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Transport proofs of some discrete variants
of the Prékopa-Leindler inequality
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Abstract. We give a transport proof of a discrete version of the displacement con-
vexity of entropy on integers (Z), and get, as a consequence, two discrete forms
of the Prékopa-Leindler inequality: the Four Functions theorem of Ahlswede and
Daykin on the discrete hypercube [1] and a recent result on Z due to Klartag and
Lehec [18].
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1. Introduction

The aim of the paper is to develop a transport approach to some discrete versions
of the Prékopa-Leindler inequality [21,27,28], namely the Four Functions theo-
rem due to Ahlswede and Daykin [1] and a recent result of Klartag and Lehec [18]
on Z. Both inequalities will be a consequence of the stronger displacement con-
vexity of entropy on the set of integers. Before presenting these discrete functional
inequalities, let us recall the original continuous statement inspiring them.

The classical Prékopa-Leindler inequality is the following.

Theorem 1.1 (Prékopa-Leindler). Suppose that f, g, h : R* — R* are measur-
able functions such that, for some t € (0, 1),

F@ e < h((1—x +1y), vx,y € R". (1.1)
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Then

1—¢ t
( f(X)dX) (/ g(y)dy> §f h(z) dz.
Rn Rn Rn

The Prékopa-Leindler inequality is a functional version of the celebrated Brunn-
Minkowski inequality stating that for all Borel sets A, B C R" and all # € (0, 1) it
holds 1—t .
Vol((1 —t)A +tB) > Vol(A) ~'Vol(B)',

where Vol(-) denotes the Lebesgue measure on R”. It is more generally intimately
related to the study of log-concave measures which is of considerable importance
in convex geometry, probability theory and statistics. In particular, many geometric
and functional inequalities for uniformly log-concave probability measures can be
derived from Theorem 1 (see in particular the paper [5] by Bobkov and Ledoux).
We refer to [12] for a thorough presentation of the subject as well as for historical
comments on Theorem 1.1.

The question of extending the Prékopa-Leindler inequality outside the flat
space framework has been tackled by many authors in recent years and turned out
to be extremely fruitful in Geometry, Analysis and Probability. A first step has been
accomplished by Cordero-Erausquin, McCann and Schmuckenschlidger in [7, 8],
who obtained extensions of the Prékopa-Leindler inequality on Riemannian mani-
folds with a lower bounded Ricci curvature. Their extension is closely related to dis-
placement convexity properties of entropic functionals, first introduced by McCann
in [23] in the flat space framework, and then extended to Riemannian manifolds by
Otto and Villani [26] and von Renesse and Sturm [33]. This displacement convexity
formulation is actually equivalent to lower bounds on the Ricci curvature and led to
the Lott-Sturm-Villani [22,29,30] definition of metric measure spaces with lower
bounded Ricci curvature which makes sense even in a non-smooth framework.

In a similar vein, it would also be satisfactory to extend the Prékopa-Leindler
inequality to discrete frameworks such as graphs (which are not covered by the Lott-
Sturm-Villani theory). Several general definitions of discrete spaces with lower
bounded curvature were recently proposed, in particular by Bonciocat and Sturm
[6], Ollivier [24], Ollivier and Villani [25], Erbar and Maas [10], Hillion [17] or
the authors [14]. While these different definitions are all efficient at the level of
functional inequalities and are satisfied by a large collection of classical graphs,
none of them really succeeds in leading to a satisfactory Prékopa-Leindler or Brunn-
Minkowski inequality on those spaces.

However, for at least two specific discrete spaces, convincing Prékopa-Leindler
type inequalities already exist.

The first one, is the celebrated Four Functions theorem on the discrete hyper-
cube {0, 1}" by Ahlswede and Daykin [1]. To recall its statement, we will need the
following notation. The discrete hypercube will be denoted by €2, := {0, 1}"* and
forall x = (x1,...,xn), y=O1, ..., Yn) € 2, 0ne defines

x Ay = (min(xy, y1), ..., min(x,, y,))
and x Vy:= (max(xy, y1), ..., max(x,, y)).
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Theorem 1.2 (Ahlswede-Daykin). Suppose that f, g, h,k: 2, — R* are such

that
fX)g(y) <h(x Ay)k(xVy), Vx,y € Qp,

h
e S Y gw= Y e Y ke,

xe, xe, xe, xe2,

Note that this result mimics the statement of Theorem 1.1 for + = 1/2 on €2,.
Theorem 1.2 has important implications in terms of correlation inequalities, as it
gives back in particular the classical FKG inequality which has a lot of applications
in percolation and statistical mechanics [11].

The second discrete form of the Prékopa-Leindler inequality we will consider
is a recent one due to Klartag and Lehec [18], and holds on the space Z of integers.
Denote by [-] and | -] the ceiling and floor functions respectively.

Theorem 1.3. Suppose that f, g, h, k : Z. — R are such that

f(x)g(y)shqgj)k((x;y—‘), Vx,y € Z. (12)

<Zf(x>) > () s(Zh(x)) > k)

X€Z YEZ XEL YEZ

Then

As we will see in Section 3, Theorem 1.3 implies Theorem 1.2 for n = 1 (which
then gives the full conclusion by induction, see the proof of Theorem 1.2 in Sec-
tion 2). Moreover Theorem 1.3 implies back Theorem 1.1 for = 1/2 (and thus for
all other values of ¢). The proof given by Klartag and Lehec in [18] relies on rather
sophisticated tools of stochastic analysis on the Poisson space and in particular on
a stochastic representation formula for the relative entropy functional with respect
to the Poisson distribution on the (non-negative) integers.

As already stated above, the main objective of the present paper is to recover
Theorems 1.2 and 1.3 by means of optimal transport tools. In the continuous setting,
optimal transport is indeed a very efficient way to establish functional inequalities
(see [31,32] and the references therein) and it is a challenging question to see how
these powerful techniques can be adapted to the discrete world. To make this intro-
duction more self-contained and to illustrate the difficulties in dealing with discrete
structures, let us briefly recall a classical transport proof of Theorem 1.1 in dimen-
sion 1.

