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Traces of Newton-Sobolev, Hajlasz-Sobolev,
and BV functions on metric spaces

PANU LAHTI, XINING LI AND ZHUANG WANG

Abstract. We study the boundary traces of Newton-Sobolev, Hajtasz-Sobolev,
and BV (bounded variation) functions. Assuming less regularity of the domain
than is usually done in the literature, we show that all of these function classes
achieve the same “boundary values”, which in particular implies that the trace
spaces coincide provided that they exist. Many of our results seem to be new
even in Euclidean spaces but we work in a more general complete metric space
equipped with a doubling measure and supporting a Poincaré inequality.

Mathematics Subject Classification (2020): 46E35 (primary); 26B30, 30L99
(secondary).

1. Introduction

Boundary traces for various function classes, especially functions of bounded vari-
ation (BV functions), have been studied in recent years in the setting of metric mea-
sure spaces (X, d, i). In [31], the authors studied the boundary traces, or traces for
short, of BV functions in suitably regular domains. Typically, the boundary trace
Tu of a function u in a domain €2 is defined by the condition

lim][ lu —Tu(x)|du =0 (1.1)
r=>0tJB(x,NQ

for a.e. x € 9Q2 with respect to the codimension-1 Hausdorff measure H. In [33]
(see also references therein for previous works in Euclidean spaces) the authors
considered the corresponding extension problem, that is, the problem of finding a
function whose trace is a prescribed L!-function on the boundary. They showed

X. L. is supported by NNSF of China (No. 11701582). Z. W. is supported by the Academy of
Finland via Centre of Excellence in Analysis and Dynamics Research (No. 307333) and partially
supported by the grant 346300 for IMPAN from the Simons Foundation and the matching 2015-
2019 Polish MNiSW fund.

Received December 23, 2019; accepted May 19, 2020.
Published online September 2021.



1354 PANU LAHTI, XINING LI AND ZHUANG WANG

that in sufficiently regular domains, the trace operator of BV functions is surjective,
and that in fact the extension can always be taken to be a Newton-Sobolev function.
This implies that the trace space of both BV(2) and N1(Q) is L'(3Q). This
trace and extension problem is motivated by Dirichlet problems for functions of
least gradient, in which one minimizes the total variation among BV functions with
prescribed boundary data, see [5,13,24,34,38].

In the current paper, we consider boundary traces from a different viewpoint.
Unlike in the existing literature, we assume very little regularity of the domain,
meaning that traces need not always exist. We are nonetheless able to show in
various cases that for a given function, it is possible to find a more regular function
that “achieves the same boundary values”. In particular, if the original function
has a boundary trace, then the more regular function has the same trace. This sheds
further light on the extension problem. To prove our results, we apply some existing
approximation results for BV and Newton-Sobolev functions, and develop some
new ones.

We will always assume that (X, d, u) is a complete metric space equipped with
a doubling measure p© and supporting a (1, 1)-Poincaré inequality. Let 2 C X be a
nonempty open set. For BV functions we prove the following three theorems. The
exponent s is sometimes called the homogeneous dimension of the space. N1 (Q)
is a generalization of the Sobolev class W1 (£2) to metric spaces; see Section 2 for
definitions.

Theorem 1.1. Let u € BV(Q2). Then there exists v € N-1(Q) N Lip;,.(€2) such
that

][ lo—ulVdy >0 asr— 0"
B(x,r)NQ

uniformly for all x € 9S2.

In particular, whenever there exists a BV extension of a given function defined on
the boundarys, it is possible to also find a Newton-Sobolev extension. If we give up
the requirement that v is locally Lipschitz, we can replace s /(s — 1) by an arbitrarily
large exponent.

Theorem 1.2. Let u € BV(Q2) and let 1 < g < o0. Then there exists v € NM(Q)
such that

][ lv—ulfdu -0 asr — 0"
B(x,r)NQ

uniformly for all x € 9S2.

If we also allow v to have a small (approximate) jump set S,, then we can include
the case ¢ = oo. The class of special functions of bounded variation, denoted
by SBV(L), is defined as those BV functions whose variation measure only has
an absolutely continuous part (like Sobolev functions) and a jump part. The class
was introduced by De Giorgi and Ambrosio [2] as a natural class in which to solve
various variational problems, e.g., the minimization of Mumford—Shah functional.
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Theorem 1.3. Letu € BV(2) and let ¢ > 0. Denote Q2(r) := {x € Q : dist(x, X'\
Q) > r}forr > 0. Then there exists v € SBV(2) such that H(S,) < ¢ and

||v — u”Loo(Q\Q(r)) -0 asr — 0+.

See also [10] for some previous results on traces of BV functions whose variation
measure only has an absolutely continuous part, jump part, or Cantor part.

Note that v € SBV(2) belongs to N'-1(Q) if and only if H(S,) = 0 (see [23,
Theorem 4.1], (2.12), and [18, Theorem 4.6]). Thus we could equivalently require

e v € SBV(Q) N Lip,.(£2) (in particular, S, = ¥) in Theorem 1.1,
e v € SBV(Q) with H(S,) = 0 in Theorem 1.2, and
e v € SBV(Q) with H(S,) < ¢ in Theorem 1.3,

illustrating how we get better boundary approximation by relaxing the regularity
requirements on v.
From Theorem 1.1 (or Theorem 1.2), we obtain the following corollary.

Corollary 1.4. The trace spaces of BV(2) and N LL(Q) are the same.

The definitions of trace and trace space are given in Definition 2.2 and Defini-
tion 2.3. Here and throughout this paper, for two function spaces X(£2) and Y (£2),
that the trace spaces of X(£2) and Y(£2) are the same means that if the function
space Z(9S2) is the trace space of X(£2), then it is also the trace space of Y (£2), and
vice versa.

Corollary 1.4 is stronger than we expected; it says that we can obtain the ex-
istence of the trace and the trace space of BV(£2) by only knowing the existence
of the trace and the trace space of N!'!(), which is nontrivial, since N'''(Q) is a
strict subset of BV(£2).

The so-called Hajlasz-Sobolev space M Lr(Q), p > 1, introduced in [14], is a
subspace of N7(Q). For p > ¢ > 1 and Q supporting a (1, ¢)-Poincaré inequality
and a doubling measure, we have N Lr) = M'P(Q) with equivalent norms,
see [15], and hence the traces of M P () and NP () will be the same. But for
p = 1, even under these strong assumptions, M1 (Q) is only a strict subspace of
N11(Q) and it seems that trace results for M1 are lacking in the literature. One
can also define a local version MCI;II(Q), see Section 2 and Remark 4.5 for more
information. For these classes, we prove the following results.

Theorem 1.5. Suppose 2 satisfies the measure density condition (2.4). Then there
exists 0 < cy < 1 such that for any u € NV(Q), thereisv € Mclgll (£2)NLip;. (£2)
satisfying vl ;1.1 () < llull 11 (q) and

CH

lim [lv—u|ldu=0
r—=>0tJB(x,rNQ
for H-a.e. x € 92, where 'H is the codimension-1 Hausdorff measure.
If additionally Q is a uniform domain, then v can be chosen in M1 () N

Lip;,.(£2).
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With the exception of this theorem, our results are not written in terms of the
codimension-1 Hausdorff measure H (defined in (2.2) and (2.3)) which is used in
most existing literature. In Theorems 1.1-1.3, the results hold for every point on the
boundary. On the other hand, the space or domain may be endowed with a measure
wu for which the codimension-1 Hausdorff measure is not o-finite on the bound-
ary of the domain (see Example 5.6). More precisely, in Example 5.6 we define a
weighted measure on the Euclidean half-space Ri whose codimension-1 Hausdorff
measure is infinity for any open interval of 9R%2 = R. But on R%r, it is natural to
study instead the trace with respect to the 1-dimensional Lebesgue measure on R,
which we do in Example 5.7. Another motivation for us is that in certain Dirichlet
problems one needs to consider the trace with respect to a measure different from
‘H, see [24, Definition 4.1].

