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C, estimates for rough homogeneous singular integrals
and sparse forms

JAVIER CANTO, KANGWEI LI, LUZ RONCAL AND OLLI TAPIOLA

Abstract. We consider Coifman—Fefferman inequalities for rough homogeneous
singular integrals T, and C, weights. Recently, the second author, Pérez, Rivera-
Rios and the third author showed that
ITQllLrw) < Cp,owlMfllLrw)

for every 0 < p < oo and every w € Ago. Our first goal is to generalize this
result for every w € C4 where g > max{l, p} without using extrapolation theory.
Although the bounds we prove are new even in a qualitative sense, we also give
the quantitative bound with respect to the C characteristic. Our techniques rely
on recent advances in sparse domination theory and we actually prove most of
our estimates for sparse forms.

Our second goal is to continue the structural analysis of C, classes. We con-
sider some weak self-improving properties of C weights and weak and dyadic
Cp classes. We also revisit and generalize a counterexample by Kahanpdd and
Mejlbro who showed that Cp, \ Uq> »Cq # #). We combine their construc-

tion with techniques of Lerner to define an explicit weight class c p such that
Uq>p Cq € Cp C Cpand every w € C) satisfies Muckenhoupt’s Cp, conjec-
ture. In particular, we give a different, self-contained proof for the fact that the

Cp+e condition is not necessary for the Coifman-Fefferman inequality, and our
ideas allow us to consider also dimensions higher than 1.

Mathematics Subject Classification (2020): 42B20 (primary).

1. Introduction

It is a long-standing open problem in harmonic analysis to characterize the weights
w that satisfy the Coifman—Fefferman inequality
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for a fixed 0 < p < oo and a uniform constant C, where T is a singular integral op-
erator and M is the Hardy-Littlewood maximal operator (see Section 2 for precise
definitions of these and subsequently mentioned objects). The inequality was first
verified for A, weights and maximally truncated Calderén—Zygmund operators by
Coifman and Fefferman [10, Theorem III] who combined it with Muckenhoupt’s
theorem [35] to conclude that Muckenhoupt’s A, condition implies the uniform
weighted L?”-boundedness of Calderon—Zygmund operators. Recall that the Ay
class consists of non-negative locally integrable functions w with the property that
there exist some constants C, e > 0 such that for all cubes Q and measurable
E C Q there holds

w(E) <C <@>E w(Q).

RN
Over the last decades, Coifman—Fefferman type domination inequalities have had
an important role in many advances in harmonic analysis, such as the Chang—
Wilson—Wolff inequality [6], the maximally modulated singular integral theory
[21], A} theory for Calder6n—Zygmund operators [32], extrapolation theory [12],
multilinear commutator theory [37] and singular integral theory on rearrangement
invariant Banach function spaces [7]. It was later shown by Muckenhoupt [36]
that weights satisfying (1.1) can actually vanish on a set with infinite measure and
thus, the Ay, condition is too strong to characterize the inequality. In addition, he
showed that if (1.1) holds for the Hilbert transform, then the weight has to satisfy
the so called C, condition: there exist constants C, & > 0 such that for every cube
Q and every measurable set £ € Q we have

(jg1) Lo
w(E) <c (=L (M1g)Pw. (12)
O] R”

He conjectured that this condition is also sufficient for (1.1). Sawyer [39,40] noted
that (1.1) holds also for weak A, weights, extended Muckenhoupt’s result for the
Riesz transforms and gave a partial answer to Muckenhoupt’s conjecture: if the
weight w satisfies the C, 1, condition for some A > 0 (which is stronger than the C),
condition), then (1.1) holds for Calderén—Zygmund operators. Later, Kahanp#4 and
Mejlbro [27] showed that the C, 4, condition is not necessary for (1.1) in dimension
1, but the full answer to the conjecture is still not known in any dimension. Finally,
we note that Martell, Pérez and Trujillo-Gonzalez [34] showed via extrapolation
methods that there exist singular integral operators that do not satisfy (1.1) for any
0<p<ooandany w € Ax.

The C), classes resemble Muckenhoupt’s A, classes in some ways (for exam-
ple, C,, weights satisfy Reverse Holder type inequalities) but their overall structure
is much more chaotic. In particular, it was shown by Kahanpdd and Mejlbro [27]
that unlike all A, weights, some C,, weights do not have any kind of self-improving
property with respect to p,i.e.,Cp \ U, - » Cq # 9. Naturally, this and some other
unfortunate properties of these weights have made it impossible to use any straight-
forward A, type techniques for the problem. However, although Muckenhoupt’s
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conjecture is still open, many authors have contributed to clarifying other parts of
the C), theory, see, e.g., [2,3,29,38,44].

In this paper, we have two goals. Our first goal is to prove Sawyer type C), es-
timates for rough homogeneous singular integrals, i.e., integral operatos T, defined

as Qe
Tofx) = p.v./ o)
R |yI"

where y' = y/|y], Q € L>®(S"!) and fS"*' Qdo = 0. These operators have been
studied intensively by numerous authors both in unweighted and weighted settings,
see, e.g., [8,9,13,14,20,22,26,41,42]. Our results complement the recent work
of Cejas, the second author, Pérez and Rivera-Rios [5], who discussed Coifman—
Fefferman inequalities for these operators in [5, Remark 5]. They can also be seen
as a continuation of the work of the second author, Peréz, Rivera-Rios and the third
author [33], who proved these types of estimates for rough homogeneous singular
integrals and Ao, weights, and the work of the first author [4], who recently in-
troduced the C), constant [w]c, (see Subsection 2.1 for the definition) and studied
quantitative Coifman—Fefferman inequalities.
Let us be more precise. We prove the following inequalities:

fx=y)dy,

Theorem 1.1. Suppose that Tq is a rough homogeneous singular integral with Q €
L%°(S" 1Y satisfying fSﬂ— 1 Qdo = 0. Then the following inequalities hold:

DIfl<p<qg<ooandw € Cgy, then

3
ITQ fllLrw) < Ca.p.q([wlc, +1)° log ([w]Cq + )12 Lo | Mf Nl Lp )
I If0<p=<1l<qg<oocandw € Cy, then

142 1
1T fllLr@w) < Cnpg(lwlc, +1) "7 log? ([wlc, + )12 MfllLrw)-
The constant Cy,_p 4 satisfies Cy p 4 —> 00 asq — p.

We want to emphasize that the main novelty of this result is the qualitative estimates
that (to the best of our knowledge) were not known earlier. We do not know if
our bounds are sharp with respect to [w]c, but we strongly suspect that they are
not. We also note that previous proofs for the case 0 < p < 1l and w € Ay
used extrapolation theory which is not available for C;, weights. Our method and
quantitative bounds are new even for weights w € Ax.

Our proof relies particularly on a recent sparse domination result of Conde-
Alonso, Culiuc, Di Plinio and Ou:

Theorem 1.2 ([11, part of Theorem A]). Suppose that Tg is a rough homogeneous
singular integral with Q@ € L*(S"~!) and Jsno1 Qdo = 0. Then, for any 1 < p <
o0 we have

(Taf. &) < cap' 120 o1y sup D (IfDolIg) .0
S QeS

where the supremum is taken over all sparse collections S (see Section 2).
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An alternative approach for this result can be found in [31]. Thus, instead of work-
ing directly with rough homogeneous singular integrals, we use Theorem 1.2 to
reduce the question to proving bounds for sparse forms:

Theorem 1.3. Let A = Agly be the sparse form defined as

A(f 8) =) Y (£ ghnolQl,
QeS

where S is a sparse collection of cubes,t > 1 and0 < y < 1.

I) Supposethat1 < p < g < oo and w € Cy. Then there exists 1 <s < 2 such
that

3
NS (f gw) < Cupg(lwle, + 1) og (wle, + ) IMfllLray I8l )

II) Suppose that0 < p <1 < q < ocandw € Cy. Then there exists 1 < s <

min{2, ﬁ} such that

S, +2
AGP(fyw) < Cupg(lwle, +1)7 log (Iwle, + e)IMFI] 5 -
The constant Cy, p 4 satisfies Cy p g — 00 asq — p.

Part I of Theorem 1.1 follows from Theorem 1.2 and part I of Theorem 1.3 in a
very straightforward way but for part II we need some additional considerations.
In particular, we need to modify some results proven by Lerner [31] and prove a
variation of the sparse domination result for the case 0 < p < 1 (see Theorem 5.1).