Proof of Theorem 1.1 for d = 1. Without loss of generality, one can assume that
fR fx)dx = ng(y) dy = 1, with f and g two positive and continuous func-
tions. Defining u(dx) = f(x)dx, v(dy) = g(y)dy, a natural transport map be-
tween the probability measures @ and v is given by T (x) = F~ o F u(x), where
F,(x) = ffoo fw)du,x € R,and F,(y) = f_yoo g()dv,y € R, are the cumula-
tive distribution functions of p and v. The change of variable formula immediately
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gives the following relation between f and g:

fx) =g(TNT'(x), Vx € R. (13)

Plugging y = T (x) into (1.1) one gets by change of variables (z = (1—¢#)x+¢7 (x),
note that 7 is increasing by construction)

fh(Z)dZ:/h((l—t)x-l—tT(x))[(l—t)-l—tT/(x)]dx
R R
> / FOO (T T (x) dx
R
2/ FEOT f) dx =1,
R

where the inequality comes from (1.1) and the arithmetic-geometric inequality
(1 —ta+1tb>a""b',a,b>0,tc[0,1] (appliedtoa = 1 and b = T'(x)),
while the penultimate equality comes from (1.3). O

The proof for n > 2 is done by induction (see, e.g., the proof of [20, Theorem
2.13]). It is also possible to prove this result directly in dimension n, by using the
Brenier or the Knothe transport maps and the Monge-Ampere equation. See [31,
Chapter 6] for details. Note that the use of coupling arguments for establishing
Brunn-Minkowski type inequalities goes back at least to Knothe [19].

Analyzing the proof above immediately reveals two obvious obstacles that pre-
vent to export it easily to the discrete setting:

1. Transport maps between probability measures p and v usually do not exist when
the space is discrete and one often needs to cut the mass of atoms of the source
measure [ to reconstruct the target measure v;

2. Even if there is a transport map 7 sending p on v, there is no Jacobian equation
such as (1.3).

In the case of Theorems 1.2 and 1.3, it turns out that these difficulties can be cir-
cumvented. It would be useless at this point to state general rules, however it seems
at least that in both situations choosing # = 1/2 helps a lot by introducing symmetry
and compensations to overcome the lack of Jacobian equation.

In fact, we will go beyond Theorem 1.2 and 1.3 by proving, by transport ar-
guments, a stronger statement: namely an entropic version of the Prékopa-Leindler
inequality (that we may also call displacement convexity of entropy), see Theorem
3.1 for a precise statement. In that sense, since such an entropic statement implies
the Klartag-Lehec version of the Prékopa-Leindler inequality on Z, which in turn,
at the price of an obvious induction step, implies the Four Functions theorem, all
results appear to be the consequence of one single (transport) proof. Moreover,
our displacement convexity result on the integers, as the mesh size goes to 0, con-
verges to the classical displacement convexity of entropy on the line (for t = 1/2),
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obtained by McCann in [23] which shows the compatibility of our results to the
well-known equivalent statement in the continuous setting.

The paper is organized as follows.

In Section 2, we give a simple proof of Theorem 1.2, based on the construction
of an explicit coupling in dimension » = 1 and on the dual formulation of the
relative entropy functional. As already explained, Theorem 1.2 can also be seen as
a consequence of Theorem 1.3. However, the proof is very simple and it seemed to
us that it nicely illustrates the power of the transport techniques in discrete settings
and therefore it is worth a separate presentation. Then we show how to recover
a significant part of the classical Prékopa-Leindler inequality from Theorem 1.2,
passing from the discrete to the continuous by means of the Central Limit theorem.

In Section 3, we prove a stronger entropic version of Theorem 1.3, namely
Theorem 3.1, based on the one-dimensional monotone rearrangement coupling. We
also show how to fully recover the Prékopa-Leindler inequality starting from The-
orem 1.3, again passing from discrete to continuous, but here using instead that the
mesh size of the grid shrinks to 0.

Finally, Section 4 is devoted to curved versions of Theorem 1.3 applying to
probability measures with a log-concave probability mass function.

2. The Four Functions theorem

2.1. A transport proof of the Four Functions theorem

In the following, we prove the Four Functions theorem using transport ingredients
and a duality formula.

We will use the following notations. The set of all probability measures on
Q, = {0, 1}"* will be denoted by P(£2,,) and the set of functions on €2, by F(2,,).
Forall a € ) and h € F(£2,), the function 4% : Q,_; — R is defined by

h%(x) = h(x,a), Vx € Q1.

For convenience, we restate the Ahlswede-Daykin Theorem with an additive hy-
pothesis (which corresponds to Theorem 1.2 with f = "1, g = "2, h = ¢3 and
k= ehs).

Theorem 2.1. Let n > 1. Suppose that hy, ha, h3, he: 2, — R are such that

hi(x) +ha(y) < h3(x Ay) +ha(x vV y), Vx,y € 2.

I M@ 7 o §7 hs) J o),

xe2, xe, xe, xe,

Then

Recall the following duality formula involving the relative entropy functional. Let
m, be the counting measure on €2, and define for all probability measures v on €2,

dv
Hwmy) =/log (dm ) dv.
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Then, for any function f : @, — R, it holds

log/ef dm, = sup {/fdv— H(vlmn)}. (2.1)

veP(2,)

In the proof of Theorem 2.1 we will also use the following coupling lemma whose
proof is elementary. We recall that if v, vo are two probability measures on a
measurable space (E, A), a coupling of v and v; (in that order) is a probability
measure 7 on the product space E x E having v as first marginal and v, as second
marginal, that is to say such that

(A x E) =v1(A) and w(E x B) = v(B)

for all A, B € A. Recall also that that if u is a probability measure on (E, 4) and
S : E — F a measurable map taking values in another measurable space (F, B),
then the image of u under the map S (or push forward of x under the map S) is the
probability measure denoted by Sy defined as Sy (B) = u(S~'(B)), B € B.

Lemma 2.2. Let vy, v € P(R21) and set S Q% 35X, y)—~ XAy, xVYy).

