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Surface braid groups, finite Heisenberg covers
and double Kodaira fibrations

ANDREA CAUSIN AND FRANCESCO POLIZZI

Abstract. We exhibit new examples of double Kodaira fibrations using finite
Galois covers of a product 6b ⇥ 6b, where 6b is a smooth projective curve of
genus b � 2. Each cover is obtained by providing an explicit group epimorphism
from the pure braid group P2(6b) to some finite Heisenberg group. In this way,
we are able to show that every curve of genus b is the base of a double Kodaira
fibration; moreover, the number of pairwise non-isomorphic Kodaira fibred sur-
faces fibering over a fixed curve 6b is at least !(b + 1), where ! : N �! N
stands for the arithmetic function counting the number of distinct prime factors
of a positive integer. As a particular case of our general construction, we obtain a
real 4-manifold of signature 144 that can be realized as a real surface bundle over
a surface of genus 2, with fibre genus 325, in two different ways. This provides
(to our knowledge) the first “double solution” to a problem from Kirby’s problem
list in low-dimensional topology.

Mathematics Subject Classification (2020): 14J29 (primary); 14J25, 20D15
(secondary).

1. Introduction

A Kodaira fibration is a smooth, connected holomorphic fibration f1 : S �! B1,
where S is a compact complex surface and B1 is a compact complex curve, which
is not isotrivial (this means that not all its fibres are biholomorphic to each other).
Equivalently, by [23], a Kodaira fibration is a smooth connected fibration f1 : S �!
B1 which is not a locally trivial holomorphic fibre bundle, cf. [4, Chapter I, (10.1)];
however, any such a fibration is a locally trivial differentiable fibre bundle in the
category of real C1 manifolds, because of the Ehresmann theorem [19]. The genus
b1 := g(B1) is called the base genus of the fibration, whereas the genus g := g(F),
where F is any fibre, is called the fibre genus. If a surface S is the total space of a
Kodaira fibration, we will call it a Kodaira fibred surface.
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By [34, Theorem 1.1], every Kodaira fibration f1 : S �! B1 satisfies b1 � 2
and g � 3. In particular, S contains no rational or elliptic curves: in fact, such
curves can neither dominate the base (because b1 � 2) nor be contained in fibres
(since the fibration is smooth). So every Kodaira fibred surface S is minimal and, by
the superadditivity of the Kodaira dimension, it is of general type, hence algebraic.

Examples of Kodaira fibrations were originally constructed in [36] in order to
show that, unlike the topological Euler characteristic, the signature � of a manifold,
meaning the signature of the intersection form in the middle cohomology, is not
multiplicative for fibre bundles. Indeed, every Kodaira fibred surface S satisfies
� (S) > 0, see for example the introduction of [40], whereas � (B1) = � (F) = 0,
and so � (S) 6= � (B1)� (F). On the other hand, in [16] it is proved that the signature
is multiplicative for fibre bundles in the case where the monodromy action of the
fundamental group ⇡1(B1) on the rational cohomology ring H⇤(F, Q) is trivial;
thus, Kodaira fibrations provide examples of fibre bundles for which this action
is non-trivial. In fact, the non-triviality of the monodromy action is ensured by the
non-isotriviality of the fibration, see also the variants of Kodaira’s construction later
presented by Atiyah [2] and Hirzebruch [32]. In this regard, Kodaira fibrations show
the important role that the fundamental group plays at the cross-road between the
algebro-geometric properties of a complex surface and the topological properties of
the underlying real 4-manifold.

The technique used by Kodaira, Atiyah and Hirzebruch, namely taking a suit-
able ramified cover of a product of curves, was subsequently refined in a series of
papers by several authors, see [12–14, 38, 40, 48, 56]. Moreover, very recently, the
study of the monodromy action from a Hodge-theoretical point of view has been
undertaken in some particular cases, see [11,24].

There are also different constructions, whose flavour is more complex-analytic,
based on Teichmüller theory and Bers fibre spaces [26] or theta functions and
Siegel modular forms [27]. Furthermore, topological characterizations of Kodaira
fibrations in terms of Euler characteristic and fundamental group can be found
in [14,31].

In the context of real 4-manifolds, the related problem of constructing non-
trivial, real surface bundles over surfaces has been addressed using techniques from
geometric topology such as the Meyer signature formula, the Birman-Hilden rela-
tions in the mapping class group and the subtraction of Lefschetz fibrations, see for
example [20,21,39, 52].

For more details on these (and many other) topics, we refer the reader to the
survey paper [15] and to the references contained therein.

It is rather difficult to construct Kodaira fibrations with small � (S). Since S is a
differentiable 4-manifold which is a real surface bundle, its signature is divisible by
4, see [43]. If moreover S has a spin structure, i.e., its canonical class is 2-divisible
in Pic(S), then by Rokhlin’s theorem its signature is necessarily a positive multiple
of 16, and examples with � (S) = 16 are constructed in [40]. It is not known if there
exists a Kodaira fibred surface such that � (S)  12.

Another important invariant of Kodaira fibred surfaces is the slope ⌫(S) =
c21(S)/c2(S), that can be seen as a quantitative measure of the non-multiplicativity
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of the signature. In fact, every product surface F ⇥ B1 satisfies ⌫(F ⇥ B1) = 2; on
the other hand, if S is a Kodaira fibred surface, then Arakelov inequality (see [5])
implies ⌫(S) > 2, while Liu inequality (see [41]) yields ⌫(S) < 3, so that for such a
surface the slope lies in the open interval (2, 3). The original examples by Atiyah,
Hirzebruch and Kodaira have slope lying in (2, 2+ 1/3], see [4, page 221], and the
first examples with higher slope appeared in [14], where it is shown that there are
Kodaira surfaces satisfying ⌫(S) = 2+ 2/3. This is the record for the slope so far,
in particular it is a present unknown whether the slope of a Kodaira fibred surface
can be arbitrarily close to 3.

The examples provided in [14] are actually rather special cases of Kodaira
fibred surfaces, called double Kodaira surfaces.

Definition 1.1. A double Kodaira surface is a compact complex surface S, en-
dowed with a double Kodaira fibration, namely a surjective, holomorphic map
f : S �! B1 ⇥ B2 yielding, by composition with the natural projections, two
Kodaira fibrations fi : S �! Bi , i = 1, 2.

Note that a surface S is a double Kodaira surface if and only if it admits two
distinct Kodaira fibrations fi : S �! Bi , i = 1, 2, since in this case we can take as
f the product morphism f1 ⇥ f2.

Let us now describe our approach to these topics, which exploits the techniques
introduced in [47], and present our results. If 6b denotes a smooth projective curve
of genus b, the aim of the present paper is to construct new examples of double Ko-
daira fibrations by taking some Heisenberg covers of the product 6b ⇥6b, namely
some Galois covers, branched over the diagonal 1 ⇢ 6b ⇥ 6b and whose Galois
group is isomorphic to some finite Heisenberg group. More precisely, we take any
odd prime number p and we consider the isomorphism of Zp-vector spaces

V = H1(6b ⇥6b �1, Zp) ' H1(6b ⇥6b, Zp) ' (Zp)
4b, (1.1)

see Subsection 2.3. The space V is endowed with an alternating form! : V⇥V �!
Zp such that ker! = V0 ⇢ V ; correspondingly, there is a central extension

1 �! Zp �! Heis(V, !) �! V �! 1, (1.2)

see Definition 3.4 and Remark 3.9. Fixing any ordered set P = (p1, p2) of two
points in 6b, the fundamental group ⇡1(6b ⇥ 6b � 1, P) is isomorphic to the
group P2(6b) of pure braids on two strings based atP, see Definition 2.4; further-
more, there is a natural surjective group homomorphism

� : P2(6b) �! V, (1.3)

given by the composition of the reduction mod p map H1(6b⇥6b�1, Z) �! V
with the Abelianization map P2(6b) �! H1(6b ⇥ 6b � 1, Z). Let A12 be the
generator of P2(6b) given by the homotopy class of a loop in6b⇥6b�1, based at
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P and that “winds once around 1”; then, in Theorem 3.13, we provide necessary
and sufficient conditions on ! ensuring that � admits a surjective lifting

'! : P2(6b) �! Heis(V,!) (1.4)

such that '!(A12) is non-trivial. This in turn allows us (using the Riemann Exten-
sion Theorem, see Proposition 4.4) to construct a finite Heisenberg cover
f : Sb, p �! 6b ⇥ 6b, depending on !, whose description is achieved by con-
sidering separately two cases: the one where ! is non-degenerate (i.e., symplectic)
and the one where it is degenerate.

When ! is symplectic, i.e., V0 = (0), the fibres of the compositions Sb, p
f
�!

6b ⇥6b
⇡i�! 6b are not connected, so we need to perform a Stein factorization in

order to obtain a double Kodaira fibration f : Sb, p �! 6b0 ⇥6b0 , which turns out
to be a Zp-cover which is “very simple” in the sense of Definition 4.3. This is the
content of Theorem 4.10, Proposition 4.11 and Proposition 4.12, that for the sake
of brevity we present here in the following condensed version.

Theorem A. For every positive integer b � 2 and every prime number p � 5,
there exists a double Kodaira fibration f : Sb, p �! 6b0 ⇥6b0 , where

b0 � 1 = p2b(b � 1), (1.5)

which is a cyclic cover of degree p, branched over the disjoint union of p2b graphs
of automorphisms. The two Kodaira fibrations fi : Sb, p �! 6b0 have the same
fibre genus g, which is related to b by the formula

2g � 2 = p2b+1 (2b � 2+ p) , (1.6)

where p := 1� 1/p. The slope of Sb, p is given by

⌫(Sb, p) = 2+
2p� p2

2b � 2+ p
,

and so we have
2 < ⌫(Sb, p)  2+

12
35

, (1.7)

with equality on the right holding precisely when (b, p) 2 { (2, 5), (2, 7) }.
It follows ⌫(S2, p) > 2 + 1/3 for all p � 5. More precisely, if p � 7 the

function ⌫(S2, p) is strictly decreasing and

lim
p!+1

⌫(S2, p) = 2+
1
3
.

Finally, for all pairs (b, p) we have

� (Sb, p) =
1
3
p4b+1(2b � 2)(2p� p2) � � (S2, 5) = 24 · 57 (1.8)
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Regarding the case where ! is degenerate, we only analyze the case where the
matrix representing ! has the form

✓
Jb Jb
Jb Jb

◆
2 Mat4b(Zp), (1.9)

where Jb is the standard 2b⇥2b symplectic matrix. Then V0 = ker! has dimension
2b and, if p divides b + 1, there is a group epimorphism

'! : P2(6b) �! Heis(W,!), (1.10)

where W = V/V0. The corresponding cover, that we call a degenerate Heisenberg
cover, directly yields a double Kodaira fibration f : S�b, p �! 6b ⇥ 6b, that is,
in this situation no Stein factorization is needed (the “�” superscript is used here
in order to emphasize this fact). An analogous result holds when p = 2, tak-
ing the Heisenberg matrix group H2b+1(Z2) described in (3.7) as a substitute of
Heis(W, !), whose definition makes no sense in characteristic 2. Since for p � 3
the group H2b+1(Zp) is isomorphic to Heis(W, !), we can summarize our results
by treating both the cases of an odd p and p = 2 at once, see Theorem 4.14 and
Proposition 4.15.

Theorem B. Let 6b be any smooth curve of genus b � 2. Then, for all primes
p dividing b + 1, there exists a double Kodaira fibration f : S�b, p �! 6b ⇥ 6b.
The morphism f is a finite Galois cover of degree p2b+1, branched on the diagonal
1 ⇢ 6b⇥6b and having Galois group isomorphic to the matrix Heisenberg group
H2b+1(Zp). Both Kodaira fibrations S�b, p �! 6b have the same fibre genus g,
satisfying the relation

2g � 2 = p2b+1(2b � 2+ p), (1.11)

where p := 1� 1/p. Finally, the invariants of S�b, p are

c21(S
�
b, p) = p2b+1(2b � 2)(4b � 4+ 4p� p2)

c2(S�b, p) = p2b+1(2b � 2)(2b � 2+ p),
(1.12)

so that the slope and the signature of S�b, p can be expressed as

⌫(S�b, p) =
c21(S

�
b, p)

c2(S�b, p)
= 2+

2p� p2

2b � 2+ p

� (S�b, p) =
1
3

⇣
c21(S

�
b, p)� 2c2(S

�
b, p)

⌘
=
1
3
p2b+1(2b � 2)(2p� p2).