More generally, instead of only studying the codimension-1 Hausdorff mea-
sure, we may study any arbitrary boundary measure  on d€2. In order to study
such problems, we first replace the codimension-1 Hausdorff measure H with H in
the previous definition of trace to give the definition of trace with respect to H, see
Definition 2.4. Then we prove the following result.

Theorem 1.6. Suppose 2 satisfies the measure doubling condition (2.5). Let H be
any Radon measure on 0Q2. There exists a constant 0 < cy < 1 with the following
property: for a given u € NV (), if there exists a function Tu such that

lim lu—Tulx)|du=20
r=>0")B(x,rNQ

for H-ae. x € 0K, then there exists a function v € Mé ;}(Q) N Lip;o. (2) such that
||v||MC|; (Q) S lullyrig) and

lim [lv —Tu(x)|du =0
r—=0t)B(x,rNQ

for H-a.e.x € 3.
If additionally 2 is a uniform domain, then the above v can be chosen in
M 1(Q) N Lip; ().

The constant ¢y in Theorem 1.5 and Theorem 1.6 can be chosen as 1/50A (see
the proof of Theorem 4.1), where A is the dilation constant in the (1, 1)-Poincaré
inequality; see Section 2 for more information about Poincaré inequalities.

Since w is a doubling measure on X, it follows from [9, Theorem 4.4] that
2 satisfies the measure doubling condition (2.5) if €2 is a uniform domain. Hence
similarly to Corollary 1.4, from Theorem 1.6 we obtain the following corollary.

Corollary 1.7. Let Q@ C X be a uniform domain. Then for any given boundary
measure H, the trace spaces of N L1(Q) and M1 () with respect to any boundary
measure H on 02 are the same.
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The paper is organized as follows. In Section 2, we give the necessary prelimi-
naries. In Section 3, we study the traces of N!'! and BV and give the proofs of
Theorems 1.1-1.3 and Corollary 1.4. In Section 4, we study the traces of N and
M1 and give the proofs of Theorem 1.5, Theorem 1.6, and Corollary 1.7. Finally,
in Section 5, apart from giving several examples that we refer to in Section 3 and
Section 4, we also discuss some trace results and examples obtained as applications
of Corollary 1.4 and Corollary 1.7.

ACKNOWLEDGEMENTS. The authors would like to thank Pekka Koskela,
Nageswari Shanmugalingam, Luka§ Maly, and Anders Bjorn for reading the manu-
script and giving comments that helped improve the paper.

2. Preliminaries

In this section we introduce the notation, definitions, and assumptions used in the
paper.

Throughout this paper, (X, d, i) is a complete metric space that is equipped
with a metric d and a Borel regular outer measure u satisfying a doubling property,
meaning that there exists a constant C; > 1 such that

0 < u(B(x,2r)) < Cau(B(x,r)) <00

for every ball B(x,r) := {y € X : d(y,x) < r}. By iterating the doubling

condition, for every 0 < r < Rand y € B(x, R), we have
n(B(y,r)) S 4 (L>S’ @.1)
n(B(x, R)) R

for any s > log, C4. See [15, Lemma 4.7] or [6] for a proof of this. We fix such an

s > 1 and call it the homogeneous dimension.

The letters ¢, C (sometimes with a subscript) will denote positive constants
that usually depend only on the space and may change at different occurrences; if
C dependsona, b, ...,we write C = C(a, b, ...). The notation A & B means that
there is a constant C such that 1/C - A < B < C - A. The notation A < B (A 2 B)
means that there is a constant C suchthat A < C - B (A > C - B).

All functions defined on X or its subsets will take values in [—o0, 00]. A
complete metric space equipped with a doubling measure is proper, that is, closed
and bounded sets are compact. For an open set 2 C X, a function is in the class
LIIOC(Q) if and only if it is in L!(Q') for every open Q' € Q. Here Q' € Q
means that ' is a compact subset of . Other local spaces of functions are defined
similarly.



1358 PANU LAHTI, XINING LI AND ZHUANG WANG

For any set A C X and 0 < R < oo, the restricted spherical Hausdorff content
of codimension-1 is defined as

Hr(A) = inf ZM Ac|JBGjrp. ri<R. 1 CN}. 22)

el T jel
The codimension-1 Hausdorff measure of A C X is then defined as

H(A) := lim Hgr(A). (2.3)
R—0t

Given an open set 2 C X, we can regard it as a metric space in its own right,
equipped with the metric induced by X and the measure 1| which is the restriction
of u to subsets of Q. This restricted measure | is a Radon measure, see [22,
Lemma 3.3.11].

We say that an open set 2 satisfies a measure density condition if there is a
constant ¢,, > 0 such that

w(B(x,r) N ) = cpu(B(x,r)) (2.4)

for every x € Q and every r € (0, diam(2)). We say that Q satisfies a measure
doubling condition if the measure w|q is a doubling measure, i.e., there is a constant
¢4 > 0 such that

0<uBx,2r)NY) <cqu(Bx,r)yNQ) < oo (2.5)

for every x € Q and every r > 0. Notice that if 2 satisfies the measure density
condition, then it satisfies the measure doubling condition.

By a curve we mean a rectifiable continuous mapping from a compact interval
of the real line into X. A non-negative Borel function g on X is an upper gradient
of a function u on X if for all nonconstant curves y, we have

() — u(y)| < / g ds. 2.6)

14

where x and y are the end points of y and the curve integral is defined by using an
arc-length parametrization, see [21, Section 2] where upper gradients were origi-
nally introduced. We interpret |u(x) — u(y)| = oo whenever at least one of |u(x)],
|u(y)| is infinite.

We say that a family of curves I' is of zero 1-modulus if there is a non-negative
Borel function p € L'(X) such that for all curves y € I', the curve integral /, y P ds
is infinite. A property is said to hold for 1-almost every curve if it fails only for a
curve family with zero 1-modulus. If g is a non-negative p-measurable function on
X and (2.6) holds for 1-almost every curve, we say that g is a 1-weak upper gradient
of u. By only considering curves y in A C X, we can talk about a function g being
a (1-weak) upper gradient of # in A.
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Given a u-measurable set H C X, we let

el i gy = el 1 gy + I0F 221y

where the infimum is taken over all 1-weak upper gradients g of u in H. The
substitute for the Sobolev space W ! in the metric setting is the Newton-Sobolev
space

NVYCH) o= {uc: ully gy < oo},

which was first introduced in [37]. It is known that for any u € Nll)’cl (H) there
exists a minimal 1-weak upper gradient of # in H, always denoted by g,,, satisfying
gu < g p-ae. in H, for any 1-weak upper gradient g € Llloc(H) of uin H,
see [6, Theorem 2.25].

Next we present the basic theory of functions of bounded variation on metric
spaces. This was first developed in [1,35]; see also the monographs [3,11-13,44]
for the classical theory in Euclidean spaces. We will always denote by €2 an open
subset of X. Given a function u € Llloc (£2), we define the total variation of u in
Q by

| Du||(2) := inf{li_minf/ u; At u; € Nli)vcl(gz), u; — uin LIIOC(Q)} , 2.7
i—oo Jo

where each g,; is the minimal 1-weak upper gradient of u; in . (In [35], local
Lipschitz constants were used in place of upper gradients, but the theory can be
developed similarly with either definition.) We say that a function u € L'(Q) is of
bounded variation, and denote u € BV(€2), if || Du||(€2) < oco. For an arbitrary set
A C X, we define

|Du||(A) := inf{||Du||(W): AC W, W C X is open}.

Proposition 2.1 ([35, Theorem 34]). If u € LIIOC(Q), then ||Du||(-) is a Borel
measure on 2.

1

Forany u,v € L; .

(R2), it is straightforward to show that

D+ v)[[(€2) = || Dul[(€2) + || Dvl|(£2). (2.8)
The BV norm is defined by

lullBv(@) = llullp1(q) + I Dull(€2).

