first settle Question (1.4) in the setting of C !_functions.

Proposition 2.1 (Proposition D).
(i) For everyu € Lip(2), £ (u) < oo (and therefore £,(u) =0 for p < 0);
(i) Foru € C'(Q), we have Ey(u) =0 => u € S(Q).
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Proof. (i) Let u € Lip(£2) with Lipschitz constant ». We have

01 |16
Eeolu) < 27 / [/ %Pe(z)dz} dx.

Using the change of variable z = ¢z and sending ¢ to 0, we get
01 6
Z Z
Eo(u) < 2219 (/ %p(z)dz) ,
R 2]
which proves (i).

(i) Let u € C' (). Plugging the relation u(x + z;) — u(x) = Viu(x) - z7 + o(|z1])
into the definition of £ 89’19’92 (u), we observe that

.10 T
gf,léez(”) _ /8 |:/n <|V1u(x) 2117 | Vau(x) - 22|72 +0(|1|)> 9o (2) dz] dx.

|z|?

Sending ¢ to 0, we have

.10 . 7|02
53"92@0:( f & Zl'l;:;’z & p(z)dz) /Q Vi) Vou(o) |2 dx, (2.1)

where v; € X; are (arbitrary) unit vectors.

Hence, if £, (u) = 0, (2.1) implies that |V;u(x)||Vau(x)| = 0 in .

Next, suppose that at some point x° € Q, w; := Viu(x®) # 0. Let C, be the
connected component of the set

{y2 € @ Viu@] + y2) = w1}

which contains x(z). By continuity of Viu, C, is closed in €2;. Let us show that
it is also open. Let y, € C», by continuity of Viu we have Viu # 0 in some
neighborhood N, (x? + ) == X (x(l)) + BX? (y2). Since |Vu||V,u| vanishes, we
have Vou = 0 in Ng(x? + ¥2). In particular, Vlu(x? + yé) = Vlu(xgJ + ) = wy
for every y} € BX: (y2). We conclude that BX (y2) C C, which proves that C; is
relatively open in €2;. Finally, the open set €2, being connected, we have C, = €2,
and we conclude that Vlu(x? + y2) # O for every y» € Q).

Assuming by contradiction that there exists also some point ¥ € Q with
Vou(x% # 0 we obtain similarly that Vou(y; + %9) # 0 for every y; € Q.
Choosing y; = x? and y, = ig we obtain at the point x = x? + )Zg, the contradic-
tion

Viu(x) # 0 and Vou(x) # 0.
We conclude that Viu = 0 for/ = 1 or [l = 2: in short, u € S(€2). This proves
(>ii). O
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We now, give lower-bounds for p in Question (1.4) in the setting of Lipschitz
continuous and of bounded functions.

Proposition 2.2 (Proposition P).

(1) There exists u € Lip(Q)\S(RQ) with0 < E149(u) < 0o and pu] #0;
(ii) There exists u € L*®(Q)\S(2) with0 < & (u) < oo and ulu] # 0.

Proof. (i) Let us assume that n; = n, = 1 and let us introduce the “roof” function
defined on R2 by v(x1, x2) := min(x1, x2). We have d;dv = (l/ﬁ)Hl L{x =
x2}. We now consider Q = (0, 1)? and u(x) := v(x) in Q. We have u[u] =
(1/v2)H L J, with J = {(z,17) : t € (0, 1)} and u[u] is a Radon measure with

0 < |u[u]l(2) < oo.

Next, using the changes of variable x = ex’, z = ¢z’ and the 1-homogeneity of u«,
we obtain for € > 0,

1
Eenro(u) =€ &1 140 (v; EQ> :

Let us set w(s) := min(s, 0). We have
v(x1+z1, X2)—v(x) = Dw(x1—x2,21), v(x1,x2+22)—v(x) = Dw(xz—x1, 22)

and thus

1
El1+0 <v; —Q)
&

|Dw(x; — x2, 2% | Dw(xz — x1, 22)|%
:f 1[/ 2(2) = dz | dx.
[te] /R ||

We claim that &} 119 (v; %Q) = c1/e — ¢ for some c1,cp; > 0. The idea is

2.2)

that since w is constant in R, the integrand vanishes when |z| < |x; — x| and
since suppp C By, the integrand vanishes away from the /2/2-neighborhood
of the diagonal segment (1/¢)J. Since this segment has length \/5/8, we expect

El1+0 (v; %Q) to be of order 1/¢ and therefore, & 149 (u) to be of order 1.
Let us note f(x; — xp) the integral inside the brackets in (2.2). The function
f takes values in [0, 00], is measurable and even. We first show that f is integrable
on(—1,1).Fors >0and z € Rz,we have
s +z1|% 22 ifzp <5 < -2
|Dw(s, 2| [Dw(=s, 2|2 =1 |s + 211752 if0 <5 < min(z2, —z1) (2.3)

0 in the other cases.
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Integrating in s over (0, 1), we deduce

1
/ |Dw(s, z1)|% [Dw(—s, 22)|? ds < |z]"17.
0

Using Fubini and the symmetries of the problem and the above estimate, we get,

! p(2) ! 0 0
/lf(s)ds =2/R2 2150 /(; |[Dw(s, z1)|”' |[Dw(—s, z2)|ds | dz

§/ p(z)dz = 1.
R2

Therefore, f € L'(—1, 1). We also observe from (2.3) that the integral is strictly
positive. In summary,

1
c1 :=/ f(s)ds € (0,00). 2.4)
-1

Let us return to (2.2). Since suppp C Bj, the identity (2.3) shows that we can
reduce the integration with respect to x to the set

A = {(xl,xz) ER 1 <xi,xm<1/e—1, |x —xa] < 1}.
Let us introduce the following rectangle which contains A,
R, = {x ERZ;O <x1+x <2/ |x1 —x2] < 1}

We also set C; := R, \Ag, see Figure 2.1. We decompose,

1
E146 (v; —Q> = | f(x1—x)dx —/ fx1 —x2)dx.
€ Re Ce

Obviously the second integral does not depend on ¢ and is positive, we note c;
its value. For the first integral, we perform the change of variable s = x; — x2,
t = (1/2)(x1 4+ x2) to obtain

1
fx1 — x2)dx =e—1/ f(s)ds = ci/e.
R, -1

This gives 149 (v; %Q) = c1/& — ¢, which leads to

Ee146(u) = c1 — ecy.

Sending ¢ to 0, we get E119 (1) = ¢1 € (0, 00) (recall (2.4)) and conclude the proof
of (i) in the case n; = np = 1 and Q = (0, 1)2. We obtain counter-examples for
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Figure 2.1. The sets A, and C; = R,\ A;.

any non empty and bounded two dimensional domain by translation and scaling of
this example and in higher dimensions by extending the constructions trivially in
the complementary directions.