(1.13)

In particular, we have

⌫(S�b, p)  ⌫(S�2, 3) = 2+
1
3
, � (S�b, p) � � (S�3, 2) = 128. (1.14)
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We emphasize that the degenerate construction allows us to obtain a much smaller
minimal signature than the construction with the symplectic form, namely 128 in-
stead of 24 · 57. This is due to the fact that in the degenerate situation we can
decrease the lowest admissible order of the Heisenberg group from 59 to 27. The
price to pay is that now not all the pairs (b, p) are suitable for the construction, but
only those with p dividing b + 1, and this prevents us from obtaining slope higher
that 2+ 1/3 in this way.

We also remark that we can obtain only finitely many values of the fibre genus
g for a fixed b, because there are only finitely many primes p dividing b + 1. In
fact, all these primes give pairwise distinct covers, as stated by our next result, see
Corollary 4.18.

Theorem C. Let 6b be any smooth curve of genus b. Then there exist at least one
and at most finitely many double Kodaira surfaces arising as degenerate Heisen-
berg covers of the form f : S�b, p �! 6b ⇥ 6b. Furthermore, such surfaces are
pairwise non-homeomorphic and, denoting their number by (b), we have

(b) = !(b + 1),

where ! : N �! N stands for the arithmetic function counting the number of dis-
tinct prime factors of a positive integer. In particular, we obtain

lim sup
b!+1

(b) = +1.

We believe that the results described above are significant for at least three reasons:

(i) The idea of using finite quotients of P2(6b) in order to obtain double Kodaira
fibrations seems to be a new one. Furthermore, both the non-degenerate and
the degenerate construction can be applied uniformly for all values of the base
genus b;

(ii) The non-degenerate construction allows us to obtain in one shot infinitely
many double Kodaira fibrations with slope higher than 2 + 1/3 (in fact, the
maximum slope obtained with our method is 2 + 12/35), maintaining at the
same time a complete control on both the base genus and on the signature
(cf. Theorem 4.5 for a result in greater generality). By contrast, the (beauti-
ful) “tautological construction” used in [14] yields the higher slope 2 + 2/3,
but it involves an étale pullback “of sufficiently large degree”, that completely
loses control on the other quantities. On the other hand, the revisitation of the
tautological construction presented in [40] makes the pull-back explicit, but it
requires a careful case-by-case analysis of the monodromy action in order to
make sure that some “virtual” topological data actually give rise to an effective
double Kodaira fibration;

(iii) The degenerate construction is a very minimal one, because it provides double
Kodaira surfaces directly as (non-Abelian) Galois covers of6b⇥6b branched
precisely over the diagonal 1. As far as we know, this is the first construction
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showing that all curves6b of arbitrary genus b � 2 (and not only some curves
with non-trivial automorphisms) are the base of at least one double Kodaira
fibration S �! 6b ⇥ 6b; in addition, the number of topological types of S,
for a fixed 6b, can be arbitrarily large (cf. Theorem C).

A particularly interesting instance of (iii) is the case b = 2, p = 3. It provides (to
our knowledge) the first “double solution” to a problem, posed by G. Mess, from
Kirby’s problem list in low-dimensional topology ([35, Problem 2.18 A], see also
Remark 4.21), asking what is the smallest number b for which there exists a real
surface bundle over a surface with base genus b and non-zero signature. This is the
content of our next result, see Proposition 4.19.

Theorem D. There exists an oriented 4-manifold X (namely, the real 4-manifold
underlying the complex surface S�2, 3) of signature 144 that can be realized as a
real surface bundle over a surface of genus 2, with fibre genus 325, in two different
ways.

In fact, we may ask whether 144 and 325 are the minimum possible values for the
signature and the fibre genus of a double Kodaira surface S �! 62 ⇥ 62, see
Question 4.20.

This work is organized as follows. In Section 2 we set up notation and termi-
nology and we collect the background material which is needed in the sequel of the
paper. In particular, in Corollary 2.9 we compute the (co)homology groups of the
configuration space 6b ⇥ 6b � 1 with coefficient in an arbitrary field K and in
Proposition 2.11 we show the surjectivity of the corresponding cup-product pairing
(all of this is certainly known to the experts, but difficult to find in a self-contained
form), whereas in Theorem 2.6 we discuss Gonçalves-Guaschi’s presentation of
the braid group P2(6b), see [25]. The main topic of Section 3 is our lifting result
Theorem 3.13, whose proof is based on group cohomological arguments and that
seems to be of independent interest. Finally, all these pieces of information are ap-
plied in Section 4 in order to construct our Heisenberg covers of 6b ⇥ 6b and the
corresponding double Kodaira fibrations.
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2. Topology of configuration spaces and surface braid groups

2.1. Cohomology of 6b ⇥6b �1: rational coefficients

Let 6b be a smooth, projective curve of genus b � 2 and choose a basis

↵1, . . . ,↵b, �1, . . . ,�b (2.1)

for the first cohomology group H1(6b, Z), symplectic with respect to the cup prod-
uct

H1(6b, Z)⇥ H1(6b, Z) �! H2(6b, Z). (2.2)

Denoting by 1 and � the generators of H0(6b, Z) and H2(6b, Z), using the
Künneth Theorem and the Universal Coefficient Theorem for cohomology ([55,
Theorem 5.5.8]) we see that the cohomology groups Hi (6b ⇥ 6b, K) over an ar-
bitrary field K are given by

H0(6b ⇥6b, K) = h1⌦ 1i ' K
H1(6b ⇥6b, K) = h1⌦ ↵i , 1⌦ �i , ↵i ⌦ 1, �i ⌦ 1i ' K4b

H2(6b ⇥6b, K) = h1⌦ � , ↵i ⌦ ↵ j , ↵i ⌦ � j , �i ⌦ ↵ j , �i ⌦ � j , � ⌦ 1i

' K4b2+2

H3(6b ⇥6b, K) = h� ⌦ ↵i , � ⌦ �i , ↵i ⌦ � , �i ⌦ � i ' K4b

H4(6b ⇥6b, K) = h� ⌦ � i ' K,

(2.3)

where i, j 2 {1, . . . , b} and h i means “span over K”.

Proposition 2.1. For every field K, the cup-product pairing

⇠ : ^2 H1(6b ⇥6b, K) �! H2(6b ⇥6b, K) (2.4)

is surjective.

Proof.The cup product in the graded-commutative tensor algebra H⇤(6b⇥6b,K)=
H⇤(6b, K)⌦ H⇤(6b, K) is given by

⇠(x ⌦ y, z ⌦w) = (�1)deg(y) deg(z)xz ⌦ yw, (2.5)

see [30, page 219]. The basis in (2.1) being symplectic, we have ↵i� j = �� j↵i =
�i j� (where �i j is the Kronecker symbol) and this, together with (2.3), implies the
claim.

If X is a topological space and Xh is its hth Cartesian product, we denote by
1 ⇢ Xh the big diagonal, namely

1 =
n
(x1, . . . , xh) 2 Xh | xi = x j for some i 6= j

o
.
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Definition 2.2. The hth ordered configuration space of X is defined as

Xh �1 = {(x1, . . . , xh) 2 Xh | xi 6= x j for all i 6= j}. (2.6)

We will focus on the case X = 6b and h = 2, for which the following result
holds, see [3, Corollary 12], [37], [53].

Proposition 2.3. The Betti numbers of 6b ⇥6b �1 are

b0 = 1, b1 = 4g, b2 = 4g2 + 1, b3 = 2g, b4 = 0. (2.7)

Moreover, the inclusion map ◆ : 6b ⇥6b �1 �! 6b ⇥6b induces isomorphisms

H1(6b ⇥6b �1, Q) ' H1(6b ⇥6b, Q)

H2(6b ⇥6b �1, Q) ' H2(6b ⇥6b, Q)/h�i

H3(6b ⇥6b �1, Q) ' H3(6b ⇥6b, Q)/h(1⌦ ↵i )�, (1⌦ �i )�i,

(2.8)

where � 2 H2(6b ⇥6b, Q) stands for the cohomology class of the diagonal 1.

2.2. Surface pure braid groups

Let 6b be a smooth projective curve of genus b � 2 as above, and let P =
{p1, . . . , ph} ⇢ 6b be an ordered set of h distinct points. A pure geometric braid
on 6b based atP is an h-tuple (↵1, . . . ,↵h) of paths ↵i : [0, 1] �! 6b such that:

• ↵i (0) = ↵i (1) = pi for all i 2 {1, . . . , h};
• The points ↵1(t), . . . ,↵h(t) 2 6b are pairwise distinct for all t 2 [0, 1];

see Figure 2.1.

Figure 2.1. A pure braid on 3 strings.
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Definition 2.4. The pure braid group on h strings on6b is the groupPh(6b)whose
elements are the pure braids based atP and whose operation is the usual concate-
nation of paths, up to homotopy among braids.

It can be shown that Ph(6b) does not depend on the choice of the set P, and
that there is an isomorphism

Ph(6b) ' ⇡1((6b)
h �1, P). (2.9)

Moreover, the group Ph(6b) is finitely presented for all pairs (b, h), and explicit
presentations can be found in [7,9,25,51]. Again, we will focus on the case h = 2,
referring the reader to [25, Sections 1-3] for a treatment of the general situation.

Proposition 2.5 ( [25, Theorem 1]). Let p1, p2 2 6b, with b � 2. Then the map
of pointed topological spaces given by the projection onto the first component

(6b ⇥6b �1, (p1, p2) ) �! (6b, p1) (2.10)

induces a split short exact sequence of groups

1 �! ⇡1(6b � {p1}, p2) �! P2(6b) �! ⇡1(6b, p1) �! 1. (2.11)

For all j 2 {1, . . . , b}, let us consider the elements

⇢1 j , ⌧1 j , ⇢2 j , ⌧2 j (2.12)

of P2(6b) represented by the pure braids shown in Figure 2.2.

Figure 2.2. The pure braids ⇢1 j , ⌧1 j , ⇢2 j , ⌧2 j on 6b.

If ` 6= i , the path corresponding to ⇢i j and ⌧i j based at p` is the constant path.
Moreover, let A12 be the pure braid shown in Figure 2.3.

Figure 2.3. The pure braid A12 on 6b.

The elements
⇢21, . . . , ⇢2b, ⌧21, . . . , ⌧2b, A12 (2.13)
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can be seen as generators of the kernel ⇡1(6b � {p1}, p2) in (2.11), whereas the
elements

⇢11, . . . , ⇢1b, ⌧11, . . . , ⌧1b (2.14)

are lifts of a set of generators of ⇡1(6b, p1) via the quotient map P2(6b) �!
⇡1(6b, p1), namely, they form a complete system of coset representatives for
⇡1(6b, p1). By Proposition 2.5, the group P2(6b) is a semi-direct product of
the two groups ⇡1(6b � {p1}, p2) and ⇡1(6b, p1), whose presentations are both
well-known; then, in order to write down a presentation for our braid group, it
only remains to specify how the generators in (2.14) act by conjugation on those
in (2.13). This information is encoded in the following result, where the conjugacy
relations are expressed using commutators (i.e., instead of xyx�1 = z we write
[x, y] = zy�1).