We will assume throughout the paper that X supports a (1, 1)-Poincaré inequality,
meaning that there exist constants Cp > 0 and A > 1 such that for every ball

B(x,r),everyu € LIIOC(X ), and every upper gradient g of u, we have

f lu —upu.rldpn < CPrf gdu,
B(x,r) B(x,Ar)
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where

1
UB(x.r) i= udy = —— udu.
ten) ]i@,r) wB&, ) Jaen

Recall the exponent s > 1 from (2.1). The (1, 1)-Poincaré inequality implies the
so-called Sobolev-Poincaré inequality, see, e.g., [6, Theorem 4.21], and by applying
the latter to approximating locally Lipschitz functions in the definition of the total
variation, we get the following Sobolev-Poincaré inequality for BV functions. For
every ball B(x,r) and every u € Ll (X),we have

loc

(s=1)/s | Dul|(B(x, 24r))
lu — ups, I‘/(“'_l)du) < Cspr S (29)
(Ji@,r) ) 11(B(x, 24r))

where Csp = Csp(Cy4, Cp, A) > 1 is a constant.
For an open set 2 C X and a pu-measurable set E C X with || DXEg||(2) < oo,
we know that for any Borel set A C €2,

iDxelay = [ opan, (2.10)
I*ENA

where 0g: X — [a, Cq]l witha = a(Cq, Cp, 1) > 0, see [1, Theorem 5.3] and [4,

Theorem 4.6]. The following coarea formula is given in [35, Proposition 4.2]: if

Q C Xisanopensetand u € Ll (), then

loc
| Dul|(Q) = /oo P(lu > 1), Q) dt. 2.11)

The lower and upper approximate limits of a function u on €2 are defined respec-
tively by

Ny o n(u <0 NBE.)
u”(x) :=sup {t eR: rlgr(l) (BG.r) = O}

and

uY(x) = inf{t eR: lim plu > 140 Bx, 1)) = O} .
r—0 w(B(x,r))

Then the jump set S,, is defined as the set of points x €  for which u” (x) < u" (x).
It is straightforward to check that u” and u" are Borel functions.

By [4, Theorem 5.3], the variation measure of a BV function can be decom-
posed into the absolutely continuous and singular part, and the latter into the Cantor
and jump part, as follows. Given an open set 2 C X and u € BV(Q2), we have for
any Borel set A C Q

I Dull(A) = ||Dul|*(A) + | Dull* (A)
= | Dull“(A) + | Dul|°(A) + || Dull/ (A)

uY (x)

_ f adp + | Dull (A) + / Oy () dt AH (),
A ANS, Ju™(x)

(2.12)
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where a € L'(Q) is the density of the absolutely continuous part ||Du||%(A) of
|Du||(A) and the functions 6y, € [«, Cq4] are as in (2.10).

Next, we introduce the Hajlasz-Sobolev space. Let 0 < p < oco. Given a u-
measurable set K C X, we define M7 (K) to be the set of all functions u € LP(K)
for which there exists 0 < g € L?(K) and a set A C K of measure zero such that
forall x, y € K \ A we have the estimate

lu(x) —u(y)| = d(x, y)(gx) +g(y)- (2.13)

The corresponding norm (when p > 1) is obtained by setting

lellprrrky = llulleky +inf ligllLrckys

where the infimum is taken over all admissible functions g in (2.13). We refer to [14,
15] for more properties of the Hajtasz-Sobolev space M L. The space Mcl,’,p (K)is
defined exactly in the same manner as the space M !-? (K ) except for one difference:

in the definition of MLI. f’lp (K), the condition (2.13) is assumed to hold only for points
x,y € K\ A that satisfy the condition

dx,y) <cg-min{d(x, X \ K),d(y, X \ K)}, (2.14)

where 0 < cy < 1 is a constant.
We give the following definitions for the boundary trace, or trace for short, of
a function defined on an open set 2.

Definition 2.2. Let 2 C X be an open set and let u be a u-measurable function on
Q. A number Tu(x) is the trace of u at x € IQ if we have

lim lu —Tu(x)|du =0. (2.15)
r=>0tJB(x,rNQ

We say that u has a trace Tu in 092 if Tu(x) exists for H-almost every x € 9€2.

Moreover, we give the following definitions for the trace space of a function
space defined on an open set 2.

Definition 2.3. Let 2 be an open set and let X(£2) be a function space on 2. A
function space Y (92, H) on 92 is the trace space of X(Q) if the trace operator
u +— Tu defined in Definition 2.2 is a bounded linear surjective operator from
X(Q) to Y02, H).

Definition 2.4. Let Q be an open set and H be a measure on 9€2. Let X(R2) be
a function function space on Q. A function space Y(9<2, H) on 9 is the trace
space of X(€2) with respect to H, if the trace operator u > Tu defined in Defini-

tion 2.2 by replacing H by H is a bounded linear surjective operator from X(£2) to
Y0, H).
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3. Traces of N1'1(€) and BV(R)

In this section, let & C X be an arbitrary nonempty open set. Recall the definition
of the number s > 1 from (2.1).

Lemma 3.1. Letu € LIIOC(Q) with || Du||(2) < oo. Then there exists a sequence

(i) C Lipyoc () such that u; — win L/~ (Q) and

I Dull(R) = lim f gu; .
i—oo Jo

Proof. By the Sobolev-Poincaré inequality (2.9), we have u € Lf(fc(s_l)(gl). Take
opensets 2] € 2 € ... € Q = U‘;OZI Q. Nowu € LS/(S_I)(Q.,-) for each
J € N. Define the truncations

uy = min{M, max{—M,u}}, M >0.

For each j € N we find a number M; > 0 such that [upy, — I/l”L.Y/(x—l)(Qj) < 1/j.
From the definition of the total variation, take a sequence (v;) C Lip;,.(£2) such
that v; — u in L] (Q) and

I Dull() = lim / gu dpt.
11— 00 Q

Then also (vi)m; — upm; in LS/(S_I)(Qj) for all j € N. Thus we can pick indices
i(j) = j such that [[(vi(j))m; — quIILx/g,vfn(Qj) < 1/j for each j € N. Defining
uj = (v,-(j))Mj,we now have

“M] — I/l“Ls/(s—l)(Qj) < 2/] for aHJ eN

s/(s—1)

andsou; — uin L.

(£2). Moreover, since truncation does not increase energy,

lim sup / gy it < | Dull(),
Q

j—00
But by lower semicontinuity, also || Du||(€2) < liminf;_, fQ gu; du. L
We have the following standard fact; for a proof see, e.g., [18, Proposition 3.8].

Lemma 3.2, Letu € L}

loc
u; —> uin Llloc(Q) and

() with | Dul|(R) < oo and let (u;) C N5(Q) with

| Dull(£2) = lim / Bu; dit.
i—o0 Jo

Then we also have the weak* convergence g,, d A4 || Du]|.
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Lemma33. Let Q) € Q0 € ... © U(;Ozl Q; = Q be open sets, let Q = ),
and let nj € Lip.(2;) be such that 0 < n; < lon X andn; = 1in Qj;_; for
each j € N, withny = 0. Let 1 < g < 00. Moreover, let u € LIIOC(Q) with
| Dul|(2) < oo, and for each j € Nlet (u;;) C NI’I(SZJ-) suchthatuj; —u — 0
in LY(2;) and

hm guj’l' d“’ = ”DM”(QJ),

i—oo Jq;
where each gy is the minimal 1-weak upper gradient of uj; in ;. Finally, let
8j > 0 for each j € N, and let ¢ > 0. Then for each j € N we find an index i(j)
such that letting u; = uj ;(j and

o0
vi= Z(’?j —nj-1uj,
=2

we have
max{flv —ullp1@ne; ) IV —ulLa@pe;n} <8; forallje N,
and [ gudp < || Dul|(Q) +&.

