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Semi-isometric CR immersions of CR manifolds into Kahler
manifolds and applications

DUONG NGOC SON

Abstract. We study the second fundamental form of semi-isometric CR immer-
sions from strictly pseudoconvex CR manifolds into Kahler manifolds. As an
application, we give a precise condition for the CR umbilicality of real hyper-
surfaces, extending an well-known theorem by Webster on the nonexistence of
CR umbilical points on generic real ellipsoids. As other applications, we extend
the linearity theorem of Ji-Yuan for CR immersions into spheres with vanishing
second fundamental form to the important case of three-dimensional manifolds,
and prove the “first gap” theorem in the spirit of Webster, Faran, Cima-Suffridge,
and Huang for semi-isometric CR immersions into a complex Euclidean space of
“low” codimension. Our new approach to the linearity theorem is based on the
study of the first positive eigenvalue of the Kohn Laplacian.

Mathematics Subject Classification (2010): 32W10 (primary); 32V20, 32V40
(secondary).

1. Introduction

Let t: M — C"*! be a strictly pseudoconvex CR manifold and p be a strictly
plurisubharmonic defining function for M,ie., M = {Z € Cr"*l: p(Z) = 0} and
dp # 0 on M. Then p induces a Kihler metric @ := iddp in a neighborhood
of M in C"*! and a pseudohermitian structure 6 := *(idp) on M. The Kihler
geometry of w and the pseudohermitian geometry of 6 have interesting relations, as
exploited implicitly in, for example, [23,24,26,31]. In this paper, we consider the
following generalizations: Let (X, w) be a complex hermitian manifold with the
fundamental (1, 1)-form w. A smooth CR immersion F: (M, 0) — (X, w) is said
to be semi-isometric if

do = F*w. (1.1)

In this case, we identify M locally with its image F(M) C X and consider the
inclusion ¢: F(M) — X, and say that (M, 0) is a pseudohermitian submanifold
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of (X, w). We identify CT M as a subspace of CT X in the natural way and define
the pseudohermitian second fundamental form Il by using the Chern and Tanaka-
Webster connections on X and M, respectively. Precisely, if Z and W are two
vectors tangent to M which extend smoothly to a neighborhood of a point p € M
in X, then [I is defined by the following Gauf3 formula:

H(Z,W):=V;W — VW, (1.2)

where V and V are the Chern and Tanaka-Webster connections on CT X and CT M ,
respectively. Observe that if W € T'(T'"OM), then II(Z, W) is a section of 10X
along M. Therefore, we define the (1, 0)-mean curvature vector H to be the (1, 0)-
field along M given by

1 n
H:= ;Zn(z&,za), (1.3)
a=1
where {Zy: @ = 1,2, ..., n} is an orthonormal basis for 7':0M (with respect to

the Levi-metric —idf) and Zz := Z, is the conjugate basis. In analogy with the
notion of the mean curvature for Riemannian immersions, we call |H| the mean
curvature function of M in X,

The first purpose of this paper is to show that the squared mean curvature
function |H |*> agrees with the so-called transverse curvature of [17] when (M, 6)
is defined by an appropriate function. Therefore, by a recent result of Li and the
author [26], n times the average value of |H|?> gives an upper bound for the first
positive eigenvalue A of the Kohn Laplacian [, in the case (X, w) is the complex
Euclidean space and M is compact. Recall that if (M, ) is a compact strictly
pseudoconvex embeddable CR manifold, then [, := 9,9} acting on functions is a
non-negative self-adjoint operator on L3(M, d Voly), where d Volg := 6 A (dO)".
The spectrum of [, consists of 0 and positive eigenvalues A} < Ay < -+ < Ag <

- — 00, each having finite multiplicity [1,3]. As mentioned above, the “Reilly-
type” bound for A; of [26] can be reformulated as follows:

Theorem 1.1 (Li-Son [26]). Let (M*'+!,0) be a compact strictly pseudoconvex
pseudohermitian manifold, F: M — CN be a semi-isometric CR immersion, and
A1 be the first positive eigenvalue of the Kohn Laplacian. Then

n

A<
Vol(M)

/ <|HF(M)|2 ° F) d Vol . (14)
M

. —I . .
If the equality holds, then each bl .=0,F ,1=1,2,..., N, is either a constant
or an eigenfunction that corresponds to A1.

This theorem is a main motivation for this paper and plays a crucial role in the proof
of the linearity result below (Theorem 1.2). As already mentioned, we shall prove
in Section 2.5 that |H|? and the transverse curvature r(p) of a defining function
p coincide if p is chosen appropriately and hence (1.4) follows from [26, Theo-
rem 1.1]. We shall also show that (1.4) follows from a bit more general estimate
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for A1 in terms of the “pseudohermitian total tension” of a C> map into a Kahler
manifold; see Section 5 for precise definitions.

The second purpose of this paper is to study some natural questions that arise
when considering semi-isometric immersions into a complex Euclidean space. Our
answers to these questions generalize some well-known results for CR immer-
sions into the unit sphere of C" in [14,18,20,32]. In particular, we shall address
the questions of the vanishing of II restricted to the holomorphic tangent space
T'9M @ TO' M, or the vanishing of its traceless component I7° (II° vanishes if
and only if II(Z, W) = O forall Z, W € TI’OM). It turns out that the trace of
11 (with respect to the Levi metric) never vanishes and therefore we ask what if
I1° = 0? If 11° vanishes at p, then we say, in analogy with classical surface theory,
that p is a pseudohermitian umbilical point of F. If F is pseudohermitian umbili-
cal at every points, we say that F is a totally pseudohermitian umbilic immersion.
Theorem 1.2 below settles the question about totally umbilicity in the case where
the ambient space is the Euclidean space.

Theorem 1.2. Let F: (M*11,6) — (CN,w),  := i09|Z||?, be a semi-isometric
CR immersion into a complex Euclidean space. Suppose (M, 0) is complete and
H(Z,W) = 0 for any (1,0)-vectors tangent to M, then (M, 0) is globally
CR equivalent to a sphere S*"*1 c C"*! and there exists a CR diffeomorphism
@: ST — M2 such that F o ¢ extends to a linear mapping between complex
spaces.

Notice that the conclusion of this theorem also says that F maps M>"*! into a
sphere. We shall say that F' “realizes an immersion in a sphere” if there exists a
CR immersion ¢: M — S*M=1 such that F = ¢ o ¢, where (: S*N=1 «— CNV
is the standard inclusion of the sphere. This terminology is borrowed from Taka-
hashi [28]. Let 0 := ¢*®, where © := (*(id|| Z||?) is the standard pseudohermitian
structure on the sphere. Then F is a semi-isometric immersion from (M, ) into
(CN,i3d||Z||?). We shall prove in Proposition 2.13 that the CR second fundamen-
tal form IIAC,[R of ¢ and the traceless component /7° of F are essentially the same.
Therefore, the linearity of F in this particular case also follows from the result of
Ji-Yuan [20] who exploited an useful normalization technique of Huang [18]. We
expect this normalization technique extends to the case of semi-isometric immer-
sions without the assumption that they realize immersions in a sphere. However,
we shall not go in this direction, but approach to the linearity in Theorem 1.2 along
a different route. We first show that if the immersion is totally umbilic, then (M, 6)
is “extremal” for the lower and upper estimates of the first positive eigenvalue X
of the Kohn Laplacian of [4] (cf. [27]) and [26] (i.e., Theorem 1.1 above). This al-
lows us to conclude that (M, ) is globally CR equivalent to the sphere by applying
the main result of [27]. We then exploit the fact that the first eigenfunctions of the
Kohn Laplacian on the standard sphere are the restrictions of the homogeneous har-
monic polynomials of bi-degree (0, 1) to deduce that F' becomes linear after being
pre-composed with an automorphism of the source. This concludes the proof of
Theorem 1.2.
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It is worth pointing out that Theorem 1.2 covers the three-dimensional case.
This interesting case is more difficult since the pseudoconformal Gauf} equation
of [11] does not give any useful information: The Chern-Moser tensor vanishes
trivially in this dimension. Moreover, a certain Bianchi identity relating the covari-
ant derivatives of the pseudohermitian Ricci and torsion tensors, which is useful in
the higher dimensional case, is rendered trivial in three-dimension (see Lemma 6.1).
We shall need pseudohermitian GauB3-Codazzi-Mainardi equations which relate the
second fundamental form (respectively its covariant derivatives) and the tangential
(respectively normal) component of the ambient curvature tensor. These equations
allow us to deduce that the intrinsic scalar curvature R, which in our situation agrees
with 2 times the squared mean curvature function |H |2, is constant. This is impor-
tant for us to deduce that (M, 0) is extremal for the aforementioned eigenvalue
bounds. We point out that in three-dimensional case, we can also deduce from this
and the vanishing of the pseudohermitian torsion that M is locally CR spherical by
proving directly the vanishing of Cartan’s 6th-order umbilical tensor. We therefore
obtain the following:

Corollary 1.3. Let ¢: M2+l s §2N=1 1o 4 smooth CR immersion, with n > 1
and N > n+ 1. If IR = 0, then:

(i) M islocally CR spherical;

(i) For each p € M, there exist a neighborhood U of p in M, an open set V. C
S?*1 and a CR diffeomorphism y: V. — U such that ¢ o y extends to a
totally geodesic CR embedding of S*"*! into S*N—1.