Theorem 2.6 ([25, Theorem 7]). The group P2(6b) admits the following presen-
tation:

Generators:
⇢1 j , ⌧1 j , ⇢2 j , ⌧2 j , A12, j = 1, . . . , b;

Relations:

• Surface relations:

[⇢�11b , ⌧�11b ] ⌧�11b [⇢�11 b�1, ⌧�11 b�1] ⌧
�1
1 b�1 · · · [⇢�111 , ⌧�111 ] ⌧�111 (⌧11 ⌧12 · · · ⌧1b) = A12

[⇢�121 , ⌧21] ⌧21 [⇢�122 , ⌧22] ⌧22 · · · [⇢�12b , ⌧2b] ⌧2b (⌧�12b ⌧�12 b�1 · · · ⌧�121 ) = A�112 ;

• Action of ⇢1 j :

[⇢1 j , ⇢2k] = 1 if j < k
[⇢1 j , ⇢2 j ] = 1

[⇢1 j , ⇢2k] = A�112 ⇢2k ⇢�12 j A12 ⇢2 j ⇢
�1
2k if j > k

[⇢1 j , ⌧2k] = 1 if j < k (2.15)

[⇢1 j , ⌧2 j ] = A�112
[⇢1 j , ⌧2k] = [A�112 , ⌧2k] if j > k

[⇢1 j , A12] = [⇢�12 j , A12];
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• Action of ⇢�11 j :

[⇢�11 j , ⇢2k] = 1 if j < k

[⇢�11 j , ⇢2 j ] = 1

[⇢�11 j , ⇢2k] = ⇢2 j A12 ⇢�12 j ⇢2k A�112 ⇢�12k if j > k

[⇢�11 j , ⌧2k] = 1 if j < k (2.16)

[⇢�11 j , ⌧2 j ] = ⇢2 j A12 ⇢�12 j

[⇢�11 j , ⌧2k] = ⇢2 j A12 ⇢�12 j ⌧2k ⇢2 j A�112 ⇢�12 j ⌧�12k if j > k

[⇢�11 j , A12] = [⇢2 j , A12];

• Action of ⌧1 j :

[⌧1 j , ⇢2k] = 1 if j < k

[⌧1 j , ⇢2 j ] = ⌧�12 j A12 ⌧2 j

[⌧1 j , ⇢2k] = [⌧�12 j , A12] if j > k

[⌧1 j , ⌧2k] = 1 if j < k

[⌧1 j , ⌧2 j ] = [⌧�12 j , A12]

[⌧1 j , ⌧2k] = ⌧�12 j A12 ⌧2 j A�112 ⌧2k A12 ⌧�12 j A�112 ⌧2 j ⌧
�1
2k if j > k

[⌧1 j , A12] = [⌧�12 j , A12];

• Action of ⌧�11 j :

[⌧�11 j , ⇢2k] = 1 if j < k

[⌧�11 j , ⇢2 j ] = A�112
[⌧�11 j , ⇢2k] = [A�112 , ⌧2 j ] if j > k

[⌧�11 j , ⌧2k] = 1 if j < k (2.17)

[⌧�11 j , ⌧2 j ] = [A�112 , ⌧2 j ]

[⌧�11 j , ⌧2k] = A�112 ⌧2 j A12 ⌧�12 j ⌧2k ⌧2 j A�112 ⌧�12 j A12 ⌧�12k if j > k

[⌧�11 j , A12] = [A�112 , ⌧2 j ].



FINITE HEISENBERG GROUPS AND DOUBLE KODAIRA FIBRATIONS 1321

Remark 2.7. Let us make some comments on the previous result.

(i) As remarked in [25, page 196], we might deduce the action of ⇢�1i j and ⌧�1i j
from that of ⇢i j and ⌧i j , in other words the sets of relations (2.16) and (2.17)
are actually redundant. However, since the required computations are rather
cumbersome, for the sake of clarity we preferred to explicitly write down all the
relations.

(ii) Tedious but straightforward calculations show that the presentation given in The-
orem 2.6 is invariant under the substitutions

A12 ! A�112 , ⌧1 j  ! ⌧�12 b+1� j , ⇢1 j  ! ⇢2 b+1� j ,

where j 2 {1, . . . , b}. These substitutions correspond to the order-2 automor-
phism of P2(6b) induced by the involution of6b given by a reflection switching
the j-th handle with the (b+ 1� j)-th handle for all j . Hence we can exchange
the roles of p1 and p2 in (2.11), and see P2(6b) as the middle term of a split
short exact sequence of the form

1 �! ⇡1(6b � {p2}, p1) �! P2(6b) �! ⇡1(6b, p2) �! 1, (2.18)

induced by the projection onto the second component

(6b ⇥6b �1, (p1, p2) ) �! (6b, p2). (2.19)

Now the elements
⇢11, . . . , ⇢1b, ⌧11, . . . , ⌧1b, A12 (2.20)

can be seen as generators of the kernel ⇡1(6b� {p2}, p1) in (2.18), whereas the
elements

⇢21, . . . , ⇢2b, ⌧21, . . . , ⌧2b (2.21)

yield a complete system of coset representatives for ⇡1(6b, p2).
(iii) In [25, page 190-191], the splitting of (2.11) is obtained by first con-

structing an explicit geometric section, that in turn yields the algebraic section
s : ⇡1(6b, p1) �! P2(6b) given by

s(⇢1 j ) = ⇢1 j , s(⌧1k) = ⌧1k, s(⌧1b) = ⌧1b A�112 ⌧2b,

for all j 2 {1, . . . , b}, k 2 {1, . . . , b � 1}.
(iv) The inclusion map ◆ : 6b⇥6b�1 �! 6b⇥6b induces a group epimorphism

◆⇤ : P2(6b) �! ⇡1(6b ⇥ 6b), whose kernel is the normal closure of the sub-
group generated by A12. Thus, given any group homomorphism ' : P2(6b) �!
G, it factors through ⇡1(6b ⇥6b) if and only if '(A12) is trivial.

(v) In terms of the isomorphism (2.9), the generator A12 corresponds to the homo-
topy class in 6b ⇥ 6b �1 of a topological loop in 6b ⇥ 6b that “winds once
around 1”.
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2.3. Cohomology of 6b ⇥ 6b � 1: arbitrary coefficients

From Theorem 2.6 we easily obtain

Z4b ' P2(6b)
ab ' H1(6b ⇥6b �1, Z)

' Hom (H1(6b ⇥6b �1, Z), Z),
(2.22)

where the last isomorphism follows from the Universal Coefficient Theorem as
stated in [55, Theorem 5.5.12]. We are now ready to compute the cohomology
groups of the 2nd configuration space 6b ⇥ 6b � 1 with coefficients in an arbi-
trary field. The crucial step consists in showing first that all its integral cohomology
groups are torsion-free.

Proposition 2.8. The cohomology groups of6b⇥6b�1 with integral coefficients
are as follows:

H0(6b ⇥6b �1, Z) ' Z
H1(6b ⇥6b �1, Z) ' Z4b

H2(6b ⇥6b �1, Z) ' Z4b2+1

H3(6b ⇥6b �1, Z) ' Z2b

H4(6b ⇥6b �1, Z) = 0.

(2.23)

Furthermore, for all i 2 {0, . . . , 4} we have

Hi (6b ⇥6b �1, Z) ' Hom (Hi (6b ⇥6b �1, Z), Z). (2.24)

Proof. The projection (2.10) onto the first component yields a locally trivial topo-
logical fibration f : 6b ⇥6b �1 �! 6b with fibre homeomorphic to 6b � {p1},
see [22, Theorem 1]. There is a commutative diagram of fibrations

6b ⇥6b �1
◆

//

f
✏✏

6b ⇥6b

⇡1
✏✏

6b
id

// 6b

and moreover

Hq(6b � {p1}, Z) ' Hq(6b, Z), q = 0, 1.

Thus, for every point x0 2 6b, the monodromy representations

%q : ⇡1(6b, x0) �! Aut
⇣
Hq( f �1(x0), Z)

⌘
, q = 0, 1,

coincide with the corresponding monodromy representations for the product fibra-
tion ⇡1 : 6b ⇥ 6b �! 6b, and so they are trivial. This in turn implies that the
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local systems Rq f⇤Z are isomorphic to the constant sheaves Hq(6b� {p1}, Z) for
q = 0, 1. Now we claim that

R2 f⇤Z = 0. (2.25)
In fact, by local triviality, there exists a contractible open set U ⇢ 6b such that

f �1(U) = U ⇥ (6b � {p1}),

and by the Künneth formula this yields

H2( f �1(U), Z) ' H2(6b � {p1}, Z) = 0,

the last equality being a consequence of the fact that 6b � {p1} is a non-compact,
real 2-manifold, see [10, Corollary 7.12, page 346] and [55, Theorem 5.5.12].
Recalling that R2 f⇤ Z is the sheaf on 6b associated to the presheaf
U 7!H2( f �1(U),Z), we obtain (2.25), as claimed.

Summarizing the above computations, we see that the E2-page of the Leray
spectral sequence for f : 6b ⇥6b �1 �! 6b, namely

E p, q
2 = H p(6b, Rq f⇤Z)) H p+q(6b ⇥6b �1, Z),

is given by

q

1 H1(Σb, Z) H1(Σb, Z) ⊗ H1(Σb, Z) H2(Σb, Z) ⊗ H1(Σb, Z)

0 H0(Σb, Z) H1(Σb, Z) H2(Σb, Z)

0 1 2 p

d0, 1
2

The only differential that is not automatically zero is d0, 12 : H1(6b, Z) �!
H2(6b, Z), so we obtain

H1(6b ⇥6b �1, Z) ' ker d0, 12 � H1(6b, Z) ' ker d0, 12 � Z2b. (2.26)

Comparing (2.26) with (2.22), we deduce ker d0, 12 ' Z2b, in other words d0, 12 is the
zero map, too. Hence the spectral sequence degenerates at the page E2, and (2.23)
follows.

The isomorphisms in (2.24) are now a consequence of the Universal Coeffi-
cient Theorem, as stated in [55, Corollary 5.5.19], because all integral cohomology
groups of 6b ⇥6b �1 are torsion-free.
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The computation of the cohomology groups of 6b⇥6b�1 over an arbitrary field
is now straightforward.

Corollary 2.9. For every fieldK and for all i 2 {0, . . . , 4}, there are isomorphisms

Hi (6b ⇥6b �1, K) ' Hi (6b ⇥6b �1, Z)⌦K, (2.27)

so that the left-hand side of (2.27) can be computed using (2.23). Moreover, the
inclusion map ◆ : 6b ⇥6b �1 �! 6b ⇥6b induces isomorphisms

H1(6b ⇥6b �1, K) ' H1(6b ⇥6b, K)

H2(6b ⇥6b �1, K) ' H2(6b ⇥6b, K)/h�i

H3(6b ⇥6b �1, K) ' H3(6b ⇥6b, K)/h(1⌦ ↵i )�, (1⌦ �i )�i.

(2.28)

Finally, as K-vector spaces we have

Hi (6b ⇥6b �1, K) ' Hi (6b ⇥6b �1, K)_. (2.29)

Proof. The isomorphism (2.27) comes from the Universal Coefficient Theorem as
stated in [55, Theorems 5.3.9]. The same theorem, applied to (2.8), yields (2.28).
Finally, (2.29) is an immediate consequence of [55, Theorems 5.5.19].

Remark 2.10. The cohomology class � 2 H2(6b ⇥ 6b, K) of the diagonal 1 ⇢
6b ⇥6b is

� = � ⌦ 1+ 1⌦ � +
bX

j=1
(� j ⌦ ↵ j � ↵ j ⌦ � j ),

see for instance [44, Theorem 11.11], so we can rewrite the last isomorphism in
(2.28) as

H3(6b⇥6b�1, K) ' H3(6b⇥6b, K)/h↵i⌦�+�⌦↵i , �i⌦�+�⌦�i i. (2.30)

We can also prove the analogue of Proposition 2.1 for the second configuration
space of 6b.

Proposition 2.11. For every field K, the cup-product pairing

⌘ : ^2 H1(6b ⇥6b �1, K) �! H2(6b ⇥6b �1, K)

is surjective.

Proof. We have a commutative diagram

^2H1(6b ⇥6b, K)
⇠

����! H2(6b ⇥6b, K)
?
?
y

?
?
y

^2H1(6b ⇥6b �1, K)
⌘

����! H2(6b ⇥6b �1, K).

(2.31)
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By Proposition 2.1, the map ⇠ is an epimorphism. Moreover, by Corollary 2.9, the
vertical map on the right is an epimorphism as well, whereas the vertical map on
the left is an isomorphism, so the result follows.

Given a group ⇡ , a K (⇡, 1)-space, also called an aspherical space, is a CW-
complex X such that ⇡1(X) = ⇡ and ⇡i (X) = 0 for all i > 1. By Whitehead’s
theorem, this is equivalent to the universal cover of X being contractible, see [30,
Proposition 4.1, page 342 and Theorem 4.5, page 346].

Lemma 2.12. The second configuration space 6b ⇥ 6b � 1 is a K (P2(6b), 1)-
space.