Note that neither u nor the functions u ; ; need to be in L7(£2;), only in LY(Q j),but
still we can have u;; —u — 0in L9(2;) for each j € N. We can also see that in
Q; \ ;_1, the function v can be written as the finite sum (let o = 0)

o
Z(’?i_ni—l)ui = mj—nj-Duj+@jr1—npujpr =njuj+A—npujp. 3.1)
=2

Proof. By Lemma 3.2, for each j € N we have Buj,; A A d||Dul|| asi — oo in
Qj. Foreach j € N, let L; > 0 denote a Lipschitz constant of 7;; we can take
this to be an increasing sequence. Set 8y := 1, Lo := 1. Letting u; := u; ;(;) for
suitable indices i (j) € N, we get

max{|lu; — u||L1(Qj), llu; — I/l”Lq(Qj)} < min{d;_y, d;, 2*1*15/L]-}/2 3.2

forall j € N, and

/ (mj —mj—1)8u; dp < / (nj —nj—1)d||Dul| +27 /¢ (3.3)
£ £
forall j =2,3,.... Wegetforall j e N
o.¢]
lv—ullLa@pe; ) = Z(m‘ — ni—Dui —ullLa@)\Q; )
i=2

3.1)
=lmju; + (1 —npujr —ullLa@pe, 1

=lnjuj+A—=njujrr —nju— 1 —npullLae\; )

< lluj —ulleape; ) + llujr1 —ullLa@pe; ) <9
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by (3.2) as desired, and similarly for the L'-norm. Let vy := uy in 0, and re-
cursively vi41 = n;v; + (I — nj)uj41 in ;1. We see that v = lim;_, o v; (at
every point in 2). By the proof of the Leibniz rule in [6, Lemma 2.18], the minimal
1-weak upper gradient of v3 in Q23 satisfies

8vy = 8mluz —usl + mgu, + (1 — n2)&us;-

Inductively, we getfori = 3,4,.
i— 1

8y < ngu, uj+1|+Z<n,—n, D8u; + (1= 1i—1)gu;  in Qs
j=2 j=2

to prove this, assume that it holds for the index i. Then we have by applying a
Leibniz rule as above, and noting that g, can be non-zero only in £2; \ £2;_1 (see [6,
Corollary 2.21]), where v; = u;,

8viy = gﬂilvi - ui-‘rl' + i 8v; + (1 - ni)gui+|
= gl — i1l +nigu; + (1 = 1i)8u;

i—1
Induction

< gplui — ”z+l|+zgn,|u] Ujttl
j=2

+ Y = 1j-08u; + 0 = 108w + (1= 1) us,,

i i
= gnluj =il + Y ;= 0j-08u; + (1= 1)guy,  in Rig1.
= j=2

This completes the induction. In each ; \ €;_;, by (3.1) we have

v=mnuj+ A —npujr=nvi+ A =njujir =vj41,
and so in fact v = v in Q;, for each j € N. Thus the minimal 1-weak upper
gradient of v in ; satisfies

o0

o0
8 =8 < Y &niluj —ujpil+ Y (0 —1j-1)8u;-

j=2 j=2
Thus

/8vd,U«<Z/ gnluj — ”J+l|dﬂ+2/ (nj = Nj=1)8u; it

< ZLj”uj —ujrillLiepe; )
=

+Z</Q (n; —n,-_l)d||Du||+2—fs> by (3.3)
j=2 J

< &/2+ || Dul|(R) + &/2 by (3.2), (3.3)
= [|[Dul|(£2) + &.

~.
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Note that g, does not depend on i, see [6, Lemma 2.23], and so it is well defined
on 2. Since g, is the minimal 1-weak upper gradient of v in each €;, it is clearly
also (the minimal) 1-weak upper gradient of v in 2. Then by Lebesgue’s monotone
convergence theorem,

/gvduf [ Dul|(£2) + &. O
Q
Theorem 1.1 of the introduction follows from the following theorem.

Theorem 3.4. Let u € Llloc(Q) with ||Dul|(2) < oo and let ¢ > 0. Then there

exists v € Ny! (@) NLipyo () such that l|v —u| 11 gy < &, v —ull Ls/s-1qy < &,

Jo guvdi < | Dull(R) + ¢, and
][ lo—ul’Vduy -0 asr - 0"
B(x,r)NQ

uniformly for all x € 9S2.

Note that if u € BV(2) as in the formulation of Theorem 1.1, then v € L!(2) and
sov e NLI(Q).

Proof. Fix xo € X. Define y := ¥ and pick numbers d; € 2/, 2’j+1),j e N,
such that the sets

Qi={xeQ:dx,X\Q) > dj}mB(xO,djfl)

satisfy || Dul|(d€2;) = 0. For each j € N, take ; € Lip.(£2;) suchthat0 <n; <1
on X andn; = 1in Q;_1,and n; = 0. Note that for a fixed r > 0, the function

X+ u(Bx,r)NQ), xei,

is lower semicontinuous and strictly positive. Since dQ N B (xo, d ]._1) is compact
for every j € N, the numbers

Bj = inf{u(B(x,27) N Q) : x € 32N B(xo, dJ.—+‘2)}, jeN,
are strictly positive. Set

§; =277 min {s, /3‘;/“‘”} .

By Lemma 3.1 we find functions (#;) C Lip;,.(€2) such that u; — u in Lfo/c(s_l)(Q)
and

i—00

lim | g dp=|1Dull(%.
Q
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Then also u; — u in Ls/(s_l)(Qj) for every j € N, and by Lemma 3.2 and the fact
that || Dul[(9€2;) = 0 we get

lim [ g dp = I1Dull(R)).

i—oo Jq;
Then apply Lemma 3.3 to obtain a function v € Lip,;,.(€2). By the lemma, we have
fQ gvdp < ||Du||(2) 4 ¢ as desired, and from the condition

max{[[v —ullz1@\e,_)» 1V = #llse-n@na, ) <8 <277 forall j € N

we easily get [[v — ull 1q) < € and [[v — ull s/6-1(q) < €. In particular, v €
N (9) as desired.

Fix x € 0€2. Choose the smallest / € N such that x € B(x, dljrlz). Note that
then B(x, 1) N B(xy, dl__ll) = (if ] > 2) and so for any k € N,

B(x,27 My nQ = Bx, 27 n ( U @\ Qj_1)>.

Jj=max{k,l}
Now
1 _
o —ul’¢"Vdp
n(B(x,27%) N Q) Jpu2+1)ng
! S JGs=1)
— — |U _ u|S S— dl/L
w(B(x,27%) N Q) j:n;:{k,l} /B(x,z—kﬂ)mszj\szjl
< v —ul¢"Ddu
H(B(x,275) N €2) j=max{k,l} Qj\2j 1
o0
- 1 s6=D/s
= &
n(B(x,27%)N Q) j=maxik.l)
o0 7j .
< Y 2P
jemaxtkl) w(B(x,277)N Q)
OO .
< Z 2=J < z—k—i-l.
Jj=max{k,l}

Now it clearly follows that
][ lo—ul/Vdu >0 asr— 0t
B(x,r)NQ

uniformly for all x € 9€2. O
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We have the following approximation result for BV functions in the LZ-norm.
Theorem 3.5. Let u € Ll (Q) with | Du||(R) < oo and let 1 < g < oo. Then

loc
there exists a sequence (u;) C NIL’CI(SZ) such that uj —u — 0 in L'() N L1(R)
and