(i) Again, we only treat the two-dimensional case ny = np = 1, since higher
dimensional cases may be obtained by tensorisation. Let Q = (—1, 1)> and set
u =1, withw := (0, 1)2. Obviously, u = 910u = & is a non-trivial finite Radon
measure. Let us compute & (u). First, we have

1ifx; >0, x>0, x;+z; <0andxy +22 <0

D , 11D , 0
| Dux, z0)[M Dulx, 22)] {O in the other cases.

We compute for0 < ¢ < 1,

=]

1/ pe(z)lmllzzld
= — — a7 = —.
4 Jr2 |z|2 47

For the last identity, we have used the radial symmetry of p, and [g, p. = 1. We
conclude that £ (u) = 1/(4m) € (0, o0) as required. ]



1486 MICHAEL GOLDMAN AND BENOIT MERLET

In Proposition 3.3 below, we will prove that in the case 6 < 1, if £(u) is finite
then p[u] is a Radon measure. We show that this is no longer true when 6 > 1.

Proposition 2.3 (Proposition Q). For every 01,60, > O with = 6; + 6, > 1,
there exists u € L®(R?) compactly supported, with £ 1¢(u) < oo but for which
ulu] = 010yu is not a finite Radon measure.

Proof. We will build on the example of Proposition 2.2 (i) and consider the “hat”
function defined on (O, 1)2 as w(xy, xp) := min(xq, x2, 1 —x1, 1 —xp) and extended
by zero outside (0, 1)>. Arguing as in the proof of Proposition 2.2, we have 0 <
El14o(m) < 00. For h, £ > 0, let wy ¢(x) := hw(¢~'x) be defined on R%. We then
have
0102w, e]((0, £)%) = 7131 9w] (0, 1)*) = 2k
and  Erg(wpe) = 008 10 (w).

Let (hx)k>1, Cr)k=1 C (0, oo) be two decreasing sequences such that

hi Y . ~ hy 2 kfoo 0,1-6
(6_) is decreasing, FZZJ — 0, thﬁk < o0 but ;hk = 00.

(2.5)

k ko =k 3
(2.6)
We also require that there exists some constant ¢ > 0 such that
Lry1 = cly fork > 1, 2.7)
and that
Lo < 1/2. (2.8)
For instance, the sequences defined by hy := k~@+D/G0 and ¢, = k=3/4)2

satisfy (2.6), (2.7) and (2.8). Next, we build a bounded sequence (xk)kzo c R?
such that

1%{ Ix/ —x¥| > 2¢;  forevery k > 0. (2.9)
j
For this, we observe that Y £; > (£1/h1) Y_ hx = co. We set ko = 1 and we define
recursively k;,;,+1 form =0, 1,2, ---, as the unique integer to be such that
km+1 —1
=20, < Y 24 <1.
k=kp,

Notice that by (2.8), the sequence (k;)m>0 1s not stationary (and thus converges

towards +o00). We then define Lo := O and forg > 1, L, := Z?n_:lo 24y, . The
sequence (L,)4>0 is increasing and bounded, indeed

00 00 kmi1—1
Lo = lim Ly =201 + D2, <206+ ) 24, ( > 2ek>

m>1 m>0 k=kmn

oo [fkni1—1 26)
<20+4) [ Y g)=20+4) 4 < oo

m>0 \ k=ky k>0
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Now, we set form > 0 and k,, <k < kjp41,
xk = (Lm, Z 2Ej>.
km=<j<k

By construction the sequence (x*) satisfies (2.9) and (x*) C (0, Lso) x (0, 1).
Eventually, we define our candidate (see Figure 2.2),

u(x) := thk,gk(x — xk) for x € R%.

k>1
(0, Loo)X X(1, Loo)
ak3x :
l l
ko I
r >:< ‘];]ZSZ+1 :
| l
| N I
T° = rkbf 0% 77X :I:k?&l :
| |
| |
| |
| |
| |
| |
l l
| |
B ey ___ S ____ K
21 =(0,0) o e 2t (1,0)

Figure 2.2. The (grey) closed square with bottom left corners x* and side length £ is
the support of wy, ¢, (- — x¥).

Let us show that u has the desired properties. First, by construction suppu C
[0, 1] x [0, Lso] so that u is compactly supported. Next, from the first identity

of (2.5),

|n[u]l(2) = |910,u](R2) = 4th 29
k=1

00. (2.10)
Let us now establish that £, (1) is finite. We emphasize that
supp wp, ¢, (- — xk) = [xlk,xlf + €] x [xlzc, x'{ + 4]

so that, from (2.9), the functions wy, ¢, (-, x¥) have disjoint supports and for j # k,

d (supp wh, ¢, (- — x7), Supp wi, ¢, (- — xk)> > (2 — V2. @.11)
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By (2.7) for ¢ > 0 small enough, there exists an integer k. such that

Q= V2, < 2=Vl <& < 2—2)l,. (2.12)
Using supp p. C B, and (2.11), we can write
ke
Eeno) = Eervo(wn,e;) + Eerro (ue) (2.13)
j=1

where we note '
ug(x) 1= Z wp ;0 (x —x7).
J>ke
Let us first bound the remaining term & 149(u:) in (2.13). We notice that
Wi (- x7) is Lipschitz continuous with Lipschitz constant || Vwy, itilleo=hj/t;<
hi, /L, for j > k. Since these functions have disjoint supports, we conclude that
their sum u, is Lipschitz continuous with

IVuglloo < hkg/ﬁkgo

Using |Dug(x, z)| < (hi, /€k)|z] and [Dug(x, z1)||Dug(x, z2)| = 0 if the three
points x, x + z1, x + z7 lie in the complement of supp u., we compute,

Pe(2)
Eurvote) = [ L5 [ 1DusGr 201D x, 22 dv s
B. Izl R2

]
s(h—") / P2 4 ()dz,
L, B |zl

where A (z) is the set of points x € R? such that at least one of the three points
{x,x + z1, x + 22} belongs to supp u,. We have

[Ac) <3 ) 65,

J=ke
This leads to the estimate
hY (2 12) p?
ke ke (2. 6)
Eertous) S — Z S 5 Z 2= as¢e | 0. (2.14)
. =% b ik

We now pass to the limit in the terms & 149 (whj,gj) for j < k.. We have

Ee 1o (why o) = W50 E e 146 (w).
As in the proof of Proposition 2.2 (i), we have

Eejejaro(w) 1+ Erpg(w) ase | 0.
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Summing over 1 < j < k,, and sending ¢ | 0, we get by monotone convergence
theorem,

ke
laiigzgs,we(whj,zj) = Er49(w) Zhgz}_e'
j=1 izl

Combining this together with (2.13) and (2.14), we obtain

Erro) = Eryo(w) Y MG
J

and by (2.6) we conclude that 44 (u) is finite whereas from (2.10), u[u] is not a
finite measure. O

3. The zero energy case

In order to present the main ideas of the proof of Theorem I, we start by considering
the simplest possible setting. We restrict ourselves ton; = ny = 1,0; + 6, = 1
and work on the torus @ = T = (R/Z)? to avoid boundary effects (in particular,
T# = T). In this periodic setting, we need to distinguish the ambient manifold T
from the space of tangent vectors X = R?, we define:

QI =R/Z x {0}, 2 ={0}xR/Z, X;=Rx{0}, X;={0}xR.
With this notation, the definitions of S(T) and of the energy are unchanged.