Proof. For all i > 1, the homotopy long exact sequence for the fibration f : 6b ⇥
6b �1 �! 6b gives

. . . �! ⇡i (6b � {p1}) �! ⇡i (6b ⇥6b �1) �! ⇡i (6b) �! . . .

Then, if we prove that both 6b � {p1} and 6b are aspherical spaces, we are done.
For 6b � {p1} this follows from the fact that it has the homotopy type of a bouquet
of 2b copies of S1, and so its higher homotopy groups vanish, whereas for 6b it is
a consequence of the fact that its universal cover is the Poincaré upper half-space,
which is contractible.

We can now state the following particular case of the topological interpretation
of the cohomology groups of a group ⇡ as the cohomology of an aspherical space
with fundamental group ⇡ .

Proposition 2.13. For every field K and for all i � 1, there are isomorphisms

Hi (6b ⇥6b, K) ' Hi (⇡1(6b ⇥6b), K)

Hi (6b ⇥6b �1, K) ' Hi (P2(6b), K),
(2.32)

where K is endowed, as an Abelian group, with the trivial ⇡1(6b ⇥ 6b)-module
structure (respectively, with the trivial P2(6b)-module structure).

Proof. The space 6b ⇥ 6b is aspherical and, by Lemma 2.12, the same is true for
6b ⇥ 6b �1. So the claim follows using [42, Theorem 11.5, page 136], together
with (2.9) for the second isomorphism.

3. Lifting homomorphisms from surface braid groups onto finite Heisen-
berg groups

3.1. Extra-special p-groups and finite Heisenberg groups

The following definition can be found in many textbooks on finite group theory, see
for instance [28, page 183], [33, page 123]. In the sequel, we will use the notation
Zp for both the group and the field with p elements.
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Definition 3.1. Let p be an odd prime number. A finite p-group G is called extra-
special if its center Z(G) is cyclic of order p and the quotient V = G/Z(G) is a
non-trivial, elementary Abelian p-group.

An elementary Abelian p-group is a finite-dimensional vector space over the
field Zp, hence it is of the form V = (Zp)

dim V and G fits into a short exact se-
quence

1 �! Zp
i
�! G ⇡

�! V �! 1. (3.1)

Note that, V being Abelian, we must have [G, G] = Zp, namely the commutator
subgroup of G coincides with its center. Furthermore, since the extension (3.1) is
central, it cannot be split, otherwise G would be isomorphic to the direct product of
the two Abelian groups Zp and V , which is impossible because G is non-Abelian.
As a consequence, the equivalence class of such an extension gives a non-zero
element in the second cohomology group H2(V, Zp), whereZp has the structure of
a trivial V -module, see [49, Sections 9.1–9.3]. We shall now identify this element,
following [8, Section 10].

We first define a function ✏ : V �! Zp by taking ✏(v) = w p, where w is any
element with ⇡(w) = v. Since commutators are central and of order p, we have

✏(v1v2) = (w1w2)
p = w

p
1w

p
2 [w�12 , w�11 ]

p(p�1)
2 = w

p
1w

p
2 = ✏(v1)✏(v2),

so that ✏ is a linear map, namely an element of the dual space V_.
We now define a bilinear map !̃ : V ⇥ V �! Zp as follows. If v1, v2 2 V ,

we take any two elements w1, w2 2 G with ⇡(w1) = v1, ⇡(w2) = v2 and we set

!̃(v1, v2) = [w1, w2]. (3.2)

By definition we have !̃(v, v) = 0, hence !̃ is an alternating map, namely an
element of the vector space Alt2(V ) ' 32(V_). Assume now that v 2 V is such
that the linear functional !̃(v, ·) on V is identically zero, and let w 2 G be any
element such that ⇡(w) = v. Then [w, ·] is identically zero on G, in other words
w 2 Z(G) = ker⇡ , and so v = ⇡(w) = 0. Therefore !̃ is non-degenerate, so it is
a symplectic form on V ; in particular, this implies that dim V is even.

The following description of the cohomology algebra H⇤(V, Zp) can be found
in [1, page 1].

Proposition 3.2. Let V be an elementary Abelian p-group, and let Zp be endowed
with the structure of trivial V -module. Then there is an isomorphism of graded
algebras

H⇤(V, Zp) ' 3(V_)⌦Zp S(V
_), (3.3)

where the exterior copy of the dual space V_ is H1(V, Zp) and the polynomial
copy lives in H2(V, Zp); specifically, the polynomial copy is the image of the ex-
terior copy under the Bockstein boundary map � : H1(V, Zp) �! H2(V, Zp). In
particular, we have

H2(V, Zp) ' 32(V_)� V_ (3.4)
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and, under this identification, the extension class corresponding to the central ex-
tension given in (3.1) is (!̃, ✏).

Remark 3.3. Using coordinates, we can rewrite the isomorphism of graded alge-
bras (3.3) as

H⇤(V, Zp) ' 3(x1, . . . , xn)⌦Zp Zp[y1, . . . , yn],

where deg(xi ) = 1, deg(yi ) = 2 and the Bockstein map is given by �(xi ) = yi .
With this notation, a basis for H1(V, Zp) is provided by the xi , whereas a basis
for H2(V, Zp) is provided by the elements xi ^ x j , with i < j , and by the yk ,
cf. [8, page 225].

An immediate consequence of the previous discussion is that an extra-special
p-group has order p2n+1 for some n 2 N. A classification of such groups, for every
n and p, can be found in [28, Section 5.5]; in particular, it follows that the exponent
of an extra-special group is either p or p2. We will only present the important
examples provided by finite Heisenberg groups, that belong to the former case; to
this purpose, let us first define Heisenberg groups in general.
Definition 3.4. Let K be a field of characteristic 6= 2 and let (V, !) be a sym-
plectic K-vector space. We define the Heisenberg group Heis(V, !) as the central
extension

1 �! K �! Heis(V, !) �! V �! 1 (3.5)

of the additive group V given as follows: the underlying set ofHeis(V, !) is V⇥K,
endowed with the group law

(v1, t1) (v2, t2) =

✓
v1 + v2, t1 + t2 +

1
2
!(v1, v2)

◆
. (3.6)

By basic linear algebra, all symplectic forms on a 2n-dimensional vector space
V are equivalent to the standard symplectic form !st on K2n; thus, given two sym-
plectic forms !1, !2 on V , the two Heisenberg groups Heis(V, !1), Heis(V, !2)
are isomorphic, because they are both isomorphic to Heis(K2n, !st). Moreover,
the latter group is in turn isomorphic to the matrix Heisenberg group H2n+1(K),
the subgroup of GLn+2(K) consisting of matrices with 1 along the diagonal and 0
elsewhere, except for the top row and rightmost column, namely

H2n+1(K) =

8
<

:

0

@
1 x z
t0 In ty
0 0 1

1

A
�
�
�
� x, y 2 Kn, z 2 K

9
=

;
. (3.7)

An explicit isomorphism is obtained by sending a matrix as above to the pair

(v, t) =

✓
(x, y), z �

1
2
x · y

◆
2 Heis(K2n, !st), (3.8)
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where (x, y) 2 Kn ⇥ Kn = K2n and · denotes the standard scalar product in Kn .
The subscript of H2n+1(K) stands for its 2n + 1 standard generators, namely those
matrices having all the entries not on the diagonal equal to 0, except one that is
equal to 1. In particular, the center of H2n+1(K) is the copy of K generated by the
matrix with x = y = 0, z = 1.
Remark 3.5. The description of the Heisenberg group as H2n+1(K) has the advan-
tage of working in every characteristic, but, unlike Heis(V, !), it is not coordinate-
free. On the other hand, neither Heis(V, !) nor the isomorphism (3.8) make
sense in characteristic 2, because of the presence of the coefficient 1/2. When
char(K) = 2, we might be tempted to define Heis(V,!) using the group law

(v1, t1) (v2, t2) = (v1 + v2, t1 + t2 + !(v1, v2))

on V ⇥K. Although this makes sense, nevertheless the group obtained in this way
is Abelian (and so it is not isomorphic to H2n+1(K)). In particular, it is not suitable
for the construction of Kodaira fibrations as finite Heisenberg covers of 6b ⇥ 6b
that we will present in Section 4, see Remark 4.6.

Let us now show that, if K = Zp, then Heis(V, !) is a finite p-group, which
is in fact an extra-special one.

Proposition 3.6. Let p be an odd prime number andK = Zp. If dim V = 2n, then
Heis(V, !) is an extra-special p-group of order p2n+1 and exponent p. Moreover,
the symplectic form !̃ on V , defined in (3.2), can be naturally identified with !.
Finally, fixed any Zp-basis {v1, . . . , v2n} of V , the group Heis(V, !) admits the
following presentation:

Generators:
v1, . . . , v2n, z,

where
v1 = (v1, 0), . . . , v2n = (v2n, 0), z = (0, 1); (3.9)

Relations:

vp1 = . . . = vp2n = zp = 1
[v1, z] = . . . = [v2n, z] = 1

[vi , v j ] = z!(vi , v j )

(3.10)

where i, j 2 {1, . . . , 2n} and the exponent in z!(vi , v j ) stands for any representative
in Z of !(vi , v j ) 2 Zp.

Proof. First, we identify the subgroup {0}⇥Zp of V ⇥Zp with Zp, and we check
that it is the center of Heis(V, !). In fact, using the group law (3.6), we see that an
element g = (v, t) 2 Heis(V, !) is in the center if and only if

!(v, ·) = !(·, v),
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that is, if and only if the linear functional !(v, ·) on V is identically zero. This
in turn implies v = 0 because ! is non-degenerate, and so g = (0, t) 2 Zp, as
desired.

Next, for every g = (v, t) 2 Heis(V, !), using the fact that !(v, v) = 0, we
obtain gp = (pv, pt) = (0, 0), and this shows that Heis(V, !) has exponent p.

Finally, take the symplectic form !̃ on V given by (3.2). Given two elements
v, v0 2 V , we can lift them to the elements x = (v, 0), x 0 = (v0, 0) inHeis(V, !),
and by definition we obtain

!̃(v, v0) = [x, x 0]

= (v, 0) (v0, 0) (v, 0)�1 (v0, 0)�1

= (v, 0) (v0, 0) (�v, 0) (�v0, 0),

=

✓
v + v0,

1
2
!(v, v0)

◆ ✓
�v � v0,

1
2
!(�v, �v0)

◆

=

✓
v + v0 � v � v0,

1
2
!(v, v0) +

1
2
!(�v, �v0) +

1
2
!(v + v0, �v � v0)

◆

= (0, !(v, v0)) 2 Zp,

so we can naturally identify !̃ with !. Checking that (3.10) is a presentation for
Heis(V, !) is now straightforward.

Remark 3.7. If p is an odd prime, Proposition 3.6 and the isomorphism (3.8) show
that the group H2n+1(Zp) is an extra-special p-group of order p2n+1 and exponent
p. Moreover, when (V, !) = ((Zp)

2n, !st) and {v1, . . . , v2n} is the standard basis
of V , the generators in (3.9) are the images of the standard generators ofH2n+1(Zp)
via the isomorphism given by (3.8). If instead p = 2, the group H2n+1(Z2) is of
order 22n+1, but its exponent is 4; for instance, H3(Z2) is isomorphic to the dihedral
group D8 with 8 elements.
Remark 3.8. If K = Zp, the cohomology class in H2(V, Zp) that corresponds
to the Heisenberg extension (3.5) is given by the symplectic form !. In fact,
by construction, the linear functional ✏ : V �! Zp is identically zero, because
Heis(V, !) has exponent p. So our extension class coincides with !̃ (Proposition
3.2), that in turn can be identified with ! (Proposition 3.6). Actually, ! : V⇥V �!
Zp gives an explicit 2-cocycle corresponding to the extension; in fact, by bilinearity,
for all v1, v2, v3 2 V we have

!(v1, v2 + v3)� !(v1 + v2, v3) + !(v2, v3)� !(v1, v2) = 0,

which is precisely the cocycle identity for the trivial V -action on Zp, cf. [49, Theo-
rem 9.17].
Remark 3.9. The construction of the Heisenberg group given in Definition 3.4 can
be generalized to the situation where the alternating form ! : V ⇥ V �! K is
degenerate. In fact, denoting by V0 the kernel of !, we see that the set V ⇥ K,
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endowed with the operation (3.6), is a group whose center equals V0⇥K. Denoting
this group still by Heis(V, !), the central extension (3.5) fits into a commutative
diagram

1 ����! Zp ����! Heis(V, !) ����! V ����! 1
�
�
�

?
?
y

?
?
y

1 ����! Zp ����! Heis(W, !) ����! W ����! 1,

(3.11)

where we set W = V/V0 and we continue to write ! for the symplectic form in-
duced by! onW . If dim V = 2n and dim V0 = 2n0, with n0  n, thenHeis(W, !)
is a genuine Heisenberg group in the sense of Definition 3.4, in particular it is an
extra-special p-group of order p2(n�n0)+1 and exponent p, see Proposition 3.6.
Applying the snake lemma to diagram (3.11), we can check that the group homo-
morphism Heis(V, !) �! Heis(W, !) is surjective, with kernel equal to V0. In
fact, at the level of sets it is given by the map V ⇥K �! W ⇥K, where we have
the quotient by V0 on the first component and the identity on the second one.