/qui dp — || Dul|(£2).
Proof. Foreach k =0, 1, ... define the truncation of u at levels k and k + 1
ug = min{l, (u — k)+}.
Then uy € L1 ()N L>®(Q) foreachk =0, 1, ... and Uy = Z,fio uy. Also note

loc

that by the coarea formula (2.11),

o0

k+1
||Duk||(§2)=/ P({ug >t},§2)dt=/ P(u > t}, Q) dt.
k

—o0
For each k = 0, 1, .. ., from the definition of the total variation we get a sequence
(k1) C Nl () with ve; — ug in L) () and

loc
/ Gue; A — |[Dug|(2) asi — oo.
Q

In the proof of Theorem 3.4 we saw that in fact we can get vy ; —ux — 0in LY().
Since 0 < uy < 1, by truncation we can assume that also 0 < vx; < 1. Then also
vk, — ur — 0in L9(2). Let ¢ > 0. For a suitable choice of indices i = i(k), for
Uk = Vk,igk) we have [lug — ullpi gy < 2752, lue — ukllLa@) < 272, and

k+1
/ gudi < | Dugl () +27 e = / PUu > 1), Q) dr +275 ¢,
@ k

Then for v := ZZOZO ve we have |[v —uy|lp1q) < &/2and v —uyllLae) < €/2.
Moreover, using, e.g., [6, Lemma 1.52] we get g, < Z,fio 8uv, and then

o0 0 k+1 1
gvdn < /g du < / P({lu>1t},Q2)dt+27" "¢

o0
= / P(u > t},Q)dt +¢/2
0
— [ Dus () +¢/2
again by the coarea formula. Similarly we find a function w € Nﬁ)’cl (R2) with |lw —

u—llpyg <&/2, lw—u_|lLae < &/2,and fQ guwdp < ||Du—_|(2) +¢&/2. Then
forh:=v—wwehave |h —ull 1 q) <&, llh—ulLie <& and

/Qgh di < [Duyl|($2) + /2 + [ Du_[|($2) + £/2 = || Du||(2) + ¢

using the coarea formula once more. In this way we get the desired sequence. [
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Theorem 1.2 of the introduction follows from the following theorem. In Ex-
ample 5.1 we will show that here we cannot take u to be continuous or even locally
bounded in €2.

Theorem 3.6. Let u € L}OC(Q) with || Dul|(2) < oo, let 1 < q < oo, and let

& > 0. Then there exists v € Nltcl

Jo gudp < | Dul|(R2) + &, and

() such that |lv—ullp1q) <&, llv—ullLie) <eé,

][ lv—ulldu -0 asr — 0"
B(x,r)NQ

uniformly for all x € 9S2.

Proof. The proof is essentially the same as for Theorem 3 .4; the difference is that
here we apply Theorem 3.5 to find sequences (u;;); C NI (25), j € N, such that
luji —ullLa@; — 0and lim;— fQj u;; diu = || Dul|(2;) as i — oo. O

We say that w € SBV(Q) if w € BV(R2) and || Dw]||°(2) = 0 (recall the
decomposition (2.12)). Recall also that the jump set S, is the set of points x € Q2
for which u”(x) < uV(x). Denote Q(r) := {x € Q : dist(x, X \ ) > r}. We
have the following approximation result for BV functions by SBV functions.

Theorem 3.7. Let u € BV(R2) and let ¢ > 0. Then there exists w € SBV(R2)
such that ||lw — ull 1) < & lw —ullLe@ < & [Dw[(S2) < [Dul(2) + &,
H(Sy \ Sy,) =0, and

Iim ||lw — u|; =0.
lim, Il | Lo @\0r)

Proof. This is given in [29, Corollary 5.15]; for the above limit see [29, equa-
tions (3.8), (3.11)]. O

The following approximation result for BV functions by means of functions
with a jump set of finite Hausdorff measure is given as part of [30, Theorem 5.3].

Theorem 3.8. Let u € BV(R2) and let £,§ > 0. Then we find w € BV(RQ) such
that ”w — u”Ll(Q) <Eé,

ID(w —u)[(2) < 2| Dul|({0 < u” —u” < 8}) +e,
lw— ullLe) < 108, and H(Sy \ {u” —u” > 8}) = 0.
We apply this theorem first to obtain the following proposition.

Proposition 3.9. Let u € BV(R2) and let ¢ > 0. Then we find v € BV (R2) such that
lv—ullpve) <& llv—ullLeo@ <& H(Sy) < oo, and

im v — ul|po =0.
lim, Il | Lo @\0r)
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Proof. Take numbers §; (0,0 < §; < £/20, such that

> 1Dull(0 < u¥ —u < 85)) < 2. (3.4)

=2

Note that by the decomposition (2.12), H({u" — u” > t}) < oo forall ¢ > 0. Thus
we can take a strictly decreasing sequence of r; “\ 0 so that the sets ; := Q(r;)
satisfy (let Qo := 0)

H2\ Q) N{u” —u” >8;}) <HUQ\ Qo) N{u” —u” >8;}) <277e
forall j =3,4,.... Then
o0
ZH((QJ- \ Q) N{u’ —u” >8P <H{u" —u" > &} +e. (3.5)
j=2
Also choose functions n; € Lip(X) supported in Q;, j € N,suchthat0 < n; <1

on X and n; = 1in Q;_y, with n; = 0. For each j € N, apply Theorem 3.8 to find
a function v; € BV(Q) satisfying

max{llgy; + gn,_ L. 1} - lvj —ull gy <2777 e (3.6)
as well as
ID(vj — uw)||(R) <2 Dul|({0 < u¥ —u” <8;}) +277 g, (3.7)

||vj —ullpe@) < 105]', and H(Svj \ {l/tv —u > 5]'}) =0. Let
x
vi= Y (0 —nji-)v;. (3.8)
j=2
Then

[e.e]
o —ullgigy =11 ;= nj-D@; — w19
j=2

M2

= lvj —ullp1@)

~.
||
S

27 e = ¢/4.

M

~.
||
S

Since |lv; — ullpo@@) < 108; < &/2,also ||[v — u||px@) < &. Itis also easy to
check that lim, _, o+ ||v — u”Loo(Q\Q(r)) =0.
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Clearl.y Z§:2(n, nj—1)(; —u) - v —uin LIOC(Q) as k — oo. Thus by
lower semicontinuity and a Leibniz rule (see [19, Lemma 3.2]),

k
D@ —w[() < liminf [ DY (1) —nj-1)(v; — )| ()
Jj=2
<Y D) = nj-)w; —u)lI(R) by (2.8)
j=2
Z(HD(v, —u>||<sz)+f(gm T Dl —uldu>
j=2

(2||Du||({0<u —u" <)) +27! )+Zz—f—ls by (3.7), (3.6)
=2

'M8

[\S)

J=
<&/2+¢e/4+e/4 by(34)
= €&.

Finally we want to show that H(S,) < oo. Note that (3.8) is a locally finite sum. If
X € Spj—n;_1)v;» then we getx € Sy, and so S, C Ujozz (Svj N (2 \ 2-2)). By
the fact that H(Svj \{uY —u” > 8;}) =0forall j € N and by (3.5), we find that

H(S) < Y H(Sy, N\ 2j-2) < Y H{u" —u” > 8,10 (2,\ 2-2))
j=2 j=2
< H{u" —u" = 8}) + & < oo,

as desired. O

Now we can prove Theorem 1.3 of the introduction. In Example 5.2 we will
show that here we cannot have H(S,) = 0.

Proof of Theorem 1.3. First apply Proposition 3.9 to find w € BV(2) such that
Iw — ullvie) <e&/4, H(Sp) < oo, and

lim || — ul|~ =0.
lim, Il | Lo @\0r)

Then apply Theorem 3.7 to find w € SBV(L2) such that ||w — @llLl(Q) < g/4,
| Dw[|(R) < |DW|[(R) + &/4, H(Sw \ Sp) =0, and

lim w — | re@ee) = 0.
r—0t

In total, we have w € SBV() such that |w — ull1q) < /2, [Dw[[(2) <
| Du||(2) + /2, H(Syw) < o0, and

lim ||w — ul|p =0.
Jim, I Lo \Q()
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Take Q' € Q such that |[Dw|(2\ ) < ¢/2 and H(Sy \ ') < ¢, and take a
function n € Lip,(2) withO < n < 1 on X and n = 1 in Q. From the definition of

the total variation, take a sequence (w;) C Lip;,.(£2) such that w; — w in Lll0 ()
and lim;_ o || Dw; || (R2) = ||Dw||(£2). Define for eachi € N

vi = nw; + (1 —nw.