Here a CR immersion between spheres is totally geodesic if and only if it is spher-
ical equivalent to the linear embedding. As already mentioned above, the case
dimr M > 5 is well-known and due to Ebenfelt-Huang-Zaitsev [11] and Ji-Yuan
[20] for Parts (i) and (ii), respectively.

Using an argument based on Huang’s lemma [18, Lemma 3.2], as was done
in [11, Proposition 5.2], we obtain from Theorem 1.2 the following generalization
of the “first gap” theorem by Webster [32], Cima-Suffridge [7], Faran [14], Huang
[18] which treat the case when F' is assumed to realize an immersion in a sphere.

Theorem 14. Let F: (M*"*!,0)— (CV, ), 0:=i33| Z|?, be a semi-isometric
CR immersion into a complex Euclidean space, n > 2. Suppose (M, 0) is complete,
N < 2n,and M is locally CR spherical, then (M, 0) is globally CR equivalent to the
sphere and there exists a CR diffeomorphism ¢ : S?"t1' — M1 such that F o ¢
extends to a linear mapping between complex spaces. In particular, F realizes an
immersion into a sphere in CV .

It is worth pointing out that the conclusions in Theorem 1.2 and 1.4 are global.
Although, we do not make any topological assumption on M, we do assume that
the immersion is globally defined. On the other hand, a local version of Theorem 1.4
for F realizing an immersion in a sphere can be obtained by using the well-known
fact that local (rational) holomorphic maps between connected pieces of spheres
extend to global maps with poles off the source sphere.
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It is not unexpected that the codimension restriction in Theorem 1.4 is sharp.
In fact, an well-known example in the case of maps into a sphere for the case N =
2n+1 also serves as a counterexample for our more general situation. Precisely, the
complex Whitney map W from S?**+! to S*'*! induces a semi-isometric immersion
from (S*"*1, W*(id|Z||?)) into C*"*1, but & := W*(id||Z||?) is not homothetic
to the standard pseudohermitian structure on the source sphere; see Example 7.2 for
more details.

Another interesting question, going back to the seminal paper of Chern and
Moser [6], that we are able to tackle with our current techniques is the existence of
the CR umbilical points on (Levi-nondegenerate) CR manifolds. This problem has
been studied by Webster [33] for the case n > 2 and by, for example, Huang-Ji [19],
Ebenfelt et al. [12,13] for the case n = 1. Recall thatif n > 2 (i.e., dimp M > 5),
then p € M is a CR umbilical point if and only if the Chern-Moser tensor of M
vanishes at p [6]. This notion of (intrinsic) CR umbilical points and that of (extrin-
sic) pseudohermitian umbilical points of an immersion into a complex Euclidean
space are closely related. This close relation was already noticed and exploited
in [11, Section 5] for the case when F realizes an immersion in a sphere. In fact,
these two properties are equivalent for the immersions having “low” codimension
(Proposition 3.3). This equivalence allows us to locate the CR umbilical points on a
strictly pseudoconvex CR manifold M when it admits a pseudohermitian structure 6
for which (M, 6) is semi-isometrically immersed into a complex Euclidean space of
low codimension. Precisely, assume that F = (F7, ..., Fy) is a holomorphic map
from an open set in C"*! into CN and p = ||F||>+ 1, where | F||? := Zé,vzl |F4)?
is the “squared norm” of F" and v is pluriharmonic. If M := {p = 0} is a strictly
pseudoconvex real hypersurface and 6 := idp, then (M, 0) is semi-isometrically
immersed into CV by F. The next result stated in this introduction is a criterion
for the CR umbilicity which is formulated as a property of the (Levi-) Fefferman
determinant J (p). Recall that J(p) is defined by

_ _ o Pk
J(p) = — det [pj P{,-/z]’ (1.5)

where p; = dp/dz/ and Pik = 32p/azizk.

Theorem 1.5. Let 1: M>"+t! ¢ C"*! be a strictly pseudoconvex real hypersurface
defined by p = 0 with dp # 0 and J(p) > 0 along M, n > 2. Suppose that
o = |FI?> + ¥ where F is a holomorphic map into CN and  is pluriharmonic.
Then,

(199 log J ()| H(my = 0. (1.6)

If the equality occurs at p € M, then p is a CR umbilical point of M. If in addition
N < 2n, then the equality occurs if p is CR umbilical. In particular, if the complex
Hessian of log J (p) has at least two nonzero eigenvalues at every points and N <
2n, then M admits no CR umbilical points.
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Perhaps the most interesting nontrivial example for which Theorem 1.5 applies is
that of real ellipsoids. This example was treated in [33] which studies the com-
plete integrability of the Reeb flow associated to the “normalized” contact form
(the one for which the Chern-Moser tensor has unit norm). Precisely, let A =
(Ay, Ao, ..., Ap41) be a set of real numbers. The real ellipsoid E (A) is the strictly
pseudoconvex real hypersurface defined by p = 0, where

n+1
p=lZII> +Re) Az —1. (1.7)
j=1

We obtain the following corollary which was first proved in [33, Theorem 0.1] (the
original statement in [33] is for “generic” ellipsoids that satisfy 0 < A; < Ay <
< Apg < D).

Corollary 1.6 (Webster [33]). A real ellipsoid E(A) in CV, with N > 3, admits
no CR umbilical points, provided that there are at least 2 nonzero components in A.

If A has exactly one nonzero component, then using (1.6) we can locate precisely
the nonempty CR umbilical locus of E(A); see Remark 3.5.

The case dimgp M = 3 (i.e., n = 1) is fundamentally different as the CR um-
bilical property is not characterized by the Chern-Moser tensor but the Cartan’s
6th-order tensor (which does not appear in the Gauf} equation (2.29)). In fact, com-
pact real ellipsoids in C? always admit umbilical points [19] while an unbounded
ellipsoidal tube (when A; = 1 for all j in (1.7)) admits no umbilical points [13];
see also [12] for further results in the three-dimensional case.

The paper is organized as follows. In Section 2 we quickly recall some back-
ground in pseudohermitian geometry and study the notion of second fundamental
form for the semi-isometric CR immersions of CR manifolds into Kéhler manifolds.
Precisely, we prove the Gaul3-Codazzi-Mainardi equations and establish the relation
between the mean curvature and the so-called transverse curvature. In Section 3,
we study the relations between the two notions of umbilical points and prove The-
orem 1.5. In Section 4, we give a Beltrami-type formula for the Kohn Laplacian
which we need for the study of eigenvalue estimates and prove a Takahashi-type
theorem. In Section 5, we prove a simple upper bound for the first positive eigen-
value of the Kohn Laplacian on a CR manifold in terms of the total tension and
dp-energy of a map into a Kihler manifold and prove Theorem 1.1. In Section 6,
we prove Theorems 1.2 and 1.4 and Corollary 1.3. In the last section, we give an
example illustrating the necessity of the certain codimension restriction imposed at
various places in the paper.

