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Hénon equation involving nearly critical Sobolev exponent
in a general domain

YUKE HE, BENNIAO L1, WEI LONG AND ALIANG XIA

Abstract. In this paper we are concerned with the following Hénon problem

—Au=x|%%"1"¢ 4u>0 in Q
u=0 on 02,
2N

where N > 4,2% = g > 0, ¢ is a small positive parameter, €2 is a smooth

bounded domain in RV and 0 € . Most of the previous works for the Hénon
problems were investigated in special domains, such as balls and annuli. In this
paper we will study the case when 2 is a more general domain, which does not
satisfy symmetry any more. We first investigate the necessary condition on the
location of the blow-up point for the peak solution to the above the Hénon prob-
lem. Then, we prove that, as ¢ — 0, the above problem has a positive solution
with multiple bubbles under a suitable condition on the geometry of €.

Mathematics Subject Classification (2010): 35J60 (primary); 35J65 (sec-
ondary).

1. Introduction

The Hénon problem
—Au = |x[*[ulP~lu  inQ

1.1
u=~0 on 92 a.h

was originally raised originally by M. Hénon in [12] to study the rotating stellar
structures. It turns out that there is a rich structure of mathematical phenomena re-
lated to the solutions of the Hénon equation, and that there has been some intensive
study mainly on the Dirichlet boundary value problems. In [16], by a compactness
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lemma for radial function, Ni proved that problem (1.1) possesses a positive radial
solution if © = By (0) is the unit ball of RV and p € (1, py),where p, = %
Using the Pohozaev identity [20], one sees that problem (1.1) has no solution in any
domain that is star-shaped with respect to the origin for p > p,. Hence, p, is a
critical exponent for the Hénon problem. Because of the weight being increasing,
the classical symmetry results of Gidas-Ni-Nirenberg do not apply and the symmet-
ric property of positive solutions becomes an interesting topic. After a numerical
simulation in [9], which illustrates a symmetry breaking of a least-energy solution,
Smets-Su-Willem [25] proved the symmetry breaking phenomenon for ground-state
solutions when N > 2, p € (1,2* — 1), and « is large enough. Moreover, the au-
thors of [1-3] found the asymptotic profiles of the ground-state solutions to depend
upon some geometric property of the boundary when p is a Sobolev subcritical
exponent (1 < p < %).

On the one hand, when p = p, — ¢ with small ¢ > 0, the authors in [10,11]
showed that there exists a solution concentrating at the origin provided 0 < « < 1
and « is not an even integer. In [13], the asymptotic behavior of the radial solutions
was analyzed and it was shown that the solution tends to the fundamental solution
of the Laplacian operator as ¢ — 0.

On the other hand, it is worth pointing out that many researchers focused on the
critical case p = 2* — 1. In [24], Serra proved that problem (1.1) has a non-radial
solution provided « is large enough. More recently, Wei and Yan [27] showed that
there are infinitely many non-radial positive solutions for problem (1.1) with o > 0
if Qs B1(0). We refer readers to [7,14] and references therein for more multiplicity
results. For p = 2" — 1 —¢, Cao and Peng [4] showed that the ground-state solution
is non-radial and blows up near the boundary of B;(0) as ¢ — 0. Recently, Liu and
Peng [15] studied the existence of a positive peak solution to problem (1.1) when
Q = B1(0) and p = 2* — 1 + & with ¢ > 0 small enough. More results for p near
the critical exponent are contained in [5,8,17,23,26] and the references therein.