Proposition 3.1. Let 01, 6, > 0 be such that 0, + 6, = 1 and let u € L(T) be such

that o o
Du(x, 21)|% | Du(x, 72)|%2
liminf/ pe(z) [ 122 '2 ux 2 s = o, G.1)
el0 JR2 T |z]

then u € S(T).

Proof. As noticed in Remark B, we may assume without loss of generality that
ue L®(Q).

Step 1. In this first step we prove that (3.1) allows us to find a sequence zX =
ex (o1 + oo) with a1 € X1\{0}, 0o € X3\{0} and & | O such that
k

lim / ‘I(x’zz ) dx =0, (32)

ktoo JT &
where we have set

. 01 01
q(x.2) == (1Du(x + z2,20)1" +1Du(x, 21)[") .

x (IDu(x+z1,22)|" +|Du(x,22)|) .
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Let us digress slightly and first derive a consequence of (3.2). For this, first notice
that

Du(x +z1,22) — Du(x, z2) = u(x + 21 +z2) —u(x +22) —ulx +z1) + u(x)
= Du(x + 22, z21) — Du(x, z1),

so that by the triangle inequality we have

|Du(x + z1, 22) — Du(x, z2)| < |Du(x, z1)| + |Du(x + z2, 21)|
[Du(x + z1, z22) — Du(x, z2)| < [Du(x, z2)| + [Du(x + z1, 22)|.

Hence,
|Du(x +z1, 22) — Du(x, 22)|"" < |Dux, 20| + |Du(x + 22, 20|, (34)
and similarly for 6, so that since 61 + 6, = 1,

|D[Du(-, z2)(x, z1)|
= |Du(x + z1, 22) — Du(x, z2)| (3.5)

< (IDu(x 422, 21" +1Dux, 2)|) (IDu(x+z1, 22)|” +| Du(x, 22)|%) .

Therefore, a consequence of (3.2) would be the maybe more suggestive
D[Du(-, z2)1(x, 2¥

lim | D[Du( z22)]( )| dx

ktoo J &

=0. (3.6)

Observe that if # were smooth , the integrand would converge to |01 | |o2] |91 02u(x)]|
and (3.6) would directly imply 919u = 0.

We now prove (3.2). Making the change of variable X = x +z1,z = —z1 + 22
in (3.1), we have

D ‘“, N Du(x = , = \02
liminf/ pg(z)/l ulx, 20l 'f‘;x”l DI zaz —o.
el0  JR2 T ||

Similarly we get

D , b1 D , )
liminf/ £e(2) [Du(x + z2 Z1)|2 |Du(x, z2)| drdz =0
R2 T |z]

el0

and

lim inf/ e (2) dxdz =0.
el0 RrR2

Summing these limits and (3.1) we obtain,

/ |Du(x + z2, z)|% [Du(x + z1, 22)|%
T |z|?

lim inf / 00(2) / ‘I(x’f) dxdz 2o, 3.7)
el0  Jr2 T |z
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with g given by (3.3).
Using polar coordinates and the change of variables r = ¢s, we obtain

liminf/ / [/ q(x. Sig) dx] sp(s) dsdH' (o) = 0.
el0  Jap, s2¢

Applying Fatou Lemma and then Markov inequality, we may find for / = 1,2,
o1 € X;\{0} with <|611? < I 3ands € (0, 1) such that setting o := s(61 + 02),

liminf/ M dx = 0.
el0 Jr &

Passing to a subsequence and noting z* := g;0, we get (3.2).
Step 2. Let us show that (3.2) implies 3;9,u = 0 in D'(T). Let ¢ € C*°(T). For
every x € T,

I DIDeC, —Z(x, —25)

1
d10 =4+——0, 0 =
102¢(x) o1 sz(x) lo1] |02 k#oo 8]%

o] |oz]

with uniform convergence in T. Multiplying by u, using the dominated convergence
theorem and two discrete integration by parts, we compute

1
‘/ d1hopudx| =
T
m — ‘/ @D[Du(-, 2)1(x, 25) dx
T

)

[\

m — ‘ f D[Do(-, =) 1(x, —zH)u(x) dx

T
= li 38
o1l o] ko & 69

1
o] o2| ktoo g
D[Du(-, 2)1(x, 25 .
llolloo lim/| [Du(-, zI( 2)|dx(3=6)

= Joilloa] kioo Jy &2

o —

0.

Therefore, 0104 = 0 in the sense of distributions in T.

Step 3. Integrating the relation d;dyu = 0 we find that u(x) = u1(x1) +u2(x2) with
uy and u, periodic functions on R. Moreover, since u is bounded, so are u#; and
uy. Let us finally prove that 911 = 0 or dyup = 0. From (3.2), we have for some
o1 € X1\{0}, 02 € X»\{0} and a sequence ¢ | O,

. |Duy(x, e01)|? | Dua(x, er02)|%
0= lim dx
ktoo J s,%

— lm /‘ | Duy (e, exon)|™ /1 | Dui (2, &)
ktoo \ Jo &k : 0 Ek )

so that up to extraction for [ = 1 or [ = 2, there holds

) /1 | Duy (x;, exor)|?
hm _—
ktoo Jo Ek

dx; = 0.
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In particular, since u; is bounded and 0 < 6; < 1,

"D o
—0 1- ui(Xiy, €x01
dx; < |lug)|.2% lim —| ( ) dx; = 0.
o.¢]
ktoo Jo Ek

! V| Du(xy, gx01)|
im _
ktoo Jo Ek
Arguing as in (3.8), we obtain that d;u; = 0 in the sense of distributions in R/Z.
We conclude that # € S(T) which ends the proof of the proposition. O

We turn to the proof of Theorem I, which extends Proposition 3.1 in several
directions by considering general space dimensions and powers 61, 6.

Let us recall some notation. For Q = Q| + Q5 with Q| C X and 2, C X»
and a function u € LIIOC(Q), the matrix valued distribution w[u] is defined as

w = plu] :==ViVou = (ale‘ axgu)lfifnl,lgjgnp

where dim X| = »n; and dim X, = n,. For 6;, 6, > 0, we also recall that the
critical exponent P (61, 6>) has been introduced in Definition H and that when p =
P (61, 62), we simply write & (u) for £, (u).

Remark 3.2. We will use the following inequality to reduce the case 6 < 1 to the
case & = 1. Assume that & < 1 and let us note 01’ =60+ (1 —-60)/2forl € {1, 2}.
We have 8’ := 9{ —|—9£ = l and foru € L*°(2) and x, z such that x, x +z € Q, we
have

|Du(x, )% | Du(x, 22)|% < 270 u| 50| Du(x, 20)1” | Du(x, 22)|%,

so that oy
, 1-6 1-6 61,0
£y <270 u) 50" ).

We now prove that the energy £ (u) controls the cross derivatives u[u] =
ViVou.