ACKNOWLEDGEMENTS. The author thanks anonymous referees for pointing out
and addressing some delicate issues in a previous version of Proposition 2.15 and
its proof, and for useful comments.
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2. Semi-isometric CR immersions and the GauB-Codazzi-Mainardi
equations

2.1. Pseudohermitian geometry

For readers’ convenience, we quickly recall some notions and facts about the pseu-
dohermitian geometry of CR manifolds. We refer to [10,29,31] for more details. Let
(M1 701 M) be a strictly pseudoconvex CR manifold of hypersurface type, i.e.,
dimcr M = n. There exists a real contact 1-form 6 such that the holomorphic tan-
gent space H := Re(T''M @ T M) is given by the kernel of 6 (i.e., H = ker0)
and the two-form d#6 is positive definite on H(M). The pair (M 2+l 9y is called
a pseudohermitian manifold by Webster [31]. The Reeb field associated to 6 is the
unique real vector field T satisfying 7 ]d6 = 0 and 6(T') = 1. The Tanaka-Webster
connection on M is the unique affine connection V: I'(T M) — I'(T (M)QT (M)*)
for which the complex structure J, the contact structure H (M), and the Reeb field
T are parallel, and its torsion is pure [10]. Here the torsion Ty is said to be pure if
(see [10])

Tv(X,Y)=do(X,Y)T, (2.1)

and
Ty(T,JY)=—JTv(T,Y) 2.2)

forall X,Y € H(M). See [29, Proposition 3.1] or [31, Theorem 2.1] or [10] for a
proof. We shall identify V with its complexified connection on CT M as usual. The
pseudohermitian structure 6 also induces a hermitian metric on H (M) by

Go(X,Y) =do(X,JY),

which extends to CH (M) by complex linearity. The adapted Riemannian metric
go = Go + 62 agrees with Gy when restricted to H(M). We say that (M, 0) is
complete if gg is a complete metric.

2.2. The second fundamental form and the (1, 0)-mean curvature vector

Definition 2.1. Let (M, ) be a strictly pseudoconvex pseudohermitian manifold,
(X, w) a complex Hermitian manifold, and F: M — (X, w) a smooth CR map-
ping. We say that F is semi-isometric if

df = F*o. (2.3)

It seems to be more natural to require that d agrees with F*w when restricted
to H(M). However, when dimcg M > 2 and w is Kihler, this seemingly weaker
condition is actually equivalent to (2.3).

Proposition 2.2. Let F: (M,0) — (X, w) be a CR mapping. Assume that w is
Kdhler and M has dimension at least 5, then F is semi-isometric if and only if

d9|H(M) = F*a)IH(M). 24
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Proof. Assume that (2.4) holds. The restriction of the closed two form n := df —
F*w to H(M) vanishes. Thus, by [21, Lemma 3.2], it must vanish identically. [

It is worth pointing out that, for semi-isometric immersions, the adapted Rie-
mannian metric gg = Gy + 62 does not coincide with the induced Riemannian
metric from the ambient space. In fact, go(7T, T) = 1, but (T, T'), equals 2 times
the mean curvature function and is not constant in general.

In local computations, we can suppose that M c X, T'OM = CTMNT'Ox,
and F is the inclusion. In this case, we shall say that (M, 6) is a pseudohermitian
submanifold of (X, w). We denote by V the Chern connection on X’ and by V the
Tanaka-Webster connectign on M. For any sections U,V e '(CT M), we extend
V smoothly to a section V of CT X" and observe that Vi; V does not depend on the
extension.

Definition 2.3. Let ¢: (M, 0) — (X, w) be a pseudohermitian submanifold of a
Hermitian manifold (X, w). The second fundamental form of M = (M) C X is
defined to be o

Huy,v)=vyV —-VyV. (2.5)

We define the normal subbundle N -0 M (respectively N M) to be the orthog-
onal complement of T"OM (respectively %' M) in T"O0X (respectively 701 X)
with respect to the Hermitian metric on /X'. Basic properties of II are as follows.

Proposition 2.4. Let 1: (M, 0) — (X, w) be a pseudohermitian submanifold of a
Hermitian manifold (X, w). Then the second fundamental form Il is well-defined
and tensorial. If, moreover, (X, w) is Kihler, then for any Z, W € T(T''M &
701 M)

IH(W,Z)=1(W,Z), (2.6)
H(Z,W)=1(W,Z)—i(Z, W)T, (2.7)
I(T,Z2)=1(Z,T)—1Z. (2.8)

Here t1Z := Tvy(T, Z) is the pseudohermitian torsion. Furthermore, II1(Z, W)
takes values in N'OM & N1 M.

Proof. Equation (2.6) follows from the reality of the Chern and Tanaka-Webster
connections. Extend Z and W smoothly to X’. Since the Chern connection V has
no torsion, N N

VzW —-VwZ =1Z,W]. (2.9)

On the other hand, the Tanaka—Webster torsion is pure, i.e.,
VW —VwZ =[Z, W]+i{Z, W)T, (2.10)
where T is the Reeb vector field. Therefore,
HzZ,wW)y—1W,2)=—i{Z,W)T. (2.11)
This proves (2.7).
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Extend Z and T to smooth vector fields on a neighborhood of a point p € M
in X. Observe that

VrZ — VT =T, Z]. (2.12)
Moreover,
ViZ —VyT =T, Z1+Tv(T, Z) =T, Z] + = Z. (2.13)

Subtracting these two identities, we obtain (2.8). .
To prove the last statement, first we consider the case W is a (0, 1)-vector field,
then 11 (Z, W) is a section of 70! X along M. Moreover, for Y € I'(T'-OM),

(IL(Z,W),Y)=UI(Z,W)—=1I(W,Z),Y)=—i(Z, WI{T,Y)=0. (2.14)

This shows that I1(Z, W) € T(N%'M).
Next we consider the case W is a (1, 0);vector field, then 11 (Z, W) is of type
(1, 0). Moreover, for any (0, 1)-vector field Y tangent to M,

(II(Z,W),Y)=—(W,II(Z,Y)) =0, (2.15)
and hence 11 (Z, W) € T'(N'9M), as desired. The proof is complete. ]

Thus, the second fundamental form /I is not symmetric. However, if Z and W are
both of type (1, 0), then

HZ,W)=1W,2), I(Z W)=I1IW,2Z). (2.16)

Moreover, if (M,0) has vanishing pseudohermitian torsion, then I1(Z,T) =11 (T, Z).

Definition 2.5. Let (M,60) — (X, w) be a pseudohermitian submanifold. The
(1, 0)-mean curvature vector at p is defined by

1 n
H(p) =~ 11(Za. Za). (2.17)
n
a=1
Here {Z,: « = 1,2, ..., n} is an orthonormal basis for 7'M and Z3 := Z,.

Thus, H is a section of 719X along M. The mean curvature at p is defined
to be

w(p) == H(p)lo- (2.18)
These definitions are similar to those of the scalar and vector mean curvatures of
Riemannian submanifolds.

Proposition 2.6. Let M — X be a pseudohermitian submanifold of a Kihler man-
ifold (X, w). If T is the Reeb field of 0, then

H—H=iT, (2.19)

and H(Z, W) =z, WYH, [(W,Z)=(Z, W)H. (2.20)

In particular, T determines the (1,0)-mean curvature vector field.
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Proof. By (2.7), for any «,

1(Zg, Zo) = (2o, Zg)

=1(Zg,Zy) —i{Zy,Zg)T. (2.21)
Summing over o = 1, ..., n, we obtain (2.19).
Observe that
H(Z,W)—1I(W,Z)=—i{Z, W)T =(Z, W)(H — H). (2.22)
Taking the (1, 0) and (0, 1) parts, we obtain (2.20). The proof is complete. ]

Proposition 2.7. Let (M, 0) — (X, w) be a pseudohermitian submanifold of a
Kiihler manifold. If T is the Reeb field of 0, then for Z € T'OM,

II(T,Z) = —iVzH, (2.23)
tZ =iV,H. (2.24)

In particular, %Zﬁ is tangent to M .
Proof. From VT = 0, (2.19), and (2.8), we have
I(T,Z2)=1(Z,T)—tZ=V;T —tZ=iV;H—iVz;H—1Z. (225)

Taking (1, 0) and (0, 1) parts, using the fact that v Z is of type (0, 1) since Z is of
type (1, 0), we obtain the desired identities. O

2.3. The GauB-Codazzi-Mainardi and Weingarten equations

In this section we shall derive CR-analogues of the classical Weingarten and Gaul3-
Codazzi-Mainardi equations for the semi-isometric CR immersions. CR-analogues
of the Gaul} equation have been used successfully in the study of CR immersions
into the spheres; see, e.g., [11,32] and the references therein. Our derivation is
similar to those previous work, but we shall need to calculate explicitly some terms
arising in our new situation and therefore we shall present the detailed calculation
below.