We note that in [11], the authors proved similar sparse domination results also
for other classes of operators, namely rough homogeneous singular integrals Tq
with more general kernel functions €2 and Bochner-Riesz means. Their results
combined with Theorem 1.3 give C,-Coifman—Fefferman estimates also for these
operators for 1 < p < oo but for simplicity, we only consider the operators T with
Q € L®(S"!) satisfying fq,-1 Qdo =0.

Our second goal is to continue the structural analysis of C,, classes started
particularly by Buckley [3, Section 7]. We consider:

i) Weak self-improving properties of C,, weights;
ii) Weak and dyadic C), classes;
iii) Examples of C,, weights;
iv) Cy classes of Lerner [29];
v) Generalizations of the Kahanpda—Mejlbro counterexample [27].

As a corollary of our considerations we are able to give a new proof for the fact that
the C 4, condition is not necessary for (1.1) in any dimension; see Corollary 9.7
and Theorem 9.12.
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Our motivation for this analysis comes particularly from the fact that most
known C), techniques are heavy or very restricted and this is mainly because not
many characterizations and non-trivial properties of C, weights are known. Natu-
rally, the C), theory cannot be as comprehensive and rich as the A, theory because
the C), classes are much bigger than the A, classes. However, existing results al-
ready show that at least some parts of the A, theory have counterparts in the C),
world.

This paper is structured as follows. First, we introduce the notation and some
definitions that will be used throughout the paper. In Section 3 we present some C),
techniques that will be useful for us later. Sections 4 and 6 are devoted to the proofs
of Theorems 1.1 and 1.3. In Section 5 we state and prove a sparse domination result
for rough singular integrals that is useful in the range 0 < p < 1. In Sections 7
and 8 we consider structural properties of C), classes and new classes weak C, and
dyadic C, which are actually equal to C),. Finally, in Section 9 we revisit results of
Kahanpid and Mejlbro [27] and Lerner [29] to show that there exists a weight class
C such that ¢>pCa & Cp & Cp and the C), condition implies (1.1). Unlike

=

some earlier considerations related to this topic, our ideas work in any dimension.

ACKNOWLEDGEMENTS. The active work on this manuscript began in May 2019
when the fourth author visited the other authors at the Basque Center for Applied
Mathematics in Bilbao. He wishes to thank the people at BCAM for numerous
interesting conversations and the kind hospitality shown during his visit.

2. Notation and definitions

We use the following notation and terminology in the paper.

e The letters ¢ and C denote constants that depend only on the dimension and
other similar parameters. We call them structural constants. The values of ¢
and C may change from one occurence to another. In most cases, we do not
track how our bounds depend on these constants and usually just write y; < y»
if y1 < ¢y, for a structural constant ¢ and y; ~ yy if y1 < 2 < yp. If the
constant ¢, depends only on structural constants and some other parameter «
and y1 S cey2, we write y1 Sie y2;

e The Lebesgue measure of a measurable set £ C R” is denoted by |E|;

e The characteristic function of a set E is denoted by 1g;

e A weight is a non-negative locally Lebesgue integrable function that is non-zero
in a set of positive measure;

e Suppose that f is a locally integrable function, w is a weight, E C R" is a
measurable set with |E| > 0 and 0 < p < co. We denote

— ._ — 1 o p1/p
w(E) .—/ wdx, (g .—][ fdx .——/ Fdx. (fDpr =(f17)"
E E |E| JE

w .__ 1
(g = —w(E) /Efwdx.
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e For any cube Q we denote the side length of Q by £(Q);
e The collection of dyadic cubes 2 is defined as

D =27%10,1)"+2): ke Z,z € Z");
e Suppose that 0 < y < 1. A y-sparse collection S is a collection of cubes such
that for every Q € S there exists a Eg C Q such that

(1) |Egl = y10I,
(2 ifQ, 0 e€eSand Q # Q',then Eg N Egy = 0.

In most cases, we assume that y = % and do not specifically mention this every
time. We note that we do not require our sparse collections to be subcollections
of & but any y-sparse collection can be embedded inside a bounded number of
dyadic 61,,—sparse collections. This follows from, e.g., [25, Lemma 2.5];

e We say that a function f: R" — R is lower semicontinuous if the set {x €
R"™: f(x) > A} is open for every A € R.

2.1. Ap, Ay, Cp and Reverse Holder weights

Suppose that w is a weight. We denote w € A, for 1 < p < coif

1 \P~!
[w]a, = sup <][ w) (][ w_F) < 00,
0 o o

where the supremum is taken over all cubes. We say that w satisfies a g-Reverse
Holder inequality for 1 < g < oo and denote w € RH, if there exists a constant

[w]RHq < 00 such that
1/q
(][ wq) =< [w]Rqu w
0 0

for every cube Q. We denote w € Ay if the Fujii—Wilson constant of w is finite,
ie.,

1
[w]a,, = sup

o w(Q)

By [10,17,43], we know that the following conditions are equivalent:

/ M(1gw) < oco.
0

1) weE Ax;
i) wely-1Ap
i) w e UJ,. RHy;
iv) There exist constants C, € > 0 such that for every cube Q and every measur-
able set £ C Q we have

w(E) <C (@> w(Q). 2.1)
N O]
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Recall from (1.2) that w € Cp, for 1 < p < oo if there exist constants C, & > 0
such that for every cube Q and every measurable set £ C Q we have

(IEI)S/ »
wE)<C|— (M1g)rw
101/) Jre

Recently, the first author [4] introduced a Fujii-Wilson type C), characteristic. Let
w e Cp.

o If fR" (M1p)Pw = oo for some (and thus, all) cubes Q, we set [w]cp =0;
e If0 < [ M(19)Pw < oo for some (and thus, all) cube Q, we set

1
[wlc, = Supm/ M(1ow).

Theorem 2.1 ([4, Section 2]). Let 1 < p < oo. We have w € C), if and only if
[w]cp < 0.

We note that although [w]a,, > 1 for any w € Ao, the characteristic [wlc, can
be arbitrarily small [4, Section 2]. When comparing the definition (1.2) and the
characterization in Theorem 2.1, it was noted in [4, Section 2] that if 0 < [w]¢ , <
00, then (1.2) holds for C = 2 and

1 —2-n(p=1)

= S gagy ML [wle))- 22)

In particular, the constant C in the definition (1.2) is fairly irrelevant.

Remark 2.2. If [w]cq =0, then fRﬂ (Mf)Pw = oo for all p <g and all non-zero
function f. Since most of the estimates we are going to prove have || Mf||1r ) on
the right-hand side, we may always assume without loss of generality that
[wlc, > 0.

The first author also proved a quantitative Reverse Holder type estimate for
C, weights (see also [2, Section 8.1] and [3, Lemma 7.7] for qualitative Reverse
Holder type estimates for C ), weights):

Theorem 2.3 ([4, Section 2]). Suppose that 1 < p < 0o and w € C),. Then there
exists a constant B = B(n, p) such that

=
<][ w1+5> < / (M1g)Pw (2.3)
0 10l
for a structural constant C, every cube Q and every 0 < § < lecp,l}' Con-

versely, if there exist constants C > 0 and § > 0 such that (2.3) holds for every
cube Q, then w € Cp.
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2.2. Maximal functions and singular integrals

Suppose that f is a locally integrable function. The Hardy-Littlewood maximal
operator M is defined as

Mf(x) == sup ][ o
03xJQ

where the supremum is taken over all cubes Q that contain x. For every s > 1, we
define the s-maximal operator M as

M, f(x) = (M f1%)"".

Since the Hardy-Littlewood maximal operator is of weak type (1, 1), i.e.,

IMflipree < Call fllL

for every f e L'(R"), it is straightforward to check that M; is of weak type (s, s),
ie.,
1
IM; fllses < Col* Il flls
for every f € L*(R™). In our constructions and proofs, we use repeatedly the
fact that the Hardy—Littlewood maximal function M f is lower semicontinuous (see,

e.g.,[19, proof of Theorem 2.1.6]).
Let T be a bounded linear operator on L?(IR") that has the representation

17w = [ KGonfody

for every x ¢ supp f. We say that T is a Calderén—Zygmund operator if the kernel
function K satisfies the size estimate

C
1K (x,y)] < —5—
lx—y

|n

forall x, y € R", x # y, and the smoothness estimate

x —x'|*

|K(x7y)_K(x/vy)|+|K(y7x)_K(yv-x/)| EC‘I{Q
|x _y|n+k

for some A > 0 and all x, x’, y € R” such that |x — y| > 2|x — x| > 0.