If 2 has no spherical symmetry, no compactness result is available, which leads
to some difficulties to prove the existence of a solution for p € (1, p,). Naturally,
one would like to know whether the Hénon problem has peak solutions for p < p,
in a general domain. To the best of our knowledge, it seems that there are a few
results for this question. The aim of this paper is to obtain multi-peak solutions for
the following Hénon problem with nearly critical growth in a general domain

—Au=|x%%*"1"¢ u>0 in Q (12)
u=~0 on 0€2,

where ¢ > 0, 2* = %, N > 4, ¢ is a parameter, and Q C RY is a smooth

bounded domain containing the origin.
It is well known that

*_1 .
—Au=u*"1inRY
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has a unique positive solution, up to translation and scaling, that is,

NN =) 7'
- ©
Uxo,u(x) = N2> u>0, xg € RV,

(1 + p2lx = xo[?) 2

Assume that xo # 0, then we denote W, , = |xo| 22Uy, .. Let PWy, , be the
projection of Wy, , into HOI(Q), that is,

P
—APWyy = |xo|*Wg ' in€ (1.3)
PWyu=0 on 0€2.
Next, we will recall the definition of a single peak solution and state our main
results.

Definition 1.1. We say u, is a single peak solution of (1.2), if u, is a solution of
(1.2) with a form
ug = PWy, 4, + e, (14)

where {w, aﬂsPWstMs)HOl(Q) = (s, 3xe,jPWxa,u5)H(}(Q) =O0forj=1,---,N,
”CUEHHOI(Q) — 0,and uy — +ooase — 0.

One of our main results is in the following:

Theorem 1.2. Assume that 0 € Q and Q is a smooth bounded domain in RN . If
ug is a single peak solution of (1.2), then u. satisfies the following conditions: as
g — 0,

(1) dee™' — y1;
N—-1
(2) meeV2 = yo;
(3) x¢ — xo € 0 and xq is a critical point of the function |x| restricted on 02,

where y1 and y, are constants, dg = dist(x¢, 0€2).

Remark 1.3. If xo € 92 is a critical point of the function |x| restricted on €2, then
Xo = |xo|v, where v is a unit outer normal of d€2 at xq. In fact, if 92 is represented
by the equation F(x) = 0, then we have % = AV F(xg) for some constant A,
which in turn implies xo = A|xg|VF (xg) = Ai|xg|v. From |xo| = |A1]|xo| and
0 € Q,we conclude A; = 1.

The necessary conditions imply that the peak of solutions is located near a
special point xo on the boundary, that is, xq is a critical point of the distance from the
origin restricted on the boundary of 2. However, when €2 is a unit ball, the peak can
locate near any point on the boundary due to the rotational symmetry of the problem
(see [18,19]). In [22], Rey showed that the single peak solution concentrates on a
critical point of Robin function ¢(x) = H(x, x) provided « = 0, where H (x, x) is
the regular part of Green’s function. So we see that the weight |x|* in the Hénon
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problem has a stronger effect on the location of the blow-up point. Theorem 1.2

will inspire us to find a suitable condition on the domain, so we can construct peak

solutions for (1.2). In the following, the existence of multi-peak solutions for (1.2)

will be proved in a general domain via the Lyapunov-Schmit reduction method.
Before stating our existence results, we add some assumptions for €2:

(A) The function |x| restricted on d$2 has k different critical points & ¢ € 92,
which are non-degenerate in the sense that at &; o, det(Dy, IXDv=nx(v=1) #
0, where {11, - - - , Ty—1} forms a base for the tangential plane of 92 at &; ¢.

Theorem 1.4. Assume that Q is a smooth bounded domain in RN with 0 € Q and
satisfies (A). Then, there exists g9 > 0, such that, for any ¢ € (0, &g), problem (1.2)
has a solution

k
Uy =

PWMi,eaéi.s + 08(1)’
i=l1
Moreover, as € — 0,
N-1
loe (Dl 1) = 0s8ie = &i0, die® = Vis Hie8N2 — T,
where d; o = dist(§; ¢, 0S2), y; and t; are constants,i = 1,2, --- k.

This paper is organized as follows. In Section 2, we will give the proof for
Theorem 1.2. The existence result of Theorem 1.4 will be proved in Section 3.
In order to state the proof of existence clearly, we list some needed estimates in
Appedix A.