Then clearly lim;— oo |v; — w11 () = 0 and by a Leibniz rule (see [19, Lemma
3.2]) and since g, is bounded,

[1Dv; [|(£2) < /Q lwi — wlgydp + | Dw; () + [ Dwll(2\ )
— [IDw[(Q) + |1 Dwll(2\ Q) < [ Dull(2) +&.

Thus if we choose v := v; for suitably large i € N, we have ||v — ullprg < ¢and
|Dv]|(2) < ||Dul|(€2) 4 ¢, and so in particular v € BV(£2). It is then easy to check
that in fact v € SBV(2). Since S,,, = ¥ for alli € N, we have S,, C S, \ Q' for
alli € N, and since H(Sy, \ ') < ¢, in fact H(S,) < . Finally,

Iim ||v — ul|fpe = lim ||lw — u||p >~ =0
Jim, I | Lo \Q0)) Jim, I e @\00))

as required. [

To complete this section, we give the proof of Corollary 1.4 using Theorem 3.4
(or Theorem 3.6).

Proof of Corollary 1.4. Assume that Z(9$2, H) is the trace space of BV(Q), i.e.,
the trace operator # +— Tu in Definition 2.2 is a bounded linear surjective opera-
tor from BV (L2) to Z(9<2, H). From the definition of the total variation (2.7) we
immediately get N-!(Q) c BV(Q) with | - lv) < || - [ly1.1(q)- Thus the trace
operator u +— Tu is still a bounded linear operator from N L1(Q) to Z(O2, H).
Hence it remains to show the surjectivity. For any f € Z(92, H), we know that
there is a function u € BV(L2) such that Tu = f. It follows from Theorem 3.4 (or
Theorem 3.6) that there is a function v € N1 () such that Tv = Tu = f, since

lim [v— f(x)|dpn < lim lu —v|+u— f(x)|du
r—=0t)B(x,rNQ r—0%)B(x,rNQ
(s=1)/s
< lim (7[ lu — v|s/51du) (3.9)
r=>0" \JB(x,rNQ
+ lim lu — f(x)| du

r=>0%)B(x,rNQ
=0, forH-ae.x €.

This gives the surjectivity, as desired.
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Conversely, assume that Z(d<2, H) is the trace space of N'1(Q), i.e., the trace
operator ¥ — Tu in Definition 2.2 is a bounded linear surjective operator from
NLYQ) to Z(3S2, H). Then for any & € BV(RQ), without loss of generality, we
may assume that ||2]|gv(g) > 0. By Theorem 3.4, choosing ¢ = || h|lBv(q)/2, there
is a function v € N'(Q) with [|v|ly1.1(q) < 2[lh[Bv(e) and

][ lv—h!Vay -0 asr— 0t
B(x,r)NQ

uniformly for all x € d2. Then we have that Th = Tv by a similar argument to
(3.9), and that

IThllzoer = 1Tvlzeer S vIiviig) < 20klBv@)-

Hence the trace Th exists for any 7 € BV(2) and the trace operator & — Th is
linear and bounded from BV(R2) to Z(92, H). Moreover, the surjectivity of the
trace operator follows immediately from N'!(Q) c BV(). Thus Z(3$, H) is
also the trace space of BV (£2). ]

Remark 3.10. The trace spaces of BV(2) and N L1(Q) are also the same with
respect to any given boundary measure H under Definition 2.4.

4. Traces of N'1(Q) and M1'1(Q)

In this section let 2 C X be an arbitrary nonempty open set with nonempty com-
plement.

We will work with Whitney coverings of open sets. For aball B = B(x, r) and
a number a > 0, we use the notation aB := B(x, ar). We can choose a Whitney
covering {B; = B(xj, rj)};?il of Q2 such that:

1. Foreach j € N,
rj =dist(x;, X \ €)/1004;

2. For each k € N, the ball 204 By meets at most Co = Co(Cy) balls 20AB; (that
is, a bounded overlap property holds);

3. If 20A By meets 200 B, then r; < 2ry;

see, e.g., [22, Proposition 4.1.15] and its proof. Given such a covering of 2, we find
a partition of unity {¢ j}?ozl subordinate to the covering, that is, for each j € N the
function ¢; is ¢/r j-Lipschitz, c=c(Cy), with spt(¢;) C 2Bjand0< ¢; < 1, such
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that Zj ¢; = 1on Q; see, e.g., [22, page 103]. We define a discrete convolution
uw ofu € Lll0 - (£2) with respect to the Whitney covering by

00
uw = Zu3j¢j.
j=1

In general, uw € Lip,.(£2) C Ll (Q).

loc

Theorem 4.1. For any function u € N L1(Q), there exists a constant 0 < cy =
cy (A) < 1 such that the discrete convolution uw of u with respect to the Whitney

covering {Bj = B(x;, ”j)}?il isin MJI;I(SZ) with the norm estimate
w1 < Il coy-

Proof. First we consider the L'-norm of wy . By the bounded overlap property of
the Whitney covering {B; = B(x;, ,)} - |- it follows from the facts spt(¢;) C 2B;
and0 < ¢; < 1 that

o0 o0
w1y < Zu(an]{g ul dpt < ch/B uldi S Tl gy,
= j =17Bj

Next, for the minimal 1-weak upper gradient g, of u, we will give an admissible
function g that satisfies (2.13) when the pair of points x, y satisfy (2.14) with cy =
1/501. We claim that the admissible function g can be defined as follows: for any
point x € 2, we define

=C . ud 4.1
g(x) ZXB,(x>]£mng m (4.1)

j=1

with C = C(Cy4, Cp, )1). Indeed, for any pair of points x, y € Q satisfying (2.14),
without loss of generality, we may assume that dist(x, X \ ) < dist(y, X \ )
and x € Bj,y € B; for some i, j € N. Recalling the properties of the Whitney
covering, we have that

dist(x, X \ ) < dist(x;, X \ Q) +r; = (1004 + Dr;.
Hence we have
d(y,xj) <d(x,y)+rj < 50 dist(x, X \ Q) +r;j < 4r},
which means y € 4B;. Hence 20AB; N 20AB; # §, and so r; < 2r;. Hence

B; C 10B;. Moreover if 2B, N B; # ¥, thenr, < 2r; and so By C 6B; C 20B;.
Recall that the function ¢y is ¢/rg-Lipschitz for any k € N and that ), ¢ = 1
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on 2. Then by the bounded overlap property of the Whitney covering and the
Poincaré inequality for u and g,, we have that

luw (x) —uw ()| =

i (x) — Zugkask(y)

Z(ugk up; ) (x) — Z(ugk B )Pk (y)
k=1

Z up, — ug;|l¢r(x) — g ()|

C
<d(x,y) > —|up, — ug| 4.2)
{k: 2B, N(B;UB,)#0} ' K
C
Sdx,y)— lu — uz0B;|du
rjJ20B;

< Cd(x, ) ][ o
201.B;

where C is a constant depending on A, ¢, Cq, Cp and Cyp only, and thus in fact
only on Cy4, Cp, A. Thus, the function g defined in (4.1) is an admissible function
for uw .

At last, we show the L!'-norm estimate for g. It follows from the bounded
overlap property of the Whitney covering that

/g(X)du(X)<Z/ g(x)du(x)<ZM(B])][ gudu

: Z/m,. u) i) 3 fQ 2u(¥) dp () = llgull ey

Recall the homogeneous dimension s > 1 from (2.1).

Theorem 4.2 ([15, Theorem 9.2]). Let 0 > 1 and let B = B(x,r) be a ball in
X. Ifu e MY“P(oB,d, 1) and g is an admissible function in (2.13), where p >

s/(s + 1), then
1/p
][|u—u3|duscr(,[ g”du) , (43)
B oB

with C depending on Cq, p, and o only.