3.2. Group cohomology and lifting of homomorphisms

Suppose that we have a short exact sequence of groups

1 �! K �! G �! V �! 1

with Abelian kernel K , and a group homomorphism � : V 0 �! V . Taking the
fibred product construction as in [17, page 72], we obtain a commutative diagram
with exact rows

1 // K // G 0 //

✏✏

V 0 //

�

✏✏

1

1 // K // G // V // 1.

(3.12)

Writing u 2 H2(V, K ) and u0 2 H2(V 0, K ) for the extension class of the bottom
and the top row, respectively, one can check that u0 is the image of u via the induced
map �⇤ : H2(V, K ) �! H2(V 0, K ), where K is a V 0-module via �. From this,
we get the following useful cohomological lifting criterion.

Proposition 3.10. The group homomorphism � : V 0 �! V admits a lifting
' : V 0 �! G if and only if �⇤u = 0 2 H2(V 0, K ).

Proof. By the definition of fibred product, the liftings ' : V 0 �! G of � : V 0 �!
V are in bijective correspondence to the splittings s : V 0 �! G 0 of the top sequence
in (3.12), and such a sequence splits if and only if the extension class u0 = �⇤u is
zero.
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3.3. Liftings onto finite Heisenberg groups

We will now apply the previous results to the following framework. We set

K = Zp, V = H1(6b ⇥6b �1, Zp) ' (Zp)
4b

and we put a symplectic form ! on V . Correspondingly, we can consider the
Heisenberg extension (3.5), whose middle term Heis(V, !) is an extra-special p-
group of order p4b+1 (Proposition 3.6). Furthermore, we denote by

� : P2(6b) �! V

the surjective group homomorphism given by the composition of the reduction mod
p map H1(6b ⇥ 6b � 1, Z) �! V with the Abelianization map P2(6b) �!
H1(6b ⇥6b �1, Z). Using Proposition 3.10, we immediately obtain:

Corollary 3.11. Let us consider the diagram

P2(6b)

�

✏✏

'!

xxq

q

q

q

q

q

1 // Zp // Heis(V, !) // V // 1,

and denote by u 2 H2(V, Zp) the cohomology class corresponding to the
bottom Heisenberg extension. Then a lifting '! : P2(6b) �! Heis(V, !) of
� : P2(6b) �! V exists if and only if �⇤u = 0 2 H2(P2(6b), Zp).

Now we give an interpretation of the cohomological condition �⇤u = 0 in
terms of the symplectic form !. Since

V_ ' H1(6b ⇥6b �1, Zp) ' H1(6b ⇥6b, Zp),

see (2.28) and (2.29), there is a commutative diagram

Alt2(V ) ' ^2V_
⇠

//

⌘
))

T

T

T

T

T

T

T

T

T

T

T

T

T

T

T

H2(6b ⇥6b, Zp)

✏✏

H2(6b ⇥6b �1, Zp)

where the vertical map is the quotient by the 1-dimensional vector subspace of
H2(6b ⇥ 6b, Zp) generated by the class � of the diagonal (see again (2.28)),
whereas ⌘ and ⇠ stand for the cup product maps. Note that here, with slight
abuse of notation, we are identifying ⇠ and its composition with the isomorphism
^2V_ �! ^2H1(6b ⇥6b, Zp), cf. diagram (2.31).



1332 ANDREA CAUSIN AND FRANCESCO POLIZZI

Proposition 3.12. The obstruction class �⇤u 2 H2(P2(6b), Zp) can be naturally
interpreted as the image ⌘(!) 2 H2(6b ⇥ 6b � 1, Zp) of the symplectic form
! 2 Alt2(V ) via the cup-product map ⌘.

Proof. There is a commutative diagram

^2V_ � V_
'

// H2(V, Zp)

✏✏

�⇤
// H2(P2(6b), Zp)

'
✏✏

Alt2(V ) ' ^2V_
⌘

// H2(6b ⇥6b �1, Zp),

where the isomorphism on the left is (3.4), the vertical map on the left is the pro-
jection onto the first summand and the vertical map on the right is the second iso-
morphism in (2.32). By Remark 3.8, the extension class u 2 H2(V, Zp) can be
naturally identified with ! 2 Alt2(V ), so the claim follows.

As a consequence, we obtain the following lifting criterion, that can be seen as
the main result of this section.

Theorem 3.13. The following holds.

(1) A lifting '! : P2(6b) �! Heis(V, !) of � : P2(6b) �! V exists if and only
if ⌘(!) = 0;

(2) If '! as in (1) exists, then '!(A12) has order p if and only if ⇠(!) is a non-zero
integer multiple of the diagonal class � 2 H2(6b ⇥6b, Zp). In this case, '!

is automatically surjective.

Proof. Part (1) follows from Corollary 3.11 and Proposition 3.12, so it only remains
to show part (2). We first observe that we have �(A12) = 0: in fact, the element A12
is a commutator of P2(6b), see the fifth relation in (2.15), and, by construction, �
factors through the Abelianization map of P2(6b). By Remark 2.7 (iv), this implies
that � factors through the group epimorphism ◆⇤ : P2(6b) �! ⇡1(6b ⇥ 6b), that
is, there exists a group homomorphism �̄ : ⇡1(6b⇥6b) �! V and a commutative
diagram

⇡1(6b ⇥6b)

'̄!

✏✏

�

�

�

�̄
&&

N

N

N

N

N

N

N

N

N

N

N

N

N

P2(6b)
◆⇤

oo

�

✏✏

1 // Zp // Heis(V, !) // V // 1.

The same argument as in the proofs of Corollary 3.11 and Proposition 3.12, together
with the first isomorphism in (2.32), shows that the pull-back �̄⇤u 2 H2(⇡1(6b ⇥
6b), Zp) can be naturally interpreted as the image ⇠(!) 2 H2(6b⇥6b, Zp) of the
symplectic form ! 2 Alt2(V ) via the cup-product map ⇠ , and that we have �̄⇤u = 0
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if and only if �̄ can be lifted to a group homomorphism '̄! : ⇡1(6b ⇥ 6b) �!
Heis(V, !).

On the other hand, the existence of '̄! means that '! : P2(6b)�!Heis(V,!)
factors through ◆⇤ and, again by Remark 2.7 (iv), this happens if and only if '!(A12)
is trivial.

Summing up, the element '!(A12) 2 Heis(V, !) is non-trivial (or, equiva-
lently, it has order p) if and only if ⇠(!) 6= 0. Since we are assuming ⌘(!) = 0,
this in turn implies that ⇠(!) is a non-zero element in the kernel of H2(6b ⇥
6b, Zp) �! H2(6b ⇥ 6b � 1, Zp), namely a non-zero integer multiple of the
diagonal class �.

Finally, being A12 a commutator of P2(6b) implies that '!(A12) is a commu-
tator of Heis(V, !), that is, an element of the center Zp. Then, if such an element
is non-trivial, the fact that � : P2(6b) �! V is surjective implies that the same is
true for its lifting '! : P2(6b) �! Heis(V, !).

We can therefore give the following definition, whose geometrical motivation will
become clear in Section 4, see in particular Theorem 4.10.
Definition 3.14. Set V = H1(6b ⇥ 6b �1, Zp) and let ! 2 Alt2(V ) be a sym-
plectic form on V . We will say that ! is of Heisenberg type if it satisfies one of the
following equivalent conditions:

(1) There exists a surjective lifting '! :P2(6b)�!Heis(V,!) of � : P2(6b)�!
V, such that '!(A12) has order p;

(2) We have ⌘(!) = 0 and ⇠(!) 6= 0;
(3) ⇠(!) is a non-zero integer multiple of the diagonal class �2H2(6b⇥6b, Zp).

Now we want to provide explicit examples of symplectic forms of Heisenberg
type. Notice that, by the surjectivity of ⇠ and ⌘ (Propositions 2.1 and 2.11), the total
number of alternating forms in ker ⌘ � ker ⇠ equals

p4b
2�2b�1 � p4b

2�2b�2 = p4b
2�2b�2(p � 1) > 0,

hence it only remains to exhibit some of these forms that are non-degenerate. We
denote again by ↵1, . . . ,↵b, �1, . . . ,�b the images in H1(6b, Zp) = H1(6b, Z)⌦
Zp of the elements of the symplectic basis of H1(6b, Z) given in (2.1), and we
choose for V the ordered basis

r11, t11, . . . , r1b, t1b, r21, t21, . . . , r2b, t2b, (3.13)

where, under the isomorphism V ' H1(6b ⇥ 6b, Zp) induced by the inclusion
◆ : 6b ⇥6b �1 �! 6b ⇥6b, the elements r1 j , t1 j , r2 j , t2 j 2 V are the duals of
the elements ↵ j ⌦1, � j ⌦1, 1⌦↵ j , 1⌦� j 2 H1(6b⇥6b, Zp) ' H1(6b, Zp)⌦
H1(6b, Zp), respectively.

Now we take non-zero scalars �1, . . . , �b, µ1, . . . , µb 2 Zp such that

bX

j=1
� j =

bX

j=1
µ j = 1, (3.14)
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and we consider the alternating form ! : V ⇥ V �! Zp defined on the elements of
the basis of V as follows: for all j 2 {1, . . . , b} we set

!(r1 j , t1 j ) = �!(t1 j , r1 j ) = � j

!(r2 j , t2 j ) = �!(t2 j , r2 j ) = µ j

!(r1 j , t2 j ) = �!(t2 j , r1 j ) = �1
!(r2 j , t1 j ) = �!(t1 j , r2 j ) = �1,

(3.15)

whereas the remaining values are zero. So, with respect to the ordered basis (3.13),
the matrix representing ! is

�b =

✓
Lb Jb
Jb Mb

◆
2 Mat4b(Zp),

where the blocks are the elements of Mat2b(Zp) given by

Lb =

0

B
B
B
B
@

0 �1
��1 0 0

. . .

0 0 �b
��b 0

1

C
C
C
C
A

Mb =

0

B
B
B
B
@

0 µ1
�µ1 0 0

. . .

0 0 µb
�µb 0

1

C
C
C
C
A

Jb =

0

B
B
B
B
@

0 �1
1 0 0

. . .

0 0 �1
1 0

1

C
C
C
C
A

.

(3.16)

Proposition 3.15. If � jµ j 6= 1 for all j 2 {1, . . . , b}, then the alternating form
! 2 Alt2(V ) defined in (3.15) is a symplectic form of Heisenberg type.

Proof. Standard Gaussian elimination shows that

det�b = (1� �1µ1)
2(1� �2µ2)

2 · · · (1� �bµb)
2,

so ! is non-degenerate if and only if 1� � jµ j 6= 0 for all j 2 {1, . . . , b}.
It remains to show that ! is of Heisenberg type. Under the natural duality

Alt2(V ) ' ^2V_, the alternating form ! corresponds to the 2-form on V_ written
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in coordinates as

bX

j=1
� j (↵ j ⌦ 1) ^ (� j ⌦ 1) +

bX

j=1
µ j (1⌦ ↵ j ) ^ (1⌦ � j )

�
bX

j=1
(↵ j ⌦ 1) ^ (1⌦ � j )�

bX

j=1
(1⌦ ↵ j ) ^ (� j ⌦ 1),

(3.17)

whose image via ⇠ : ^2 V_ �! H2(6b ⇥ 6b, Zp) can be obtained by replacing
the wedge product in (3.17) with the cup product and using (2.5). So, making also
use of (3.14), we get

⇠(!) =
bX

j=1
� j ⇠(↵ j ⌦ 1, � j ⌦ 1) +

bX

j=1
µ j ⇠(1⌦ ↵ j , 1⌦ � j )

�
bX

j=1
⇠(↵ j ⌦ 1, 1⌦ � j )�

bX

j=1
⇠(1⌦ ↵ j ,� j ⌦ 1)

=

 
bX

j=1
� j

!