(1) Ifv2(0) < v1(0) then there exists a (unique) coupling w of vi and vy such that
7 = Stn is also a coupling of v| and v,. Moreover in this case 7 = T and
7(0,0) = v(0), 7(1,0) =0, w (0, 1) = v1(0) — 12(0) and (1, 1) = v(1);

(1) If v2(0) = v((0) then there exists a (unique) coupling w of vi and vy such
that T = St is a coupling of vy and vy (in that order). Moreover (0, 0) =
7(0,0) = vi(0), 7(1,1) = 7(1,1) = vo(1), #(0,1) = 7(1,0) = 0 and
w(1,0) =7(0,1) = v2(0) — v1(0).

Remark 2.3. The coupling 7 in (i) (respectively (ii)) is nothing but the non-de-
creasing (non-increasing) rearrangement coupling.

The above lemma is very much one-dimensional. In fact, it is easy to construct
examples of measures vy, vy € P(R2,), for n > 2, such that there does not exist
any coupling 7 of vy and v, such that 7 := Stz (with S that acts coordinate by
coordinate) is a coupling of v; and v, or a coupling of v, and v;.

Proof. We will first prove item (i). In the following diagram we represent the cou-
plings 7 on the left, and 7 on the right, with their marginals.

Y 0 I xVy 0 1
X s XAy
0 (0,0) | w0, 1) || v1(0) Bt 0 (0, 0) (0, 1)+ =(1,0) || v1(0)
1 w(1,0) | (1, 1) vi() 1 0 w(l, 1) vi(1)
v2(0) va(1) v2(0) vo(D)

Once one observes that necessarily 77 (1, 0) = O (since there do not exist x, y €
withx Ay =1landx v 1 = 0),and 7(0,0) = 7(0,0) and 7(1,1) = = (1, 1),
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then all the values of 7 (i, j) and 7 (i, j) can be deduced from the marginals (details
are left to the reader). A similar reasoning leads to the conclusion of item (ii). The
uniqueness part is obvious from the construction. O

Proof of Theorem 2.1. The proof goes by induction on n > 1. We will prove the
base case towards the end of the proof. Assume first that the result holds on €2,,_1.
Then choose four functions i1, hy, k3, hg: {0, 1} — R satisfying

hi(x) +ha(y) < h3(x Ay) +ha(x V' y), Vx,y € 2. (22)

Fix a,b € {0,1}; applying Condition (2.2) to x = (x[,...,x, ,,a) and
y=(]s--.,¥,_y,b) we get that

RGN+ RSO < WP AY) RGP GV Y)Y, VXY € @

which is precisely the condition of the theorem in dimension n — 1 for the four
functions A{, hlz’, hg“b and hZVb . Applying the induction hypothesis we conclude

that
log Z MO | 4 log Z L))

ern_l ern_l
anb avb
<log Z e 4 log Z M
XEQ,_| xEan

The latter holds for all a, b € 2. Hence, if we set H;(a) := log (Z
fori € {1, 2, 3, 4}, we have

XEQy_1 e’ (X))’
Hi(a) + Hy(b) < Hz(a A b) + Hy(a Vv b) Va,b € Q.

Now applying the result on €21, we conclude that

log (Z eHl(x)) +log (Z eH2(x)) <log (Z eH3(x)> +log (Z eH4(x)> .

erl erl erl erl

This leads to the desired conclusion since, by construction, for all i € {1, 2, 3, 4} it

holds log (ergl el (x)) = log (erszn ehi(x))_

Hence, in order to conclude the proof we need to prove the theorem on €2;. To
that purpose, fix four functions hy, ko, h3, ha: Q) — R satisfying Condition (2.2)
(with n = 1) and let vy, vp € P(21). Let us show that

</Mdm—memO+(/Mdn—wamQ

(2.3)
<log (Z eh3(x)) + log (Z eh“(x)) .

xeR xe
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First assume that v;(0) < v{(0). Thanks to item (i) of Lemma 2.2 above, there
exists a coupling 7 of vy and v, such that the coupling 7 defined as the push forward
of 7 under the map § : Q% S5 (x,y) — (x Ay, x Vv y)is still a coupling of v; and
vy. It follows from the very definition of the coupling, from Condition (2.2), and by
definition of the push-forward, that

/hldvl +/h2dv2:/Szz[hl(x)+h2(y)]dn(x,y)
1
< [ thas A9+ hate vyl ) 24
1
=/ h3(x) 4+ ha(y) d7(x, y) =/h3dV1+/h4dV2-
o

Therefore, by (2.1),

(/de—memO+</de—HmeQ
< (/ hydvy — H(V1|m1)> + (/ hsdvy — H(V2|ml))

<log (Z eh3(“‘)> + log (Z eh“(")) ,

xe )CGQl

which proves (2.3) in this case.

Now, if v2(0) > v1(0), then according to item (ii) of Lemma 2.2, there exists
a coupling 7 of v and v, such that the probability 7 = Sy is now a coupling
of vy and v; (in that order). Therefore, reasoning exactly as in (2.4), one gets
Jhidvi + [hadvy < [h3dvs + [ hadvy, from which one concludes that (2.3)
holds also in this case.

Finally, taking the supremum over v and v; in (2.3) gives , thanks to (2.1),

log (Z ehl(x)> + log < Z ehz(x)) < log (Z eh3(x)> + log (Z eh4(x)) ‘
xe XEQ xeQ XEQ

and completes the proof of Theorem 2.1. O

A careful reading of the proof of Theorem 2.1 actually leads to a slightly more
general result that we now describe. Consider a functional ® on F(£21) and assume
that it can be written as follows

®d(h) = sup {/hdv—\ll(v)l, h e F(Q1), (2.5)
UE'P(QI)
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where W : P(221) — R U {00} is a given function. Then, we define by induction a
sequence of functions ®" on F(£2,,) as follows: &' = @ andforalln > 2,

d"(h) = ®(a —> D" 1(h?)), h e F(),

where we recall that for all a € Q4 and h € F(£2,), the function h? : Q,,_1 - R
is defined by h%(x) = h(x,a),x € Q,_1.