2. Necessary results for single peak solutions

At first, we will introduce the Green’s function G (-, y) of —A in € with Dirichlet
boundary condition, that is, for any y € €2,

—AG(,y) =48y, in Q
G(,y)=0 on 0€2,

and its regular part is H (-, y), which is the solution of the equation

_ 1
HC ) = @ganar—mmz o 9%

{—AHCJOZO in Q

where wy_ is the area of the unit sphere S¥~!. By the comparison principle, the
following estimations hold
GGyl < 1
X, =
YIS W =Dy ilx -y
1
|H(x, y)| < :
(N =wy-1lx — y|N—2

and

@2.1)
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To estimate w,, we firstly prove the following lemmas.

Lemma 2.1. The blow-up point x; — x9 # 0as e — 0.

N-=2

Proof. Assume that xg = 0 and u, is a solution of (1.2) with u.* = maé ug(x) =
Xe

N-2

2

ug(x;) = +ooase — 0. Set v:(z) = (e MS(i + x¢). Then v, (z) satisfies

_(N=2)e " .
—Av(@) =pe Tl el T inQe =iz ke € Q)
ve(z) =0 on 082,
v:.(0) = max v.(z) = 1.
7€

£

As ¢ — 0, by the elliptic regularity, we have v — v in C? and v satisfies
—Av=0, in RV,

Since v is bounded and v — 0 as |z] — +00, the harmonic function v = 0, which
contradicts with v(0) = 1. O]

By blow-up analysis, we have u.d. — +00 as ¢ — 0. Next, let us consider
the relation between . and .

Lemma 2.2. I holds (ue)* — 1,as e — 0. That is, eInu, — 0,as ¢ — 0.
2o *
Proof. By (1.4), we have [, |Vug|2dx = |xo| 72 S Ugl + o(1), which gives

a,,2*—¢ — 2%
Jo lx1%uz =8 = |xol " =2 fpn Ug y +o(D).
Ifelnu, — co > 0, then

o 2%¥—¢ _ ay2*¥—e 1 = —zf—g 2% —¢ 1
IxPug “dx = [ |x|"W -+ o(l) = |xo Uy, . o)
Q Q By, (xe)
_2a_
= |xol 2*2/ Us dx —
RN

2 2%
< x| ™2 | UZ\dx -3,
RN

81nus/ U dx + o(1)
RN 7

which implies a contradiction. Thus, eIn u, — 0,as ¢ — 0. ]
Since u, is a solution of (1.2) with the form (1.4), w, satisfies

Le(we) = —Aw, — (2 — 1 — &)[x|"PWZ 2w, = f + R(we),  (22)

where . .
_ o 2% —1—¢ apr2—1
S =1x| PWxg,;L,; — |xe] meﬂe
and
2% _1— 2% _1— 2%—2—
R(w8)=|x|a(PWX‘97M£+a)5) s_lxlaPWXealLs 8—(2*—1—8)|X|O[PWXS’”S sa)g'

Similar to [19], we have:
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Lemma 2.3. It holds that, for N > 4,
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locll 10y = OUFllg-1i) = OeInp) + O ) + Ve, ), (23)
where
1 _
0((#8‘18)[\/_2) N= 4’ 3
2
3
(ln(ﬂsde)>
Ve, N) = (eds)* N=6
0 <+N+2) s N > 6.
(Hedg) 2
Proof. For simplicity, we denote || - || Hl(®) by || - [I. The estimate of || f || y-1(q) is

obtained from the following, for any w € HO1 (£2),

PW2*—1—$

Xe, Ue

(f, @)

L@W
Ai(ma

e (xe)

+0 (Wl
B
/ PW
Big (xe)
N
.Q+

Xe,Ue

*_
_ W2 1

XesUe

4
+0(m@bN/’ (1 + 213~ "7 dz
Bz de (0

*__
W2 1—¢

21
- |x8|an5,u2)w dx

2%—1
- |xa|ans,M€)de

w2y dx) + 0((ugd$)‘¥)llwll

de (xg)

<1_N

+O((1ede)™ "7 )l

N -2

M

-+0<@1nua2nmm+m)<u4¢F—N(/'
B

+2
2

/ (161 = 1xel)
B (xe)

W2 lydx —

Xes e

+O((tede)™ ")l
= O(eInp)wll + O(u; Y wll + Ve, N)wl.

