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Multilinear exponential sums with a general class of weights

BRYCE KERR AND SIMON MACOURT

Abstract. In this paper we obtain some new estimates for multilinear exponential
sums in prime fields with a more general class of weights than previously consid-
ered. Our techniques are based on some recent progress of Shkredov in Additive
Combinatorics with roots in Rudnev’s point plane incidence bound. We apply our
estimates to obtain new results concerning exponential sums with sparse polyno-
mials and Weyl sums over small generalized arithmetic progressions.

Mathematics Subject Classification (2020): 11L07 (primary); 11B30 (sec-
ondary).

1. Introduction

Given a prime number p, subsets X1, ..., &, < [} and sequences of complex
numbers w(X), ..., w,(X), we define the weighted multilinear exponential sum
over n variables by

S(Xi, . Ko o) = Y Y o1(X) . op(X) ep(xr ... x,), (11)

xléXl Xn€Xy

where the w;’s are (n — 1) dimensional weights that depend on all but the i-th
variable and e, (1) = exp(2ziu/p). Assuming each |w; (x)| < 1, we are interested
in obtaining upper bounds of the form

IS(X1, ..., 01, ...,00)] < X]...an_s,

where |X;| = X;. The first result in this direction is Vinogradov’s bilinear estimate
and states that

Y > wiene, x| < p' 12X X, (12)

X1€X1 x2€X2
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which is nontrivial provided X1X, > p. For values of n > 3 progress has been
made through Additive Combinatorics with the first results due to Bourgain, Gli-
bichuck and Konyagin [7] under some restrictions on the sets, weights and number
of variables occuring in (1.1) although their result was general enough to obtain new
estimates for sums over small subgroups. Bourgain [3] extended the results of [7]
and obtained an optimal result with respect to the size of X ... X,. In particular,
Bourgain showed that for all ¢ > O there exists a § > 0 such that

Z Z ep(Xi ... Xn) L Xi... Xup~°,

xl€X1 anXn
provided
X;>p° Xi1...X,> pH'e,

and we note that Bourgain gives the dependence of § on ¢. Recently, Shkredov [26]
has made significant quantitative improvements to the results of Bourgain by ex-
ploiting a direct connection with geometric incidence estimates of Rudnev [23]. Of
particular relevance are the results of Petridis and Shparlinski [22] and Macourt [18]
for recent estimates of three and four dimensional multilinear sums and Shkre-
dov [25] for the sharpest current results for exponential sums over subgroups of
medium size. We mention that a direct application of the methods from [18,22] are
unable to give bounds for multilinear sums beyond four dimensional sums. How-
ever, in this paper we are able to break through this barrier and apply related tech-
niques to given new non-trivial results for multilinear sums beyond four variables.

Given a set A C F, and an integer k we let D;*(A) count the number of
solutions to the equation

(a1 —ax)(az —aa) ... (ax—1 —axy) = (b1 —b2)(bz — by) ... (bok—1 — b),

for a;, b; € A. The quantity Dy (A) plays an important role in our arguments and
we obtain some new estimates for Dy (A), one of which improves the error term in
a result of Shkredov [26, Theorem 32] for sets of cardinality |.A| > p'/>. We then
apply our estimates to obtain some new bounds for sums of the form (1.1) which are
motivated by applications to exponential sums with sparse polynomials and Weyl
sums over small generalized arithmetic progressions.

Given tuples of integers ay, ..., a; and ky, . .., k; we define the ¢-sparse poly-
nomial

t
U(X) = Zaiin, (13)
i=l1

and consider the exponential sums

Ty(W) = Y x(x)ep(¥(x)). (14)

*
xEFP
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Multinomial exponential sums of the form (1.4) have been studied extensively. We
first note by the Weil bound, see [28, Appendix 5, Example 12]

T, (W) < p'?max(ky, ..., k).
When ki, ..., k; are small the above estimate is sharp and we consider the case
when max(ky, ..., k;) grows with p. In this setting, progress on the simplest case

of monomials was first made by Shparlinski [27] and was further improved by
Heath-Brown and Konyagin [16] using techniques based on Stepanov’s method,
although the current sharpest estimates are based on Additive Combinatorics, see
for example [7,8]. More general sums of the form (1.4) were first considered by
Mordell [20] and are often referred to as Mordell’s exponential sum and we refer
the reader to [1,9-14] for previous estimates of these sums. We also mention the
cases of trinomials and quadrinomials have been given new bounds in [17] and [19]
and we follow these techniques to reduce to multilinear sums of the form (1.1).