Proposition 3.3 (Proposition M). Let u € Llloc(Q). We have the following esti-
mates, for every ¢ € CL?O(Q, RM*n2),

Elelloo f0=1or[0 <land|luleo <1]

(ulul, @) S FEW YO IViglly ™ Pl if6 = 1 withe, < 1

EWVIViplP 1018 i1 <6 <6

(3.9)

Because of the applications we have in mind in the last part of the paper (and in [9]),
it will actually be more convenient to derive Proposition 3.3 as a consequence of
Lemma 3.4 and Lemma 3.6 below.

We may now state a first lemma which is the extension of Step 1 in the proof
of Proposition 3.1 to the more general setting. We recall that we defined g (x, z)
in (3.3) as

q(x,2)=(IDu(x+z2, 20" +|Du(x, 21)|"") (|Du(x 421, 22)|? +|Du(x, 22)|) .
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We also recall that (eq, - - - , e,,) and (f1, - - - , fu,) denote orthonormal bases of X
and X».

Lemma 3.4. If u is such that £,(u) < 0o, then there exist sequences 0 < ry < g

tending to 0, two numbers L1, Ay € (1/2, «/3/2) and two rotations R; € SO(X;)
such that

O Riei + AaRa f;
lim sup / 1 ke 2RI 4 <oy G.10)
koo 1<i<ny,l<j<n, I % "k

Proof. Forl =1, 2, let v; denotes the normalized Haar measure on SO(X;) and let
S(X;) denote the unit sphere of X;. We also set v := v; ® vy. We first claim that
for every g € L'(R"), there holds

/ g(z)dz

1
= / /{ > g(|Zl|R1€i+|ZZ|R2fj)j|dZdV(Rl,RZ)-
ninz Jso(x,;)xS0(x,) JR~

I<izn, 1<j<ny

(3.11)

To prove (3.11), let us notice first that for every function v € L'(S(X1)), the integral
fSO(X]) V(R1e)dvi(R1) does not depend on the choice of e € S(X1) and therefore

f v(R1e)dvi(Ry)
SO(X1)

1
= o Tav Ri0)dvi(R)dH™ ™!
HM=1(S(X 1)) /;(Xl)LO(Xl)U( 1) dvi(Ry) @)

1
= Ri10)dH" " (o)dvi (R
HM=1(S(X1)) /SO(Xl)/S(XI)U( 1) (@)dvi(R1)

o'=Rio 1

/ dHnl—l / )d R
HM=1S(X1)) Jsox)) (-/S(Xl) v (@) ) dvi(Ry)
1

= — dH™M ! .
TS Jsan U @)

For g1 € L'(X1), we deduce from the above formula and of a decomposition in
polar coordinates that

/ 81 =[ H"H(S(X1)) {/ gi1(rRye) dul(Rl)}rnl—] dr
i 0 SO(X1)
r:§l|/ {/ g1(|11|R1e)dv1(R1)= dz
X, UJsowxy)

-
=" f ( f g1(z1|Re) dz1) dvi(Ry).
SO(X1) X
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Combining this with the analog formula for f € S(X»), g2 € L'(X,) and using
Fubini, we have for g € L' (R"),

/ 8(2)dz =/ [/ g(z1|Rie + IZlezf)dZ} dv(R1, Ry).
R" SO(X1)xSO(X2) L/R”

Taking e = ¢; and f = f; in the above identity and summing over 1 < i < n,
1 < j < ny,weobtain (3.11).

Define
N Pe(2)

T lzlP S

g2): q(x,z)dx,

so that arguing as for (3.7) we have

/ g(z)dz S ge,p(u)‘
Rn

Using (3.11), polar coordinates z = ro, withr > 0, 0 € 9By and the change of
variables r = g5, we obtain

o0
/ / / 0.(s, 0. R, Ry)s" p(s) ds dH" (o) dv(Ry, R2)
SO(X1)xSO(X,) JoaB; JO

,S gs,p(u),

where we note

a q(x,seloy|Rie; + se|loa| Ry f)
Qé‘(syo—a RlaRZ) K Z v/S‘2 sl’gl’ d-x'

I<i=ny, 1<j<ny

Passing to the infimum limit in &, using Fatou Lemma and then Markov inequal-
ity, we find that there exist Ry € SO(X;), R2 € SO(X3), 0 € 9By with 1/2 <
lo1], o] < \/5/2 and s € [c, 1), where ¢ > 0 only depends on the kernel p, such
that

lim inf
el0

Z / q(x,selor|Rye; +S8|02|R2fj)dx < &),
Q

P eb
I<i<n) 1<j<n ste

Extracting a subsequence ¢, realizing the liminf we find

x, (se))[|lo1|R1e; + |oa2|Ra f;
fim sup 3 /2 q(x, (sep)lloi] 14 loz2| Ry 1) dx < &, w).
k1o <i<n) 1<j<ny /K (sep)P
Noting A; := |o7| for [ = 1,2, & := 2¢; and r; := se; we conclude the proof

of (3.10). O
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Remark 3.5. With the notation of the lemma, we define the map A € GL(R")
by Az := A1 R121 + A2 Rpz7. Making the change of variables x = AX and it(X) =
u(Ax) in (3.10), defining &; := max()»l_l, Az_l)ek and observing that [A™! Q)% C
A~1(Q), we find

. G (x,re(ei + fj N
lim sup f A q( k(; ) dx S Ep(u) ~ Ep(h),
ktoo I1<i<n;,1<j<n; (A~ (@1 Tk

with the definition of § modeled on the definition of g:

g(x,2)
= (IDi(x + z2, 20| + |Dii(x, 20)|”) (IDi(x + 21, 22)| + | Dii(x, 22)|%) .

Since, X1 and X» are stable by A, we have u € S(Q) <= i € S(A~'Q). There-
fore, up to this change of variables, we may always assume that (3.10) holds true
with A/ R; = Idy, forl =1, 2.

Lemma 3.6. Let u € LIIOC(Q) and let (), (ry) be two sequences with 0 < ry <
ex L 0. Fori € {l,--- ,m}and j € {1,---,ny}, we define

/ q(x,re(ei + f7))
Qf

dx.
rP(91,92)
k

Fi j(u) :=liminf

k1 oo

) Ifo =1orl0 < 1and ||ulleo < 1] (in both cases, P(01, 62) = 2), we have for
le{la anl})j 6{19 7”2}:

D[Du(-, ri £)1(x. rre;
Gij(u) = liminf/ Pt i I nedl 4 < 7y (2)
kTOO st rk
(ii) Noting n© = plul, we have fori € {1,--- ,n1}, j € {1,---,ny} and every
@ € C°(Q),

Gi,j@llellso in any cases (@)

(i jr @) S Fj@1viely ™ llells ifo = 1andoy <1 (b)  (3.13)
(Fr DO IVi@l Pl S if 1 <6 < 6. ©)

Proof. Part (i). Let us first consider the case 6 = 1, so that P(61, 6,) = 2. Leti €

{1,---,m},jefl, - ,n}andletk > 1and x € Q%. We note z* = ri(e; + ).