Following the exact same proof of Theorem 2.1 (details of which are left to the
reader), we can conclude that, if 41, hy, h3, hga: Q, — R are such that

hi(x) +ha(y) < h3(x A y) + ha(x Vv y), Vx,y € Qy,

then
Q" (h1) + @"(h2) < P"(h3) + D" (ha).

This is a generalization of Theorem 2.1 since the relative entropy W (v) = H (v|m,)
leads to @ (h) = log( le e'dmy) by (2.1), and therefore, by a straightforward in-

duction, to ®"(h) = log( f Q e"dm,,). However, we could not find any other explicit
example of functional ® and ®" of real interest. One of the reasons can be found
in Hardy, Littlewood and Polya [16, Chapter 3]. Indeed, studying the generalized
mean F~1( f F (h)dm), these authors prove that, under some mild assumptions,
it must be that F'(x) = xe* for some constants , ¢, leading back to the previous
example.

Another natural example may be given by W (v) = +oo for all v expect one
measure, say m1, for which W(m;) = 0. Then, ®(h) = f hdm and therefore
®"(h) = [ hdm®", where m®" is the n-fold product of my, i.e., m®" = m,. In
that case, the conclusion above is nontrivial though being a consequence of the
classical conclusion of the four functions theorem (by considering ¢#; in the limit
g — 0).

A further generalization may be as follows. Let U: [0, 00) — R denote a
semi-continuous, strictly convex function satisfying limy_, o U(x)/x = oo and
U(1) > 0. Then, given u,v € P(R,), we set U, (v) = fU(f)d,u, if v is
absolutely continuous with respect to p with density f, and U,(v) = +oo oth-
erwise. With such a definition, the special choice U(x) = xlogx amounts to
U, (v) = H(v|w). Furthermore, since U (1) > 0, by Jensen’s inequality U, (v) > 0
for all v € P(R,). Also, for any f: {0, 1}" — Rand u € P(Q,), set A, (f) :=

SUPLeP(Q,) (an fdv — U,L(v)> which generalizes (2.1). For such U’s, as proved
in [13, Proposition 2.9], it holds

Au(f) = inf { [ +n- t]du}

and

) = st { [ rav- Au(f)} = { [ rav-| U*(f)du}
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with U*(y) := sup,.ofxy — U(x)}, y € R. For instance, the choice U (x) = x2/2,
x = 0 leads to Ay, (f) = Var, (f) + [ fdmy — % if £(0) — f(1) € [-2,2]
and A, (f) = max(f(0), f(1)) — 1 otherwise. At the price of multiplying #; by a
constant, we can assume that max h—inf < 2 so that ®(h) = Vary,, (h)+f hdml—%
is explicit so that one can, at least theoretically, express @ in this case.

2.2. From the Four Functions theorem to the Prékopa-Leindler inequality

Using the Four Functions theorem, we shall prove the following weak version of
the Prékopa-Leindler inequality. We state and prove the result in dimension one,
for simplicity, but it holds in any dimension with no extra complication besides
presentation.

Proposition 2.4. Let f, g, h: R — R be three continuous functions satisfying

X +y

1 1
W+ e <h(52) vnyer

Assume furthermore that h is convex and bounded from below. Then, it holds

1/2 12
(/ ef(")dx> ([ eg(y)dy) S/eh(Z)dz.
R R R

It should be noticed that equality cases are known in the Prékopa-Leindler inequal-
ity [9] and correspond to choosing precisely 4 convex, and f and g proper trans-
lation and dilation of z. Of course, the extra assumptions of continuity of f, g and
lower boundedness of /& could be removed via standard approximation arguments,
but we refrain from further discussion, since it does not seem possible to remove
the convexity assumption on 4 and to recover the full conclusion of Theorem 1.1.

Proof. Let f, g, h: R — R be continuous functions satisfying

1 1 x+y
Ef(x) + Eg()’) < h(T> Vx,y e R,

with 2 convex and bounded from below. First let us assume that f and g are
bounded from above. For any 7, define the following three functions on €2,: for
X =(x1,...,%X) € 2, set

L disiXi— 3 L i Xi— 5
ey i= (S ) o= (S0

D Xi — %)
Vn/2 '

Then we observe that, for any x, y € €, coordinate-wise

and H,(x):=h (

X+Yy=XAYy+xVy.
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Hence, the condition satisfied by f, g and & transfers to F,, G, and H, as follows:
forall x, y € 2,

XAYy+xVy
Fu(¥) +Gn(y) < 2H, | ——— | S Har AY) + Hy(x v y).,

where the last inequality follows from the convexity of 4. Let M > 0 be a constant
such that f < M,g < M and h > —M. Then, it holds

Fu(x) + Gu(y) < min(Hy (x A y); 3M) + min(H, (x V' y); 3M).

In other words F,,, G,, and H, A 3M satisfy the condition of the Four Functions
theorem (with 3 = h4) so that, denoting by m, the uniform probability measure

on £,
2
/ efr dmn/ eOn dm, < (/ et n3M dm,l) ,
n n n

Applying the Central Limit theorem, one gets

. 1/2 1/2
</ efdy> (/ e dy) 5/6hA3Mdy§/ehdy
R R R R

where y denotes the standard Gaussian probability measure on R. Replacing f, g, i
by fu(x) :== fF(A2x), ga(x) := g(A'/%x) and h; (x) := h(r'/?x), where A > 0,
one easily gets

2 172 2 172 >
(f e/ @2 dx) </ e8We— dy) < / D51 dy.
R R R

Letting A — +o00, the monotone convergence theorem gives the desired inequal-
ity. Finally, one can easily remove the upper boundedness assumption on f, g by
truncation and monotone convergence. O

3. The Klartag-Lehec Prékopa-Leindler inequality on Z

3.1. From the Klartag-Lehec inequality to the Four Functions theorem

To make clear the connection with the preceding section, let us first remark that
Theorem 1.3 implies the one dimensional version of the Four Functions theorem
(and thus the result in all dimensions by tensorization).