A second application of our bound for the sums (1.1) is a new estimate Weyl
sums over small generalized arithmetic progressions. Generalized arithmetic pro-
gressions are defined as sets of the form

A={Ol1h1+"'+0lrhr+,32lfhiSHi}.
For A as above, we define the rank of A to be r and say that A is proper if
|A| = H; ... H,.

Shao [24] has previously shown that for any polynomial F we have

> ep(Fla) <, p'/Hed, (15)
acA

which can be considered a Pdlya-Vinogradov type estimate for generalised arith-
metic progressions. We use our estimates for (1.1) to obtain a power saving for
Weyl sums over proper generalized arithmetic progressions with an essentially op-
timal range on the cardinality of .A, see Theorem 1.4.

For the entirety of this paper we let |X;| = X;, and similarly for other sets
|V| = Y. We also use the notation A <« B to indicate A < ¢|B| for some absolute
constant ¢ and similarly A < B to mean the same where ¢ depends on some
parameter k.

1.1. Main results
In what follows we keep notation as in (1.1).

Theorem 1.1. Letn > 4, X; C I, subsets satisfying

Xl =Xi, Xi>X,>--->X,,
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and

Then we have

S(X13'-"Xn;w17"'va)n)

1 I =
<<nX1...Xn<W+...+ 1/2n+P nX T2 X, 2+1 HB(X))

1 i=2
where
2" +o(1) 11 217
p 3(n )X 2 3<n -2) ifp? 12 > X > pin
22142
— ————"l4o(l 217 48
Bn(X) = X 22n73(n_2) +0( ) lfpm > X Z pW
21=2_142¢y
— "2 40(1 48
X 221-3@m-2) +o() le < p9,

and c; = Fuandcz = er

We give an example of when Theorem 1.1 is nontrivial. Suppose n = 6 and X| =
Xo=---=Xg < p%.Thenwehave

| 311039
SXY, ..., Xss w1, ..., w6) KL p&i X 7 o),

One can see that this is stronger than the trivial bound
Sy, ..., Xes o1, ..., w6) K X§

for X; > p3?7. In the case of sets of cardinality a little larger than p!/?> we can
obtain sharper estimates.

Theorem 1.2. Let X; C F, satisfy |X;| = X;, X1 > X2 > - > X,
X = pl/2H/@T-0), (1.6)

Then we have

IS(XY, ..., X o1, ..., @)

12
1/2
o (P
X, X, (X1... Xyl

<n X1...X,

The following is a consequence of Theorem 1.1.
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Theorem 1.3. Let W (X) be a multinomial of the form (1.3), with coefficients a; €
I, fori =1,...,t. We define

ay, = ged(k;, p—1)
and

Ok,

i

B ng(aki s ak,) ’

IBki

Suppose Br, > -+ > By,_,. Then
Ty (W)

1
a2 = =1 1 =2
Lp ((p _t1> +'Bk212 4+ ... —{—ﬂéil + p? Ct(akr)l_[Dt(ﬂki)
i=1

where
3 __3 1
- _1 1
aT T p Y ifa < p2logp,
and
__ 1
Dpy =17 0 if > p2logp
() =

B T2 ifB < plogp.

‘We mention that Theorem 1.3 returns the same bound as [17, Theorem 1.1] when
t = 4. We also mention that the strength of this bound is that it relies on mutual
greatest common divisors, rather than in the size of the exponents. With this in
mind, one can give examples of when this is stronger than all known bounds for a
given ¢ by first ensuring that oy, is small and each of the powers are large. We direct
the reader to [17, Corollary 1.2] for such an example for the case t = 4.

Combining ideas from the proof of Theorem 1.1 with estimates of Bourgain
for multilinear sums we extend a result of Shao [24] to the setting of Weyl sums
over small generalized arithmetic progressions.

Theorem 1.4. Let p be prime, A € F,, be a proper generalized arithmetic pro-
gression of rank r and F € I ,[X] be a polynomial of degree d. For any ¢ > 0
there exists some & > 0 such that if

|A| > pl/d+e, (1.7)
then

> ep(F(a) <ra lAlp~°.
acA
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We note the condition |A| > p!/4+¢ is sharp, which may be seen by considering
the example

A={(1,2,...,1p"%/10]}, F(x)=x4,
so that

> ep(F(a) > | Al
acA

2. Multilinear exponential sums

2.1. Reduction of mean values

The following result is a variant of [22, Lemma 2.10] which is more suitable for ap-
plications to exponential sums when the variables may run through sets of differing
cardinalities.