N -2 | /
£in
) Me 5,

elnpu, + O(gln M5)2>

eIn(l + p2|x — x:1») + 0(82)> - |x£|“W§j;j}wdx

N+2
2N

l[eoll

*_
w1,

o
|)C| Xe, Mg

e (xe)

.
a/ x[ W2 n(l + pdlx — xe[Pwdx
Big (xe)

N2

IN
4N
GH#YWM% ol

1ede (0)
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Thus, the estimate of ||wg|| is obtained by

If -1y = Oelnpe) + O(u;) + V(e, N).

Next, let us give the estimate of u, away from x;.

Proposition 2.4. Suppose that x € Q \ B Rus! (x¢) for R > 0 is any fixed large
constant. Then l

__« G, !
ue(x) = Al |7 SO <1 +0 ( n(’;f)» toe in 2\ By, 1(x),

e’ et

and

__a VG(x,x,) In(ue7) .
Viug(x)= Alxg| 2*72% (1_|_0( 282 + Vo, in Q\BRngl(xe).

7 KeT

Mg
21 1
where A = [y Uy, dz,andt = 5]x — x|

Proof. By (1.3), PWy, ., is expressed by
PW,, .= /Q G (x, Yl W2 =1 ()dy
=|xg|* / G(x,y) WXZ:;_A: (y)dy +0 </ G(x, y)U)?s*,l_A: (y)dy) .
Br(xe) Q\ B (xe)

If y € Q\ (B:(x:) UB;(x)),then G(x, y) < lx_y% < Ct>™N, which gives

G U2 (dy < Cr2V / U= ()dy
Q\Br (xs)

_N=2
S Cﬂ/e 2 TQ—N/ |Z|—]\/—2dZ
RN\ By, (0)

_N+2 N
<Cupe > 1.

/Q\(Br (xe)UBz (x))

Ify € By(x),then |y — x¢| > |x — x¢| — |y — x| > 7. Thus

% N2 _
/ G, UL tondy <Cpe * o7V 2/ lx =y Vay
Bz (x) By (x)

N+2

<Cpe >tV
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Therefore,
2%—1 -2y
o (/ G(x,y)ng,ﬁg(y)dy> = O(Me T )
Q\ Bz (x¢)
On the other hand,
el f G(x, WE S ()dy
B (x¢)

_ |x8|_2*—2/ (G, x) + 0UDGlly — %) )UZ Ly
B (x¢)

__a _N=2 . In(uet)
— x| T2 G (x, xe) e 2 / Ui tdz+ 0 ML;
N 0 N+2
R pe® N
Thus, the first one is proved, and the other is similar. O

To obtain our main results, we will apply the following Pohozaev identities,
which are inspired by [21]:

oug
_ faBo(xs) W<x — X, Vug)

2—N oug

1/ 9
+ = |[Vue|“(x — xg, v) + —— —u
2 o, e =36 2 Josyo VO

1 * N =2 N *
== / |x|0‘ug_£<x—x€,l))—|—<—— " )/ |x|aug € dx
2*—¢ JaB, (x.) 2 2*—¢ By (xe)

1 .
— / up ~f(x — xe, V(1x|*)) dx
By (x¢)

2* — ¢
24
and

1 9
—/ |Vu€|2vidS—/ (Vi v) 2o gs
2 JoBy (xo) 9By (x) 0x;
1 . 1 3(x|%)
= / |x|au§ “Ey;dS — / (x| )ug “dx,
2* —¢ JoB, (xo) 2*—¢ Jp,(xe) O

where v is the outward unit normal of 0 B, (x.).