3. Marcinkiewicz integral estimates

We start by recalling and refining some estimates related to Marcinkiewicz integral
operators. These operators are one of the key tools in C, analysis due to their good
boundedness properties with respect to certain weights. For our needs, the most
convenient way to define the operators is using a Whitney decomposition of level
sets as in [40, Section 3].
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Lemma 3.1 ([40]). Suppose that R > 1 and Q@ C R" is an open set. Then there
exists a constant C = C (R, n) independent of Q2 and a collection of disjoint cubes

Q = {Q,}; such that
ii) For every j we have
. oc
- dist(Q ;, 29) -

5R < - < 15R;
diam Q

iii) Zj lrg;(x) < Clq(x) for every x € R".

Let & be a non-negative lower semicontinuous function,0 < p, g < co,and k € Z.
Then the level set Q; = {x : h(x) > 2¥} is open and we can use the previous lemma
to get the decomposition Qx = (J i Q’;. We denote Q) = {Q';} j foreach k € Z
and define the Marcinkiewicz integral operator M p.q by setting

1

M, h(x) = (szl’ > M1Q(x)‘7)p.

keZ QeQy

Note that the dependency on % on the right-hand side is coded in the families Q.
For each k € Z, we define the partial Marcinkiewicz operator My, , 4 in the same

way as in [5]:
1

P
My, p,qh(x) == (2kp Z MlQ(X)q) )
Qe

Thus, we have

D M pgh(0)? = My gh(x)? .
keZ

These operators arise naturally when estimating L”(w) norms with w € Cy. In-
deed, by the layer cake representation [19, Proposition 1.1.4] , we have

1Ly = p/o P wth > thde = p Y 2 Y w(Q).

keZ Qe

The role that w(Q) plays in the A, theory is often played by fR" M(1g)9w in the
C, context. Therefore, the natural C,; counterpart of the above expression is

szl’ Z / (M1Q)4w=/ (Mpgh)Pw.
RIZ Rn

keZ QeQy

The proof of the following lemma can be found in [4, Section 5]. Although the
range of exponents is not explicitly stated there, it holds for all exponents described
below.
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Lemma 3.2. Let f be a compactly supported function and w € Cq with 1 < g <
00. Suppose that 0 < p < q. Then

/R” (Mp,q(Mf))pw = CpCp 4 MaAX (17 [w]Cq log[w]Cq) ,/l.%" (Mf)pw

Lemma 3.3. Let Q be a cube and S a sparse family of cubes that are contained in
Q. Suppose that w € C, with 1 < g < 00. Then

L3 (a1 5 (i, +1) [ 107w,
R" Res

Proof. We start by noticing that if x ¢ 20, then we have

St £ Y (58 ) < 5 (e
R dist(x, Q) )] ~ dist(x, Q)"

ReS ReS ReS

_ YreslErlY _ (10|
= dist(x, 00"~ \dist(x, Q)"

q
) S Mlg(x)f,

where Er is the exceptional set given by sparsity and we used the assumption g > 1

in the estimate ) |Eg|? <|Q|?. Thus, it is enough to bound sz Z (M1g)w.
ReS

Since Eg C R and |ER| > 2|R| for every R € S, we have the pointwise

bound
D MIRT S Y (Mg,

ReS ReS

by Lemma 8.1. Also, since the sets E are pairwise disjoint, we have Y o (1£,)9 <
1 € L®°. Thus, by [15, Theorem 1 (3)] there exists ¢ > 0 such that for every A > 0
we have

Pl = 1lx €2Q: ) MIg(0)? > A}| < ce” Q. (3.1)
Applying the C, condition to F) € 20 now gives us

Pl \* 22).3.1) _C[w] 71
w(Fy) < c (—) f (Mlyp)lw < Cq (M1g)w. (32)
|2Q| R~ R?

Thus, for any fixed A > 0 we have

00 A o]
/ Z(MIR)qw = / w(Fy)dt = / w(Fy)dt +/ w(F)dt = I + 1.
2 0 0 A

Q Res

For I, we can use Lemma 8.1 to see that

I < wRQ) = )»/ 12Qw < )»/ M(lzg)qw g )»f M(IQ)qw
R” R” R



Cp ESTIMATES FOR ROUGH SINGULAR INTEGRALS 1141

For 1>, we can use (3.2) to get

oo _ . t _ A
b ,S/ e e gy (M1g)"w < c([wlc, + De “Twlc, +1 / (M1p)w.
A R?

RH

Thus, we have

I S
Li+5L S (x + ([wlc, + 1)e C[’”cq“) (M1g)?w
Rﬂ

and choosing A = [w]c, + 1 completes the proof. O

Lemma 34. Let h be a non-negative lower semicontinuous function, w € Cg,
l <q <ooand0 < p < oo. Suppose that k € Z and let S = {R;} be a sparse
collection of cubes contained in Qi = {x: h(x) > 2%} Then

2y / (M1g)w S ([wlc, + 1)/ (M p.gh)Pw.
R_] GS Rn R"

Proof. Fix k € Z and let O = {Q;}; be the Whitney decomposition of Q. For
each Q; € O, let Si; be the family of cubes R; whose center is contained in Q;.
Then, by the properties of the Whitney cubes and the fact that R; C €2, we have
Rj C ¢, Q; for every R; € Si;. Moreover, each R; € S is contained in exactly
one of the S ;.

The desired estimate follows now from applying Lemma 3.3 to each of the
collections Sk -

2730 | (Mig)tw =2 3" 3" /(Mle)qw

R;eS R 01€Q RjeSk,

< (wle, +1)27 > / (M1g)4w
090, /R"

= ([wle, +1) /R (Mg, p.gh)"w. O

Corollary 3.5. Suppose that S is a sparse collection of cubes, f is a locally inte-
grable function,w € C, for 1 < q <ooand0 < p < q. Then

2N /R (M19)"w = cupg(lwle, + D*log(wle, + OIMS L.
QeS !

Proof. We start by making a level decomposition of the sparse family: for every
k € Z, we set
Si={0e8:2" < (fho <2}
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Clearly we have S = |J;cy Sk- Now, for each Q € S, we have trivially Q C
{Mf > 2%}. Thus, Lemmas 3.4 and 3.2 give us

> g /(Mlg)qw§2pz2kp2/ (M1g)tw
0eS

keZ QeSS VR"

< 2P([w]cq + 1) Z/R (Mg, p.gMf)Pw

keZ
= 2P([w]cq + 1) Aén(Mp’qu)Pw

2
< enpg([wle, +1) log (Iwle, + ) IMfI] ) o

4. Proof of part I of Theorems 1.1 and 1.3

As we stated before, part I of Theorem 1.1 follows easily from a combination of part
I of Theorem 1.3 and Theorem 1.2. Indeed, let s be the one given by Theorem 1.3.
We apply Theorem 1.2 with parameter s and we get

ITofllrawy = sup  [(Taf, gw)l
Il pr =1
<cllRlleos’  sup  sup Y (f)olgw)s.olQl

||g||”,(> 1S §ek

< CnpgllQllo(wle, + 1) log ([wlc, + ) IMfllLrw).

where we used part I of Theorem 1.3 in the last inequality.
We now give the proof of part I of Theorem 1.3. Let us start by recalling the
dyadic Carleson embedding theorem that we need a couple of times in our proofs.

Theorem 4.1 ([24, Theorem 4.5]). Let D be a collection of dyadic cubes, w a
weight and ag a non-negative number for every Q € D. Suppose that there ex-
ists A > 0 such that for every R € D we have

> agp < Aw(R).