As in (3.5) we have
IDIDu(-, 25)1(x, 2))]
S (1Dutx + 25, D17 + 1Ducr, 217 ) (1Dutx + 25, 21 + 1 Ducx, H)*)
=q(x, 7).

Integrating in x over Q% we get (3.12).
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In the case & < 1 and u € L*°(R2), noting 6, = 6;/6 for | = 1,2, by triangle
inequality, we have for every x € Q°,z € B, and !/ € {1, 2},

|Du(x, 2)|% = [u(x 4+ z1) — u()|% = Jux +2) — u@)| 1= | Dux, z) |

_ 1-6)6,/6
< 200808 N D, 2 .

Since 6] 465 = 1,the case [§ < 1 and ||u]lc < 1] follows form this inequality and
from the case 6 = 1 applied to the pair (6], 65).
Part (ii). Letu € LIIOC(Q),i ef{l,---,m},jefl,---,n2}and ¢ € C(2). For
k > 1, we note z¥ = ri(e; + fj). We treat the three cases (a), (b), (c) of (3.13)
separately.

Case (a). We proceed exactly as in (3.8). Using discrete integration by parts,
we compute

. 1
(Mi,j7‘P) zfgae,-afjwudx =k11m =

/ DIDg(-, —2¥)1(x, —zh)u(x) dx
too U Q

1
koo i

/ @D[Du(-, 7)1(x, 25) dx
Q

. |D[Du(-, 2)1(x, 25|
< ||qo||oohmmf/ ] 22 dx = ||¢lloo Gi.j(w).
k100 Qfk rk

This proves the claim.

Case (c). Let us show that this case follows from case (b). Let us assume that
1 < 61 < 6,. By Holder inequality,

/ (IDu(x+25, 2|+ [Du(x, 25)1) (|Du<x+z$,z§)|92/91+|Du(x,z§>|92/91)dx
Qek

2462/6;
Ty

o1
Sleph

1
) (|DM(X+Z]2€, Zlf)lel +|Du(x, Z]f)|61) (|Du(x+Z]f, Z§)|92+|Du(x, Z§)|92) " o)
Qe r/?@ﬁ-@z .

Applying (3.13.b) with 6] = 1,0] = 6,/6; and P (0], 0;) = 1 +60{+60; =2+6,/6,
yields (3.13.c).

Case (b). From now on we assume ] < 1,0 > land p = P(01,62) =1 +6.
Let x € Q and z € R” be such that x € Q. Arguing as in (3.4), we obtain by
triangle inequality,

|D[Du(-, 22)1(x, 2" < |Dulx + 22, 21)”" + |Du(x, z1)|",
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and?
- 1-61)/6
IDIDuC-, )10, )™ < (1Dulx + 21,221 + | Dutx, 22)2) "
Taking the product of the last two inequalities with

(IDu(x + z1, 22)|% + | Du(x, z2)|%2) 0= D/%2,

we get

(IDuCx + 21, 22)1" + 1 Dux, 22)") % DIDuC- 22)1(x. 20 < q(x. 2.
We use this estimate in the form
(IDu(x +2z1,22)°~" + 1 Du(x, 22)|°H) ID[Du, 22)1(x, 20| S g(x,2). (3.14)
We now set ¢ (s) := |s|?!s fors € R. Using the estimate

st = 1P S 1 = ol (15177 1Y),

s — |t]
and (3.14), we have

|DI¢p(Du(-,22)1(x,21)| SIDIDu(-,22)1(x,21)| (| Du(x+21,22) |+ Du(x,z2))? !
Sq(x, 2).

Applying this estimate with z = z¥, integrating in x € Q% and sending k to oo, we
have:

ok k
liminf/ IDIPDu. D100 201 < 2, (3.15)
QFk

1+6
Tk
Forv:Q — R,e € S(X1) US(X>3),r > 0and x € Q", we introduce the discrete
derivative,

k— 00

Dv(x,re) v(x+re)—v(x)
r o r ’
With this notation, (3.15) rewrites as

D,v(x,e) :=

I}CH_l)gf/ng |Dr (¢ (Dru(, fiD1(x, en)ldx S Fij(u). (3.16)

For smooth functions u, this inequality would provide a control on the L'-norm of
the function 9,,¢ (9 fju). Here, we only assume u € L}OC(Q) and it is difficult to

3 Remark that this is where we used the hypothesis 8] < 1: in case (c) (61, 8 > 1), this inequality
fails and the present method breaks down.
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give a meaning to the nonlinear term ¢ (97, u). For this reason, we linearize ¢ away
from 0. For n > 0, we introduce the function ¢, given by

|s|6—1s

Py(s) =1 -1

s if [s| = n,

if[s| <n

so that ¢, is an odd, Lipschitz continuous function satisfying 0 < ¢,’7 < n'=%¢ on
R . As a consequence,

| Dy [y el < ' Dy [ ()](x, en)]-
Thus, from (3.16) we have

timint [ D10y (Dyut f)Nx el dx S0 F @, Ga7)

For ¢ € C2°(2, R), using the dominated convergence theorem and a discrete inte-
gration by parts, we compute

(1. 0) = "y
i i, 0) = lim u
Hij» @ ktoo Jou  de;0f;

— lim | w@Dy[Dpe(, —e)lx, —fdx  (3.18)
ktoo J ek

= lim Dy u(x, fj)Drp(x, —e;) dx.
ktoo Joek

We introduce the decomposition Dy u(x, f;) =¢y(Dyu(x, f;))— xn(Dru(x, f))

where x,(s) := ¢;,(s) — s satisfies
| |S|€71 -
s{l— =7
nf—1

For k large enough (so that supp ¢ C Q2%), we have

[ Xnlloo = sup
Is|<n

‘/ Drku(x’ fj) Drkﬁl)(x,_ei)dx
QFk

=

fm%(Drku(x,fj))Drk(p(x, —e;)dx +Vm Xn(Dru(x, f)) Dy @(x, —e;)dx

§||§0||oo/98k | Dry [@n(Dpu(-, fi)1(x, ei)ldx +nll0e;@ll g1,

where we used a discrete integration by parts to treat the first term and the bound
I x5lloc < n for the second term. Using (3.18) and (3.17), we obtain,

(i jr @) Sll@lloon' 0 Fi i) + 0l Vil
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Eventually, optimizing in 1 by choosing n? = Fi,jllelloo/IIViel, we
get (3.13.b). O

Proof of Proposition 3.3. For 6 > 1 the proposition corresponds to (3.13.b)
and (3.13.c). For 6 < 1, the proposition follows from (3.12) and (3.13.a). O

We can now show that if £(u) = 0 then u depends only on the variables in X
or only on the variables in X».

Theorem 3.7 (Theorem I). If u € L() is such that £E(u) =0, then u € S(Q2).