Indeed let f, g, h, k be four non-negative functions on {0, 1} satisfying the hy-
pothesis of the Four Functions theorem, namely for any x, y € {0, 1},

f)g(y) <h(x Ay)k(x Vy).
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Setting for any x € Z 3
f @) = f(x)lp,1)(x),

and similarly g, h, k,one may easily check that that for any x, y € Z

foeo =i (|2 ([222]).

Therefore applying Theorem 1.3 we get the conclusion of the Four Functions theo-
rem,

(fO) + f(1))(g0) + (1)) < (h(0) + ~(1))(k(0) + k(1)).

3.2. Transport proof of the Klartag-Lehec inequality

Our goal is now to establish the following entropic version of Klartag-Lehec in-
equality which is actually stronger than Theorem 1.3. In what follows, we recall
that the monotone coupling m between two probability measures vy and vy on R is
defined by

7 = Law(F '(U), F; ' (U)),

where U is a random variable uniformly distributed on (0, 1) and where for all
i €{0,1}, F;(x) = vi((—o0, x]), x € R, is the cumulative distribution of v; and
Fl;l(t) =inf{x e R: F,;(x) > t},t € (0, 1), is the generalized inverse of F,,.

Theorem 3.1 (displacement convexity of entropy). Suppose that vy, v are two
probability measures on 7 with compact supports. Define (recall the definition
of the push forward right before Lemma 2.2)

Vo =m_y,m and Vy = MyyT,

where 7 is the monotone coupling between vy and vy , and for all x, y € Z,

m_(x,y):= \\x—{—yJ’ my(x,y) = Fc—i—y—“

2 2
Then, denoting by m the counting measure on 7., it holds
H(v_|m) + H(vy|m) < H(vo|lm) + H(vi|m). (3.1)

Before turning to the proof of Theorem 3.1, let us first recall how to recover Theo-
rem 1.3 from Theorem 3.1.

Proof of Theorem 1.3. The proof uses (again) the dual expression of the log-Laplace
transform of any bounded function ¢:

10gfe¢dm=sup{/godv—H(vlm)}, (3.2)
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where the supremum runs over all probability measures v on Z with bounded sup-
port. Let f, g, i, k be four non-negative functions satisfying (1.2). Given ¢,k > 0
and setting f%“(x) = max(e, min(f(x), x)), one may simply check that equiva-
lently for all x, y € Z,

log f©*(x) +1log " (y) <logh™* (m_(x,y)) +logk®* (my(x, y)).

Integrating this inequality with respect to the monotone coupling 7 of two proba-
bility measures on Z with bounded support vy and v; implies

/logf“ dvo —|—/logg£”( dvy < /loghg”‘(m_)dn +/logk5”‘(m+)dn

= /loghe”‘ dv_ —I—/logkg”‘ dvy.

Therefore, applying inequality (3.1) of Theorem 3.1 implies
/log f&  dvg — H(vglm) + / log g** dvi — H(vi|m)
< /log h®*“dv_ — H(v_|m) + / logk®“ dvy — H(vy|m)

< log/hg”‘ dm + log/ka”‘ dm,

where the last inequality is a consequence of Identity (3.2). Then optimizing over
all probability measures with bounded support vy and vy, and using again (3.2) one
gets

log/ f&“dm —|—log/g£”( dm < log/hg”( dm +10g/k‘9"( dm.
The conclusion of Theorem 1.3 follows by monotone convergence as € goes to 0

and k goes to infinity. O

Now we turn to the proof of Theorem 3.1 which in turn is a consequence of the
following result of independent interest.

Theorem 3.2. With the same notation as in Theorem 3.1, it holds

) v—(m—(x, y))vi(my(x, y))

, <1. 33
0@V () ) = )

(x,y)€z?

Proof of Theorem 3.1. The logarithm function being concave one gets by Jensen’s
inequality, thanks to (3.3),

H = Z log<v—(m—(x7 )’))V-i—(m-i—(X, )’))

, <0.
0 () )”(x V) =

(x,y)€Z?
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Now observe that, by definition of 7, v_ and v,

H =) "log(v_(2))v-(2) + Y log(v; (2)v4(2)

Z€Z Z€Z
= log(w(2)vo(z) — Y log(vi (2))vi(2)
€L ZEZ

= H(v_|m) + H(vy|m) — H(vo|lm) — H(vi|m),
completing the proof. O

In the proof of Theorem 3.2 we will make repeated use of the following ele-
mentary lemma:

Lemma 3.3. (1) Let (x1, y1), (x2, y2) € Z? be such that (x1, y1) # (x2, y2) with
x1 <xpandyy < yy. Then | X2 | = 22522 | ifand only if yo—y 1 +x2—x1 =
1 and x‘+y1 eZ.
In this case, [x2+y21 [%1 + 1.

(2) Let (x1, y1), (x2,y2) € 72 be such that x; < xa, y1 <y, L%J = a and

L@J =a' witha < d'.

o Ifa = a+2, [FPN] # [,

. Ifi' :a+1,lr%1 = [2227 ifand only if y» — y1 + x2 — x| = 1 with
X
—12))1 e + 5.

The following figures illustrate this lemma.

r1 I

Tr1 = Ty
\ \ ey *—= lII‘E?JlJ — lIQ-gl/zJ
'\ 2
Y

Yoyt ap-x =1, B eZ

N L, a-lssl -l

° ° 3

a \ a \ Y2— Y1+ x2— x1 =1, LZMEZ-F%
Y

Y1 = Y2 Y1 Y2
item (2), ' =a+1

Proof of Lemma 3.3. (1) If yp — y1 +x —x1 > 2, then 2532 > X1 4 | and thus
L%J > L@J + 1. Hence y; — y; +x2 —x; = 1. Without loss of generality one
can assume that x; = x, and y, = y; + 1. But in this case, % = % + % The
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fact that L@J = L%J then implies that @ € 7Z. The converse is obvious.
In this case [22322] = [S0 4 J] = S0 | = (201 4 ],

2)Ifa’ > a + 2, then

X2+ y2 X2+ ¥ , X1+ y1 X1+ y1

(ZW_LZJa_H LY P iy

Now let us assume that @’ = a+1. If yo — y; +x2 —x; = 2, then @ = @—1—1
and so [*2522] = [X52] 4 1. Therefore y» — y; +x2 — x; = 1 and so 22322 =
@ + % The condition L%J = L@J + 1 then implies that @ eZ+ %
Then it holds [@1 = (@ +31 = @ + 3= [@1. The converse is
obvious. O

Before proving Theorem 3.2 let us introduce some notation. We will denote

M_ ={m_(x,y): (x,y) € supp(rm)}
and foralla € Z,

S(a) = {(x,y) € supp(r) : m_(x, y) = a}
(with thus S(a) = ¥ whena ¢ M_).
Lemma 3.4. For any a € Z, Card(S(a)) € {0, 1, 2}.