Proposition 2.8 (Weingarten Equation). Let M <— X be a pseudohermitian sub-
manifold of a Kdhler manifold. If N is a section of NYOM @ NO' M, then

(VzN, W) = —(N, II(Z, W)) (2.26)

for all sections Z, W of T"O'M @ T M.
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Proof. The proof uses a standard argument exploiting the fact that ¥V is a metric
connection. Precisely, since N is normal to T M,

(VZN,W) = Z(N, W) — (N, VzW)

= —(N,VzW — VzW)
= —(N, 1l (Z, W)). O

Our convention for the curvature operator of a linear connection is
R(X,Y)Z =VxVyZ —VyVxZ — Vix.v1Z. (2.27)
If X, Y,and Z are tangent to M, the Gaull formula immediately implies that

R(X,Y)Z = R(j(, Y)Z + H(X,~VyZ) — 1Y, VxZ)— 1 (X,Y], 2) 22%)
+ VxUI(Y, Z2)) — Vy(I (X, Z)),

where R is the curvature operator on X. Specializing to the “horizontal” vector
fields of appropriate types, we obtain:

Proposition 2.9 (equations of GauB). If t: (M, 0) — (X, w) is a pseudohermi-
tian CR submanifold and w is Kdhler, then:

(1) For X,Z e T(T"M) and Y, W € T(T*' M), the following equation holds:
(R(X,Y)Z, W) = (R(X,Y)Z, W) + (I[(X, Z), (Y, W))
— [H* (Y, Z)(X, W) + (X, Y)(Z, W) ;

(2) For X,Z e T(T' M), the following equation holds:
(tX,Z)=—ill(X, Z), H). (2.30)

Here, tX := Ty (T, X) is the pseudohermitian torsion of 6.

(2.29)

As briefly discussed in the introduction, the Gauf} equation has been extensively
used in the study of the CR immersions. In particular, the traceless part of (2.29) has
been important for the study of the rigidity of CR immersions; see, e.g., [11,20,32]
and the references therein. We point out that the trace part of (2.29) and the equation
for the torsion (2.30) are important for our proofs of Theorem 1.2 and Theorem 1.5.

Proof of Proposition 2.9. The proof of (2.29) is similar to that of the GauB} equa-
tion for Riemannian immersions, except that the term (/I ([X, Y], Z), W) does not
necessarily vanish. Indeed, from (2.28) and Propositions 2.4 and 2.8, we have

(RX,Y)Z,W)=(R(X,Y)Z, W) — (II((X, Y], Z), W)
+ (VxUI(Y, 2)), W) — (V3T (X, Z)), W)
=(R(X,VZ, W) —I(X,Y],Z),W)
— (Y, Z), II1(X,W)) + (X, Z), [1(Y,W))
=(RX,Y)Z, W)+ (X, Z), 1Y, W))
— (Y, ZW(X. W)|H|* = (II([X. Y], Z), W).

231)
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Since [X,Y] = VxY — VX —i(X,Y)T and I1 (VxY, Z) and 1l (V3 X, Z) are in
the normal bundle, we deduce that

(II([X,Y],Z2), W) = (I (=i (X, Y)T, Z), W)
—i(X,Y)(II(T, Z), W)

—(X,Y)(VzH, W) (232)
= (X,Y)(H, VW)
= (X, Y)(Z, W)|H|.

Plugging this into (2.31), we obtain (2.29).
To prove (2.30), recall that (2.24) X = zVXH and therefore,
(tX, Z) =i(VxH, Z)
=i(X-(H 2z)- (H,VxZ))
= —i(H,VxZ — VxZ)
—i(H, II(X, Z)).

(2.33)

The proof is complete. O

For each section Y of the normal bundle N'M N1 M , we define the (Wein-
garten) shape operator Ay from 7'M @ 7O M into itself:

(AyZ, W) =(II(Z, W), Y). (2.34)

Since 1 is not symmetric, Ay is not symmetric either. However, it has some nice
properties. In particular,

AyZ=(Y,H)Z, AyZ=AyZ, ZeT''M,vyeN"Mm. (2.35)

Moreover, Ay maps TOM @ TO' M into T'-OM if Y is of type (1, 0). The normal
connection D on N'"OM @ N%!M is then defined by

DY =V,Y + Ay Z. (2.36)

Then DY € TO0x, Moreover, for W € TO*lM, we have

(DzY, W) = (V,Y, W)+ (AyZ, W)
=Z (Y, W)=Y,V W)+ (II(Z, W), Y) (2.37)
=0.

Hence, DzY € N'OM whenever Y € N'"M and Z € T'"'M @ T%'M. By
usual arguments, we can show that D is a linear connection on N'OM @ NO!'m
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which respects the splitting into (1, 0) and (0, 1) parts of complex vector fields.
Furthermore, we can also verify that D is metric, i.e.,

X -(Y,Z)=(DxY,Z)+(Y,DxZ), YeN'Mm ZeN"'M. (238
Details are left to the reader.
Proposition 2.10. It holds that
DzH =0, (2.39)
for all (1, 0)-vectors in TYOM. Consequently, if Dy H = 0, then |H| is a constant.

Proof. It follows from (2.24) that %Zﬁ = —itZ is tangent to M. Therefore,
Dy;H = (VZH)L = 0. Moreover, if DzH = 0 for all (1,0) tangent vector Z,
then

Z-|H*=(DzH,H)+ (H,DzH) =0, (2.40)
and thus |H |2 is a real-valued anti CR function, hence constant. ]
Using the normal connection D, we can rewrite (2.28) as follows:
R(X,Y)Z = R(X, Y)Zir Anx.2)Y — Ay X B an
+ (DxIN(Y, Z) — (DyI) (X, Z) + I (Tv(X,Y), Z).
Here

(DxII(Y,Z)=Dx(I(Y,Z)) — 1I(VxY,Z)— 1I1(Y,VxZ), (2.42)

for X, Y, Z are sections of 7'M & 791 M.

Proposition 2.11 (Codazzi-Mainardi equation). If : (M,0) — (X,w) is a
pseudohermitian submanifold and w is Kdhler, then the normal component of the
curvature is

(R(X,Y)2)* = —(Dyll)(X,Z)+ (Y, Z)DxH + (X, Y)DzH. (2.43)
Proof. From the fact that Ty is pure and (2.23), we have
I(Tv(X,Y),Z) = i(X,Y)II(T,Z) = (X,Y)VzH. (2.44)
Taking the normal components,
I(Ty(X,Y), Z)* = (X,Y)DzH. (2.45)
On the other hand, since I1 (Y, Z) = (Y, Z)H,
(DxIN(Y,Z) = D_X(<7, ZYH) — II(VxY,Z)—1I(Y,VxZ) 246)
= (Y, Z)DxH.

Here we used the fact that the connection D is metric.
Then (2.43) follows from taking the normal component of (2.41). O
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Take an orthogonal coframe {6} of (T'OM)* and its conjugate {95 = 9_13}.
Thus, {#%, 67,6} is an orthonormal coframe of the complexified cotangent bun-
dle (CT M)*. The dual frame will be denoted by {Z,, Z B Zoy = T}. In this frame,
the pseudohermitian curvature tensor has components

Rujys = <vav,§zy ~V5VaZy — Viz,.251Zy. z;,}. 2.47)

The Ricci tensor is R, = Rg g and the Ricci (1, 1)-form, denoted by Ric, is a
(1, 1)-form on T%'M & T'OM which agrees with iRaEO“ A 68 when restricted

to T19M @ T M. Unlike its Kihler counterpart, the pseudohermitian Ricci form
does not necessary extend to a closed (1, 1)-form. The components of the pseudo-
hermitian torsion t are denoted by Ag. Precisely,

Aup = (T2, Zg). (2.48)
It is well-known that Ayg is symmetric, i.e., Aqg = Agq (see, e.g.,[21,31]).

We denote by a)gy the components of the “holomorphic” part of the second
fundamental form 11, i.e.,

1(Zo, Zy) = &% Za, (2.49)

where we sum over the lowercase Latin index which runs from n + 1 to N. Here
{Z1, ..., Z,} is an orthonormal frame for T19M and {Z1, ..., Zy}1s an orthonor-
mal frame for 719X . Then the GauB equation takes the following form:

Rupys = Raiys + ey @ s — \HP (haghye + hash,5) (2.50)
Moreover,
Agp = —iigH h . (2.51)

We obtain the following CR analogues of the well-known inequalities for isometric
Riemannian immersions into the real Euclidean space.