Lemma 2.1. Letn > 2. Suppose S(X1, ..., Xy wi, ..., wy) is defined as in (1.1).
Then

n— n— 1 1
SX, . X or, o0l < (X X)) e —
|S (&) ns W1 wp)| < (X n) X%n,z'i' +X2

2;171_1 2)171_2
+X7 T'Xa. . Xy >
X2, 2€X2  Xn,Yn€AXn
X2 FEY2 XnFEYn

X Z ep(x1(x2 = y2) ... (xn — yn))

X1€X1

Proof. We proceed by induction on z and first consider the case n = 2. Our sums
take the form

S(X1, Xy, 01, 0) = Y Y o1m)w(xe,(x1x2),
)C1€X1 x2€X2
and hence by the Cauchy-Schwarz inequality
2

1S(X), Xa, 01, ) > < X, Z

X1€X1

D ep(xix)

x2€X2

Expanding the square, interchanging summation and isolating the diagonal contri-
bution, we get

1S(X1, X, w1, 0)* < X7X2 + X, Z
X2, 926X
X2#y2

Z ep(x1(x2 — yz))‘ :

xlEXI
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Suppose the statement of Lemma 2.1 is true for some integer n — 1 > 2 and consider

the sums S(X1, ..., X;; w1, ..., w,). By the Cauchy-Schwarz inequality
|S(Xl’ "‘9Xn;w17 "'1a)l’l)|2
2
< Xi...Xu Z Z a)l(x)...wn_l(x)ep(xl...xn) R
X €X; Xp€Xy
1<i<n—1

which after expanding the square, interchanging summation and isolating the diag-
onal contribution results in

X1...X,)?
|S(X1,---,Xn;w1,...,a)n)|25u
Xn
+X1... Xno1 Z S(Xns V),
Xp,Yn €Xn
XnFYn

where

S(xn, yn) = Z (1),1 &', xp, Yn) .- -w;l_l(xl’ Xn, yn)ep(xl e Xp—1 (X — Yn)) )

)C,'E.X,‘
l<i<n—1
and
X/ = ('xl7 R ] xn—l): a)j(xl’ Xn» .Vn) = wj(x/, xn)wj(x/v .Vn)
By Holder’s inequality

n—1
|S(X17 LR Xn; wl’ LR 7wn)|2

n—1
(X] . X )2 n—2 n—1_ n—2
K+ X X)X T Y S
Xn XnsYn €Xn
XnFYn

We next fix some pair x, # Yy, and apply our induction hypothesis to the sum
S(xn, yn). This gives

2n—2

S(Xn, yn)

n—2 1 1 n—2__ n—2_
< (X1...Xp1)? (in_3+...+x—2)+xf "Xy Xue)? 72

n—1

x D :
Xi,yi €X;
Xi #Yi
2<i<n-—1

D ep@i(xa = y2) .. Cnet = Yuo1)(Xn = ¥n))

X1EX]
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which combined with the above implies

2)171
IS(X1, ..o Xy @1, ooy n)]

n—1 1 1 n—1_ n—1__
< (X1...Xn)? (W+...+X_Z>+xf "Xy X% 72

n
x )
Xi,yi €X;
Xi FEYi
2<i<n—1

D epi(x2 = y2) . (tnm1 = Yao1)(Xn = Yn))

X|EX]

9

and completes the proof. O

We mention that the above proof is independent of the sizes of the X;’s, and as
such the lemma is left without such restrictions.
For any set A C IF), we define

D (A)
= |{(a1 —a2) ... (a2k—1 —ax) = (b1 — by) ... (bax—1 — b2) : a;, bi € A},

and extend the notation when variables run through different sets by defining
Dlz( (X, ..., X) to be the number of solutions to

(wr —x1) ... (wg —x) = (1 —z21) - .- Yk — 2k)»

for w;, x;, yi, zi € A;. Finally, we use the notation DkX ** for the above cases where
we exclude the solutions when the equation is O and define

(i xixi - )’

p—1

D (X, ., X)) = DI, L, X)) —

We note that D;"* is the error in the approximation of D,* by the expected main
term.

Lemma 2.2. Let Xi, ..., Xy C F),. Then

D (X, X)) < (DX L DI (o) VR

Proof. We let K = D;"*(X), ..., X) and express K in terms of multiplicative
characters
>
wi,x1,y1,21€X) Wi, Xk, V> Tk € Xk
1

X

— 2 X =) e = X1 =20 - Ok — %)
p XER
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where €2 is the set of all distinct characters. Clearly,

— Z > x(wi—x)

XEQ wi,x1€X]

2 2

D x(we—xp)

W, Xk € Xk

Using Holder’s inequality, we obtain

2k 2k
—(p_l)kz Z x(wy —x1) Z Z X (Wk — xi)
XEQ wi,X1E€X] XEQ Wi, Xk EXy
= D:*(.)G)D;*(Xk) O

The proof of the following is similar to that of Lemma 2.2 with summation only
over non-principal characters.