QeD,QCR

Then, for all 1 < a < oo and h € L*(w), we have

1

« 1
(Z agr((h R)a) < A@ - o - |l e )

ReD
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Let us then prove part I of Theorem 1.3. Suppose that 1 < p < g < oo, and
w € C,. We want to show that there exists 1 < s < 2 such that

'Y AN olgw)s ol O < cunp.g IMFIlLran gl Ly -
QeS

By rescaling we may assume that [|Mf||Lr@w) = gl ) = 1. To simplify the
notation, we also assume f, g > 0. As we have explained in Section 2 when we

defined sparse collections, by [25, Lemma 2.5] we may assume that S C 2.
Let § be the Reverse Holder constant from Theorem 2.3 and sets = 1 + %

andr =1+ ﬁ. It is easy to check that

1 / 1y,
sr<1—|—2—<p and s — — = 4.1)

P r

In particular, (s — %)r/ is an admissible exponent for the Reverse Holder inequality
in Theorem 2.3. Therefore, by Holder’s inequality and Theorem 2.3 we have

D (folgw)sol@l < Y (folg’ w>Q< wl™ '”)"IQI

QeS QeS
1 =5
S ( | (M1g)w ) 10|
= 0|
1—L
(f (M1g)Tw ) ((8")5) 7 w(Q)¥.
QeS

Let us then split the sparse family into two parts. We set

and S = S\ &1 For the collection Sy, we use Corollary 3.5 to see that

(/ (M1g)7w ) " ()5) T w(Q)

-5 2 W
<Y (fo (/ <M1Q)‘Iw) (1 (/ <M1Q>4w)
0es, Rn R~
=S /Rn(MlQ)qw

QeS)
< enp.q(wle, + D> log([wlc, + ) IMfI7
= cnpq(wlc, + D log(wlc, + e).

Q651
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The collection & is trickier. Recall that by Remark 2.2, for any cube Q,
Jrn(M10)?w < oo. Thus, we have

-3
S (olie™s)” (/Rn(Mlgww) w(Q)F

QeS,

= 3 ((8M)8) T w0 (7)) ( Rn(MIQ)‘fw> T wo)

0eS,
N w(Q) psr T 1
SQ;(@ 15) 5 w(0) (—fRn(MIQ)‘Iw)
, 2y
_ s & w(Q) S
= 3 () o (F(leqw) |
We set o = % and
B w©@) 7!
w0 =0 ()

for every cube Q € S;. By (4.1), we know that @ > 1. Suppose that there exists
some A > 0 such that for any R € S, we have

Y ag < Aw(R). (42)
0€eS,,0CR

Then, by the Carleson embedding (Theorem 4.1), we know that

ol w@  \F! -
(€*)%)" w(Q) (7) =Y ap((g™)y
Q;z( Q) fRn(MlQ)qw ng Q( Q)
< (A5 18" [l L))"
= A((x/)a”gnip/(w) S Cp A

In the last inequality we have used that, by the choices of r and s, we have

1 ’ ’ 1 3p+l . .
l<rs <1+ 2 and therefore p’ —rs > p’' — 1 — Ip = Tp(p=1) which gives

4

’ % / 2 P
E/ = p/ g < 4p =C
rs p —rs “\3p+1 b
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Thus, it is enough for us to show that there exists a constant A > 0 such that (4.2)
holds. For this, fix R € Sy. We further split S into subcollections S> ;, j > 1,
defined as

S = {Q €S: 27 tw() < f (M1p)w < 2/w(Q)
Rn

Let S5 ;= S5 j(R) be the collection of maximal subcubes in S, ; which are con-
tained in R. We now have

w@ \5!
2 (IRAMIQ)qw)

Qe85
QOCR
. f P
(A) I 27 fpn (M 1) w \ ™
- 2 j/ (M) ( Jon (M1 0)7w
QGSz, R~ 0
OCR
— ol-i+=n(5-1) > / (M1g)iw
0es, ; /R
OCR
:2(1—j)f7—f /(MlQ)q
PES* QESQJ
ocep
P ou-nk (lwle, +1) D | (M1p)Tw
PeSf’j R”
(A) N
= 2005 ([wle, + 1) Y- w(P)
PESZ/»

= 20054 (wle, + 1)w(R),

where we used: (A) the definition of the collection &5 j; (B) Lemma 3.3; (C) the
fact that the cubes in S oy jare disjoint. We now sum over j and get

dag=>Y" > ag = (wle, + 2sr ZzJ E)w(r).

QeS j>1 QESZ/‘ j>1
QCR QCR

Therefore (4.2) holds with

(wlc, +1)
= ([wle, +1) 2% sz = 2% < &p(lwle, +1).

Jj=1
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Putting all of the above together, we proved that for s = 1 4 % we have
s Y (I fDollgwls.ol Q]
QeS
< 5'(cn,p.q(wlc, + D log((wlc, +e) + cp([wlc, + 1)).
The constant ¢, p , is the same constant as in Corollary 3.5 and thus, we have

/ pq
Cn.p.g ™ Cn2" TP

1

by [4, Section 5]. In particular, ¢, p 4 — 00 as g — p. Since § = Bmax(wlc. 1]
-

where B = B(n, q) (see [4, Section 2]), we have

8
s = Fp + 1~ 8pBmax{[wlc,, 1}.

Hence we see that

" S 1D oUgwl)s, 0l Q1 < Cupg (wle, + 1) log (wlc, +e)
QeS

for a constant Cy, , 4 such that C,, , , — o0 as g — p.

5. Sparse domination for rough singular integrals revisited

Before we prove part II of Theorems 1.1 and 1.3, we revisit the sparse domination
principle in [11] and prove a version of it that is more suitable for the case 0 < p <
1. Let us first consider a Calderon—Zygmund operator 7. It is now well-known
(see, e.g., [26,28,30]) that T satisfies a pointwise sparse bound of the type

Tfx)<Cr Y lo@{fle
i,0€eS;

Now, for 0 < p < 1, we trivially have
ITF@)IP <CR Y 1o (fDD,
i,QeS;
and thus, forg = 1+ A and w € C, for any A > 0, Corollary 3.5 gives us
p p
/Rn ITfIPw < CP Y w(ONIf)G

i,Q€S;
<ci Y <|f|>g/ (M1g)?w
i,QES,‘ R”
< Clen pq(lwle, + D log(lwle, + )M -
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A qualitative version of this result was proven recently as a part of [5, Theorem 17]
using different techniques.

To mimic this proof strategy for rough homogeneous singular integrals, we
prove the following sparse domination result:

Theorem 5.1. Suppose that0 < 6 < land 1 < s < ﬁ. Then there exists a
sparse collection S such that

(T f1”, ) S 6D IR gy D 1011 NG g5 0-
QeS

Our proof is strongly based on techniques used by Lerner in [31]. For a sublinear
operator 7 and 0 < 6 < 1, we define

1
A0 = s /Q T(Flamso)l’ gl d.
>5X

Our main tool is the following variant of [31, Theorem 3.1]:

Theorem 5.2. Let1 <q <r,0 <0 < 1ands > 1. Assume that T is a sublinear
operator of weak type (q, q) and M 9T satisfies the following estimate:

A7 (f, @ llLve < NIFIZlgles,
for exponents satisfying the relation

1 0 1
= 4 .
V r N

N

loc? there exists a

Then for every compactly supported f € L" (R") and every g € L
sparse collection of cubes S such that

(Tf1%.1gl) < Crov Y 10KIFNE o(18h)s. 0

QeS

where Cr,n = ca(IT 1194, ;g0 + N).

Proof. The proof is essentially the same as the proof of [31, Theorem 3.1]. The
only difference is the definition of the sets £ and E;: the first set is the same,
namely

Ey={x € Qo: IT(fl3g)| > Al f1)4.300}

and we define the second set as

Ey=f{x € Qo: MY o,(f.)@) > B{f)30,(18])s.00)-

The rest of the proof works as it is with the obvious changes. O



1148 JAVIER CANTO, KANGWEI L1, LUZ RONCAL AND OLLI TAPIOLA

With the help of Theorem 5.2, the proof of Theorem 5.1 is fairly straightfor-
ward.

Proof of Theorem 5.1. Let Tg be a rough homogeneous singular integral. We want
to apply Theorem 52 withg =1 =r.Letl <s < 1 . Since Tg is of weak-type

(1, 1) by [41], we only need to check the bound for /// To- To be more precise, we
need to show that

12 7o (f. )llveo < NIFIG Ng L (G.1)

where -~ =0 + . Let us define an auxiliary operator N by setting

p.Ta

pTQf(x) Zg€(|Q|f I Ta(f1rm30)|” dy)

9 . )
Notice that we have .47 oo (X) = (</V 0070t (x)) . By Holder’s inequality, we
have the pointwise bound

//Tg(f,g)(x)fsup (/ |TQ(f1Rn\3Q)|S/0>S (/ Igl‘v)s
03x 0 0

= N FEOMsg() = (N by 1, £ () Mg ().