(2.5)

Proof of Theorem 1.2. Firstly, we have:

2 2 24e/3 2% e ¥ 2
(Ve +w£>+f </ ] ) <Cd? oo .
ds/z 0B (x¢)

aF /
Bodg /3 (xe)\ By, j2(xe)
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So we take a o, € (d5 2d‘s) such that

2/2*
d, 2 N 2
— @”f Gde2+wb4-(/ u%ﬁ) < CdY |we|?,
6 8By, (xe) 9By, (xe)

which gives
2/2*

/ (IVwe|? + @?) < Cd | we || and / w2 < Cdd ool
aBUg (xe) 8B0’5 (xe)

Let 0 = o, in the Pohozaev identities (2.4) and (2.5). By Proposition 2.4 and
Lemma 2.3, it holds
_ 20 G
LHS of (2.4) = A%|x,| 722~V {—/ —(x — x,, VG)
BO'g (xe)

1 5 2-N 3G
+= VG| (x —xg,v) +— —G
2 JoB,, (xo) 2 JoBy(xe) OV

+0((1ed) ™ (eI + 17" + Ve V) ).
It is easy to calculate

1 .
ey e S B
o (Xe

For the second term in the right-hand side, since

N N+
2 —e 2¢ @92

o((ulaM=h.

+0(8)

we have

N -2 N i
( 2 > )/ | " dx
—€ Bog(xs)
N
=\ et toe >)/ x| W2 2 (x) dx
( (2*)2 B(fg (%) xS Me
o ( / o W W + w))
Bg, (x¢
( al + 0( )) |xe| ™ o 05 / n
= —¢ e X * e £ ¥
(2%)? € B ) | 122 P
& N 370‘ .
- O(m) + 0<8”w€”> (2*)2 elxe| -2 RN U0,1(Z) dz

+0(e*Inp) + 0 (%) +0 (W) + 0(8||C0€||)-

Ug | f()dz
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The last term of equation (2.4) can be estimated as

1 2*—¢
— u x — xg, V(|x|%)dx
2*_8f308(m el — xe, V()

1 .
— g [ W Y x
- Bag(xs)

+0 < / W2 (W pue |+ e D — xe, V<|x|“))dx)
Bag(xs)

1 Q= W2 v ] Z z
= 5 Xl ™ 72 e 7 / Ugl 8<_,v<|_+x8|a>>dx
2 —¢ Buoo©) M He

+0(ul Va2 ) + 0 (i el

= 0(1:) + 0™ dZ ™) + 0 (i o).

By [6, Proposition 6.2.4], we know that

G (x,
_/ M(X —xg, VG (x, x8)>
0By, (xo) OV

1 2
+ = IVG(x, xe)|“(x — x¢, v)
2 J3Boy (x)

2—N 0G(x, x
e T e
2 3Bag(x5) v

N -2
= _TH(xs’xs)-

Combining with the above estimates, we have

N _ 2o *
— el ¥ [ Ui @dzt 0 )

2.6
0 (oawes )+ 0lellond) + 0(i:2) 20

+ Ol VaE )

+ 0 (17 loel) + O ((ed) ™7 (e pte + 417" + Ve, V) ).
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On the other hand, we estimate each term in the Pohozaev identity (2.5) through
Proposition 2.4. Similarly,

LHS of (2.5)
20
= Al 72

1 3G (x. x.) 0G(x.
x —/ VG (x. x0)2v; dS—/ W, xp) 3G (x, Xe) o
2 3305 (xe) aBOg (xe) dv axi

N=-2

7 O((red) ™7 (e npie + 17+ Ve, V).
It is easy to estimate

. 1
Ix|%u? "fvidS| =0 —— ).
/8305 w pNaNt!