Proof. Let u € L(2) with £(u) = 0. As in the proof of Proposition 3.1, we may
assume that u is bounded. Applying Lemma 3.4 (see also Remark 3.5) we find
sequences 0 < 7y < & | 0 such that up to a change of coordinates,

lim Z/ q@e ritei + 1)) o (3.19)
Qfk

P(01,62)
Tk

By Lemma 3.6, we get

wi=pulul =ViVou =0 in D'(Q).
Integrating twice this identity, since €2; and €2, are connected, there exist two
distributions u; € D'(;),! € {1,2} such that ¥ = u; ® 1g, + 1g, ® us in

D'(Q). Let g2 € C(Q22, R4) with f @2 = 1. Using test functions of the form
@(x) = ¢1(x1)p2(x2), we have, since u is bounded,

(ur, 1) < (lulloo + [{u2, @2)) @1l L1 for every g1 € C2°(21).
We deduce that u; € L°°(21) and similarly up € L°°(£2,). In conclusion, we have

two functions u; € L*(£2;),1 € {1, 2} with u(x) = uy(x1) + us(xy) for x € Q.
Since g (x, ri(e; + f;)) = |Du(x, riei)|! | Du(x, r £;)1%, (3.19) implies that

ﬁmZ/ | Dutx, re)| ™ [Dutx, e fpI” o
Q%

P(91 02)

It is easy to check from the formula of P (61, 6») of Definition H that max(1, 61) +
max(1,6,) < P(6y,6) for 61,60 > 0. Moreover, for I = 1,2, we have

| Du |10 <1 Dy |%|u ||(1 D+ These inequalities lead to

. |Duy(x1, rkel)|max(1,91) | Dus (x7, rkf/ |max(1 ,0)
1}#?0(2/% maX(l 61) Z ok max(l 05) dxz

=0.
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Therefore, up to a subsequence, either

. |Duy (x1, rie;) ™00
Jim Zfsk max(1,01) dx; =0
Too == Jay Ty
) | Dua (x2, ry f)|max(1:62)
or ,PT?O Z /Qek max(1,62) dxy = 0.

2 k

Let us assume without loss of generality that the former holds. Using Holder in-
equality, this yields, fori € {1, --- , ny},

|Duy(xy, ree;i)l

lim ————dx; =0.
ktoo JQlk Tk
We deduce that the distributions 9, %1 vanish for i € {1,.--,n1} and thus (since

€21 is connected) u| is constant in 1. This concludes the proof of the theorem. [

Corollary 3.8 (Corollary L). For every p > P(61,62),r > 0, and every measur-
able function u, if

/ / lu(x + z1) — u() % u(x + z2) — u(x)|”

|Z|n+p

dxdz < o0, (3.20)

thenu € S(2").

Proof of Corollary 3.8. Let p : mxgr\gr/z Then, letting ; := 27%r, it is
readily seen that (3.20) implies that

ulx +2z1) — u(@)|"ulx + z2) — u(x)|
/ P (2) |u( 1) — u(x)|"u( 2) — u(x)| dedz =0
k>0 (Q)*k |z|P
In particular, £, (u; Q") = 0 and we get u € S(Q") from Theorem 3.7. O

In the space of Lipschitz continuous functions, we know from Proposition 2.2 (i)
that the critical exponent p is larger than 1 4 6. We deduce from Theorem 3.7 that,
as soon as #1 < 1 or 6, < 1, this critical exponent is indeed 1 4 6.

Proposition 3.9 (Proposition E). Assume that min(0;,0,) < 1. Then, for u €
Lip(Q), [E1+0w) = 0] = u € S(R2).

Proof. Let us assume without loss of generality that 6; < 1. Let u € Lip(£2)
with E149(m) = 0. If 6 > 1 then P(01,62) = 1 + 0 and by Theorem 3.7, we
have u € S(2). If & < 1, by Lipschitz continuity of u, we have, for x €  and
z € R"\{0} such that x 4+ z € Q,

|Du(x, z1)| | Du(x, z2)|%
|Z|2+92

|Du(x, z0)|% | Du(x, z2)|%
|Z|2+92

1-6y (. 1-6
< IViulloo Mzl ™

1_g, 1Du(x, 21" |Du(x, z2)|*
”00 |z |1+9

=< Viu
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This yields £,2 (1) < | Viullo " €]}4? (u) = 0. We notice that P(1,6,) = 2+6,,

so that applying Theorem 3.7 with 6] = 1,6 = 65, we get again u € S(Q2). O

4. Quantitative control of the distance to S(Q2) in terms of £

The aim of this section is to give a quantitative version of Theorem 3.7 by proving
that foru € L*°(2), £(u) controls the distance to S(£2) in a strong sense. In order to
obtain such a strong control, we use the fact that u© = V| V,u is a measure and thus
restrict ourselves to the case (a) of (1.6),i.e.,0; + 6, < 1. We start by investigating
the two dimensional case where the proof is simpler and the result stronger.

Theorem 4.1 (Theorem R). Assume thatn; =ny = 1land0 = 0,+60, < 1. Then,
for every u € L () with |ulleco < 1 and E(u) < o0, there exists u € S(2) such

thatu — it € BV (Q2) N L*°(2) with the estimate

_ _ 1
lu —itlloo + [VIu — al|(R) S E@) +Eu)2. 4.1)
Proof. To set notation, we assume that Q = (0, £1) x (0, £3), so that (0, 0) is the
bottom left corner of 2. By Proposition 3.3, i := 910,u is a finite Radon measure
with [1]|(2) < E(u). For x € Q, we set w(x) := w((0, x1] x (0, x2]) and notice
that
[wloo + IVw[(R) <3|ul(Q) S E). (4.2)

Since 919d2(u — w) = 0, arguing as in the proof of Theorem 3.7, we find two
functions u; € L°°((0, £;)),1 € {1, 2} such that

u(x) =ui(xy) +upr(x) + wix) for x € Q.

Thanks to (4.2), we only need to control u#; or u,. Let x; and z; > 0 be such that
0 < x1 <x1+2z1 <¥£,wehave for x, € (0, £7),

Du(x, z1)=Dui(x1, z1) + Dw(x, z1) = Dui(x1, z1) + n((x1, x1 + z1] x (0, x2]).
In particular, for x, € (0, £3),

1Dute 20l = [1Du1 (20l =lnl(Gr n+21]x 0, 02) || =y z). @3)
Similarly, for x; € (0, £1) and x3,z> > O such that 0 < x3 < x2 + 22 < {2,

IDutx 22l = [ 1Duaea, 22)|=Il(©, ) x (2, xa+22] || =t Yaen,22). (4)
Notice for later use that for [ € {1, 2},

[ (x1, z) | <|Du(x, ;)| <2||ullco <2, forevery x,z€ X with x, x+z€ Q. (4.5)
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Plugging inequalities (4.3) and (4.4) in the definition (1.3) of & (1), we get