Corollary 2.12. Let (M, 0) — (CN, w :=i33||Z||?) be a semi-isometric CR im-

mersion. Let Ric and R be the Ricci form and the Webster scalar curvature, respec-
tively. Then

Ric < (n + D|H|*(* )|y and R < n(n + 1)|H|*. (2.52)

The equality in each of them occurs if and only if M is totally umbilical.
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2.4. CR immersions into the sphere

Let:: S?"*+! ¢ C"*! be the standard embedding of the standard CR sphere into the
complex space. Let /I be the corresponding second fundamental form and Hegon+1
the (1, 0)-mean curvature field. Then

11(Z,wW)=0. (2.53)

Indeed, take the standard coordinates (z', ..., z", z"t! = w) on C**! and p :=
|Z]|> — 1. Then p is a defining function for the sphere and the standard pseudoher-
mitian structure is (*(idp). Clearly,

do = (*(i09p) = . (2.54)

Hence, the inclusion ¢ is semi-isometric.
A basis for (1, 0)-vectors on S+ is the restrictions onto S>"*+! of

Zy =0y — Z%/w)dy, oa=1,2,...,n, (2.55)

at points where p,, # 0.
If V is the Chern connection of C"*! , then
~ ~ 7P P\ ~
V2,28 =Vz,08 — Zy <T> Oy — (T) Vz,0u =0. (2.56)
w w
On the other hand, if V is the Tanaka-Webster connection on S?**! and wg”’s are
the connection forms associated to the chosen frame, then by [24] (equation (2.68)
below)

wp? (Zo) = h'" Zyhpj — £p8L, 2.57)
where hgj; is the Levi-matrix:
7Pz - _
hgp = dpu + ol W =8, — 27" (2.58)

Consequently

- 1 _ P27\ .
a),_«;”(Zo,) = hV"Zah,g,; —5}353{/ = WZ‘B(S&/ - <8ﬁg + |w|2 ) Zaag =0. (2.59)

This and (2.56) imply that I1(Z,, Zg) = 0, as desired.

Proposition 2.13. Let M be a strictly pseudoconvex CR manifold and ¢: M —
S?N=1 be a CR immersion. Let t: SN ~1 — CN be the standard inclusion. Put

Fi=10¢, 0=FO, w:=id0|Z|* (2.60)

Then F: (M, 0) — (CN, w) is a semi-isometric CR immersion. Moreover, if IIAGIR
is the CR second fundamental form of ¢ for any admissible pair (0, é), then

ukz, wy=ulz,w, (2.61)
for every pair Z, W in T'OM.
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Proof. Suppose that (6, é) is an admissible pair, in the sense of [11], of pseudoher-
mitian structures for the CR immersion ¢: M — S?N=1_This means that 6’ = q&*é
and the Reeb vector field of 9 is tangent to ¢ (M) along the image. The CR second
fundamental form is given by

R (2, W) == VoW — VoW, (2.62)

for all (1, 0)-vector fields Z, W tangent to M and extended smoothly to (1, 0)-
vector fields of SN ~!. Suppose that & = ¢“®. Then § = e *#’. By Lee’s formula
for pseudo-conformal change of contact forms (see, e.g., [10]),

VOW = VOW + Zu)W + Wu)Z, (2.63)
and a similar identity holds on M. Using (2.53), we obtain

HRzZ, W) =vow —viw
=V, W - VPwW (2.64)
= 1y(Z, W).

Here we identify Z and W with their push-forwards via F" and ¢. In particular, the
CR second fundamental form IIA%R (Z, W) agrees with the holomorphic part of //

and can be computed using any pair 6 and 0’ := F*. O

Example 2.14. Let (E(A), 8) be a real ellipsoid defined by p := lzlI*> — Re(Az -
(Az)")—1=0and 6 = (*(idp), where A = (A}, As, ..., Ap+1) are real numbers.
Then the inclusion ¢ is a semi-isometric embedding of (E(A), ) into Cr*! with
Euclidean metric. Observe that E(A) also admits a CR immersion into S**13 but
not into S?"+1 in general, and so ¢ does not realize an immersion in a sphere.

2.5. The transverse curvature of a level set of a Kihler potential

Proposition 2.15. Let M C C"*! be a strictly pseudoconvex real hypersurface
defined by p = 0 with dp # 0 and let 0 = 1*(idp). Assume that F: (M,0) —
(X, w) is a semi-isometric CR immersion and ¢ is a local Kihler potential for @
on a neighborhood of F(p) € X (p € M). Then there is a CR function G in a
neighborhood of p such that p o F = Re G.

Proof. We assume that U is an open set in C"*!, F sends U N M into an open
coordinate patch V C X, and ¢ is defined in V such that idd¢ = w. Since M is
strictly pseudoconvex, we can apply H. Lewy extension theorem to each compo-
nent of Z o F (Z is a holomorphic coordinate in V') to deduce that F extends to a
holomorphic map F in an one-sided neighborhood Ut C U of p. (Note that all
components of Z o F extend to the same side, the pseudoconvex side). We can also
assume that F(U) C V. Observe that F = F o ¢ and hence F* = (* o F*, by
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the smoothness of the extension. Since § = 1*(idp), the semi-isometry assumption
gives
FF* 93¢ = (*3dp.

As F is holomorphic on U*, the pull-back F* commutes with d and 3, and by
continuity, the same holds on M NU. Hence (*(i 39 (¢ o F — p)) = 0 and thus poF
satisfies conditions (2) and (3) in Bedford and Federbush [2] with « = 1. Hence,
by Theorem 1 of [2], locally there exists a CR function G such that ¢ o F = Re G.

Alternatively, one can verify, using (2.68) below, that ¢ o F satisfies the condi-
tion characterizing CR-pluriharmonic functions in [21] and hence the existence of
such G follows. The proof is complete. U

In view of Proposition 2.15, if (M, 6) is semi-isometric CR immersed into
a complex Euclidean space CV, then M is locally CR embeddable into a sphere
of CN*!. Indeed, || Z||? is a Kihler potential of the Euclidean metric in CV. If
F = (F), F», ..., Fy) is such an immersion into C" and G is a local CR function
on M such that | F||> = Re G on M. Then the map (Fi, ..., Fy, G) is a CR map
sending M into the Heisenberg hypersurface defined by Re Zy 41 = Zi\\l:l |Z4l?
in CV*+!, Since CR manifolds are not generally CR embeddable into a sphere of
any dimension, even locally [15], the CR analogue of the Cartan-Janet theorem for
semi-isometric CR immersions does not hold.

We consider a strictly pseudoconvex real hypersurface M defined by p = 0
with dp # 0 and p is a Kédhler potential for ametricwon U. If 6 := (i/2)(0p—dp),
then ¢ is CR semi-isometric. As pointed out in [22], there is an associated (1, 0)-
field & such that

Eldp=1, £]3dp=0 mod dp. (2.65)

The function r := p jlgéj & k |am is called the transverse curvature [17]. Take a local
holomorphic coordinate z1, 22, ..., Zn, Zn+1 = w such that p,, # 0 and define

0F :=dzX —£kop, k=1,2,....n+1. (2.66)

Then {8%,a = 1,2, ..., n}is an admissible coframe for (M, 6). The corresponding
Levi matrix h,, B is given by

. PaPg
haﬁ = —id0(Za, Z,§) = Poup — paag log py — pf}aa log pw + pwwﬁ- (2.67)
w
Moreover, the Tanaka-Webster connection forms wg*’s are given by [24]
wg® = (haﬁzyhﬂ/l - SﬁSJ‘),‘) 07 + 5“/1,3};9’7 —iZg&"0. (2.68)

From (2.68), we can calculate the Ricci form via the formula Ric = idw,* mod 6.
Indeed, Li and Luk [24] derived the following useful formula.
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Proposition 2.16 (Li-Luk [24]). Let Ric be the Ricci (1, 1)-form restricted to
H(M). Then

Ric = (n + Dr ()| gy — 1*(i99 log JON | H M- (2.69)
Here J (p) is the (Levi-)Fefferman determinant defined in (1.5).

We calculate the (1, 0)-mean curvature vector explicitly as follows.

Proposition 2.17. Let M C C"*! be defined by p = 0, dp # 0, where p is a
strictly plurisubharmonic defining function on an open set U containing M . Assume
that 0 = *(i0p) and w = i00p. Thent: (M, 0) — (U, w) is a semi-isometric CR
immersion. Moreover, the second fundamental form satisfies

1(Zs, Zg) = —hps &. (2.70)

In particular, the squared mean curvature |H |* coincides with the transverse cur-
vature of p:

r(p) = &2 = |H|2. 2.71)

Proof. Tt is immediate that ¢ is a CR semi-isometric immersion as df = (*w. To
prove (2.70), we shall calculate the second fundamental form explicitly by using
(2.68). Let (zl, ZZ, LN w = Z”H) be a local coordinate system near a point
p € M. We can suppose that p,, # 0 near p. Put

Zy, =0y — (py/pw)ow- (2.72)

Then Z,,« = 1,2, ..., n, form a frame of 7:°M near a point p with p,, # 0.
From this, we can easily compute

- - h -
Z, (p—ﬁ) - <aa _ p—"‘aw> (p—ﬁ) N 2.73)
Pw Pw Pw Pw

Therefore, if V is the Chern connection of w, then

~ ~ 0z 05\ ~
VZaZB = Vzaag —Zy (—ﬁ> op — (—ﬁ> Vzaaw
Pw W
= —(1/pid)hyz05. (2.74)
On the other hand, by (2.68), we have
V2,25 =E"h,;Z;
= 10p1,hogp” (37 — (o7 /Pi)0) 275)

3 1
=ha,§ rp 31;—10—3@ .