Since pu.d — +00, we can evaluate the second term in the right-hand side of (2.5):

e / CIRN
2 —e)p o O °
Y T
=gy o

A(|x|%) oy
e </ W)‘zs,l/«i g(hpxs’ﬂsl + |w8|) dx
Bag(xs)

0x;

1 _ 2 3(x[%)
=5 (1+0@)xel 72 ==

|x=x8 / U&*l dz(1+ O(elnpy))
RN

a(x|%) i

+ 055 e ((1ed)™ + o))
* o

—i|x |_22*i12 8(|x| )

2% E 0X;

|x:x5 / U()z*l dZ(l + O(eln //Ls)
RN 7
+ 0 ((1ede) ™) + Ol 1) ).

By [6, Proposition 6.2.3], we have:

2 **270[ ZfNaH(xaxé‘)
Al T
L e ) o
_—§|x8| 91 |x:x£ RN UO,le +0(€ nlLS)
4

+ O((rede)™) + O(IIwall))

-1 _N=2 —1
+d7 0 ((1ed) T (eI + 17 + Ve, V) ).
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Let us construct new coordinates by the tangent vectors 7; and the normal vector v,
for1 <i <N —1 atx,,whered, = |x, — X¢| and x, € 9L2. Since

OH (xe, Xe) i OH (e, x) 9x) aH(xs,xa:iaH(xs,xg)%
9T g ax; ot v ax; v’

Thus, (2) can be transformed into

dH (x, x¢)
2 * —N &
I
e 3 , .
=—= Uj,dz(14+ O(el (0] d
2*| xe| 2 0T lx=x, /I:&N 0.1 Z( + O(elnpe) + ((Me ) ) e
+0(lee))
47 0((ed) ™7 (e npie + 17 + Ve, V).
and
A2 x| P2 2 N IH(, x€)| ~
av X=Xe
1 2*q 8 x()l %
=gl FE M g a1+ 0emun
2% av RN ’ (28)

+ 0((1ede)™N) + O(Jle 1))
+do o(mgd )T (el + pu7t + Ve, N))).

As we know that the following estimates are true:

1
Hexe) = s (14 0@)),
dH (xg, xe) _ O(df_N),
T
aH(-xéB’xe) _
v T wn_1(2dy)NT (1 + O(df))'

then, through (2.6), (2.7) and (2.8), we can solve

3
O(e2lne N=4156
de = y16 + ( 1+L) 2.9)
O "72) N=>6
and
N1 O(s™ %"'11 ng) N=4,5,6
He = y2€ N2 + E-ﬁ-i T (2.10)
O(e" N-27N-2) N > 6.
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Moreover,

a(|x|* a(|x|®
(x| )|x:x$ — 0(¢) and (1x1)
81’1' av

|x:x£ = o + o(l),

for some ag # 0. O

3. Existence of multiple-peak solutions

In this section, we will consider the existence result for the Hénon equation. The
Lyapunov-Schmit reduction procedure will be applied to construct peak solutions.

3.1. Finite-dimensional reduction

The functional associated to problem (1.2) is

1 1 .
I(u):—/ IVul> — — /|x|°‘u2 .
2 Q 2* —¢ Q

For§2(517€29"' 7€k)€QXQXXQandIL:(Ml7/"L27 ,ka)G]Rk,We
define

Dt ={€ m e @ xR di € (Lo, Liel,

N—-1

_N-1 _N-1
i € [Loe™ N2, Lie™ 11,8 € By(&io) |-

where 8 > 0 is a small constant, d; = dist(&;, 0S2), Lo and L are constants.
Define