Now, combining this pointwise bound with Holder’s inequality for weak spaces
(see, e.g., [19, Ex. 1.1.15]), the straightforward estimate || (4L 7 f)°

Le
||,/V51,/‘9’T9f||i1,OC and the weak type (s, s) of M (see Section 2.2) we get

1, (f, @)llLvee < V™ 9~

1 6
(JVs’e,Tgf) HLg.oo“Msg”Lm
Svvelss ||€/V;,9,T9f||il,m||g||Ls.
By [31, Theorem 1.1, Lemma 3.3], we know that
1A 3rg. 70 Fll 1o S SONR oo 1) LI 1

provided that 1 < 5’8 < oo which is equivalentto 1 < s < ﬁ. Therefore, we
have

1 9 1
12 G (f. )l pvoe S V780755 () IR e gy 111 181 2o
S R e gur 1A 17118 Ls,
sincef <1 <s,v=s5/(0s+1)and
v 10755 (50)" = 570N (50 + DT <55 S Y

Thus, (5.1) holds for N =c, (s")? ”Q”LOO(S” -
by [41], we can apply 5.2, which finishes the proof. O

Since | Tall 1o 1100 S IS oonty
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6. Proof of part I of Theorems 1.1 and 1.3

Firstly, we deduce part I of Theorem 1.1 from the sparse domination presented in
Theorem 5.1 and the bound for the sparse form from Theorem 1.3. Let0 < p < 1,

we have .

1 1
1T f ey = T f 1PN, = (ITafI?, w)?.

Now, we use Theorem 5.1 to dominate the term |(|Tq f|?, w)|, and apply part II of
Theorem 1.3. We get

1

(Taf1P, w)|7 S I19lzs’ (Z |Q|<f>’é<w>s,Q)

QeS

1+2 1
< cnpgll@lre((wle, +1) 7 log? (wlc, + €)1 Mf I Lrw)-

We now turn to the proof of part IT of Theorem 1.3. Suppose that 0 < p < 1,
w € Cy for some ¢ > 1 and S is a sparse collection. We want to show that there

exists 1 < s < min{2, ﬁ} such that

S Y 10U NG Whs.0 < gl MENE -
QeS

We choose s = 1+ pd, where § is the Reverse Holder exponent from Theorem 2.3.
Hence 5" < ([w]c, + 1)/ p and we have

+1\?
(P Y 1OUIf N w)s0 S (%) Z<|f|>g/(M1Q)qw

Ocs QeS
B 2
< pP(wle, + 1)p+ log ([wlc, + €)||Mf||11ip(w)’

where we have used Corollary 3.5 in the last step. The implicit constant ¢, p 4
satisfies ¢, 4 — 00 as ¢ — p by the same arguments as in the end of Section 4.
This completes the proof of Theorem 1.3.

7. Reverse Holder and weak self-improving properties of C,

It is well-known that A, weights are self-improving: if w € A,, then there exists
& > 0 such that w € A,_, [10, Lemma 2]. Since this is a particularly convenient
property in many proofs, it would be desirable if C}, weights had a similar property,
i.e., for every w € C, there existed ¢ > 0 such that w € C.. In particular, this
property together with Sawyer’s results would prove Muckenhoupt’s conjecture.
Unfortunately, this is not true due to an example by Kahanpdi and Mejlbro [27,
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Theorem 11]. We discuss their counterexample and its generalizations in detail in
Section 9.

The failure of this self-improving property raises natural questions about
weaker self-improving properties of C,, weights. For example, although the well-
known self-improving property of classical Reverse Holder weights [18, Lemma
3] fails in spaces of homogeneous type [1, Section 7], the weights are still self-
improving in a weak sense even in this more general setting [1, Section 6] (see
also [45, Theorem 3.3]). Although we show in Section 8 that weakening the def-
inition of C, in an obvious way does not actually change the structure of the cor-
responding weight class, various self-improvement and Reverse Holder questions
remain open. In particular:

Open problem 7.1. Suppose that w € C, for some 1 < p < oo and let § be the
Reverse Holder parameter from Theorem 2.3. Does there exist ¢,, > 1 such that

1
w9 ) < L M(1g)Pw
0 ~100 Je 0 C

for every cube Q and every 1 < ¢ < ¢,?

In this section, we record two observations related to Problem 7.1. First, we
prove the following analogue to the well-known Ao result “w € Ay = w'*e €
Ao for small €” (see, e.g., [26, Corollary 3.17]):

Proposition 7.1. Let w € C, for some 1 < p < 00. Then there exists &9 > 0 such
that w'*® € C, for every 0 < & < .

Proof. Let § be the Reverse Holder parameter from Theorem 2.3 and set g9 = %
Then, fors =1+ z‘%,we have s(1 4+ &9) = 1 + 4. Thus, we get

143

1
5 1 s
(1+€())S Ml p )
(J[Q“’ ) = (1 [omore

1 14¢9
= (— (MIQ)pw>

10| Jre
I+eq
< (i (M1Q)P> e (i/ (M1Q)Pw1+80>
Q| Jre 10| Jrn

1
=@ g [ 110w,

where we used first Theorem 2.3, then the standard Holder’s inequality and finally
the LP-boundedness of the Hardy—Littlewood maximal operator. Thus, the weight
w!T#0 satisfies a Reverse Holder inequality in the sense of Theorem 2.3 and there-
fore w!lté0 € C),.
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The fact that now also w!té € C » for every 0 < ¢ < g follows easily from

1
Holder’s inequality: for every cube Q we have (w!*¢) IQ” < (w!teo) 1Q+80 O

In the light of Proposition 7.1, answering the following question would solve
Problem 7.1:

Open problem 7.2. Suppose that w € C, for some 1 < p < oo. Do there exist
& > 0 and C > 1 such that

(1 /(Ml Y w >lig<ci (M1o)Pw (7.3)
10| ¢ =10l S '

for every cube Q and every 0 < ¢ < g?

As a consequence of Proposition 7.1 we get something slightly worse than
(7.3):

Corollary 7.2. Suppose w € C, for some 1 < p < 00 and let &y be the Reverse
Holder exponent from Theorem 2.3. Then for every 0 < & < &g and every cube Q
we have

( /(M1Q)P 1+’3)+5<Cn §— /(M1Q)1+sw
|0 Ts]

Since the proof of Corollary 7.2 is a fairly technical computation, we formulate
explicitly the following well-known embedding property of £7 spaces:

Lemma 7.3. Let 0 < a < B < 00. Then, for positive numbers a,, n € N, we have

() <)

Proof of Corollary 7.2. We argue by discretizing the tail. By [4, Section 3], we
have

1 o0
L omoyrw ~ z—n(p—l)k][ ,
|Q|/Rn( 0w ””’k; o

0

for 1 < p < oo and any weight w. The implicit constants do not blow up when p
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tends to 1, but they do blow up when p — co. We get

L/‘ (MlQ)pu)H‘5 (g)n iz—n(p—l)k][ w1+5
101 Jre i %0

B 1+
< 27 mp— < / (M1 p)Pw )
Z |2kQ| 250
(A) 00 00 . 1448
Sy 32Dk ZZ_"(p_l)]][. w
k=0 =0 2o

© 00 1+6
2 2—n<p—1>lk+52—n(p—1)j][ w
T 2j+kQ

k,j=0

o0 m . 1+6
_ (Z (Z Z—H(P—l)(llﬂ'i‘(m—i)))f w)

m=0 \i=0 "Q

©) /5 ) 148
N Z2n(pl)l+5][ w
m=0 "0
1+6
o
:<Zz—"(’l’%§—‘)m][ w)
m=0 "Q

(A) 1 prs \ 110
~n,p.s (MlQ)H"Sw ,

101 Jro
where we: (A) used the discretization; (B) used the Reverse Holder inequality; (C)
applied Lemma 7.3 with o = ﬁ and 8 = 1; (D) calculated the geometric sum
and made obvious estimates. O

8. On weak C, and dyadic C),

When we compare the characterizations of A (2.1) and C), (1.2), it is obvious that
Ax C C) for every p. However, A, weights are not good representatives of C),
weights because the C), classes are much bigger than the A, class. For example,
Ao weights are always doubling and they cannot vanish in a set of positive measure
whereas C, weights can grow arbitrarily fast and their supports can contain holes
of infinite measure. Thus, the structure of a general C,, weight can be very messy.

In this section we consider some examples and properties related to C),
weights. We also introduce weak and dyadic C,, weights as an analogy to weak
and dyadic A, weights. Although these new classes of weights seem like they
are larger than C, this is not the case: weak and dyadic C, weights are just C),
weights.
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We start by proving an elementary lemma for the Hardy-Littlewood maximal
operator that we already used in the previous sections:

Lemma 8.1. Let Qg C R” be a cube and Ey C Qg a measurable subset such that
|Eo|l = 1| Qol for some 0 < n < 1. Then there exists a structural constant C,, such
that

C
M(1g,)(x) < Y"M(IEO)(x)
for almost every x € R".