Next we will consider the relationship between Mclf’ll(Q) and M"1(Q). The next

theorem shows that when 2 C X is a uniform domain, Mi,’,l () and M1 (Q) are
the same. The case X = R", i.e. the Euclidean case was proved in [25, Theorem
19]. Before stating the theorem, we first give the definition of uniform domain.
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Definition 4.3. A domain 2 C X is called uniform if there is a constant cy €
(0, 1] such that every pair of distinct points x, y € €2 can be connected by a curve
y:1[0,¢,] — € parametrized by arc-length such that y(0) = x, y(£,) = y,
¢, <cy'd(x,y),and

dist(y (1), X \ Q) > cy min{t, £, —t} forall z € [0,¢,]. 44
Theorem 4.4. Assume Q2 C X is a uniform domain. Then for any 0 < cg < 1, we
have Mcl;,l () = MLY(Q) with equivalent norms.

Proof. Choose arbitrary x, y € Q. By modifying the standard covering argument
in uniform domains (see [16,17,25] for details), from the uniformity condition we
deduce easily that there is a chain of balls By resembling a cigar that joins the points
x and y. More precisely, there are balls By := B(zg, ) with k € Z and z; € Q
such that for each k one has for some ¢’ = ¢’(A, cg, cy)

1
I5h/cu By C Q2 and  rg > — min{d(z, x), d(z, y)},
c

with also ByNBy+1 # W, and ry /2 < rypy1 < 2rg. In addition, limg_, y oo d(x, By) =
0 = limy—, _oo d(y, Bi). Finally, we may assume that ) ", ., rx < C'd(x, y).

Letu € Mg ,’,1 (€2) with admissible function g € L'(€2). We can zero extend g
outside 2. Since 15A/cy By C Q2 and cy < 1, then for any xq, yo € 5A By, we have

d(x0, y0) <10Ary <cu(15A/cy — SA)ry <cy min{dist(xp, X \ €2), dist(yo, X \ €2)}.

Hence, for any xg, yo € 5A Bk, the condition (2.14) is satisfied. Thus,u € MY (50By)
for any k € Z. It follows from the Poincaré inequality in Theorem 4.2 on the ball
5By, with o = A that

. (s+1)/s
|lup, — upl 5][ lu —usp,| Srk 0[ gs/(” )du>
5By 5ABy

(s+1)/s
5 i (f. gx/(s—&-l) dVv)
(52+2¢") By

(s+1)/s 5+1)/s
<k ((Mgs/‘””(x)) + (Mgs/(””(y)) ) ,

where s is the associated homogeneous dimension. Here the last inequality follows
from the fact that either x or y is contained in 2¢’ By C (54 + 2¢) By..

If x, y are Lebesgue points of u#, we have |u(x) —u(y)| < ZkeZ lup, —up,.,|.
By summing over k, it follows that

lu(x) —u(y)| = d(x, y)(&(x) + &(»)),

where g(x) = 2C (M g*/6+D (x))(s+l)/ *. The conclusion follows from the Hardy-
Littlewood maximal inequality. O
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Remark 4.5. From the proof of Theorem 4.4, we know that if X is a geodesic
space, i.e.,forany x, y € X, there exists a curve y in X such that £, = d(x, y), then
MCI]’1 (Q) = Mclz’1 (€2) with equivalent norms for any two constants 0 < ¢y, ¢y < 1.
This fact coincides with the case 2 C R”, where R” is a geodesic space. When
Q c R", forany 0 < cyg < 1, we obtain Mclf’,1 () = Mbl(’l}l(Q). Here we refer
to [25,43] for more details about the space M, (<2).

To “achieve” the boundary values, we need the following proposition.

Proposition 4.6 ([31, Proposition 6.5]). Let u € BV (S2). Then the discrete convo-
lution uw of u satisfies

lim —— luw —uldu =0
r—0t w(B(x,r)) Jpx,rnne

for H-a.e. x € 0%2.

The above proposition considers the measure H on 9S2, that is, the codimension-1
Hausdorff measure. But this may not be the measure we really want to study. For
example, a classical problem is to study the trace spaces of weighted Sobolev spaces
on Euclidean spaces. For the half plane 2 = R%r ={x =, x) eR?: x>0}
and the measure du(x) = wy(x)dmy(x) with my the 2-dimensional Lebesgue
measure and wy (x) := logA (max{e, e/|x2]}), A > 0, the codimension-1 Hausdorff
measure on 8R3_ = R is not even o-finite and hence is not the 1-dimensional
Lebesgue measure that we usually study, see Example 5.6. Thus, it is reasonable to
consider the equivalence of the traces of N L1(Q) and M'1(Q) under any general
boundary measure H on 9<2. Thus, we introduce the following lemma.

Lemma 4.7. Assume Q satisfies a measure doubling condition (2.5), i.e., g is
doubling. Let u € LIIOC(Q) and z € 0K2. Assume that there is a € R such that

lim][ lu —aldu =0.
r—0t, B(z,r)NS2

Then the discrete convolution uw of u satisfies

lim luw —aldu = 0.
r=>0%JB(z,rNQ

Proof. In the Whitney covering {Bk}lgi |» recall that for any By = B(xg, ry) we
have r; = dist(xg, X \ 2)/100A. If 2B N B(z,r) # @, then
2ry +r > d(xg, z) > dist(xg, X \ Q) = 100Arg,

which implies
Bi C B(z,2r).
{keN: 2B, NB(z,r)#0)
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Then we have
o0
> (prup, — pra)| du

[ ww—aldu= |
B(z,r)NQ B(z,r)NQ k=1

[e.¢]
<[ S i, aldu

B(z,r)NQ k=1
o
< / > xomlus, —aldp
B(z,r)ﬂQ k:l
o
5/ szgk][ lu—aldpdp
B(z,r)NQ k=1 By

IA

Ca f lu —aldu
{keN:2ByNB(z,r)#0} ¥ Bk

N / lu—aldp
B(z.21)NQ

by the bounded overlap property. Thus, the doubling property of | gives the
estimate

A

][ |uw—a|du§f u —aldp.
B(z,r)NQ B(z,2r)NQ

The result follows by passing to the limit. O

Proof of Theorem 1.5, Theorem 1.6, and Corollary 1.7. Theorem 1.5 follows im-
mediately by combining Theorem 4.1, Theorem 4.4 and Proposition 4.6, while
Theorem 1.6 follows immediately by combining Theorem 4.1, Theorem 4.4 and
Lemma 4.7.

For Corollary 1.7, by adapting the proof of Corollary 1.4, we obtain the result
using Theorem 1.6. Note that M11(Q) ¢ N1(Q) with || - [FYRTES) <|- a1
see [15, Theorem 8.6]. ]

5. Examples and applications

The following example shows that in Theorem 1.2 we cannot take a function v €
Lip;,.(2), oreven v € L ().

loc

Example 5.1. Let X = R2 (unweighted) and let 2 := B(0, 1). We find a sequence
{xr} that is dense in B(0, 1). Take

up(x) ;== |x —xk|71+1/k, k € N.
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Then [lugll, 1 < oo and the minimal 1-weak upper gradient satisfies (see [6,
Proposition A.3])

8 (X) = [Vig (1)) = (=1 4 1/k)|x — x| 72FVE

and so

f 8u, dx S / Ix — x| 2V *ax < f x| 77 VK gy < 0.
B(0.1) B(0.1) B(0.2)

u(x) =y 27 "k

% ||Mk||N1,1(B(0,1))

Let

Then using, e.g., [6, Lemma 1.52] we see that u has a 1-weak upper gradient

Z 2—k guk

% ||Mk||N1,1(B((),1))

which implies u € N LI(B(0, 1)). We know that the homogeneous dimension s of
R? is 2, and then SST1 = 2. On the other hand, we can see that for any ¢ > 2, we

have for all sufficiently large k € N
/ lug|? dx = oo forallr > 0,
B(x;,r)NB(0,1)

and then for all balls B N B(0,1) # ¥ we have meB(o 1 |ul9dx = oo. Given
v € Lipy,.(B(0, 1)), we know that v € L! (B(0,1)). Therefore we have |v —

loc

ullLa(BnB,1)) = oo for all balls B N B(0, 1) # @, which contradicts the desired
conclusion in Theorem 1.2.