Lemma 2.3. Let Xy, ..., Xy CF,. Then
DI*(Xy, . X)) < (DF(X) . D)k

Using Lemma 2.1, Lemma 2.2 and Lemma 2.3 we give two general results relating
estimates for (X7, ..., Xy w1, ..., w,) to the quantities D;* (A) and D/ (A). We
first recall the classic Vinogradov bilinear estimate, see [6, Equation 1.4] or [15,
Lemma 4.1].

Lemma 24. For any sets X,) C F, and any a = (ax)xex, B = (,By)yey with

DoleP=A  and ) I8P =B,

xeX yey

we have

Z Z ax,By ep(x)’)

xeX yey

<VDPAB

Lemma 2.5. Let n > 2. Suppose S(X}, ..., Xy w1, ..., w,) is defined as in (1.1)
and that
X1 =2Xp--- 2 X,

Then

|S(X197Xnaa)1a’a)l’l)|2n

X2

2!1 1 1
L (X1...Xn) o et
X1 n—1

+pX5”_1(X1 X 1)2 4(D (Xl) ::kl(Xn—l))l/(n_l).



1114 BRYCE KERR AND SIMON MACOURT

Proof. Writing

S= 3 > ) el =y @t = a0

x1,y1€X] Xn—1,Yn—1€Xn—1 |xn€Xn
X1F#Y1 Xn—17FYn—1

by Lemma 2.1 it is sufficient to show that
§? < pXu(D (X)) . Dy (Xm0
Let 7 (1) count the number of solutions to the equation

A=x1—=y1)...(Xn—1 —Yn=1), Xi,yi € Xi, Xi # i,

so that

’

S = Zl(k)
A

and hence by Lemma 2.4

Z ep(Axy)

Xn€Xn

§* < (Z 1(x)2> pXn,
;X
and the result follows from Lemma 2.2 since
Zl(x)2=D,jfl(xl,...,x,,,l). O
A

Our next estimate does better in applications than Lemma 2.5 when our sets
have X7, ..., X, have large cardinalities.

Lemma 2.6. Letn > 2. Suppose S(X1, ..., Xy wi, ..., wy) is defined as in (1.1).
Then we have

IS(X1 . Ko, o)

. 1 1
Xi...X,)? e —
<<( 1 n) (X%nl + +Xn>

+p (X0 X)) TEDIH(X) L D (X))
Proof. Writing

S = Z Z

X2, 26X Xn,Yn €Xn
X2FY2 XnFYn

> ep(rila—y2) ... (i — )

X|EX]

’
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by Lemma 2.1 it is sufficient to show that

X1...X)*
2

X&
+ (X2... X)) (D) (X)) ... DXF (X)) VP,

s? <

Applying the Cauchy-Schwarz inequality, interchanging summation and isolating
the diagonal contribution gives

p—1
S2<X1(Xz... X))+ (X2...Xn)? Z I(We,(V)|, 2.1
r=1
where /(1) counts the number of solutions to the equation
1=y =) = A, X,y € X, xi # i
Let
A= XiXi—D...X,X,— 1
= o1 ,
and write
p—1 p—1 p—1
D I0)e,) =AD e, + D> (TR = Aey(h).
r=1 A=l r=l1
We have
p—1 2 p—l
X...X
> 1ep0| < LR 1 ¥ 116y — 22)
r=1 r=1

With notation as in Lemma 2.3, by the Cauchy-Schwarz inequality

_ _ 1/2
p—1 p—1
Yooy —a<p'? (Z 1100 — A|2> =p'PD (X, .., A2,

r=1 r=1
and hence
p—1
D UG = Al < p DX L DX )
r=1

Combining the above with (2.1) and (2.2) gives
s < X1...Xp)* N X1... X4
X% p
+ (Xa . X2 p D () - D ()
(Xp... X ~ ~
< T” + (X2... Xp)?p (D) (X)) ... DY (X)),
1
and completes the proof. O
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2.2. Estimates for D (A

In this section we give estimates for DkX (A) which will be combined with results
from Section 2.1 to obtain estimates for multilinear sums. We first recall the fol-
lowing result [26, Theorem 32].

Lemma 2.7. Suppose A C F, is a set and | A| = A. For all k > 2

4k
Dl: (A) — 7 <k (log A)4A4k_2_

2—k+2

Et )2

We then have the following lemma [26, Theorem 41].