Proof. Let Q(x,r) be the cube with center point x and side length r. There exists
a structural constant ¢,, > 1 such that

Eo C Qo C Q(x, cp(dist(x, Qo) + £(Q0)))-
The proof now consists of two cases:

1) Suppose that dist(x, Q) < £(Qg). Then Q¢ C Q(x, 2¢,€(Qp)) = O, and
|Qol| ~ | Qx|. Thus,

|Eo N Qx| _ |Eol

Mgy (x) > A >n=nM(1g,)(x).
° 10 10l 2
2) Suppose that dist(x, Qp) > £(Qp). Then
N s !
M(1g)(x) =  sup |Qo N Q(x,r)] < sup ¢, Qol
r>distx,00) 19, 1) r>dist(x,09) |Q (X, 2¢nr)|
cn |Eol cp 1Eo N Q(x, 2¢ur)|

su L u
r>dist(x,Qp) |Q(x, 2¢cyr)| r>dist(x, Q) |Q(x, 2¢c,r)|

Ch
< ;M(IE())(X). [

8.1. Weak A, weights

Let us recall the definition of the weak A, classes. The Fujii—Wilson type char-
acterization of these weights was studied in detail in [1] but earlier they have ap-
peared in other forms in the study of, e.g., weighted norm inequalities [39] and
elliptic partial differential equations and quantitative rectifiability; see, e.g., [23]
and references therein.

Definition 8.2. Suppose that y > 1. We say that a weight w belongs to the y-weak
Ao class AL, if there exist positive constants C, § > 0 such that

IE]°
w(E)SC(@> w(y Q) (8.1)

for any cube Q and any measurable subset £ C Q, where y Q is the cube of side
length y£(Q) with the same center point as Q.
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We denote AYSK .= U, =1 A%,. Tt was shown in [1] that this definition does
not give us a continuum of different weak Ao, classes but the dilation parameter y
is irrelevant for the structure of the class as long as y > 1:

Theorem 8.3 ([1]). We have:
i) As C AL foreveryy > 1;
i) AL, = AV for every y > 1;
iil) w € Agjak if and only if for every A > 1 there exists a constant [w] A% such
that

/QM(lgw) =< [w]a, w2 0)

for every cube Q.

8.2. Examples and some properties of C, weights

Let us then gather some known results from the literature and consider some other
examples and properties of C,, weights.

i) From A, theory, (8.1), Lemma 8.1, [1] and Theorem 9.1, it follows that for
1 < p < g < oo we have

ALG Ay C A G A C AN CCp G Cp G Cs

i) Tt follows easily from the argument in [1, Example 3.2] that A% contains
all non-negative functions that are monotonic in each variable. By 1), all these
functions are also contained in C, for every p. In particular, C,, weights are
generally non-doubling; N -

iii) If w € C) is a doubling weight such that w(Q) < 2Pw(Q), where Q is the
concentric dilation of Q with Z(é) =20(Q),then w € Ay [3, Section 7];

iv) If w € Ao, then wlpg o) € Cp, forevery 1 < p < 00 [36];

v) More generally, if w € Ay and g is a convexely contoured weight (i.e., a
weight such that {x € R": g(x) < «} is a convex set for every o > 0), then
wg € Cp forevery 1 < p < oo [3, Proposition 7.3];

vi) If w is a compactly supported weight, then w ¢ C), for any p. It is straight-
forward to prove this. Let us denote P := supp w. For every k € N, let P, be
a cube such that P C Py and | P;| > 2k|P|. Now, for E = P, we have

/ (Mlpk)pwzf(Mlpk)pw:/ w = w(P) € (0, 00)
R” P P

for every k since w is locally integrable. However,

<ﬂ>£<(ﬂ>g\0 ask /1 o0
|Pcl) — \2k|P

for every ¢ > 0. Thus, there do not exist constants C and ¢ such that (1.2)
holds for every cube Q. This argument also proves that if w € Cp, then

w ¢ L'(R");
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vii) Even though C, weights cannot have compact support, their support can
have arbitrarily small measure. Indeed, suppose that w € Ay and P =
U,fil[IOk, 10F + %]. Then |P| = 1 but P is unbounded. We set v(x) =
wx)lp(x).

o If w(x) = x*, then fR M(lQ)zv = oo for every cube Q and thus, v € Cy;
o If w(x) =1, then w is integrable and, by vi), w ¢ C), for any p;

viii) Suppose that w is a weight such that w(x) > o > 0 for every x € R" \ A,

where A is a bounded set. Since M (1p) ¢ L'(dx) for any cube Q, we have

M(lg)w > a/ M(lg) = oo
R~ R\ A

and thus, w € Cj.

8.3. Weak C, and dyadic C),

Let us then consider two generalizations of the C, class. Suppose that y > 1. We
write:

) weC 1? if w satisfies condition (1.2) for all Q € Z instead of all cubes;
i) we CZ, if w satisfies condition (1.2) for 1, ¢ instead of 1¢, and all cubes Q;
i) we Cyifw e J,s CY.

We also define A?o similarly as C,?.
Usually, these types of generalizations genuinely weaken the objects in ques-
tion. For example, in the case of Ay, we already saw that A, is a proper subset of

A‘g’gak, and since 1[p,0) € A?o, we also have Asc C Ao@o. However, because of the

non-local nature of the C, condition, these generalizations for C, classes just end
up giving us back C):

Proposition 8.4. We have C, = C;| = C}y = % for every y > 1.

Proof. The inclusions

2

C,CCy and C,CC)cCCy

are obvious and
Cp D ChDCy

follow from Lemma 8.1. Thus, we only need to show that C ,? cCp.

Suppose that w € C ;j and let Q C R" be any cube and E C Q a measurable
set. There exists 2" dyadic cubes Q; € Z and a uniformly bounded constant & > 1
such that

1) The cubes Q; are pairwise disjoint;
2) £(Qi) = £(Q);
3) 0cl; Qi caQ.
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Applying the Cp{9 property to the sets Q; N E and Lemma 8.1 to M (14¢) gives us
IENQil )
w(E):E w(EﬂQ)_CE IQI (M1g,)Pw
1 n

IE| /
<C M(1y0)Pw
~ (IQI) (lag) e

|E|
<c2" M1p)Pw.
(IQI) o M1 -

9. C » and Kahanpiai-Mejlbro counterexample revisited

This last section is devoted to the counterexample constructed by Kahanpédid and
Mejlbro in [27] and the Cy classes introduced by Lerner in [29]. These classes
are generalizations of C), classes that depend on a Young function v instead of p.
Because of the limited availability of [27], and for convenience of the reader, we
give a self-contained description of their counterexample.

We give a detailed proof of the failure of the self-improving properties of C),
classes and generalize this also to the context of Cy, for a carefully chosen . Al-
though we use many central ideas of Kahanpédid and Mejlbro, the proof we present
here is different from the one given in [27]. In particular, we avoid using the explicit
Hilbert transform estimates that had a key role in [27] and our techniques allow us
to consider dimensions higher than 1.

Let us start by recalling the central results and objects.

9.1. The Kahanpai—Mejlbro weights

As we mentioned earlier, Muckenhoupt’s conjecture would be trivially true if every
C, weight was self-improving with respect to p. Unfortunately, this is not true due
to a construction by Kahanp#4 and Mejlbro. For every k € Z, let us denote

1 1
=[4k — 3,4k — 1] and Qi = |:4k — Eﬁk, 4k + Eek] ,

where ¢; € (0, 1] are numbers such that infycz £ = 0. Let also h; be numbers
such that 0 < Ay < N for every k € Z and some universal constant N. We define

the weight w as
w=> "l + Y hilg,. 9.1)
kel keZ

We note that in [27], the sum in the definition of w was indexed as k > 0. Here we
write k € Z because of symmetry and because this way it is easier to generalize the
constructions to higher dimensions.
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Theorem 9.1 ([27, Theorem 11, Proposition 12]). Let p > 1. For suitable choices
of the numbers hy, the weight w satisfies w € C, and w ¢ Cpy¢ for any e > 0. In
particular,

o\ JCy #0. (9.2)

q>p

The property (9.2) can also be seen as a corollary of Theorem 9.6 a).