The following example shows that in Theorem 1.3 we cannot take a function v
with H(S,) = 0.

Example 5.2. Let X = R? (unweighted) and let Q := (—1, 1) x (0, 1). Define
u € BV(2) by
0 whenx; <O

A I

Let v € BV(2) with H(S,) = 0. Since H ({0} x (0, 1)) > 0, it is now easy to check
that ||v — l/t”LOO(Q\Q(r)) > 1/2forallr > 0.

A direct consequence of Corollary 1.4 and Corollary 1.7 is that under a proper
setting, the trace spaces of the BV space, Newton-Sobolev space, and Hajlasz-
Sobolev space are the same. Hence we can obtain many trace results for the BV and
Hajlasz-Sobolev space directly from trace results for the Newton-Sobolev space ob-
tained in the literature. In particular, from [32, Theorem 1.1] we are able to obtain
the following result.
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Theorem 5.3. Let Q C X be a bounded uniform domain satisfying the measure
doubling condition (2.5). Assume also that (2, d, i|q) admits a (1, 1)-Poincaré
inequality. Let 02 be endowed with an Ahlfors codimension 6-regular measure
v for some 0 < 6 < 1. Then the trace spaces of NVN(Q, w), BV(Q, 1) and

MY(Q, ) are the same, namely the Besov space Bll’_le(aﬁ, V).

We say that 02 is endowed with an Ahlfors codimension #-regular measure v if
there is a o-finite Borel measure v on 0€2 and a constant ¢cg > 0 such that

CQ_I/L(B(x,r)ﬂQ) w(B(x,r)N Q)

B <v(Bx,r)Noa) <cy 7 4.1
r r

forall x € 9Q and 0 < r < 2diam 2. The Besov space Bll_le (02, v) consists of
L'-functions of finite Besov norm that is given by

lu(x) —u(y)l di
loell 1-o = lull +/ f ][ dv(x) dv(y)—.
B 1709w T L(9%2,v) o) Bon) e "

The above theorem seems to be new even for BV and M!"! functions in the
(weighted) Euclidean setting. As an illustration, we give an example in weighted
Euclidean spaces.

Example 54. Let @ = D C R? be the unit disk with 9Q = S! the unit circle.
Take the measure du(x) = dist(x, S")"® dm,(x) with 0 < o < 1 and m, two-
dimensional Lebesgue measure. Then by a direct computation, dist(x, S')~® with
0 < o < 1is an A;j-weight and hence p supports a (1, 1)-Poincaré inequality,
see [20, Chapter 15]. Moreover, it is easy to check that the 1-dimensional Hausdorff
measure ! on S! is an Ahlfors codimension (1 — «)-regular measure, i.e., H!
on S! satisfies (5.1) with & = 1 — «. Hence we obtain from Theorem 5.3 that
the trace spaces of N1(D, ), BV(D, n), and M1 (D, ) are BY 1(S1 HY. Tt
is also known from the classical trace results of weighted SoboleV spaces that the
trace space of N LD, p) is the classical Besov space B (S1 H'). Here we refer
to [36,40,41] for the trace results for weighted Sobolev spaces on Euclidean spaces
and refer to the seminal monographs by Triebel [39] for more information on Besov
spaces.

On the other hand, using our theory it is also possible to obtain new trace results
for Hajlasz-Sobolev or Newton-Sobolev functions from the known trace results for
BV functions. In particular, from [33, Corollary 1.4] we are able to obtain the
following trace results.

Theorem S5.5. Let Q@ C X be a bounded uniform domain that satisfies the measure
density condition (2.4) and admits a (1, 1)-Poincaré inequality. Assume also that
the codimension 1 Hausdorff measure 'H is Ahlfors codimension-1-regular. Then
we have that the trace spaces of BV(2, ), N"1(Q, ) and M1 (Q, ) are the
same, namely the space L' (32, H).
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When Q =D, 9Q2 = S', i = m» the 2-dimension Lebesgue measure and H ~ H!
the 1-dimension Hausdorff measure, the above theorem coincides with the classical
results that the trace spaces of BV(ID) and N ! (D) are both L' (S'). Moreover, the
above theorem gives that L' (SY) is also the trace space of M L.1(D), which seems
to be new even in this case.

The above Theorem 5.3 and Theorem 5.5 both require that the boundaries are
endowed with some codimension Ahlfors regular measure. In the following, we will
give an example where the measure on the boundary do not satisfy any codimension
Ahlfors regularity.

Example 5.6. Let Q = Rﬁ = {x = (x1,x2) € R? : x, > 0} and take the
measure d i (x) = wy (x) dmo(x) with m; the 2-dimensional Lebesgue measure and
wy, (x) = log (max{e, e/|x2|}),A > 0. Forany x e R = 3Q and 0 < r < e~2*, let
Q(x, r) denote the cube parallel to the coordinate axes with center x and sidelength
r. Then we have the estimate

r r/2
w(Qx,r)) =2 / / log* (e/|x2]) dxa dx;
0 Jo (5.2)

r/2
= 2r/ logh(e/1)dt ~ r*log"(e/r).
0

Here the last equality holds since we have

(t logk(e/t)), = log"(e/1) (1 — ) ~ logh(e/t), for 0 <t <r <e 2>

log(e/t)

By using the estimate (5.2), it follows from the definition of the codimension-1
Hausdorff measure (2.3) that for any nonempty interval [, b] in R = 9R2, we
have that

Hla, b)) = lim Hg(la,b]) ~ lim |a = b| log"(e/R) = oo.

Hence the codimension-1 Hausdorff measure H on R is not even o -finite and is not
the 1-dimensional Lebesgue measure that we usually study.

Moreover, the weight w; defined above is a Muckenhoupt A-weight, since it
is easy to check from estimate (5.2) that

wBG ) _

5 inf  w(x), foranyz e ]R%r and r > 0.
,

~ xeB(z,r)

We refer to [8] and [20, Chapter 15] for definitions, properties and examples of
Muckenhoupt class weights.

Example 5.7. Let 2, u be as in the above example. Then it is easy to check from
estimate (5.2) that the 1-dimensional Lebesgue measure on R does not satisfy the
condition (5.1) for any 8. We denote by Q the collection of dyadic semi-open
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intervals in R, i.e. the intervals of the form / := 2 ((O, 1]+ m), where k € N

and m € Z. Write £(I) for the edge length of I € Q, i.e. 27¥ in the preceding
representation, and Qy for the cubes O € Q such that £(Q) = 27k For any
I € Q,;, denote by I the interval in Q,;-1 containing the interval /. By applying
the methods used in [41] and [28, Theorem 1.3], we are able to use the dyadic
norm similar with the ones used in [27] and [28] to characterize the trace space of
NUIRZ, 1), which is the Besov-type space B} (R). The Besov-type space 5} (R)
consists of functions in L' (R) of finite dyadic norm that is given by

+00 )
i _9j
”u”B%(R) = lullpr ) + E 27 E 272 luy — uzl.
j:] IGQZJ'

We omit the detailed proof here. Since ]R%r is uniform domain and satisfies the mea-
sure doubling condition (2.5), hence we obtain that the trace spaces of BV(RZ, w),
NVI(RZ ) ) and MU1(R2, ) are the same, the Besov-type space BlA (R).

Example 5.8. The recent papers [7,28,42] studied trace results on regular trees.
We refer to [7, Section 2] or [28, Section 2.1] for the definition of regular trees. It
is easy to check that a regular tree is uniform and that it supports (1, 1)-Poincaré
inequality by modifying the proof in [7, Theorem 4.2] under the setting in [7,28].
Even the definition of trace in [7,28,42] looks different from the one we used here,
but [26] shows that they are equivalent. Hence the trace results of N L1 n [7,28]
can be immediately applied to BV and M!-!. We omit the detail here and leave it to
the interested reader.
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