� ⌦ 1+

 
bX

j=1
µ j

!

1⌦ � �
bX

j=1
↵ j ⌦ � j +

bX

j=1
� j ⌦ ↵ j

= � ⌦ 1+ 1⌦ � +
bX

j=1
(� j ⌦ ↵ j � ↵ j ⌦ � j ) = �,

(3.18)

cf. Remark 2.10. This concludes the proof.

We can now show the existence of symplectic forms of Heisenberg type.

Proposition 3.16. Let b � 2 and set V = H1(6b ⇥ 6b �1, Zp). If p � 5, then
Alt2(V ) contains symplectic forms of Heisenberg type.

Proof. By Proposition 3.15, it suffices to find non-zero elements �1, . . . , �b,
µ1, . . . , µb in Zp such that

bX

j=1
� j =

bX

j=1
µ j = 1, � jµ j 6= 1 for all j 2 {1, . . . , b}.

Choose arbitrarily � j , with j 2 {1, . . . , b � 1}, and µ j , with j 2 {1, . . . , b � 2},
such that � jµ j 6= 1 for all j 2 {1, . . . , b � 2}. Then �b is uniquely determined by
�b = 1�

Pb�1
j=1 � j , whereas µb�1 and µb are subject to the following conditions:

• µb�1 + µb is equal to a constant c = 1�
Pb�2

j=1 µ j ;
• µb�1 6= ��1b�1, µb 6= ��1b .
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These requirements are in turn equivalent toµb�1 /2 {��1b�1, c���1b }. Now, if p � 5
this can be clearly satisfied, because there are more than two non-zero elements
in Zp.

Remark 3.17. If p = 3, the condition � jµ j 6= 1 implies � j = �µ j and so, if this
holds for all j , we get

1 =
bX

j=1
� j = �

bX

j=1
µ j = �1,

a contradiction. Hence the alternating form ! defined in (3.15) is never symplectic
when p = 3. In fact, the existence of symplectic forms of Heisenberg type in the
case p = 3 is an interesting problem, but we will not develop this point here.
Remark 3.18. The notion of alternating form of Heisenberg type (namely, satis-
fying one of the equivalent conditions of Definition 3.14) and the study of the
corresponding lifting '! : P2(6b) �! Heis(V, !) make also sense when ! is
non-symplectic, i.e., degenerate. In this case, by Remark 3.9, we obtain an epimor-
phism ' : P2(6b) �! Heis(W, !), where W is the quotient of V by V0 = ker!.
This fact will be exploited in Subsection 4.4, in order to construct what we will
call the degenerate Heisenberg covers of 6b ⇥ 6b; in that situation, the primes
p = 2, 3 will be also allowed, but we will have to make the further request that p
divides b + 1.

We end this section by explicitly describing a lifting '! : P2(6b) �!
Heis(V, !) of � : P2(6b) �! V , in the case where ! is one of the symplectic
forms considered in Proposition 3.15. First of all, � can be explicitly described as
the group homomorphism defined by

�(⇢1 j ) = r1 j , �(⌧1 j ) = t1 j , �(⇢2 j ) = r2 j , �(⌧2 j ) = r2 j , �(A12) = 0,

for all j 2 {1, . . . , g}. On the other hand, the 4b + 1 elements of V ⇥ Zp given by

r1 j = (r1 j , 0), t1 j = (t1 j , 0), r2 j = (r2 j , 0), t2 j = (t2 j , 0), z = (0, 1)

are generators for Heis(V, !), subject to the same relations as in (3.10), cf. the
proof of Proposition 3.6. Thus, using (3.15), for all j, k 2 {1, . . . , b} we obtain

rp1 j = tp1 j = rp2 j = tp2 j = zp = 1

[r1 j , z] = [t1 j , z] = [r2 j , z] = [t2 j , z] = 1
[r1 j , r1k] = [t1 j , t1k] = 1
[r1 j , r2k] = [t1 j , t2k] = 1
[r2 j , r2k] = [t2 j , t2k] = 1
[r1 j , t1k] = z� jk � j

[r2 j , t2k] = z� jk µ j

[r1 j , t2k] = [r2 j , t1k] = z�� jk ,

(3.19)
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where � jk is the usual Kronecker symbol. Let us now define '! as

'!(⇢1 j )= r1 j , '!(⌧1 j )= t1 j , '!(⇢2 j )= r2 j , '!(⌧2 j ) = r2 j , '!(A12) = z. (3.20)

Looking at Theorem 2.6, it is straightforward to check that '! defines a group
homomorphism of P2(6b) onto Heis(V, !), providing a lifting of � and such that
'!(A12) has order p.
Remark 3.19. In the above description of the lifting, the role of conditions (3.14)
is to ensure that the map '! is compatible with the two surface relations in the pre-
sentation of P2(6b). For instance, it is straightforward to check that the identities

[r�11 j , t
�1
1 j ] = z� j , j 2 {1, . . . , b}

are consequence of (3.19); thus, considering the image of the first surface relation
via '!, we obtain

[r�11g , t�11g ] t�11g [r�11 g�1, t
�1
1 g�1] t

�1
1 g�1 · · · [r�111 , t�111 ] t�111 (t11 t12 · · · t1g)

= z�g t�11g z
�g�1 t�11 g�1 · · · z�1 t�111 (t11 t12 · · · t1g)

= z�1+...+�g (t11 t12 · · · t1g)�1(t11 t12 · · · t1g) = z,

that is, the relation is invariant under '!. The invariance of the second surface
relation can be proved analogously.

4. Application: construction of double Kodaira fibrations

4.1. Double Kodaira fibrations

Definition 4.1. A Kodaira fibration is a smooth holomorphic fibration (with con-
nected fibres) f1 : S �! B1, where S is a compact complex surface and B1 is a
compact complex curve, which is not isotrivial (this means that not all its fibres are
biholomorphic to each other).

Equivalently, by [23], a Kodaira fibration is a smooth connected fibration
f1 : S �! B1 which is not a locally trivial holomorphic fibre bundle, cf. [4, Chapter
I, (10.1)]; however, any such a fibration is a locally trivial differentiable fibre bun-
dle in the category of real C1 manifolds, because of the Ehresmann theorem [19].
The genus b1 := g(B1) is called the base genus of the fibration, whereas the genus
g := g(F), where F is any fibre, is called the fibre genus. If a surface S is the total
space of a Kodaira fibration, we will call it a Kodaira fibred surface.

By [34, Theorem 1.1], every Kodaira fibration f1 : S �! B1 satisfies b1 � 2
and g � 3. In particular, S contains no rational or elliptic curves: in fact, such
curves can neither dominate the base (because b1 � 2) nor be contained in fibres
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(since the fibration is smooth). So every Kodaira fibred surface S is minimal and, by
the superadditivity of the Kodaira dimension, it is of general type, hence algebraic.

Important invariants of a Kodaira fibred surface S are the signature � (S) and
the slope ⌫(S), given by

� (S) =
1
3

⇣
c21(S)� 2c2(S)

⌘
, ⌫(S) =

c21(S)
c2(S)

.

As explained in the Introduction (to which we refer the reader for a more detailed
discussion on this topic), Kodaira fibrations were originally introduced in [36] and
[2] in order to show that the signature � of a manifold, meaning the signature of the
intersection form in the middle cohomology, is not multiplicative for fibre bundles.
In fact, every Kodaira fibred surface S satisfies � (S) > 0, whereas the signature of
the product of two curves is always zero.

It is rather difficult to construct Kodaira fibred surfaces with small � (S). Since
S is a differentiable 4-manifold which is a real surface bundle, its signature is di-
visible by 4, see [43]. If moreover S has a spin structure, i.e., its canonical class is
2-divisible in Pic(S), then by Rokhlin’s theorem its signature is necessarily a posi-
tive multiple of 16, and examples with � (S) = 16 are constructed in [40]. It is not
known if there exists a Kodaira fibred surface such that � (S)  12.

The slope can be seen as a quantitative measure of the non-multiplicativity of
the signature. In fact, every product surface F ⇥ B satisfies ⌫(F ⇥ B) = 2; on
the other hand, if S is a Kodaira fibred surface, then Arakelov inequality (see [5])
implies ⌫(S) > 2, while Liu inequality (see [41]) yields ⌫(S) < 3, so that for such a
surface the slope lies in the open interval (2, 3). The original examples by Atiyah,
Hirzebruch and Kodaira have slope lying in (2, 2+ 1/3], see [4, page 221], and the
first examples with higher slope appeared in [14], where it is shown that there are
Kodaira surfaces with slope equal to 2+ 2/3. This is the record for the slope so far,
in particular it is a present unknown whether the slope of a Kodaira fibred surface
can be arbitrarily close to 3.

The examples provided in [14] are actually rather special cases of Kodaira
fibred surfaces, called double Kodaira surfaces.
Definition 4.2. A double Kodaira surface is a compact complex surface S, en-
dowed with a double Kodaira fibration, namely a surjective, holomorphic map
f : S �! B1 ⇥ B2 yielding, by composition with the natural projections, two
Kodaira fibrations fi : S �! Bi , i = 1, 2.

Note that a surface S is a double Kodaira surface if and only if it admits two
distinct Kodaira fibrations fi : S �! Bi , i = 1, 2, since in this case we can take as
f the product morphism f1 ⇥ f2.
Definition 4.3. Let f : S �! B1 ⇥ B2 be a double Kodaira fibration, and let D ⇢
B1 ⇥ B2 be the branch locus of f . Then f is called:

• double étale if D is smooth and the projections of D over B1 and B2 are both
étale maps;
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• simple if it is double étale and there exist étale maps �1, . . .�k from B1 to B2
such that D is the disjoint union of their graphs D�1, . . . , D�k ;

• very simple if it is simple and moreover B1 = B2 and �1, . . . ,�k are automor-
phisms;

• standard if there exists étale Galois covers B �! Bi , i = 1, 2 such that the
étale pullback

S̃ := S ⇥(B1⇥B2) (B ⇥ B)

induced by B ⇥ B �! B1 ⇥ B2 is very simple.

Up to now, there are no known example of double étale Kodaira fibrations that
are not standard.

4.2. Double Kodaira fibrations via Galois covers of 6b ⇥ 6b

Now our aim is to construct some double Kodaira fibrations using the techniques
developed in the previous sections. The key result in this direction will be the
following version of Riemann Extension Theorem, that follows in a straightforward
manner from [47, Corollary 1].

Proposition 4.4. Let Y be a smooth projective variety, Z ⇢ Y a smooth irreducible
divisor and G a finite group. Then the isomorphism classes of connected Galois
covers f : X �! Y with Galois group G, branched at most over Z , are in bijection
to group epimorphisms ' : ⇡1(Y � Z) �! G, up to automorphisms of G.

As an important consequence, we obtain the following recipe to construct double
Kodaira fibrations. With a slight abuse of notation, in the sequel we will use the
symbol 6b to indicate both a smooth complex projective curve of genus b and its
underlying real surface.

Theorem 4.5. Let G be a finite group such that there is a group epimorphism
' : P2(6b) �! G, and denote by

'1 : ⇡1(6b � {p1}, p2) �! G, '2 : ⇡1(6b � {p2}, p1) �! G

the compositions of ' with the monomorphisms ⇡1(6b � {p1}, p2) �! P2(6b)
and ⇡1(6b � {p2}, p1) �! P2(6b), respectively (cf. (2.11) and (2.18)). Assume
that

• the element '(A12) has order n > 1;
• the image of 'i has index mi in G, for i = 1, 2.

Then there is a double Kodaira fibration f : S �! 6b1 ⇥6b2, where

b1 � 1 = m1(b � 1), b2 � 1 = m2(b � 1). (4.1)
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Moreover, the fibre genera g1, g2 of the Kodaira fibrations f1 : S �! 6b1 ,
f2 : S �! 6b2 are computed by the formulae

2g1 � 2 =
|G|

m1
(2b � 2+ n), 2g2 � 2 =

|G|

m2
(2b � 2+ n) , (4.2)

where n := 1� 1/n.