Lemma 2.8. Let A C F), bea set, A < p284/499L Then for any ¢ < ﬁ one has
D} (A) < Al3/2—¢

Furthermore, if A < p*/°7  then for any ¢| < ﬁ one has
DI (A) < Al3/2=c1

We first notice that from the proof of [26, Theorem 32] we have

4k Ad-1\ 2
DEA) = == <& (log A)* A+ DI (A) — P N X)

Using E T(A) < A3, combined with Lemma 2.8 and (2.3) we have the following
corollary.

Corollary 2.9. Suppose A C F, is a set and |A| = A. For all k > 2
D (A) — A74k < (log A)4A4k—2+2‘k+1‘
Similarly if A < p?846/491 for any ¢ < ﬁ we have
D} (A) - A?% <z (log A)* A%k a7k
and if A < p®/°7 for any ¢| < ﬁ we have

A4k B

k+1 —c 27k+2
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It is clear that we can use the above to give other estimates on D,z( using previous

estimates on D2X. We recall the following result [18, Lemma 2.6], which is given
from Murphy et al. [21] result on collinear triples.

Lemma 2.10. Let A C F,,. Then
A8
D2><(A) _ ? << pl/2A11/2‘

Again, we have the following corollary.
Corollary 2.11. Let A C F,. Then

x A% 21—k 4 44k—2-2"
D/ (A) — s <k p° (logA)"A

k+1

We next prepare to give an estimate for D, (A) which improves on the above results

for sets of cardinality a little larger than p'/%. As in Shkredov [26], our main tool is
Rudnev’s point plane incidence bound [23].

Lemma 2.12. Let p be an odd prime, P C IF‘; a set of points and I1 be a collection

of planes in Fz. Suppose |P| < |I1| and that k is the maximum number of collinear
points in P. Then the number of point-planes incidences satisfies

I
(P, 1) < 'PI% + |PIYA10| + k| P).

Lemma 2.13. For a prime number p and a subset A C IF ), with | A| = A we have

A8
D (A)=""+0 (A°(log A2 + 2 4* EL(A)(log A2) +0 (pA*(og 4)2).
Proof. We have

D (A) = >, 1+ 0(4A%).
a,'E.A

(a1—az)(az—ag)=(as—ac)(a7—as)
as#ag

Let I (x) denote the indicator function of the multiset
{a—ad :aad e A,
and let 7 denote the Fourier transform of 7. We note that the Fourier coefficients
satisfy
2

T(x) =

Z ep(ax)

acA

(2.4)
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1118
We have ( ) )
a1 —ay)(az —a
DY (A=Y 1( e B >+0(A6)
ey (as — as)
as#as (2.5)
AS
=—+0UAU5+Ww,
p
where
1 |
—> 1 > ep(— ylar —az)(as — as)(as —ag) ).
py:l a,eA
as#ag
We have
S AN
W= 31k > 1
p y=1 z=1 aeA
(a1—az)y=(az—as)z
azFay

[a—

p—1p—1
—Zl(y)+ ZZ!(y)I(z) >
a,-e.A

(a1—ax)y=(az—as)z

where we have removed the condition a3 # a4 in the last display since by (2.4) the
Fourier coefficients are non-negative. The above implies

W < Wo + 0(A%), (26)
where
Tty et S
Wo==> Y 1wl Y L
p y=1 z=1 aeA
(a1—az)y=(a3—a4)z
For integer i > 1 we define the sets
Jiy={l<z<p: 27" —1<Tx) <2 -1}, 2.7)
so that
1 S
Wo < — 2w, j), (2.8)
p 1<i,j<log A
where
W, j) = 1.

aieA,yelJ(i),zeJ ()
(a1—az)y=(az3—as)z
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Fix some pair (7, j) and consider W (i, j). If |J(i)| < |J(j)], then we consider the
set of points
P ={(a1y,y,a3) : y € J(i), ai,a3 € A},

and the collection of planes
M={x; —axy—zx3+asz=0 : z€ J(j), ar,a4 € A}.

We see that W (i, j) is bounded by the number of point-plane incidences between
P and I1

W, j) <Z(P, ).