9.2. The Cy classes of Lerner

The classes Cy, were introduced by Lerner in [29] as intermediate classes between
Cpand C, for g > p > 1 and a new way to attack Muckenhoupt’s conjecture. To
be more precise, we define generalizations of C), classes that depend on a Young
function ¥ instead of p. As we will see, the choice of the function i affects the
structure of the class in a significant way.

Let ¢ be a function defined on [0, 1]. We denote w € Cy; if there exist con-
stants C,, &, > 0 such that for every cube Q and measurable £ C Q we have

|E]\*
w(E) < Cy 0l Y (Mlg)w. 9.3)

Without loss of generality, we may assume that Cy, > 1.

Example 9.2. If we choose the function i in a suitable way, we recover classes
that we have considered earlier:

o Lety, (1) =tP,for1 < p < oco. Then Cy, =Cp;

o Let Yoo = 1{1}. Then we have Yoo (M1p) = 1 and thus, Cy_, = Ax;

e Let0 < a < 1and ¢, = 1[4 17. Then we have ¥,(M1g) = 1¢,o for some
constant C, > 1 and thus, Cy, = AYS,

For the rest of the paper, we consider a Cy, class with a carefully chosen :

Definition 9.3. Let p>1. We set c p=C,, for the function ¢, such that ¢, (0)=0
and »
t

————. te (011
log?(1 + 1)

Pp @) =
For notational convenience, we also set ¢, () = ¢, (1) for every t > 1. It is
straightforward to check that the function ¢, satisfies the following properties:

(1) lim; 0 ¢p (1) =0 and ¢, (1) = log122

(2) Both ¢, and t — t’lgop (t) are increasing functions;
(3) @p(2t) < Cyp(t) for some C > 0 and all ¢ > 0 (and thus, ¢, (A1) < Crpp (1)
forany A > 1 and ¢t > 0);

@ fy ¢p(t)-L < oo,

> 1;
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The key property of c pisthatJ,.,Cy C c p and we have

q>p
weCp = |Mfllrw) SIM fllorw = weC), 94

where M* is the sharp maximal operator of Fefferman and Stein [16]. The im-
plications (9.4) were first proven by Yabuta [44, Theorem 1, Theorem 2] for w €
U a>p C, and then improved by Lerner [29, Theorem 6.1] to this form. By [29, Re-
mark 6.2] and [5, Subsection 1.5], we know that this result also gives us (1.1) for,
e.g., Calderon—Zygmund operators and every w € Cp,.

Theorem 9.4 ([29, Remark 6.2], [S, Subsection 1.5]). In any dimension, we have:
If w € Cp, then (1.1) holds for Calderén—Zygmund operators.

9.3. The Kahanpii-Mejlbro weights and c P

Since ¢, (1) < t? forall ¢ € [0, 1], we have Ep C Cp. On the other hand, since

11 S @p(t) for every g > p, we have C, C C, for any ¢ > p. Thus, for any
p > 1, we have -
U ¢c=JCpe cCpccy. 9.5)
q>p e>0
This raises a natural question: Are these inclusions strict? If the first one is not,
we get a self-improving property for C), weights. If the second one is not, we
have solved Muckenhoupt’s conjecture. Unfortunately, we will next show that c »\

U g>pCq #Vand Cp \ c » 7 ¥. This does not prove or disprove Muckenhoupt’s
conjecture but it is one step closer to understanding the solution.

Our main tool for proving that the inclusions in (9.5) are strict in dimension
one is the following generalization of the Kahanpaid—Mejlbro techniques:

Theorem 9.5. Let 1 < p < oo and let w be a weight as in (9.1).

i) Ifw e Cp, then hy S (€)P~1;

i) Ifhg = (L)P~1, thenw € C;

iii) Ifw € Cp, then hy < [ @p(6)%:

iv) If hy = %}fk),then w e 51,.
In i) and iii) we mean that the inequality holds for all £ with implicit constant
independent of k. One can also prove similar statements as iii) and iv) for the more
general class Cy assuming that ¥ satisfies certain conditions, but for the sake of
simplicity we only consider the class C),.

Before giving the proof of Theorem 9.5, we use the theorem to prove the strict-
ness of the inclusions:

Theorem 9.6. We have:

a) Cp\Cp #0;
b) U£>0Cp+s Q Cp-
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Proof. We construct weights w of the type (9.1) and then use Theorem 9.5 to prove
the claims.

a) Let us set hy = (¢)?~! for every k € Z. By part ii) of Theorem 9.5, we know
that w € C),. Let us then use part iii) of Theorem 9.5 to show that w ¢ C),. Itis
enough to show that

1 ds
()52
inf m -0
0<t<1 tp-1
This can be seen easily by computing the limit as # — 0T: by L'Hopital’s rule
and the Fundamental theorem of calculus, we have
&S gpn? L )
lim —— = lim = lim =
r—0+ Pl t—0t (p— DtP=2  p—1:>0t tP
Thus, by part iii) of Theorem 9.5, w ¢ c D
b) Let us set

0.

h = 90 _ (L)P~!
b log*(1+7)

for every k € Z. By part iv) of Theorem 9.5, we know that w € c p- We then
use part i) of Theorem 9.5 to show that w ¢ C,, for any ¢ > 0. To see this,
we prove

tp+8—l
inf ———— =
O<t<l (pp(l‘)l_l
As in the previous case, we show this by computing the limit as  — 07 . We get
pre—l 141t 2

lim ———— = lim ¢*log? ( —— ) = lim #*(log(1 + 1) —log(#))” =0,

=0+ @~ S0t g ( t ) =0+ ( e ) e ))
since x* log(x) — 0 as x — 0% forany @ > 0. Thus, by part i) of Theorem 9.5,
w & Cpye forany & > 0. [

From Theorem 9.4 we know that C p is sufficient for (1.1), but from Theo-
rem 9.6 b) there exists a weight w € C), \ Ug»0Cp+¢. In particular:

Corollary 9.7. The condition C . is not necessary for (1.1) to hold for Calderén—
Zygmund operators.

The following counterpart of [27, Proposition 8] will be useful for us in the
proof of Theorem 9.5.

Lemma 98. Let p > 1 and w € Ep. Then there exists a constant C = Cgy y > 0
such that for any cube Q we have

/ p(Mlg)w < C/ pp(Mlg)w.
R" RO

The constant C depends on ¢, and w.
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1
Proof. Let us fix a cube Q and set o = (2¢,(1)Cy,) v , where Cy, and ¢, are the
constants in the definition of C), = Cy, (Definition 9.3). Notice that « > 1. Now
applying the C), condition for @ Q and Q gives us

Q] >8“’/ M1 = # M1
a"| 0| . (pp( aQ)w 2§0p(1) - q)p( aQ)w
1

1
" Mla s
= 30O+ 3 /Rn\Q op(M1go)w

since M1yp = 1 on Q and ¢, (1) > 1. In particular,

w(Q) <Cy (

w(Q) = ep(Mlgg)w.

p(1) Jrm\o

Thus,
f«)p(MlQ)w:gop(l)w(QH/ op(M1o)w
R~ R™\ Q

5/ ¢p<M1aQ>w+/ ¢p(M1g)w
R\ Q R\ Q

(A)
5/ ¢p<caM1Q)w+[ op(M1g)w
R™Q R\ Q

(B)
< Cq @p(MlQ)w’
R™\Q

where we used: (A) Lemma 8.1 and the fact that ¢, is increasing; (B) the doubling
property of @,,. O

Remark 9.9. If w € C, one can prove with almost the same proof as above that
(MlQ)prC/ (M1g)Pw.
R? R"™\Q

Proof of Theorem 9.5. Let us fix an interval / and a subset £ C I. We denote
A = Uy Ir. It is straightforward to check that for almost every x € A and every
r > 0 we have

[AN(x —r,x +r1)| > car, 9.6)

for a uniformly bounded constant c4 > 0.

i) Suppose that w € C,. Notice that by the definition of the weight w, we have
hily = w(S2). To simplify the notation, we only consider the case k = 0 and
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denote h = hg, £ := £y and o := 2. Now applying the C, condition for the

set 2 = [—%E, %Z] gives us

he = w(Q) < f(MIQ)pw (é)c/ (M1g)Pw
R R

\Q

:C/ [(Mlg(x))pw(x)dx
[x[>7

QN J\?
@ C/ (sup | l) w(x)dx
=1 \usx /]

© 12\?
<C, — ] dx
|x|>1 |x]

§Cplip/ lx|7Pdx < CpeP,
[x|>1

where we used (A) Remark 9.9, (B) the fact that w(x) = 0 for every x such
that % < |x| < 1,and (C) for |x| > 1 we have |J| = |x| for every interval J
such that Q N J # @. Thus, we have h < ¢ep-l

ii) Suppose then that iy = (£x)? —1. We want to show that there exist constants
C > 0 and ¢ > 0 such that they are independent of / and E and

<|E|>8/ »
w(E) <C|— (M1pPw.
1] R

Naturally, we may assume that w(/) > 0. We split the proof into two cases,
depending on the interaction between I and the support of w.