Proof of Lemma 3.4. Leta € M_. By compactness of the support of , the set S(a)
is finite. Suppose that Card(S(a)) > 1. Let xg be the minimal first coordinate of the
elements of S(a), and let yg be the minimal second coordinate of the elements of
S(a) having xq as first coordinate. If (x1, y1) is another element of S(a), then either
xo = x1 and yp < y1,or xo < x1 and in this case, by monotonicity of the support of
7, one has yp < y;. According to item (1) of Lemma 3.3, one has w € Z and
(xo = x1and y; = yo + 1) or (o = y; and x| = xg + 1). By monotonicity of the
support of 1, these two cases exclude each other and so Card(S(a)) = 2. O

Fori € {1, 2}, we will denote by M thesetofa € M_ such that Card(S(a)) =
i. Ifa € ML, the unique element of S(a) will be denoted by (xp(a), yo(a)).

If a € M?%, we will denote by (xo(a), yo(a)) and (x1(a), yi1(a)) the two ele-
ments of S(a), with the convention that xg(a) < xj(a) and yp(a) < yi(a) and

M € 7 as in Lemma 3.3 and the proof above.

Proof of Theorem 3.2. Using the notation above, we need to show that the follow-
ing quantity is less than or equal to 1.

pi= Y Lo Oni s y)

o)1 (y) 7. )

(x,y)€Z?

_ Z Z v_(a)vy(my(x,y)) 2(x. y)

aeh i@ Vi)
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The strategy to bound P by 1 is to show that, in fact,

P<> > #xy=L (3.4)

acM_ (x,y)eS(a)

For that purpose we consider two cases.

First case. Let a € M_ be such that
my(S@)Nmy(Sa—1)) =0 and my(S@)Nm4(Sa+1)) =0. (3.5)
Then let us show that for all (x, y) € S(a), it holds

v_(@vi(mi(x,y) _
vo (X)v1(y)

(3.6)

We distinguish between two sub-cases, a € M! and a € M?. Suppose first that
a € M!. Then S(a) = {(xo, vo)} and therefore

v_(a) =7 ({(u, v) : m_(u, v) = a}) = 7 (xo, yo)-

Moreover, since a satisfies (3.5), item 2 of Lemma 3.3 gives that

Vi (m(x0, y0)) = w({(u, v) € Z* : my(u, v) = m4(x0, Y0)}) = 7w (X0, Y0)-

Since 7 (xg, yo) < min(vgp(xg), v1(y0)), this gives (3.6). Now let us assume thata €
M?2 . Then one can assume without loss of generality that S(a) = {(xo0, y0), (x0, Yo+

1)} with w € Z and thus m (xq, yo + 1) = m_ (xq, yo) + 1. In this case,

v_(a) = m({(u, v) : m_(u, v) = a}) = 7 (xo, yo) + 7 (x0, yo + 1) < vo(x0)

and reasoning as above

vy (m4 (X0, yo)) = m(x0, Yo) < vi(yo) and vi(my(xo, yo + 1))
=m(xo,yo+1) <viQo+1),

which establish (3.6).

Second case. Let ag € M_ and p > 1 such that m (S(ag +i)) Nm(S(agp +i +
1)) # @ foralli € {0,..., p — 1} and such that m4(S(ap — 1)) N m(S(ag)) =
@ and my(S(ap + p)) N m4(S(ap + p + 1)) = 0 (i.e., p is maximal). Since
m4(S(ag +1i)) C {ap +i; ap + i + 1}, the only possibility is that m (S(ap +i)) =
{fao+i;a0+i+ 1} foralli € {1,..., p— 1} (this set being empty if p = 1). Let us
assume that ag € M2 and ap + p € M2 (the other cases are dealt similarly). Let us
denote (x), y) = (xo(ao + i), yo(ao + 1)) and (x}, y) = (x1 (a0 + i), y1 (a0 + 1))
(recall that by definition xi > xé and yi > yé). According to Lemma 3.3, it holds

xﬁ' —xé—i—yi —yé:landyé“—yﬁ—i—xé“—x{ =1.
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Let us introduce

Py Y vy o

i=0 (x.y)eS(ag+i) Vo (x)v1(y)

P v_(ag + i)vy(ag + 1)
vo (xp)vi (3)

7 (xg, ¥o)
i=0

v_(ap +i)vy(a+i+1)
- - (xy, Y
vo(xvi(y))

and let us show that

p
P <Y > ). 3.7)

i=0 (x,y)eS(ap+i)

We will use the following facts:
e Fact 1: Foralli € {0, ..., p} it holds
v_(a + i) = m(xh, y) + w(x}, ¥
e Fact2: Foralli € {1,..., p}
i@ +i) = w7 YT+, v

and vy (ap) = 7(x0, y0) and vy (ao + p + 1) = m(x{, y{).

Observe that
p+1

Pay =Y aivy(ag+1),
i =0

where, fori € {1, ..., p},
v_(ap+i—1) 1 v_(ap +1) S
o = — —= Ty T+ —————— (. )
VO(xl )Vl(yl ) UO(X())V]()’())
and
l}_((l()) 0 .0 \)_(a() + P) P P
) = ——— - T(Xg, Yp) Apyl = ——5 - (X, yp)-
v 0 P wahnoh !