[y (x1, 2010 [¥2 (x, 22)]1%

5 dxdz < E).
(6,01—8)x(,0r—¢) |z]

lim inf f e (2)
el0 R2

Arguing as in the proof of Lemma 3.4, we may select o1 + 0, = o € 9Bj, with
1/2 < |oy] < \/5/2 for I = 1,2 and two sequences sequence (ry), (&) with
0 < rr < & | 0 such that letting Z* :=ro,

- (/Elek [Wl(xl,zlf)]el dx1) (/*Zzek [¥2(x2, Zl;)]ez dxz) 5 .
ktoo \ Jg, Tk Sk Tk

Extracting a further subsequence, there exists [ € {1, 2} such that

L —ey INK
lim sup / KSR S < St 4.6)
ktoo Jeg Tk

Without loss of generality, we assume / = 1. Using the definition of 11 and Fubini,
we write

L —e '
/ |Duy(x1, z7)|dx
Ek

l1—ex

01 —ex
/ |u|(<x1,x1+z’;]x(o,ez)>dx1+/ U1 (x1, 2% dxy
£

k &k

1-6 .
() + < sup Y (,Z]f>> l /Zl k [wl <x1,21f>]01 i

(ek,€1—¢€k) k

(%5) rie ) + /fl_ek [wl (xl, z'l‘)]el dxi.

k

IA

A

Dividing by r¢ and letting k 1 oo, we deduce from (4.6),

dx; < E)+ Ew)?.

~

lim sup
ktoo

/Z‘_Sk |Duy(x1, 25)]
&k Ik
We conclude that u; € BV (0, £1) with [31u1](0, £1) < 5(u)+6(u)%. This implies

osc(u;)) < Ew) + & (u)%, which together with (4.2) concludes the proof of the
theorem. O

We now turn to the higher dimensional case n > 2. In order to obtain the
analog of (4.1), we must define the higher dimensional counterpart of w. As will be
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clear from the proofs, the main requirements are that Vi Vow = pu[u] and that for
almost every x = x| + x2 € Q,

/ w4 y)dy =0 and / W +x)dy =0, (@47)
Q) Q2
The unique function which satisfies these conditions is given by the formula:
we) = ue) = f ut -+ = f o+ wdn+ fupray. @)
2 Q Q

For x = x1 + xp € 2, we have the decomposition u(x) = u(x1) + uz(x2) + w(x)
where u1 and u; are explicitly given by:

1 1
u1(X1)1=f M(X1+y2)dY2——f udy, uz(X2)¢=f u(y1—|—x2)dy1——f udy.
o 2]q Q 2]q

(4.9)
We start by establishing some bounds on u1, u and w.

Proposition 4.2. We assume that Q2| and 2y are bounded extension domains. Let
u e L°®(Q) and w, uy, uy be given by (4.8)(4.9). Then, w € L (), u; € L*®())
forl =1,2withu(x) = ui(x1) + uz(x2) + w(x) and we have the estimates

lwlloo < 4lulloos luilloo < B/Dlulloc  forl=1,2. (4.10)
Moreover, if 6 <1 and € (u) <oo then w € BV () and denoting n :=max(ny,ny) >2,
lwll Liven gy + VW) S ulls? ). (4.11)
Proof. The estimates of (4.10) follow from the definitions (4.8), (4.9) and the trian-
gle inequality.
We turn to (4.11). By (3.9) and the definition of w, Vi Vow = p with [ |(22) <
Eu)llull5?. Tt is thus enough to prove

lwll zisi-v gy + IVWIQ) S [1I(€). (4.12)

By density (2 is a bounded extension domain) we may assume that u € C*® ().
For every x1 € Q1, we have W, := Viw(x| + ) € wh1(Q,) with

/nvzwxluy(gz)dxl:/ / IVaViw] = [1l(Q).
Q) Q) JQ2

By (4.7), we have sz Wy, = 0 for every x; € 1 and by Poincaré-Wirtinger
inequality in W1 1(,), this yields

/Q|v1w|dx=fg Wy 1 0y 1 ,sz V2 W D1 () doxt = 11(9).
1 1
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The analog bound on Vow shows that

IVwlipig) S 111(S2). (4.13)

We finally establish the L7 bound. Assume without loss of generality that n =
ni > ny. We then have by (4.7) and Poincaré-Wirtinger inequality in W1 () that

np—1

il o < / (f |v1w|dx1) dx;
LM~ (Q) Q) Q

= H/ IViw(xy + )| dx;
Q)

n

L")

By Minkowski inequality, this leads to

ol o 5/ IViw@ 490 m dx
LT (Q) Q L™~ (Qy)

We now apply the Poincaré-Wirtinger inequality to Viw(x; + -) in W1(Q,) to
obtain (since np < np),

lwll s/ IVaViw(x + )l L1, dxi = [ViVaul(Q) = |pl(£).
LM~ 1(Q) Q

Together with (4.13) this proves (4.12). O
Remark 4.3. We point out that the Poincaré-Wirtinger inequality gives a slightly

stronger result than (4.11), namely that Viw € M (21, BV (£2)) (and similarly for
Vzw).

We turn to the higher dimensional analog of Theorem 4.1.
Proposition 4.4. Assume that Q21 and 2, are bounded extension domains and that

0 < 1. Let u € L*®(Q) with |lu|lcc < 1 and Eu) < oco. Using the notation
u = uy + uy + w of Proposition 4.2, there exist | € {1, 2} and ¢ € R such that

N —cll w < Ew?. (4.14)
L”l_l(Q)

Combining this estimate, Holder inequality |lu; —c|| & < up—cll _m
Li=1(Q) L=t (@)

and Proposition 4.2, we deduce the following result.

Theorem 4.5 (Theorem S). Let 21 and 2 be bounded extension domains and
0 < 1.Letu € L®(Q) with ||ullecc < 1 and E(u) < 00. Noting i := max(ny, ny),
there exists u € L°°(2) N S(2) such that,

le—all o S E@) +Ew)?
LA-1(Q)
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Proof of Proposition 4.4. Since ||u| s < 1,by (4.10) it is enough to establish (4.14)
under the additional assumption that

Ew) <n, (4.15)

for some 1 > 0 only depending on 2,71, 71> and p.

Step 1. Let w, u; and u; be given by (4.8) and (4.9) so that u(x) = ui(xy) +
uz(x2) + w(x). Let us first recall that by (3.9), Vi Vow = V| Vou = p is a measure
with [ViVow|(R2) = |u|(2) < Em). Let (wy) be a sequence of mollifications
of w with wy — w in L'() and almost everywhere, Vw; — Vw weakly star
in M(Q), IVwillpi@) — IVwl() and [[ViVowgllpiq) — [1l(€2) (which is
possible since €21 and €2; are extension domains). For k > 0 and x; € 1, we set

Yi(xy) = /Q |Vawg | (x1 + y2)dya.
2

We have [[Y{ 1l 11(q,) =1 VawkllL1(q) and [ Vil L1 gy < Vi Vowgll 11 q)- Hence,
by (4.11)

limsup [Vl 1@, + IVivtlig) S E@.

k1oo

Therefore, W{‘ is bounded in W!-1(2)) and up to extraction, W{‘ converges in LY(Q)
to some function ¥; € BV (21) with

Wil @ + V1Y 1@ S E@). (4.16)

Let then for A > 0,
Q5 = {x1 € Qr:Y(x)) <AL

In the sequel we use that for a.e. x; € €1, and every zo € X, such that (€2 —

22) N 2| >0,
Dw|(x,z
/ |Dw|(x, z2) dxs
(22—22)N |z2]

. [ Dwy|(x, z2)
= lim —— 2 dx
ktoo J(@,—z)na, |z2]

1

Vv t .