Since the maximum number of collinear points in P is max{A, |J(i)|} an applica-
tion of Lemma 2.12 gives

AT O D)]

.. 3 172 .
W@, j) < + AT O )] (2.9)
+ A% J (D) max{A, |7 ()]}.
In a similar fashion, if |J(j)| < |J(i)| then
. AT DT (I 3 rc1/2) 7o
W, j) < -, + AT |TDI @] 2.10)

+ AT (j)I max{A, |J (j)]}.
This implies that

W, j) < —”(l,),wu)' + AT OIITD+ ATDIVIT )]

+ A% min{| J ()2, 17 ()}
A4 . .
« SO BP0 G)1+ A1)

+ A2 TN G)I,

and hence substituting the above into (2.8) we get

2
A4 ,
Wo< = | Y. 210
1<iklog A
A_3 201 7(i)11/2 217
+ > 211G Y 2@
I<iklog A 1<iklog A
2
A2

+=1 > 2170

p 1<iklog A
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Recalling (2.4) and (2.7), we have

Yo 2duml<p+ Y 200

1<iklog A 2<iklog A

)4
< p—i—logAZ | X:ep(ya)l2 = pAlogA,

y=1 aecA
and
2
T 2O <p+loga Y 221G
1<iklog A 2<iklog A
» 4
L p+Uog A’ Y | ep(ya)|
y:] acA
so that
S 21O < pPEL(A) P log A
I<iklog A
This implies

W « A%(log A)? + p'/2A*E_(A) % (log A)* + pA*,

and hence by (2.5) and (2.6)

8
D} (A) = A? +0 <A6(log A)2) +0 (p1/2A4E+(A)1/2(1og A)z)

+ 0(pA*(log A)?),
which completes the proof. O
We next establish a recurrence type inequality similar to [26, Theorem 32].

Lemma 2.14. For a prime number p and a subset A C ¥, with | A| = A we have

A4k
DX (A) = 7 + 0, <<A4k—2 4 pAt—4 L pl/zAZkD,?_l(A)l/2> log? A).

Proof. Let D,’C (A) count the number of solutions to the equation

(@11 —a12)...(ak1 — ak,2) = (@k+1,1 — Ak+1,2) - - - @2k, 1 — a2k 2),
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with variables aj 1, ..., ax. 2 € A satisfying
ai1 #4a12,  Ak+1,1 7 dk+1,2,
so that
D} (A) = Di(A) + 0(A%2). Q.11
Let I (y) denote the indicator function of the multiset
{(a1 —a22) .. (axy —arp) taxi,....ax0 € A},

and let T( y) denote the Fourier transform of 7. We have

—1
D= > I((@s11 — arg12)-(au —an )@ —ai2) ")
a_,-’l,ajyze.A
ai,1#a2
Ap+1,170k+1,2
1=

= ZIA()’) > ep(‘)’(ak-‘rl,l—ak+1,2)---(a2k,1—a2k,2)(al,1—a1,2)_l)

y:l aj,1,aj,2€./4
ai1#ai2
Ap+1,170k+1,2
LA it S
==Y Y IWmi-2 Y L,
p z=1 y:l a,"_,'G.A

ylar,1—a12)=z(az,1—a2)
aj1#ajz, j=1,2

which implies that

4k
Dj(A) = — + Wo + 0(A*?), (2.12)
p
where
i S
Wo=—=> > T(»I(-2) > 1
p z=1 y=1 a; jeA

ylar1—a12)=z(az,1—a2,2)
aj1#ajz, j=1,2

For integer i > 1 we define
Jiy={yelF, : 27 —1<T(y)| =2 -1},
so that

1 o
Wo— Y 2HWG, ), (2.13)
P, j<log A%
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where

W, j) = > 1.
a,',jE.A,
yel(i),zeJ (j)
y(ar,1—ai12)=z(az,1—az,2)
aj1#ajz, j=1,2

Using Lemma 2.12 as in the proof of Lemma 2.13, we see that

A4 . .
Wi, j) < w +ATOIMIG) + ATDIIG] 214)

+ A2 T@OIT ()]

We have

> 210

i<log A

p—1
<P+ | Y. 0@ —a).. . (@11 —a-12)
y=1 a,-,l,a,»yzeA
I<i<k—1

p—1
=p+ Z Z Zep(y(02,1 —a2) ... (ak-1,1 — ak-1,2)a)

aj1,a;2€A y=1 lacA
2<i<k—1

< pA*,

2

and

2. 2O < p'?
i<log A

2 172

p—1
+llogAD | > ep(v@ni—ard).. (@11 —a-12) ,
y

=1|a; 1,a;2€A
1<i<k—1

so that

> 2OV < (log A2 p' 2D (A2
i<log A

Combining the above with (2.13) and (2.14) we see that

Wo < <A4k—2 4 pA4k—4 4 pl/zAZkD;_l(Aﬂﬂ) log2 A,
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and hence by (2.11) and (2.12)

4k
D (A) = —+ o ((AA""Z 4 pAH—A L pl/zAZkD,j_](A)l/z) log? A) ,

which completes the proof. O
Combining Lemma 2.13 and Lemma 2.14 with an induction argument gives the

following Corollary.