SEMI-ISOMETRIC CR IMMERSIONS OF CR MANIFOLDS 975

Therefore, -
(Zy,Zg) =Vz,25—Vz,Z5

= —rhy;0" o (2.76)
= —halgg.

This proves (2.70). Taking the trace with respect to the Levi-form, we obtain

H=—¢. 2.77)

In particular,
2 52 _
HIZ = 1ER;, = (o). O

Corollary 2.18. Let F: U — (X, w) be a holomorphic immersion and ¢ a Kihler
potential of w. Let p := ¢ o F and suppose that {p = 0} defines a strictly pseudo-
convex real-hypersurface M C U withdp # 0 on M. Put 6 := idp|py then F is a
semi-isometric immersion from (M, 6) into (X, w). Moreover,

|Hranl* o F =r(p), (2.78)
where r(p) is the transverse curvature.

Proof. From (2.19), we have Hp )y = —F&, where & is the transverse vector field

associated to the definining function p. In local coordinates Z4 of X, we write
FA = ZA0 F. Then

|Hron* o F = ¢, FPEVFPER = p /&8 = r(p). (2.79)

Here the repeated uppercase indices are summed from 1 to dim¢ X while the low-
ercase indices are summed from 1 to dimcg M. O

3. Chern-Moser CR umbilical points and umbilical points of immersions

In this section we use the Gaul} equation to determine the CR umbilical points
on strictly pseudoconvex CR manifolds of dimension at least 5 which are semi-
isometrically immersed in a complex Euclidean space and prove Theorem 1.5.

Definition 3.1 (Chern-Moser CR umbilical points [6]). Let M be a Levi-nonde-
generate CR manifold of hypersurface type. A point p € M is called a CR umbilical
point if the Chern-Moser curvature tensor vanishes at p.

It is well-known that if M is CR umbilical in a neighborhood of p, then M is
locally spherical at p [6].

We denote 11 ° the traceless component of /1. Precisely, II°(Z,W)=1I1(Z,W),
HH°(Z, W) =1 (Z,W),and II°(Z, W) = II°(W, Z) =0,forall Z, W € T'"'M
and Z, W e T%1 M.
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Definition 3.2 (Umbilical points of an immersion). Let ¢: (M, 0) — (X, w) be
a strictly pseudoconvex pseudohermitian CR submanifold, d6 = *w. We say that
p € M is pseudohermitian umbilical at p if 11°(p) = 0.

The following is a simple extension of [11, Lemma 5.2].

Proposition 3.3. Ler t: (M*"*!,0) — (CN,w), o = i33||Z||?, be a strictly
pseudoconvex pseudohermitian submanifold and p € M. Assume that dim M > 5.

@) If1I°(p) = 0, then p is a CR umbilical point in the sense of Chern and Moser;
(i) If M is a CR umbilical at p and N < 2n, then 11°(p) = 0.

Proof. 1f I1°(p) = 0, then the Gauf} equation at p reduces to

R |H P (hoghys + hagh,3)| - (3.1)

Ol[f)/& | p=
This implies that the traceless component of R, By vanishes at p and hence (i)
follows.

Suppose that p is CR umbilical and N < 2n. Then taking the traceless com-
ponent of both sides of the Gaull equation (2.29), we obtain

tf wl

ng5ha5|p= 0. (3.2)

Since N < 2n, we can argue as in [11, Lemma 5.3], using Huang’s lemma, to
deduce that @y, = 0 at p. This proves (ii). O

Corollary 34. Let 1: (M,0) — (CN,w), w := 99| Z|? be a strictly pseudo-
convex pseudohermitian submanifold and p € M. Suppose that N < 2n, then the
following are equivalent:

(i) p is a CR umbilical point of M ;

(ii) Ric|, = (n + D|H>*o|,;
(iii) R, =n(n+ DIH|3.
Moreover, each implies that Ayy|, = 0. Here Ay, are the components of the
pseudohermitian torsion.

Proof. Assume that (i) holds, then //°(p) = 0 by Proposition 3.3. Tracing the
Gaul} equation at p implies that

Ric = (n + D|H|**w. (3.3)
This is (i1).
Clearly (ii) implies (iii) by taking the trace.
Assume that (iii) holds. The Gaul} equation at p implies that
R=nn+ D|H*—|II°>. (34)

Hence, (iii) implies that /7° = 0 and hence p is CR umbilical by Proposition 3.3.
The last conclusion follows from (2.30). O



SEMI-ISOMETRIC CR IMMERSIONS OF CR MANIFOLDS 977

Proof of Theorem 1.5. By assumption,

N

p=) IFIP+v. (3.5)

d=1

where v is real-valued, i99y = 0, and F¢’s are holomorphic in a neighborhood
of M. Let & = idp, then d6 = *(i9dp) = F*({99|Z||?), and hence F :=
(F', ..., FN) is a semi-isometric CR immersion from (M, 6) into (CV, 99| Z|?).
We then identify M with its image F(M) c CV. By Li-Luk’s formula,

Ric = (n + Dr(p) (o)l amy — (03 1og J ()| 1 (m).- (3.6)

On the other hand, |H|?> = r(p) by Proposition 2.17. Taking the trace of GauB}
equation (2.29), we obtain

*(i0d log J () rry = (n + DIH ()| 1) — Ric

z - . (3.7
= h"‘ﬂa)f;ng—&hag Y A 90|H(M)‘

The last expression is manifestly non-negative as a (1, 1)-form and hence (1.6)
follows. The equality occurs if and only if a)gy = 0 if and only if the trace with

respect to hY? of each side of (3.7) vanishes.
When N < 2n, the equality in (1.6) occurs at p if and only if p is a CR
umbilical point, by Corollary 3.4. The proof is complete. O

Proof of Corollary 1.6. Let p := ||zj||2—Re(ztAz)—1, A = diag(Ai, Az, ..., An),
be a defining function for E which satisfies the condition in Theorem 1.5. Explic-
itly,

(log(J (0)) ;z = 10pI* Aj Adjk — AjArpipk = 0 (3.8)

(as an inequality of Hermitian matrices.) Moreover, if there are at least two nonzero
in Ag’s, then the complex Hessian of log J (p) has at least two positive eigenvalues
(at every points on E(A)) and hence the proof follows. O

Remark 3.5. If A has exactly one nonzero element, say A; # 0, then p is a CR
umbilical point if and only if |dp|> — |p1|> = O at p. This is the case if and only
if 70 = --- = z;41 = 0 and z; verifies lz11% + Re(Alz%) = 1. The CR umbilical
locus is an ellipse in the z1-coordinate plane.

4. A Beltrami-type formula for [J; and a Takahashi type theorem
Explicit formulas for the Kohn Laplacian that are analogous to the well-known

Beltrami formula for the Laplacian were derived by Li, Lin and the author in [23,
26]. In the notation of this paper, they can be reformulated as follows.



978 DUONG NGOC SON

Proposition 4.1 ([23,26]). Let (X, w) be a Kihler manifold, .: M — X a semi-
isometric CR immersion, and H the corresponding (1, 0)-mean curvature field. If
[ is the restriction of a (possibly of complex-valued) pluriharmonic function f in a
neighborhood of M in X, then

Opf =-nHF. (4.1)
In particular, if {Z A A= 1,2,..., N} is alocal holomorphic coordinate system
in a neighborhood of M, then
_ 1 N —A
H:—;ZDb (z |M) 9;. 42)
A=1

Proof. By the Gaul} formula (2.5), for any smooth extension fof f to a neighbor-
hood of M in X', we have

VoVaf =VaVaf + 1 (Za. Zp) f, (4.3)

~ ~

By assumption, we can take f to be pluriharmonic and thus V,, Ef = Oy 5,3 f =0.