Proof. Set Y = 6b ⇥6b and Z = 1. Using Proposition 4.4 and the isomorphism
(2.9), from the existence of the group epimorphism ' : P2(6b) �! G we obtain
the existence of a Galois cover f : S �! 6b⇥6b, whose Galois group is isomorphic
to G. Furthermore, since '(A12) has order n, part (v) of Remark 2.7 implies that
such a cover is branched exactly over 1, with branching order n. The diagonal
1 intersects transversally at a single point the fibres of both natural projections
⇡i : 6b ⇥ 6b �! 6b, and such a point is different for each fibre. So, taking the
Stein factorizations of the compositions ⇡i � f : S �! 6b as in the diagram below

S
⇡i� f

//

fi

  

@

@

@

@

@

@

@

@

6b

6bi

==

|

|

|

|

|

|

|

|

(4.3)

we obtain two distinct Kodaira fibrations fi : S �! 6bi , hence a double Kodaira
fibration by considering the product morphism

f = f1 ⇥ f2 : S �! 6b1 ⇥6b2 .

If 0 is the fibre of ⇡1 � f : S �! 6b over the point p1 2 6b, we see that the
restriction f|0 : 0 �! 6b is the smooth Galois cover induced by the group homo-
morphism '1 : ⇡1(6b � {p1}, p2) �! G, whose image, by assumption, has index
m1 in G. It follows that the Galois cover f|0 : 0 �! 6b splits into the disjoint
union of m1 disjoint covers of the form 00 �! 6b; each of them is a connected
Galois cover, with Galois group isomorphic to im('1), branched precisely at one
point with branching order n. But then this is true for every fibre of ⇡1 � f, be-
cause the number of connected components of the fibres of a proper, normal, flat
morphism is constant, see [18, Theorem 4.17 (iii)].

Summing up, the Stein factorization in diagram (4.3) is obtained by taking an
étale cover ✓1 : 6b1 �! 6b of degree m1, and every fibre of the Kodaira fibration
f1 : S �! 6b1 is homeomorphic to 00; thus we can compute both b1 and g1 using
the Hurwitz formula, obtaining the first relations in (4.1) and (4.2). The computa-
tion of b2 and g2 is exactly the same, so we are done.

Remark 4.6. In Theorem 4.5, the group G is necessarily non-Abelian. Otherwise,
since A12 is a commutator in P2(6b), the element '(A12) would be trivial.
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Remark 4.7. Looking at the proof of Theorem 4.5, we see that there is a commu-
tative diagram

S f
//

f

$$

I

I

I

I

I

I

I

I

I

I

6b ⇥6b

6b1 ⇥6b2 .

✓1⇥✓2
88

p

p

p

p

p

p

p

p

p

p

p

88

p

p

p

p

p

p

p

p

p

p

p

Since ✓1 ⇥ ✓2 : 6b1 ⇥ 6b2 �! 6b ⇥ 6b is étale of degree m1m2, it follows that
the double Kodaira fibration f : S �! 6b1 ⇥6b2 has degree

|G|
m1m2 and is branched

precisely over the curve

(✓1 ⇥ ✓2)
�1(1) = 6b1 ⇥6b 6b2 .

Such a curve is always smooth, being the preimage of a smooth divisor via an étale
morphism. However, it can be reducible, cf. Proposition 4.11.

We can now compute the invariants of S, cf. [54, page 55, formulae (3.9) and
(3.10)].

Proposition 4.8. Let f : S �! 6b1 ⇥ 6b2 be a double Kodaira fibration as in
Theorem 4.5. Then the invariants of S are

c21(S) = |G| (2b � 2)(4b � 4+ 4n� n2)

c2(S) = |G| (2b � 2)(2b � 2+ n),

and so the slope and the signature of S can be expressed as

⌫(S) =
c21(S)
c2(S)

= 2+
2n� n2

2b � 2+ n

� (S) =
1
3

⇣
c21(S)� 2c2(S)

⌘
=
1
3

|G| (2b � 2)(2n� n2).

Proof. Let F1 be any fibre of the the Kodaira fibration f1 : S �! 6b1 . Since f1 is
a smooth holomorphic fibration, it follows by [6, Lemma VI.4] that the topological
Euler number of S is given by

c2(S) = �top(6b1)�top(F1) = (2� 2b1)(2� 2g1),

and the last expression equals |G| (2b � 2)(2b � 2+ n) by (4.1) and (4.2).
It remains to compute c21(S). To this pourpose, note that the ramification divi-

sor of the Galois cover f : S �! 6b ⇥ 6b equals (n � 1)D, where D ⇢ S is the
effective divisor such that f⇤1 = nD. Then by the Hurwitz formula we deduce

KS = f⇤K6b⇥6b + (n � 1)D, (4.4)
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and so

c21(S) = (f⇤K6b⇥6b)
2 + 2f⇤K6b⇥6b · (n � 1)D + (n � 1)2D2

= |G| K 26b⇥6b
+ 2(n � 1)K6b⇥6b · f⇤D + (n � 1)2

✓
1
n
f⇤1

◆2

= 8 |G| (b � 1)2 + 2(n � 1)K6b⇥6b ·
|G|

n
1 +

✓
n � 1
n

◆2
|G|12

= 8 |G| (b � 1)2 + 2
✓
n � 1
n

◆
|G|(4b � 4) +

✓
n � 1
n

◆2
|G| (2� 2b)

= |G| (2b � 2)(4b � 4+ 4n� n2).

This completes the proof.

Remark 4.9. If either n is odd or D is 2-divisible in Pic(S), then (4.4) shows that
KS is 2-divisible in Pic(S). Hence S is a compact, oriented smooth spin 4-manifold
and so, by Rokhlin’s Theorem [45, page 60], its signature is divisible by 16.

4.3. Non-degenerate Heisenberg covers of 6b ⇥6b

We are now ready to apply the results of Subsection 4.2 to our situation, where the
role of G will be played by the group Heis(V, !). In this way, we will obtain some
Galois covers of 6b ⇥ 6b, with Galois group Heis(V, !) and branched over the
diagonal 1, that we will call (non-degenerate) Heisenberg covers. As explained
in the proof of Theorem 4.5, the Stein factorizations of these covers provide the
double Kodaira fibrations we are looking for.

We use the same notation as in Section 3, in particular we denote by p an odd
prime and by V the Zp-vector space H1(6b ⇥6b �1, Zp), where b � 2.

Theorem 4.10. Assume p � 5 and let ! 2 ^2V_ be a symplectic form of Heisen-
berg type, that exists by Proposition 3.16. Then the group epimorphism
'! : P2(6b) �! Heis(V, !) defined in (3.20) induces a Heisenberg cover
f : Sb, p �! 6b ⇥ 6b that, after applying the Stein factorization, gives rise to a
double Kodaira fibration f : Sb, p �! 6b0 ⇥6b0 , where

b0 � 1 = p2b(b � 1). (4.5)

Moreover, the two Kodaira fibrations fi : Sb, p �! 6b0 have the same fibre genus
g, which is related to b by the formula

2g � 2 = p2b+1 (2b � 2+ p) , (4.6)

where p := 1� 1/p. Finally, the invariants of Sb, p are

c21(Sb, p) = p4b+1(2b � 2)(4b � 4+ 4p� p2)

c2(Sb, p) = p4b+1(2b � 2)(2b � 2+ p),
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and so the slope and the signature of Sb, p can be expressed as

⌫(Sb, p) =
c21(Sb, p)
c2(Sb, p)

= 2+
2p� p2

2b � 2+ p

� (Sb, p) =
1
3

⇣
c21(Sb, p)� 2c2(Sb, p)

⌘
=
1
3
p4b+1(2b � 2)(2p� p2).

(4.7)

Proof. First of all, let us recall that z = '!(A12) has order p in Heis(V, !). Let
us consider now the group homomorphism

'1 : ⇡1(6b � {p1}, p2) �! Heis(V, !),

given by the composition of '! with the monomorphism ⇡1(6b � {p1}, p2) �!
P2(6b). Its image is the subgroup of Heis(V, !) generated by

r21, . . . , r2b, t21, . . . , t2b, z,

and this is in turn isomorphic to Heis(V1, !1), where V1 = H1(6b � {p1}, Zp) is
generated by r21, . . . r2b, t21, . . . , t2b and !1 is the restriction of ! to V1, namely the
symplectic form !1 : V1⇥V1 �! Zp defined by the matrix Mb, see (3.3); note that
Heis(V1, !1) has order p2b+1. Clearly, the same argument works after exchanging
the roles of p1 and p2; thus, both im('1) and im('2) have index p2b inHeis(V, !),
and the result follows by applying Theorem 4.5 and Proposition 4.8.

Let us now describe in more detail the structure of the double Kodaira fibration
f : Sb, p �! 6b0 ⇥ 6b0 ; it will turn out that it is very simple, in the sense of
Definition 4.3.

Proposition 4.11. The finite morphism f : Sb, p �! 6b0 ⇥6b0 is a cyclic cover of
degree p, totally branched on a reducible divisor

D =
X

c2(Zp)2b

Dc,

where the Dc are pairwise disjoint graphs of automorphisms of 6b0 . Moreover, D0
coincides with the diagonal 10 ⇢ 6b0 ⇥6b0 .

Proof. Let us first observe that the two subgroups

im('1)=hr21, . . . , r2b, t21, . . . , t2b, zi, im('2)=hr11, . . . , r1b, t11, . . . , t1b, zi

ofHeis(V, !) are both normal (because they contain the commutator subgroup hzi)
and are exchanged by an automorphism of order 2. Thus the two étale covers

✓1 : 6b0 �! 6b, ✓2 : 6b0 �! 6b
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are both Galois, with Galois group (Zp)
2b and, up to an involution of 6b0 , we may

assume ✓1 = ✓2 = ✓ . This implies that the cover

✓ ⇥ ✓ : 6b0 ⇥6b0 �! 6b ⇥6b

is Galois, with Galois group (Zp)
2b ⇥ (Zp)

2b, and so f : Sb, p �! 6b0 ⇥ 6b0 is
also Galois, with Galois group isomorphic to the kernel of the group epimorphism

Heis(V, !) �! (Zp)
2b ⇥ (Zp)

2b,

see [46, Lemma 4.1]. Since such a kernel has order p, it follows that f is a cyclic
cover of degree p, in particular it is totally branched because p is prime. Remark 4.7
tells us that the branch locus of f is smooth and it is given by the fibre product

D = 6b0 ⇥6b 6b0 ={ (x, y) | x, y 2 6b0 and ✓(x) = ✓(y) }

=
n

(x, c · x) | x 2 6b0, c 2 (Zp)
2b
o

,

so we can end the proof by setting

Dc = { (x, c · x) | x 2 6b0 } .

Proposition 4.12. Let f : Sb, p �! 6b0 ⇥6b0 be a double Kodaira fibration as in
Theorem 4.10.

(1) We have

2 < ⌫(Sb, p)  2+
12
35

,

and equality on the right holds precisely in two cases, namely

⌫(S2, 5) = ⌫(S2, 7) = 2+
12
35

.

Moreover, ⌫(S2, p) > 2 + 1/3 for all p � 5. More precisely, if p � 7 the
function ⌫(S2, p) is strictly decreasing and

lim
p!+1

⌫(S2, p) = 2+
1
3
.

(2) The signature � (Sb, p) is divisible by 16 and moreover

� (Sb, p) � � (S2, 5) = 24 · 57.

Proof. (1) From (4.7) we get

2 < ⌫(Sb, p) = 2+
2p� p2

2b � 2+ p
= 2+

p2 � 1
(2b � 1)p2 � p

.
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Since for p ! +1 the last expression is asymptotic to 2 + 1
2b�1 , we see that

⌫(Sb, p) is arbitrarily close to 2 if both b and p are large enough. Moreover, we also
have

⌫(Sb, p)  ⌫(S2, p) = 2+
p2 � 1
3p2 � p

,

with equality holding if and only if b = 2. The rest of the proof is a consequence
of the following easy facts: for x � 2, the real function

u(x) =
x2 � 1
3x2 � x

has a local (and global) maximum at x0 = 3 + 2
p
2 ' 5.828, and for x � x0 it is

monotonically decreasing, with lim
x!+1

u(x) = 1
3 from above.