According to Fact 2, in order to prove (3.7), it is enough to show that «; < 1 for all
ie{0,....,p+1}

For i = p 4 1, one can assume without loss of generality that xé’ = xf . Then,
according to Fact 1,v_(ag+ p) < vo(xlp) and since Jr(xf, yf) < vl(yf’), it follows
that a1 < 1. The case i = 0 is similar.



1224 N. GOZLAN, C. ROBERTO, P.-M. SAMSON AND P. TETALI

Now let us consider the case i € {1, ..., p}. Observe that either xi_l = xé
either ‘yifl = .y("). Without loss of generality, one can assume that xifl = xé (the
case yll_1 =y, follows by symmetry in x and y), so that

; i—1 _i—1 . -

D B SR U L e B W RV LAY

wo(xi ) v V(%)

Let us consider the following subcases:
(a) If xé_ = xi_l x(’) = xi, then yi_l, yé, yi are pairwise distinct.

-1 i1 i i
x()—xl—x()—xl x

\ . e ap+i—1
2
\’\ o:a0+i
y

i-1 -1 i i
Yo Y1 Yo Wi

Since n(xifl, y;;l) < vl(y;;l) and n(xé, yé) < vl(yé), by using Fact 1, one

gets
v_(ap+i—1)4+v_(agp+1i)
o < i1
VO(xl )
_ O Ly D AT D 76 30 + TG )
VO(X] 1) a
The last inequality holds since xéfl = xifl = xé = x{ and yifl, yé, y{ are
pairwise d1st1nct _ .
(b) If x’_1 # xl_ x(, = x|, then necessarily y(’)_1 = y’l_l.
xo ' xi=x) =x
0 =X =X
& Xty
& >
y

Using Fact 1, one gets v_(ap +i — 1) < vl(yi_l). Since v_(ag + i) =
7 (x5, yo) + 7 (x], y]) and 7 (x, y§) < vi(yp) one gets

< —— - [T A Gl D] = 1
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(o) If xé_l = xi_l = x(i) # xi,then necessarily y(i) = yi.

i-1 i-1 i
Xp = X1 = X X

Using Fact 1, one gets v_(ap + i) < vl(yé). Since v_(ag +i — 1) =
Jr(xé_l, y(’)_l) + Jr(xll_l, y’l_l) and n(xi_l, yi_l) < vl(y(’)_l), it follows that
1

= ﬁ [”(X(i)_ly Yo+l v (g, y(i))] <1
vo (x]

i—1 i—1 -1 _ i i i . o1 el
(d) If X0 ;é XX = Xy Xo # X1 then necessarlly Yo = and

¥ =1

Reasoning as in the preceding cases, one gets v_(ap +i — 1) < vl(yi_l),
v_(ap+1i) < vl(y{) and so

1

%=
VO(xl )

[ﬂ(xi_l, yWh + yé)] <L

Conclusion: by considering successively the elements a € M_ in increasing order,
case 1 can be repeated successively several times and we may pass from case 1 to
case 2 or from case 2 to case 1. Therefore after a finite use of cases 1 and 2 described
above, (3.6) and (3.7) imply (3.4). This concludes the proof of Theorem 3.2. O

3.3. From the Klartag-Lehec inequality to the Prékopa-Leindler inequality

First, let us explain how to recover the conclusion of Theorem 1.1 for t = 1/2 and
continuous functions using Theorem 1.3. More precisely we are going to show that
if F,G, H, K : R — R are continuous functions such that

F(X)G(y)SH(x;y>K<xJ2ry>, Vx,y e R
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then

/F(x)dx/G(x) dx < / H(x) dx/K(x) dx. 3.8)
Then taking in particular H = K gives the conclusion of Theorem 1.1 for ¢ = 1/2.

Proof of (3.8). Let N > 1 and for all positive integers n consider the grid x;' =
—N + 2%,1‘ € {0,...,n}. Define f, g, h,k : Z — R as follows:

o FGD ifi €{0,...,n)
F@= 0 otherwise

By = | (HaM, H(x"+ X)) ifi €{0,...,n}
“ o otherwise

. G(xh ifi €{0,...,n}

g(i) == ! )

0 otherwise

I L (KM, K(x! —Y)) ifiefo,....n}
"o otherwise.

Ifi, j € {0, ..., n} then, there is some ¢ € {0, 1} such that

x4 x" i+j N N N
W NP o te—=x"y; te—
2 n n L=~ n

xtx" Xt 4x" it

and so H(%) < h(LH"T’J) Similarly, K(’Tx’) < k(|-T-|) Therefore, for
alli, j € {0,...,n},

x4+ X" x4 x"
f(i)g(i)=F(x,~n)G(X,-")§H(12 J)K(’ ])

= (5 D=

The functions f, g, h, k thus satisfy the assumption of Theorem 1.3 and so
n n
[Z F(x?)] [Z G(x?)}
i=0 i=0
u N & N
< [Z max (H(xl."), H(x!" + 7))} [gmax (K(xi”), K(x" — ;)ﬂ .

i=0
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By uniform continuity of f, g, h,k on [-2N,2N], multiplying both sides by
(2N /n)? and letting n — 400, it follows that

N N N N
/ F(x)dx/ G(x)dx 5/ H(x)dx/ K(x)dx.
—-N —N —N -N

Finally, letting N — 400 gives (3.8). O

3.4. Displacement convexity of entropy: from discrete to continuous

In the same vein as in the previous sub-section, one can deduce from Theorem 3.1,
the following well-known continuous version of the displacement convexity of the
relative entropy with respect to Lebesgue measure.

Theorem 3.5. Let vg, v| be probability measures on R with compact supports and
define vy as the law of X°+X1, where (Xo, X1) is distributed according to the
monotone rearrangement couplzng 7 between vy and vi. Then it holds

2H (v1)2|Leb) < H (v|Leb) 4 H (v;[Leb).