Consequently, _
Opf = —h*PV, Vs f
= 1P 1(Za. Z5) 4.4)
=—-nHf.
Write H = H%9, in local coordinates. Then
O, (ZA| M) — —nHZ" = - HP0;Z" = —nH", 4.5)
B
from which (4.2) follows. [

Definition 4.2 ([9,11]). Let (M, 0) and (N, n) be strictly pseudoconvex pseudo-
hermitian manifolds and F': (M, 8) — (N, n) a CR immersion. We say that F' is
a pseudohermitian immersion if F*n = 0 and F,T = T’, where T and T’ are the
Reeb fields that correspond to 6 and n, respectively.

If F is a pseudohermitian immersion, then the pair of pseudohermitian struc-
tures (6, n) is admissible in the sense of [11].
The following is a CR analogue of the Takahashi theorem [28].

Theorem 4.3 (Takahashi-type theorem). Let (M, 0) be a pseudohermitian man-
ifold and let Z: M —>_((CN, w = i09|Z||?) be a semi-isometric CR immersion.
Suppose that J,Z = AZ, componentwise, then

@i A>0,
(i) ZM) Cr-S*™N-1 wherer = /n/x,
(i) Z: M —>r-S*N"1isa pseudohermitian immersion.

X SZN—I

Conversely, if F: M — r is a pseudohermitian immersion, then (J,F =

(n/rz)f.
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Proof. Let W = W43, be a (1, 0)-vector field. Suppose that W |,y is tangent to M,
then
(T, W) =(T, W), =0. (4.6)
On the other hand, since H — H = i T, we have
N —_—
0=—i(W.T)=(W,H)=)_ W"'HA

:—%W- (||Z||2).

Thus, || Z|? is a positive constant on M and this proves (ii) for some r > 0.
Let ®, be the standard pseudohermitian structure on r - SZN-1 Thus, ¢ =
Zly: M — r-S*N~1is a CR immersion of M into the sphere and hence

"0 = ¢*0,, 4.8)
for some function u. Thus,
¢"d0\ gy = d (9%0,) luony = d(@* (I ZIM) 1 m)
= (Lo @)* (AN ZID 1) 4.9)
=dO\gwm.

Hence u = 0 and thus ¢*®, = 0, as desired.
To show that ¢ is pseudohermitian, observe that on M, T = —i(H — H)
coincides with the restriction of the Reeb field of r - S2¥~! on M. This proves (iv).
Finally, if (iv) holds, then |H |2 coincides with the transverse curvature of the
sphere - S2N=1 ie., |H|> = r?, and hence (i) and (iii) follows immediately. ~ [J

Example 44. Let (S*"!, ®) be the unit sphere with the standard pseudohermi-
tian structure. For each ¢ > 1,let H = (H', H?,..., H") be a CR mapping
from S*"*! — CV whose components H/’s are the restrictions of homogeneous
polynomials of degree ¢. If H is a semi-isometric CR immersion, i.e., d® =
H*(i39]|Z||?) on S***!, then Theorem 4.3 implies that H(S*"*!) c r - N1,
with r = 1/,/q. Moreover, by a result of Rudin-D’Angelo (see [8, page 159]),
H = U o H;, where U is unitary and H, is the map defined by

1
H,(2) :ﬁ( , (Z)z“,-~-), la| =gq. (4.10)

We remark that H, is also minimal as a Riemannian immersion of S2"+1 into the
sphere r - S*V~1if both are equipped with the standard metric, see [10].
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5. Total pseudohermitian tension and an eigenvalue estimate for [,

Let (M, 0) be a pseudohermitian manifold and (X', w) a Kahler manifold with the
fundamental (1, 1)-form w. Let f: (M,0) — (X, w) be a C? map from M into
a Kihler manifold X with the Kéahler form w. In [25], Li and the present author
introduced and studied a notion of pseudohermitian harmonic maps. This notion is
similar to that of harmonic maps between Kéhler manifolds. Namely, we define the
dp-energy functional by

E[f]:= /Mg”f({fﬂjhﬂ“dVOIQ. (5.1)

Here, Z/ is the local coordinates on X, f/ := Z’ o f,and g ;7 1s the Kéhler metric
tensor. The Greek indices indicate the derivative along CR and anti-CR directions.
Clearly, E[ f] is real-valued and non-negative, and E[ f] = O if and only if f is a
CR map. A critical point of E[-] is called a pseudohermitian harmonic map in [25].
The associated Euler-Lagrange equation for E[ f] is given by the vanishing of a
(1, 0)-vector field which is called pseudohermitian tension field. Namely, for a C>
map f, the tension field 7[ f] is the (1, 0)-vector field along f (M) given by

TV i= (g4 Dl fd 15 )er, er =070z, (52)

Then, f is pseudohermitian harmonic if and only if t[ f] = 0.
The following generalizes the Reilly-type estimate for the first positive eigen-
value of the Kohn Laplacian. Its proof use similar ideas as in [23].

Proposition 5.1. Let (M*"*!,60) be a compact strictly pseudoconvex pseudoher-
mitian manifold and f: M — (C¢, ), w := i39| Z||?, a C*>-map. If f is not a CR
map, then E[ f] # 0 and

1 2
M < m/le[f]ldeole- (5.3)

If the equality occurs, then for each I = 1,2,...,d, ©(f)! is an eigenfunction
corresponding to A1, provided that it is not identically zero.

The integral in the right-hand side of (5.3) is called the total pseudohermitian ten-
sion of the mapping.

Proof. In the standard coordinates on C", T" 5 x = 0. Thus,
(N =hPfl =0 f! (5.4)

By the usual variational characterization of Ay,

A / 1By £ Pl Vol < f Oy £ P d Voly = f T PdVolg.  (5.5)
M M M
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By (5.1) and the fact that g, ; = 87, we have

N - N _
E[f] = Z/ f({féhﬂ"‘dVolg = Z/ 13 £ 112d Vol . (5.6)
I1=1 M =1 M

Summing over [ the equation (5.5), we obtain

d
MELf] = Zf |05 7 17d Volg < / ()15 d Vols, (5.7)
=1M M
as desired. The characterization of equality is immediate from (5.5). O

In the following we give a nontrivial example for which the pseudohermitian
tension can be computed explicitly.

Example 5.2. Let M be the compact strictly pseudoconvex Reinhardt real hyper-
surface in C"*! defined by p = 0, where

n+1

p=2<10g|2j|2>2— 1. (5.8)

Jj=1

Let 6 := idp|y and f/(z) = log|z;|>. Consider f = (f/: j = 1,2,....,n+
1): M — C"*!. Observe that

_ 11
13 log |2 *1* = - — - (log|z;1)*. (5.9)
Thus,
n+1 n+1 1 I’l+1
Z |5 log |21 Z (— - —(log|zj| ) ) — Z(log|z]| )?
_ . 10)
This implies that the dj,-energy of f is
n+1
E[f] :/ Z|8bff|2 d Voly = —Vol(M 0). (5.11)
M
Since log |z |? are pluriharmonic, from (4.1) we obtain
. n
e[V = —Dp(loglz; ") = = loglzI*. (5.12)

Therefore, A = n/2 is an eigenvalue of [J, and hence A; < n/2. On the other hand,
the total tension can be computed as follows.

n+l 2 2
Hk Dr[m ”Z(log|zj|2)=”z. (5.13)
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Thus, we have

n n
A< —/ IT[£11%d Volg = =, (5.14)
ELf]Jm / 2
as expected.

Proof of Theorem 1.1. In view of Proposition 4.1, we shall compute the 9;-energy
and the total tension of the conjugate of the CR immersion F'. The argument be-
low is almost the same as in [26] and similar to usual proofs for Riemannian case.

Precisely, N
[ =[S mie = [ i, (5.15)
M M= M

In local computations, we can identify M with its image (M) and write
Zy = nlo;. (5.16)

Here I runs from 1 to N. Thus, haﬁ = (Zg, Zﬁ> = 311“5,#%- On the other hand,

Zazl = ,ué, and thus

N
> (Za)Zg") = hyp. (5.17)
I=1
Here z/’s are the coordinates in CV . Consequently,
N
> 10z 1P =n, (5.18)
I=1
and therefore
N
E[z] = /Z 052" [ = n Vol(M). (5.19)
=1

Thus, the estimate (1.4) follows from Proposition 5.1.