8PW§MM> < 8PW€:’7M1‘> 0
— | =\w, ———— | =1,
0&; oL

fori:1,~--,k,j:1,~--,N}

EX {a) e H () : <w

w =

and
OPWe 1, OPWg 1,
A& Ou,

where (1, v) = [, VuVuv. Let

(Eff))L=Span{ ,i=1,---,k,j=1,---,N},

Sk = | € R0 1 (€0 € Df 0 € EL, and o < C|

and

i=1

k
J(gv IL,C{)) =1 (Z PW%'[,;M +Cl)> .
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Expanding the functional J at w =0,

1
JE o 0) = JE 1, 0)+ (L, 0) + 5{Qw, ©) + R(),

where
X k 2% —1—¢
(Le, ) :Z/ VPWEI.,MVa)—/ x| (ZPW&%) w
i=17% & i=1
2% —2—¢
(0w, o) /|Vw|2 l—s)/ x| (ZPWsI u,) o’

and

) k 2%—¢ & 2% —1—¢
R) == 15 Sf x| (ZPW&,MW) /lxl“ (Z ng,,L,.) o
“e Jq —

i=1

% 1 k 2¥—2—¢
—1—¢
—#/QIXI“ (E PW&.m) o’

i=1

Lemma 3.1. The operator Q is invertible in Eé‘) Moreover, there exists a positive
constant p > 0, such that

10wl = plloll, VYo € Ej,.

Proof. This proof is similar to [17, Appendix A], so we only outline it briefly. We
will argue by contradiction. Assume that there exists a sequence {w,} € Ef), such
that

[Qawnll = o(D)lwnll,

where o(1) — 0 as ¢, — 0. For simplicity, we denote ¢,, & , and w; , by € , &
and u;, respectiviely. Without loss of generality, we assume that ||w,|| = 1.
For Vo € EX we have

2%-2—¢
k
/ Vonp — 2% — 1 —s)/ x| (Z PWsi,ui> wnp = o(lll)).
Q 2 i=1

In particular,

X 2*—2—¢
/|Va)n|2—(2*— 1 —e)/ |x|* (Z Png,M,.) w2 = o(1).
Q Q i=1
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~ _N=2 N
Set wn (x) = (u1)™ 2 wa(§1 + 7).
Then
W, —~ o, weakly in Dl’z(]RN),

and
@, — w, strongly in LIOC(RN ).

Therefore, .
—Aw— (2" = DU *0 =0, nR",

which implies that

Ao N9l
w = by ] + 5, 200
3M n=1 ; J ij

Since w, € EX, it is easy to prove that

U AU,
/ VoV °’“|M:1:/ Vov=2l =0, j=1,--,N.
RN 8/,4, RN axj

Thus, w = 0, which contradicts with ||w,|| = 1. O
Lemma 3.2. There exists a positive constant C, such that
k 1 k k Lo
1Ll =0 Z(——l—slnm) +Y Vi d,p)+0o | > i),
i=1 \Hi i=1 i=1l<i

where

1
o(wl_di),v,;) N =4,5

o (Inp;d;)3 =
Ve, di, ui) = 0( (lZdi)4 ) N=0
O(—xz) N>o.
(midi) 2

Proof. Since

( f|x|“PW$M2£ZPWgIM,w> 2 —l—g>2
ll

1#i
2% 1—¢

—2—¢
( /|x|°‘PWH ZPW&’;‘, w) 2] —g<2.
<l
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Then,

k
(Le, w) = o< f(|x|“ &YW ‘1) (eZ/QW;,;}ana,mw)
i=1
2% 1
+O(Z/ Wislli ws"*/‘iw)
i=1

2% —2—
( /Wlul SZWS,,M,CU) 2 —1—g>2
i=1 I#i

2*2—¢ *ol-e

0(2 W, 2 ZWM w) 2 —l-e<2.