Corollary 2.15. For a prime number p and a subset A C F, with |A| = A > pl/?
we have

A4k o L
D) (A) = -+ 0y ((A4k—2 4l kg )2 1)>10g4 A).

Using the trivial bound E (A) < A> in Corollary 2.15 gives the following sharp
asymptotic formula for D,f (A) for sets of cardinality a little larger than p!/2.

Corollary 2.16. For any k > 3 and A > p'/>*+1/ @*1=6) e have

A4k
DA =" 1 0 (A‘”‘—2 log* A) :
p

We define N(X, Y, Z) to be the number of solutions to
x1(y1 —z1) = x2(y2 — 22)

with x1,x € X, y1, y2 € YV and z1, 220 € Z. We now recall [22, Corollary 2 .4].

Lemma 2.17. Let X, V. Z C F with |X| = X, |Y| = Y,|Z| = Zand M =
max(X, Y, Z). Then
X2%y2z2
NX, Y, 2) <« —— = 4 X3?y3?2732 + MmxyZ.
p

2.3. Proof of Theorem 1.1
Proof. Let

S=85X, ..., X w1, ...,w0,).
By Lemma 2.1, after permuting the variables, we have

|S|2n—l < (X e )211—1 1 + + 1
1..- st ey
" Xn-1 X%n :

XXt 2T Y Y

X1,Y1€X] Xn—15Yn—1€Xn—1
X17#Y1 Xp—17#Yn—1

X

> eplealer = y1) .. (o1 — yn_1>>| .

Xp€X,
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We now collect together (x2 — y2) ... (x,—1 — yu—1) = A and denote the number of
solutions to this equation by J()). Similarly we collect x1(x, — y,) = 1 and we
denote the number of solutions to this equation by 7 (u). Hence,

ISP < (X1 X [
Xn—l X%

n—1_ n—1_
X X)X T Y T | ) T ey ()
reF% ueF,

_ (X X )znfl 1 + + 1
= 1...A4An X, X%n—z

n—1_ n—1__
XX ) XY T Tl () ep ()
reFy, uek,

for some complex weight 1, with || = 1. Now, by Lemma 2.17 with X =Y =
X1, Z = X, we have

3 1w? = N, XL ) < XX
ek,

Similarly,

Y IO =Dy (X, X ).

AEF;

We apply Corollary 2.9 and 2.11 combined with Lemma 2.2 along with Lemma 2.4
to obtain

|S|2n71 << (X X )2)171 1 + + 1
n 1..-A4An Xn—l X12n72

n—1
n—1 —1/2<,—1/4 n—1
F (X X)E T p X (]_[ By (X)? )

i=2
This completes the proof. O
24. Proof of Theorem 1.2

We note that conditions (1.6) and Corollary 2.16 imply that

D" (X)) < (log p)*x =2,
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and hence by Lemma 2.6

n n 1 1
X2 X,

+ (og p)*p!2(Xy ... X,)*"

from which the desired result follows.

3. Multinomial exponential sums

3.1. Preliminaries

The aim of this section is to extend the results of [17] and [19] beyond the cases of
trinomials and quadrinomials, to more general multinomial sums.
We recall the following bound of [19].

Lemma 3.1. Let G C F’; be a multiplicative subgroup with |G| = G. Then

s [p'?GE G =pi
1 2 1
DY(G) —— < 1G'p™2  ifp3>G=pilogp
1
G®logG ifG < p2logp.

Combining with (2.3) and observing which term dominates we get the following
corollary.

Corollary 3.2. Let G C I}, be a multiplicative subgroup with |G| = G. Then

G%p=!  ifG=prlo
pr @G < {9 P YG=piloer
G¥=2to) ir G < p2log p.

We also have the following result as a consequence of [17, Lemma 2 .4].

Lemma 33. Let G,'H C T}, be multiplicative subgroups with cardinalities G, H
respectively with G > H . Then,

H>GIp~1 ifG > plogp

NH,G,0) <
H2G3+0) G < p2 log p.