Suppose that the equality occurs. Put 5! = [0,z. Then clearly (J,b! = 115!
This implies that [J,(b! — A1z/) = 0 and hence there are globally defined CR
functions ¢’’s such that b’ = A1z’ 4 ¢!. In particular, b'’s are (complex-valued)
CR-pluriharmonic eigenfunctions that correspond to A;. The proof is complete. [J

6. The linearity of totally pseudohermitian umbilic CR immersions

In this section we prove Theorem 1.2, Theorem 1.4 and Corollary 1.3. We first
prove the following lemma.

Lemma 6.1. Let t: (M,0) — (CN,w), w := i39|Z||, be a pseudohermitian
submanifold, *« = dO. If II° = 0, then M is CR spherical. Moreover, the
pseudohermitian Ricci curvature and mean curvature are constant and satisfy

Ric = (n + 1)|H[*d0| ), (6.1)
R=n(n+1)|H* (6.2)

Furthermore, the pseudohermitian torsion vanishes, i.e., Ayg = 0.
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Proof. By assumption, wf;y = 0 and the Gauf} equation (2.29) implies that the
Chern—Moser tensor of M vanishes identically. Thus M is locally spherical, pro-
vided that n > 2. Equations (6.1) follows by tracing the Gaul equation. Moreover,
Agp = 0,by (2.30). If n > 2, then it follows from a Bianchi identity in [21, equa-
tion (2.11)] that the scalar curvature R must be a constant and therefore, the mean
curvature |H|? is a positive constant.

For the case n = 1, the arguments above do not work. For this case, we argue
as follows. From Proposition 2.11, we deduce that

0= —(Dyl)(X, Z) + (Y, Z)DxH + (X, Y)DzH. (6.3)

By assumption, I1 (U, V) =0forall U, V € 7190 and hence (DyIl) (X, Z) =0.
Then (6.3) reduces to

0=(Y,Z)DxH + (X,Y)DzH. (6.4)

Hence, DzH = 0 for all (1, 0) tangent vector Z. By Proposition 2.10, |H|? is
a constant. To show that M is CR spherical, observe that Aj; = 0 and hence,
by [5, Lemma 2.2] (cf. [12]), the Cartan’s 6th-order tensor vanishes:

i_ 1,1
01 —6R,1 =0, (6.5)

since R = 2|H|? is also a constant. Hence M is locally CR spherical by Cartan’s
theorem. The proof is complete. O

Proof of Theorem 1.2. By Lemma 6.1, the Ricci tensor R, B has a positive lower
bound and the torsion Ayg = 0. Therefore, M must be compact. The argument uses
Meyer’s theorem and is well-known to the folklore: If the torsion vanishes and R, K
has a positive lower bound, then the Ricci curvature of the Levi-Civita connection
associated to some adapted Webster metric gy := Gy + €6 © 6 has a positive
lower bound for some positive constant € (see, e.g., [30, Proposition 8]) and hence
M must be compact (and has finite fundamental group) by Meyer’s theorem [16,
Theorem 3.85].

Since RaB =+ 1)|H|2ha5, with | H|? is constant, the lower bound for the
first positive eigenvalue of Chanillo-Chiu-Yang [4] (the case n > 2 is due to Chang-
Wu; see [27]) reads A; > n|H|?. This bound also holds in three-dimensional case
since Ayg = 0 (The lower bound of [4] requires that the so-called CR Paneitz op-
erator is non-negative. This condition is fulfilled when the pseudohermitian torsion
vanishes identically.) On the other hand, the upper bound in Theorem 1.1 reads

o< — /|H|2=n|H|2, (6.6)
Vol(M)

also because |H |? is constant on M. Thus,

A =n|H|* 6.7)
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By the characterization of the CR sphere in [27], (M 2n+1 9) must be globally CR
equivalent to the standard CR sphere. (In fact, we do not need the result in [27]
in its full generality as we already know that A, = 0. Under this condition, the
characterization of the sphere in [27] also holds also in three-dimensional case.)
Moreover, by the characterization of the equality in Theorem 1.2, each function
b! := [0, F! is either a constant or an eigenfunction corresponding A1 .

We can now assume that M =S?"*1  C"+1 is given by M ={||z||>= 1}. It
is well-known that the eigenspace of [, corresponding to the first positive eigen-
value is spanned by the restrictions to M of z/, j=12,...,n+ 1 (ie., the re-
strictions of the homogeneous harmonic polynomials of bidegree (0, 1)). Since
bl is an eigenfunction or a constant, there exist constants cy, ..., c,4+1 such that
b = Z;’:% ¢;jz/|m and hence

n+l1

_ - = ~
Y Ejzjlm =0 =0pF' = —n(H - F')|yy = —n (@ 9;F")|n. (6.8)
j=1

Here we use the fact that F/ is CR and thus the Beltrami-type formula (4.1) can
be applied for F. By the well-known CR extension theorem, F/ holomorphically
extends to the unit ball and the identity Z']’i} Cjzj = nz’ 0 F I holds on the unit
ball. We can conclude (by considering the power series expansion at the origin) that

F! is either a constant (when all ¢ 7 = 0) or a linear function. Thus, F' is an linear
embedding. O

Proof of Corollary 1.3. Let t: S?N~1 < CV be the standard inclusion and let
F :=10¢. Then F: M — CV is a semi-isometric CR immersion. By assumptions,
11GR (¢) = 0 and hence F is totally pseudohermitian umbilic by Proposition 2.13.
Thus, M is CR spherical by Lemma 6.1. Locally, there exists a local CR diffeo-
morphism ¢ S*"*! — M?"*1. Put G := ¢ o ¢, then G extends to a global CR
immersion G from S*"*! into S*~!, which is the restriction of a rational map
with poles off S***!, by F. Forstneri¢’s theorem. The extension G also satisfies

Ilg(lézn by = 0 globally, by rationality. In particular, Theorem 1.2 applies to ¢t o G

and gives the desired linearity. The proof is complete. O

Proof of Theorem 1.4. When M is CR spherical and X is flat, then Proposition 3.3
implies that traceless component //° vanishes identically and the conclusion fol-
lows from Theorem 1.2. O

7. An example: the complex Whitney map

We use the following formula to simplify our calculations for maps between spheres.

Lemma 7.1. Let M be a strictly pseudoconvex real hypersurface defined by p = 0,
with dp # 0 on M. Let o be a smooth function in a neighborhood of M and
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0 =2¢e°p. Then

¢r(p) =r(p) +2Re() o — |30 . (7.1
where & is the transverse vector field of p defined as in (2.65) and the norm of | Ao |?
is in terms of 0 := (*(idp).
Proof. Since J(p) # 0, the matrix ‘ﬁj/} =pipt (I —r)pjpf is invertible; cf. [22]
(see also [26]). Let ¢*/ be its inverse, h*/ = y*/ — gkgJ and §j =&/ - o*,;hjk.

We can check that £ satisfies the defining properties of the transverse vector field &
in (2.65) and thus (7.1) follows. [

Example 7.2. The complex Whitney map W, is a quadratic polynomial map which
restricts to a CR embedding of S21+1 into S+, Precisely (see [8, Chapter 5])

2
W(ZlaZZa-"yznyw) = (Zly'--aZ}’l?le?""Zl’lw’w ) (72)

Let 0 := (1 +|w|?)®, where O is the standard pseudohermitian structure on S?**1,
Then W: (S*"*t1, ) — C?**! is a semi-isometric CR immersion.

We claim that p € S?"*! is an umbilical point of W if and only if p =
,...,0,¢"), t is real. Indeed, let o = log(l + |w|?) so that 6 = e°O. By
Lee’s formula for the Webster scalar curvature [21],

Ry=e° <R@ + (4 1) Apo —n(n + 1)|5bo|2) . Re=n(n+1). (13
On the other hand, let p := e"(||Z||2 — 1), then by Proposition 2.17,
|HI? oW =r(p)
=e ° (r(||Z||2— 1)+2Re()o — |5b0|2) (74)
—e @ (1 +2Re(E) o — Iébalz) ,

where £ = 7/9 j,and |80 |* is computed with respect to the standard pseudohermi-
tian structure. Thus,

CIHRP? =nin+ DIH?> = Ry = (n+ 1)(2nRe(€) 0 — Apo). (7.5)
On the sphere with p = 1 Z||> — 1, we have that,
(n+1)2nRe()o — Apo) =2+ 1)k — szk)orj,;
RN Ll (7.6)
=2(n —_—.
(1 + |w??

Therefore, 11 R (p) vanishes if and only if |w| = 1 and hence the claim follows.
This example shows that the condition N < 2n in Theorem 1.2 and 1.5, Propo-
sition 3.3 and Corollary 3.4 is necessary.
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