< limsup/ / Vaok(x + 122) Z2ldz‘ dx;
ktoo  J(Qa—22)N2 JO |z2]

4.17)

< nm[ Vawi ()] dxs = 1 (1) < A
k1oo Q0

Now, by the co-area formula [1, Theorem 3.40] for almost every A > 0 the set 21 3
is of finite perimeter in €21 and denoting by 9€2; ; the measure-theoretic boundary
of Q1 3,

00 1 (4.16)
/0 H @9, N QD dA = IViYl@) < Ew).
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We thus pick A1 > 0 such that
Ew? Ew?

<A =

and H"10Q, N Q) < E@)?. (4.18)

We set Q) := 21,5, and define w; = Q \51 (so that H"~1(3Q; N Q) =
HM 13wy N ©21)). We notice for later use that

(4.16)
Mo 5/ Wildx < IWillpg, < €,
w

Therefore, since A; > & (u) 3 /4, choosing 1 small enough in (4.15), we have,

1] S E@? < IQ11/2. (4.19)

We define vy, Ao, §~22 and wy similarly.
Step 2. Let (1), (ex) with 0 < rp < & | 0O be given by Lemma 3.4 (recall

Remark 3.5) and such that forevery 1 <i <njand 1 < j < ny,
) / |Du(x, rei) || Du(x, ri f)|%
lim sup

Qek

ktoo 7’]%

dx < E). (4.20)

Fix for the momentk > 1,1 <i <njand1 < j < ny and let = ri(ei + fj).
We define

1
Af = {x € Q% : |Dul(x, ) = §|Du1|<x1,z§>}

and similarly for Aé. Now we write

D ,Zk D ,Zx
/N | Dup|(x1 zl)dx1 /N | Duz|(x2, 23) dxs
Q1NQ%k Tk QoNQk Tk 421

_ / |Duy|(x1, Z]f)|D”2|(x2»lec) dx
(ﬁlxﬁg)ﬂﬂgk

_ ; 7
i

and we split the domain of integration as
@ix BN At n a8 u[[@ix 8 N\t u[[@ x 22 N \ad].
In the first subdomain, we use the inequalities |Du|(x1, z’f) < 2|Du|(x, z’f) and

|Dusy|(x2, zg) < 2|Du|(x, zg) valid by definition for x € All‘ N Ag. Then, since
lulloo < 1, we get

limsup/ | Du|(x1, 2))| Duz|(x2, 25) i
ktoo JAknAL r,f
4.22)
Du|? (x, 25| Du|% (x, zX (4.20)
S4hmsup/ )
ktoo JQfk rf
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In the second subdomain, we use the triangle inequality to get for x ¢ AX,

weah | Duy(x1. 2|

|Duy(x1, 29 = |Du(x, %) — Dw(x, 25 5

+[Dwx, 2,
so that for x ¢ A%, there holds [ Du; (x1, z¥)| < 2|Dw|(x, ). This leads to

Du x,zk Du x,zk
| Duy|(x1, 27)| Duz|(x2 Z)dx

/«91 x§32)NQcH )\ Ak ri

Duy|(x2, 2% Dw|(x, ¥
< Zﬁ | Duz|(x2, z3) / | Dw|( l)dxl dx.
N0k Tk Qi Tk

1

~ (4.18)
By definition of €25 and (4.17), the inner integral is bounded by A, < &(u) 3 /2.
Hence,

) Duy|(x1, 2X) | Duz| (x2, 24
hmsupf i | Dup|(x 1)|2 2[(x2, z3) dx
koo J((Q1xQ)NQek)\ AX i

Du X y <

< Ew)? lim sup/~
ktoo Jnef Tk

The third term is bounded similarly and we deduce from (4.21), (4.22) and (4.23),

Duq|(xq, k
limsup/N del — 5(u)%
ktoo J@nQk Tk

+
k
. |Duz|(x2, 25) 1
X hmsup/~ . 2™ g — E(u)2 < E(u).
ktoo Jpnet Tk n
Recalling the notation z]f = rpe;, zg = ry f;j and summing overi € {1,--- ,n;} and
j e{l,---,ny}, we see that up to extraction, we have

Duq|(x1, rre;
Fori € {1, ,ni}, 1imsup/~ 1DufCa, rees) <EW?, (424)
ktoo Jnek Tk

D , i
orfor j € {1,---,ns}, limsup/; dez gE(u)%.
ktoo  J@nk Tk

Step 3. Let us assume without loss of generality that the first possibility occurs and
let us define the function

U '=u; In ;=0 inow.
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We fix againi € {1,---,n;} and use the short-hand notation z’f = rpe;. we

may now estimate, fQSk |D121|(x1,z]1‘)/rk dxy. For this we use |Duj(xq, Z’l‘)l =
1

[Du(x1, Z'f)l when x1, x1 +z’f € Qi, Dii; (x1, z’f) = 0 when x1, x| —l—z’l‘ € wy and
|Dity (x1, z’f)l < ||u|loo < 1 when x| or x| + zll‘ belongs to €21 but not both. In the

later case we thus have | Dy (xq, z’l‘)l < |D1g, (x1, z’l‘)l. This leads to

Diiy|(xy, ¢
lim inf / wd}q
ok

ktoo Tk
Duy|(xy, ¥ i D1, (x1, 2%
< lim sup/; del + lim sup/ Md’xl
ktoo JGnk Tk ktoo  Jaik Tk
(4.24) .

S EW? + e - Vily, [(Q1).

By (4.18), we have |V1,, |(21) = HY Y w; N Q) < E(u)% and we obtain that

e; - Vi is a measure in Q which satisfies |e; - Vi1 |(R21) < € (u)%. Summing over
i we geti; € BV (21) with

Vi (@) < E)?. (425)

Let us note ¢ the mean value of 7 (in particular |c| < |ju1||co). Using the Sobolev
injection of BV (£21) into L"/1=D(Qy), we compute

lur—cll m <lluy —cll n_ +lluy —cll
Lm=1Q) Lm=1(Q) L")
nl—l

SV (1) + 2lut ool ] ™

(4.25)&(4.10) -1

EW? + |aoy| M .

~

By (4.19), we have |w;| < |21]/2 and thus by the relative isoperimetric inequality
in 2 (see for instance [8, Lemma 4.5.2]),

-1 (4.18) .
o] ™ SHY T 0w N Q) < Ew)?

so that our final estimate is
1

luy —cll _n S Ew).
LmT @)

This concludes the proof of the proposition. O
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