Case 1: |/ N A| > 0. By (9.6), we know that there exists a point xo € I N A

such that

|AN (xo = ], x0 4+ [ID)| = calll.

See Figure 9.1 for this case.

——
‘SRS ¥ S S-S S S S E—
N— ~—— —
I Iy, T4

Figure 9.1. Case 1: [I N A| > 0.
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Thus, since 14 < w < 1 a.e. and it holds that (xo — ||, xo + |I]) C 31, we
have
_11E]
w(E) < |E| < ¢, m|Am(xo— 11, x0 + 1]
- —11El |E] p
<c, —w@BIl) =Cpp— | M) w,
7] 17l Jr

where we used Lemma 8.1 in the last inequality.

Case 2: |I N A] = 0. In this case, we only have exactly one ko € Z such that
I N Qy, # . Let us consider two subcases.

Case 2a: |I| < |Q,|. In this case, we know that w < (Zko)l”*l on £ N Qy,.
Thus, we get

IE]
7]
Since I Ny, # ¥ and |I| < |€2, |, there exists Ic €y, such that I c3land
[I] = |I|. See Figure 9.2.

w(E) < (L)1 N E| < (big)P ' E| = )P 1. (9.7)

=
1

=

[

Ik, ~—— Ty

Figure 9.2. Case 2a: |[I N A| =0, [1] < [Q].
Thus, we have
/(MII)pw > ﬁ(M11)pw > | T = (L)1 9.83)
R I

Combining (9.7) and (9.8) then gives us

|E| )
w(E) <C— | (M1) w,

1 Jr

which is what we wanted.

Case 2b: |I| > |Q,|. In this case, we have obviously €2, C 31. See Figure
9.3.
Let x; be the center of /. Since w = 1 on Iyyq1 and |I| < [[iy41] = 2, we
have

] b ] b
MapPws> | (— ) w> ) w
R R \ |+ |x — x| Iiger N1 —xp]

1 p
> c,,|1|P/ ( ) > CplIlP.
Ik0+| |Ik0+l|
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Ik Qg Irg+1

Figure 9.3. Case 2b: [I N A| =0, |I| > |Q4,].

Since £y, = [S2,| < |I|, we also have

E
w(E) = ()" NE| < | 1P HE| < [IIPYE| = '”p%'

Combining these two estimates gives us what we wanted. This completes the
proof of part ii);

iii) The proof of part iii) is similar to the proof of part i). We use the same notation
as in the proof of part i). Using Lemma 9.8, the facts that ¢, is increasing and
doubling and that |2] = €, we get

he = w(R) < C/ pp(Mlo)w < C/ pp(Mlg(x)w(x)dx
R |x|>€/2

= Op\ X3 Yp\ — X
x|>1 P\ x| P \x
ce/z 0 &
= X —
o Pz

where we used integration by substitution in the last step;

iv) We argue as in the proof of ii). The cases 1 and 2a are essentially the same,
since the value of h; does not really play a role in these cases. Let us prove
the case 2b. We get

1] 7]
<p(M11)w2/<p (7 wz/ oo\ | w
/R g B\ +1x = x;] fgsr | NI+ 1x = xq]
Z/ @p( ] ) Z/ Yp (ﬂ) = Cgo‘/’p(lll)7
Try+1 2[Iiy+11 Tky+1 4

since ¢, is increasing and doubling and w = 1 a.e. on Iy, +1. Also, we have

©p (i) ©p(12k1)
w(E) = umzko NE| < PRtV

o €2k |

® @p(I]) |E|
E| < 222 |E| = ¢, (11—,
H PR

where we used the fact that ¢ — W”T(t) is an increasing function in (*). This

finishes the proof. O
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9.4. Kahanpia-Mejlbro weights in higher dimensions

Although the definition of c p makes sense in every dimension, the proof of The-
orem 9.6 works only in dimension one since it relies on the one-dimensional con-
struction of Kahanpai—Mejlbro weights and their properties. In this section, we
explain how the construction and the the proofs of Theorem 9.5 and Theorem 9.6
can be generalized for higher dimensions.

For a point x = (xq,...,x,;) € R"and r > 0, we let Q(x, r) be the (closed)
cube centered at x with side length 2r:

Ox,r)=[x1—r,x1+r]x...x[x,—r,x,+rl

Let us construct the n-dimensional analogue of the set A from the proof of Theo-
rem 9.5. Forevery m = (my, ..., my,) € Z", we set

Ry =0@m—-2,1)=[4m; —3,4m — 1] x ... x [4m, — 3, 4m,, — 1].
We now use the cubes R, similarly as the intervals I; and set A := Umezn R,,.

Lemma 9.10. There exists a constant c 4 > 0 such that, for every x € Aandr > 0,
AN Q(x,r)| = car”. (9.9)

Proof. Letus fix x € Aand 0 < r < oco. Then x lies inside exactly one of the
cubes R;,. Let us denote this cube by Q.

e Suppose that 0 < r < 2. Letus break Q(x, r) into 2" subcubes of side length r.
Since x € Qg and £(Qq) = 2 > r, at least one of the subcubes has to lie inside
Qo. Let us denote this subcube by P. Thus,

AN Q@) =[Q0N Q(x,n| = |P|=r"

e Supposethat 2 +4j <r < 2+ 4(j + 1) for some j > 0. There are at least
(2j+1)" cubes Ry, contained in Q(x, r). Since each of these cubes has measure
2", we get

4j+2" @i+,
r T R+4G+D)
1 n
ok D
3
Let us then construct the n-dimensional weights. For every m € Z", let £, be
a number such that 0 < ¢, < 1 and inf,, £,, = 0. We set

P = 0 (4m.
w3

L 14 14 14
=|:4m1—7m,4m1+7m} X ... X |:4mn—7m,4mn+7m]

AN Q(x, 1) = 2j+1)2" =
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8 o O O O o
R Ro2) R ) R

4 m O L] O m
R(-1,) Ro,1) Ra, R,

0+ O [] F0.0) ] O
R(-10) R0,0) Rap) R0

-4 o O ] O o
R1,-1) R, R, R, -1

8+ O o O o a

Figure 9.4. The cubes R, (the largest ones, named as R; j,i, j € Z) and Py, (the rest
of cubes) in R2, with m = (my, my), for £, = Im\% Each R, has side length 2 and
P, has side length ¢,,,.

forevery m € Z. Thus, we have £(P,,) = {,,. See Figure 9.4 for a visual description
of the sets A and P, in dimension 2. Now we can define the Kahanpai—Mejlbro
weight w in an obvious way as

w=1x+ Y hulp, (9.10)

mezZ"

where the 4, are numbers such that0 < h,, < N for every m € Z" for a uniformly
bounded constant N. Naturally, these weights share a lot of properties with their
1-dimensional counterparts but because of the dimension, we have to make some
modifications.
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An analogue of Theorem 9.5 holds for these n-dimensional weights in the fol-
lowing form:

Theorem 9.11. Let w be a weight as in (9.10).
i) Ifw e Cp, then hy S ()" P~ ;
i) Ifhyy = ()" P~ then w € Cp;
iii) Ifw € Cp, then hyy < f3" @p(1) %;

V) Ifhy = 2282 then w € C,.

The correct exponent is now n(p — 1) instead of p — 1 because | P, | = (€,)".

The proof of this theorem is essentially the same as in the 1-dimensional case.
Since Lemma 9.8 holds in any dimension, the proofs of i) and iii) work also in
any dimension. Parts ii) and iv) also hold because of (9.9) and there are no more
cases than the 1-dimensional cases 1, 2a and 2b. The rest of the computations are
essentially the same as before.

With the help of Theorem 9.11, it is straightforward to generalize Theorem 9.6
for higher dimensions:

Theorem 9.12. In any dimension, we have:

a) C)\Cp #0;
b) U€>0Cp+s 9 Cp-

In particular, the condition Cp . is not necessary for (1.1) to hold for Calderon—
Zygmund operators.
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