We then have the following result on multilinear exponential sums over subgroups,
which may be of independent interest to the reader.
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Lemma 34. Let X; C ¥}, be multiplicative subgroups with | X;| = X;, X1 > X, >
o> X,,n>4.Then

n—1

1
S(X, ... X o1, ..., wp) L5 (X ---Xn)pz_nAn(Xl) 1_[ B, (X;)
i=2

1 1
+ X X)) | =+ ——
()

where
=l 1 |
Ay (X)) = e 23 p 2 Xy z ptlogp
" - — o to()
x, if X1 < p?log p,
and
1
B,(X) — pTED i X; = prlogp
n l -

1
X, ¥ ifX; < p?logp.

Proof. The proof follows that of Theorem 1.1, however we use Corollary 3.2 and
Lemma 3.3 in place of their relevant results on arbitrary sets. ]

3.2. Proof of Theorem 1.3

Let ay, = ged(k;, p — 1) foreachi = 1, ..., t. We then let G,, be the subgroups
of I}, generated by the elements of order o, . Then

Tﬂ%:# Do T ) x@ax)ep(Wix L. x)

oY
k-1 x1€Gy, Xi—1€Gq,_, X1 €F%
1
el DD DD DR (LD
e Ky X1€Ga; Xi—1€Gq,_, Xn€F%

X ep(al(xz .. .x,)kl) ... ep(atfl(xl .. .xt,zx,)k’”) ep(a,(xl ...xt)k’)

1
T Yoo Y e o) epla(x . x)M).

O
=1 xy Egal xtflega,_l XIE]F;;

Now the image X; = {xtk Yixp € IF;} of non-zero k;-th powers contains (p — 1) /oy,

elements, each appearing with multiplicity oy, . Similarly, the images &; = {xl{c h

X; € go,ki} contain oy, / ged(og, , ok,) elements, each appearing with multiplicity
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ged(ag;, ag, ), fori =1,...,¢ — 1. Hence, we apply Lemma 3.4 to obtain
Ty(V) < ————— | p¥ Br,_, A (—) B (Br;)
* "By - B TN, E t

1
o p—1 ar, \?2 = =
t ﬂkl,,.ﬂkr_l ((p:]) +/3k212 ++'3kzt—l .

Bry - B, o

By simplifying we reach the required result.

4. Weyl sums over generalized arithmetic progressions

4.1. Preliminaries

We will require an estimate for the £; norm of the Fourier transform of proper
generalized arithmetic progressions which is due to Shao [24].

Lemma 4.1. Let A C F, be a proper generalized arithmetic progression of rank r
and let A(z) denote the Fourier transform of A. Then we have

<

Y IA@)| < plog p)'

z=1
The following is due to Bourgain [3, Theorem A].
Lemmad4.2. Let0 < § < 1/4 and r > 2. There exists some §' such that if p is a
sufficiently large prime and Ay, ..., A, C I, satisfy
r
1Ail>p° 1Al > p'™,
i=1

then

Y x| <AL AT

X1€A] ,...xreAr

4.2. Proof of Theorem 1.4

Considering the sum

S=Y ep(F(a),
acA
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we note that for any az, ...,as € A
Z(Zep( za)) (4.1)
z=1 \acA
x Y ep(Flar—ay—--—ag) +zlar—ay—---—ag),  (42)
a1€d./4

where d A denotes the d-fold sumset

={aj+---+aqg :a € A},

so that
ldA| < | Al (4.3)
Averaging (4.1) over ap, ..., ag € A and using Lemma 4.1 gives
T@I . p* VT o)l

S <~ Z A)] P = (4.4)

for some z9 € F,, where
T()= Y epFla—ay—-—as)+zar—ay—-- —ag)).
a]Ed.A
an,..., adE.A

Since F has degree d, we may write

d
F(z) =Y bz,
i=0
and hence
d .
Flay—ay—-+—aq) =Y bilai —ay— - —ag)’
=Fi(az,....aq) + -+ Falay, ..., aq—1)
+ (=) bgay .. . aq.
for some sequence of polynomials F1i, ..., Fy, where F; is independent of the vari-

able a;. This implies that

To)= Y. oi@,....a1)...04@.....ai-D)e,(—1)?bar .. .ag),
aledA
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for some sequence of weights wy, . .., wg with @; independent of a;. By Lemma 2.1
d—1 d—1_
T o) <a AP

d29-1-24+1
+ 1A TN epbaar(ar —ab) .. (aa — a)))|
aj,u}eA ajed A
Jj=2

and by the Cauchy-Schwarz inequality

d d__
1T (z0)1* <a |AI9* 72

+|A|d2d_2d Z Z ep(ba(ar—a))(ar—aj) ... (ag—ay))|.

aj.a,eA ajajedA
jz2

This implies that

TP < A 2+ A 3™ 3 epbaar - aa)|,

aj E.A-‘r(,‘j ajed A+c
j=2

for some cy,...,cq € F,. We note that the assumption (1.7) implies that the
conditions of Lemma 4.2 are satisfied and hence

d ’
7o) <a A p
for some 8’ > 0 depending on ¢, and the result follows from (4 .4).
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