(2) We can rewrite the second equality in (4.7) as

� (Sb, p) =
1
3
(2b � 2)p4b�1(p2 � 1),

and from this it is clear that � (Sb, p) is a multiple of 16 (since p is odd, this also fol-
lows from Remark 4.9) and that the minimum value of � (Sb, p) is attained precisely
when (b, p) = (2, 5).

Remark 4.13. Equations (4.5) and (4.6) allow us to have complete control on both
the base genus b0 and the fibre genus g for the Kodaira fibrations Sb, p �! 6b0 .
For example, looking at the slope-maximizing cases mentioned in Proposition 4.12
we obtain

S2, 5 : (b0, g) = (626, 4376)
S2, 7 : (b0, g) = (2402, 24011).

4.4. Degenerate Heisenberg covers of 6b ⇥ 6b

Let us consider now the situation where the alternating form ! : V ⇥ V �! Zp
satisfies one of the equivalent conditions in Definition 3.4, but it is not symplec-
tic; let us denote as usual by V0 the non-trivial kernel of !, and by W = V/V0
the corresponding quotient vector space. Then, composing the group epimorphism
Heis(V, !) �! Heis(W, !) defined in Remark 3.9 with the homomorphism
'! : P2(6b) �! Heis(V, !) given by (3.20), we obtain a group epimorphism
' : P2(6b) �! Heis(W, !) such that '(A12) = z. By Proposition 4.4, this in
turn yields a Galois cover f : S �! 6b ⇥ 6b, with Galois group isomorphic to
Heis(W, !) and branched exactly over 1 with branching order p; such a f will
be called a degenerate Heisenberg cover. We will not attempt here to classify all
possible covers of this type, and we will limit ourselves to analyze the following
important example.
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We assume that p divides b + 1, so that �b = 1 holds in Zp, and we take

�1 = . . . = �b = µ1 = . . . µb = �1 2 Zp.

Therefore relations (3.14) are satisfied, so (3.18) shows that the corresponding alter-
nating form ! satisfies ⇠(!) = �. However, ! is not symplectic, since its associate
matrix

�b =

✓
Jb Jb
Jb Jb

◆
2 Mat4b(Zp)

has rank 2b and consequently ! has a 2b-dimensional kernel V0, namely

V0 = hr11 � r21, t11 � t21, . . . , r1b � r2b, t1b � t2bi.

Then the images of r11, t11, . . . , r1b, t1b in the quotient vector space W = V/V0
equal the images of r21, t21, . . . , r2b, t2b, respectively. Let us denote such images
by r1, t1, . . . , rb, tb and let us call r1, t1, . . . , rb, tb the corresponding generators
of the Heisenberg group Heis(W, !). Then, looking at (3.19), we see that a pre-
sentation for Heis(W, !) is as follows: for all j, k 2 {1, . . . , b} we have

rpj = tpj = zp = 1
[r j , z] = [t j , z] = 1
[r j , rk] = [t j , tk] = 1
[r j , tk] = z�� jk .

(4.8)

Furthermore, in this situation, the group epimorphism ' : P2(6b) �! Heis(W, !)
is explicitly given by

'(⇢1 j ) = '(⇢2 j ) = r j , '(⌧1 j ) = '(⌧2 j ) = t j , '(A12) = z. (4.9)

In the situation of degenerate Heisenberg covers, we can deal with the case p = 2,
too. In this situation we cannot define the group Heis(W, !), see Remark 3.5, but
we can use the matrix group H2b+1(Z2), which has order 22b+1 and exponent 4
(Remark 3.7). A presentation for it is obtained by simply putting p = 2 in (4.8),
i.e., for all j, k 2 {1, . . . , b} we have

r2j = t2j = z2 = 1
[r j , z] = [t j , z] = 1
[r j , rk] = [t j , tk] = 1
[r j , tk] = z�� jk .

So, if 2 divides b + 1 (i.e., if b is odd) we can still consider a degenerate Heisen-
berg cover f : S �! 6b ⇥ 6b, namely the one induced by the group epimorphism
' : P2(6b) �! H2b+1(Z2) given exactly as in (4.9). Furthermore, since for an
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odd prime p the group Heis(W,!) is isomorphic to H2b+1(Zp), we can treat both
the cases p odd and p = 2 at once, by considering (4.9) as a group epimorphism
' : P2(6b) �! H2b+1(Zp).

Interestingly, Theorem 4.14 below will show that corresponding degenerate
Heisenberg cover directly yields a double Kodaira fibration, that is, in this situation
no Stein factorization is needed; in the sequel, we will use the “�” superscript in
order to emphasize this fact, writing f : S�b, p �! 6b ⇥6b instead of f : Sb, p �!
6b ⇥6b when dealing with degenerate Heisenberg covers.

This is in some respect an advantage with respect to the construction with a
symplectic !, because, since we are not forced to take finite étale covers, we get
Kodaira surfaces with any base genus b and, moreover, we can choose as base curve
6b any curve of genus b. However, we can obtain only finitely many values of the
fibre genus g for a fixed b, because there are only finitely many primes p dividing
b + 1.

Theorem 4.14. Assume that p (p � 2) divides b + 1 and let f : S�b, p �! 6b ⇥
6b be the degenerate Heisenberg cover corresponding to the group epimorphism
' : P2(6b) �! H2b+1(Zp) described above. Then, composing f with the projec-
tions onto the two factors, we obtain two Kodaira fibrations fi : S�b, p �! 6b, with
the same fibre genus g satisfying

2g � 2 = p2b+1(2b � 2+ p).

Moreover, the invariants of S�b, p are

c21(S
�
b, p) = p2b+1(2b � 2)(4b � 4+ 4p� p2)

c2(S�b, p) = p2b+1(2b � 2)(2b � 2+ p),

and so the slope and the signature of S�b, p can be expressed as

⌫(S�b, p) =
c21(S

�
b, p)

c2(S�b, p)
= 2+

2p� p2

2b � 2+ p

� (S�b, p) =
1
3

⇣
c21(S

�
b, p)� 2c2(S

�
b, p)

⌘
=
1
3
p2b+1(2b � 2)(2p� p2).

(4.10)

Proof. By construction, both group homomorphisms

'1 : ⇡1(6b � {p1}, p2)�!Heis(W,!), '2 : ⇡1(6b � {p2}, p1)�!Heis(W, !)

are surjective (in the case where p is odd, this reflects the fact that the quotient map
Heis(V, !) �! Heis(W, !) identifies r1 j with r2 j and t1 j with t2 j ). This implies
that the fibres of both fibrations ⇡1 � f : S�b, p �! 6b and ⇡2 � f : S�b, p �! 6b
are connected, hence f : S�b, p �! 6b ⇥ 6b is a double Kodaira fibration. The
fibre genus g and the invariants of S�b, p can be now computed using Theorem 4.5
and Proposition 4.8, setting n = p, m1 = m2 = 1 and |G| = |Heis(W, !)| =
p2b+1.
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In this situation, the bounds for the slope and the signature are provided by:

Proposition 4.15. Let f : S�b, p �! 6b ⇥ 6b be a double Kodaira fibration given
by a degenerate Heisenberg cover as in Theorem 4.14.

(1) We have
2 < ⌫(S�b, p)  2+

1
3
,

with equality on the right holding precisely for (b, p) = (2, 3).
(2) The signature � (S�b, p) is divisible by 16 and we have

� (S�b, p) � � (S�3, 2) = 128.

Proof. The proof of (2) is immediate if we rewrite the second equation in (4.14) as

� (S�b, p) =
1
3
(2b � 2)p2b�1(p2 � 1), (4.11)

so we must only show (1). Assume first p � 3. Since by assumption p divides
b+ 1, we can write b = kp� 1 for some positive integer k � 1 and, by substituting
in (4.10), we get

2 < ⌫(S�b, p) = 2+
p2 � 1

2kp3 � 3p2 � p
 2+

p2 � 1
2p3 � 3p2 � p

, (4.12)

with equality on the right holding if and only if k = 1. By computing its derivative,
it is easily seen that the real function

u(x) =
x2 � 1

2x3 � 3x2 � x

is strictly decreasing for x � 3; by (4.12), this implies that the maximum of ⌫(S�b, p),
for p � 3, is attained precisely when k = 1 and p = 3, that corresponds to the pair
(b, p) = (2, 3) and yields for the slope the value 2 + 1/3. On the other hand,
elementary calculations show that if p = 2 the maximum is attained at b = 3, that
yields for the slope the value 2 + 1/6. This completes the proof. As an aside we
note that, again by (4.12), taking p large enough we can make ⌫(S�p�1, p) arbitrarily
close to 2.

Remark 4.16. Degenerate Heisenberg covers allow us to obtain a much smaller
minimal signature than the construction with the symplectic form, namely 128 in-
stead of 24 · 57. This is due to the fact that, using the degenerate construction, the
lowest admissible order of our Heisenberg group decreases from 59 to 27.

The price to pay is that now not all the pairs (b, p) are suitable for the con-
struction, but only those with p dividing b + 1, so we cannot get slope higher than
2+ 1/3 in this way.
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Remark 4.17. The double Kodaira fibration S�3, 2 �! 63 ⇥63, besides minimiz-
ing the signature, also realizes the minimum fibre genus for the Kodaira fibrations
constructed in this paper, namely g = 289.

Let ! : N �! N be the arithmetic function counting the number of distinct
prime factors of a positive integer, see [29, page 335]; therefore, as a consequence
of Theorem 4.14, we obtain:

Corollary 4.18. Let 6b be any smooth curve of genus b. Then there exist at least
one and at most finitely many double Kodaira fibrations obtained as degenerate
Heisenberg covers f : S�b, p �! 6b ⇥6b. In fact, denoting by (b) the number of
such fibrations, we have

(b) = !(b + 1).

In particular,
lim sup
b!+1

(b) = +1.

Proof. In view of Theorem 4.14, we only have to show that two different primes
dividing b + 1 give rise to different Kodaira fibrations. Actually, something much
stronger is true: the corresponding Kodaira fibred surfaces are non-homeomorphic,
because they have different signature. In fact, looking at (4.11), we see that, for
fixed b, the signature � (S�b, p) is strictly increasing in p.

In particular, if b = 2 the only possibility is p = 3. This case provides (to
our knowledge) the first “double solution” to a problem, posed by G. Mess, from
Kirby’s problem list in low-dimensional topology ( [35, Problem 2.18 A]), asking
what is the smallest number b for which there exists a real surface bundle over a
surface with base genus b and non-zero signature.

Proposition 4.19. There exists a 4-manifold X (namely, the real 4-manifold un-
derlying the complex surface S�2, 3) of signature 144 that can be realized as a real
surface bundle over a surface of genus 2, with fibre genus 325, in two different ways.

This naturally leads to the following problem, that remains at the moment un-
solved.
Question 4.20. What are the minimal possible fibre genus fmin and the minimum
possible signature �min for a double Kodaira fibration S �! 62 ⇥62?

Proposition 4.19 implies fmin  325 and �min  144, but we do not know
whether these inequalities are actually equalities.
Remark 4.21. The first example of a real surface bundle over a surface of genus
2 with non-zero signature was constructed in [12]; it is a double Kodaira fibration
with � = 16 and

(b1, g1) = (2, 25), (b2, g2) = (9, 4).
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Finally, let us say something about the deformations of the double Kodaira
fibrations f : S�b, p �! 6b ⇥ 6b. Any such fibration is very simple and branched
over the diagonal, which is the graph of the identity 6b �! 6b. If we denote by
M�b, p the connected component of the Gieseker moduli space of surfaces of general
type containing (the class of) S�b, p, and byMb the moduli space of smooth curves
of genus b, applying [48, Theorem 1.7] we obtain the following

Proposition 4.22. There is a natural map

Mb �!M�b, p

that is an isomorphism on closed points.

Morally, since the branch divisor1 of f : S�b, p �! 6b⇥6b is rigid, all defor-
mations of S�b, p are realized by deformations of 6b ⇥ 6b preserving the diagonal,
hence by deformations of 6b. In fact, it is well-known that the natural morphism of
deformation functors

Def6b ⇥ Def6b �! Def6b⇥6b

is an isomorphism, see [50, page 74].
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