Proof. Without loss of generality, one can assume that H (vg|Leb) + H (v|Leb) <
+00. Consider (Xo, X1) distributed according to 7 and define, forn > 1, 7" =

Law (M, M) and vy = Law (L”HLOJ) and v{ = Law (%LIJ) The cou-

n n
pling 7" is easily seen to be monotone. Since Theorem 3.1 immediately extends to
probability measures on %Z, one gets

HQO2|m") + HW |m") < H(vg|lm") + H(}|m"), (3.9)

where m” is the counting measure on %Z and

o _Law< LMD and VizLaw(l [MD
n 2 n 2

Assuming that vo([—K, K[) = vi([—K, K[) = 1, where K > 1 is an integer and
denoting by 1" the probability measure ﬁl[_ k.k(m", (3.9) is equivalent to

HQOLu") + HEL ") < H(vglw") + HOy ™). (3.10)

Let i be the uniform (continuous) distribution on [—K, K[. On the one hand, for

iel0,1}
- 5 (e[ (i)

k=—nK
< )dvz H(vilp),

nK 1 /
k——nK

k
n

nkK—1 k n
- K (3

k=—nK n

k+l
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where the inequality comes from Jensen’s inequality applied to the convex func-
tion x > x logx. On the other hand, it is easy to see that v and v} both weakly
converge to vy, (this comes from the almost sure convergence of the underlying
random variables) and that u" weakly converges to . Therefore, by lower semi-
continuity of («, ) — H («|B) for the weak convergence topology, one concludes
that

2H(vi2lp) = }ligligg(H(vfIM") + HW ")) < H(volw) + H (i),

which proves the claim. O

4. Inequalities with curvature terms for log-concave distributions

Finally, let us show how to derive from Theorem 1.3 other versions adapted to log-
concave probability measures. The following result is a straightforward restatement
of Theorem 1.3.

Corollary 4.1. Let u be a probability measure on 7, such that u(x) > 0 for all
x € Z.
If f, g, h,k : Z — RT are such that

Fg() <h (L#J) k ({%D N ey e 7

w5 e (5 )>, vr.y e L.

np(y)

where

cu(x, y) =10g<

then it holds

(Zf(x)M(X)) > emuw) S(Zh(X)M(X)) > k)
XEZL YEZ XEL YEZ

Proof. Simply note that the functions F(x) = f(x)ux), G(x) = gx)u(x),
H(x) = h(x)u(x) and K(x) = k(x)u(x), x € Z, satisfy the assumptions of
Theorem 1.3. O]

Note that the cost function c,, always satisfies
culx,x)=0 and cux, x+1)=c,(x+1,x) =0, Vx,y € Z.

Let us introduce the optimal transport cost 7., associated to this cost function c;,:

T, (vo,v1) = inf // cu(x, y)dm(x,y)

mell(vy,vy)

with I1(vg, v1) the set of probability measures on Z? such that the first marginal of
7 iS vg and the second is vj.



TRANSPORT PROOFS OF SOME DISCRETE PREKOPA-LEINDLER INEQUALITY 1229

Corollary 4.2. Let 1 be a probability measure on Z. such that u(x) > 0 for all x €
Z.. Then w satisfies the following transport-entropy inequality: for all probability
measures vy, Vi on 7,

7c, (vo, vi) < H(volp) + H(vi|w). 4.1)
Proof. Letu, v : Z — R be such that
ux) +v(y) < culx,y), Vx,y € Z. 4.2)

Then according to Corollary 4.1 applied to f = ¢",g = e’ and h = k = 1, it holds

(Ze”(x)u(x)> Y eVum | <1,

XL y€EZ

for all functions u, v satisfying (4.2). This is the Bobkov-Gotze dual characterisa-
tion of (4.1) (see [4] and [15, Proposition 4.5]). For the convenience of the reader,
let us briefly recall the argument. Using the well-known variational representation
of the relative entropy

H|w) :sup{/udv —log/e”du;u 1L — ]Risbounded},

for all probability measure v on Z, the last inequality provides: for any bounded
functions u, v satisfying (4.2), and for any probability vy and vy,

H(volu) + H(vi|10) Z/udvo+/vdv1-

The result then follows optimizing over all u, v since by Kantorovich duality

’Z}M(vo,vl) = sup:/udvo—i-/vdvl},
u,v

where the supremum runs over all bounded functions u, v satisfying (4.2). O

The preceding corollary is the most interesting when the cost function ¢, is
non-negative. A natural condition ensuring non-negativity of ¢, is the log-concavity
of . We recall that a probability measure u on Z is log-concave if it is such that

px —Dux+1) <px)?  VxeZ
If one defines, for any r € R, V,,(¢) as the linear interpolation between log j(|])

and log w([t7), then it is easy to check that u is log-concave if and only if the
function V, is concave on R.
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Lemma 4.3. Suppose that | is log-concave on 7, and such that (1(x) > 0 for all
x € L, thency(x,y) >0 forallx,y € Z.

Proof. Without loss of generality, one can assume that x < y. If x + y = 2k,

with k € Z, then we have to show that w(k)?> > pu(x)u(y). With the notation
Vi (k) =V, (x) - Vi) =V (k)
k—x k

V,. introduced above, this inequality is equivalent to > =
which follows immediately from the concavity of V. If x + y = 2k + 1, then the
inequality (k) (k + 1) > w(x)u(y) is equivalent to V“(klz:;/“(x) > V“(i )__(Zi(llgH)
which again follows from the concavity of V,.

As an illustration, we end this section with the computation of the cost ¢, for
two specific examples of probability measures w on Z. Consider first the double-
sided geometric-type measures u(x) = ce |, x € Z, where c is the normaliza-
tion constant. Then, an easy computation leads to ¢, (x, y) = 2min(|x|, |y[) 1 xy<0.

While for pu(x) = ce™2 (with ¢ again the normalization constant), we get
culx,y) = (x — y)2]11x+yegz + [(x — y)2 — 1] 1y ye2z+1. There is essentially
no gain in the first case, which corresponds to a flat situation, while the second
example resembles the continuous setting with strictly convex potential for which
[';-calculus applies (see [2,3,32]).
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