i=1

ko
_ (Z(;—kslnuz‘))”wll+ZV(5’di»“i)““’”

i=1 i=1

k 1
746
+o< > e} )nwu. O

i=1,l<i

Proposition 3.3. There exists only one wg y € E i‘) such that
k k 2%—1—¢
—A (Z PWe, i + a)) — |x|¥ (Z PWe, i + a)) e (EHL. @30
i=1 i=1
Moreover,
ko7 k k L
”CUE,;L”:O Z<— +8lnm> +ZV(8,d,',Mi)+O Z 81'21 .
i1 \Mi i=1 i=Tl<i
Proof. As we know, the problem is equivalent to finding a solution of
L + Qo+ R (@) = 0.
The fixed point theorem is applied to this problem. Set
k | l1—0o
0

S={weEr, |o| SC(Z ( +81nul>+2 Ve, d;, ui) + Z gz+ )

i=1 i i=l,l<i

and define the operator

Aw =07 (Le + R (0)).
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Then, by Lemmas 3.1 and 3.2,

lAwl < p~ ' (IILell + [l ™ 1752

k 1—o
1
<C<Z (M +81nu,)+ZV(s d;, i) + Z 8lzl+9) .

i=1 i=1,l<i

Moreover, for wi, w; € S, we have
| Ay — Awn|| = |Q7' (R (@1) — R (@2))]
< p~ ol + oz ™27 o) — @]
1

< ~lo1 — w2]l.
= 5 llor — el

Therefore, A is a contraction map from § to S. By fixed point theorem, there exists

aunique wg , € S, such that

W =—0"Le — Q7R (wg ),

which implies

k k
log ull < CllLell = (Z( +81nm>> +Y Ve di )
i=1

i=1

( 3 e2+9>. O

i=1,l<i

3.2. Main result
We will give the following estimates before the existence result is proved

Lemma 3.4. We have the estimates

k
dPWe
\Y PW, y +wg | V—
/;2 (; il é”’) a%-l’j

k 2*—1—¢
IPWe
- lx|* PWg u; + o, -
/;2 ; il &1 8§l,j
_ 2%« *_ 8U01
= —3;(J&|* 72 1/ Ug ' ———z;dz
allel g | UG
dH (&, &) 2—p_ U0,

20
+ Q" — 1 —e)|g| 72! z
C(u)N-2 g Jry 00 T g

+0 <M)+0(sa'(|§,|“)) +0 < ! ) +0 (;>
()N (d)N+! ! L ()N =2(d))N -1
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and )
a : w P We 1
—/lel <; PWe; u; + wg, M) 3—Ml
= gl [ im0+ 120 P s
+ @ - Dlg T 2 AL NN

()N Jgv 701 9

1 1 1
o(— >  Viof( 2 V)iof—1
((MI)N+1(d1)N) * ((M1)3) * ((MI)N(dl)N_2>
L0 (#) oGk V=4
(u)N=1(dpN—2 O(W) N > 5.

Proof. Since wg , € EX, we have

k
APWg 4y
\% PWe i +wg p | V——
/;2 (; Ei E”‘) 8&1,]'
k 2% —1—¢ IPW
&1, 11
— | |x¢ PWe; ; + wg, —
/;2 Z i 1k s.n aél,j

i=l

2* _1—¢
IPW, k APW,
/ (z :PW";:J Mz) 85& el _/ |x|Ol <§ PWS,’,[L,') agglyul
1, Q ; 1,j

i=l1
2% —2—¢ IPW
—@ e / I <Z Pst,m) e+ O(uillogul)
. Y
2% —1—¢ 8PW$17M1
01,

JdP W,
- /Q VPV / X9 (P W )

oPW,
/ (ZPW& Mz) 8551 A
i#l Lj

2% _1—¢
k
e | aPwe,
—/ixi“ S PWe 4, — (PW ) 1 | L
Q : aél,]

IPWg 1

2
ey + O (willwg, uII?)

k
— (2" —1—¢) /Q YO PWe )™ 7 o
i=1



HENON EQUATION IN A GENERAL DOMAIN

and

k
aPW,
/ \ (Z PWe p; + wEJ‘«) v L1
Q

i=1 I

k
* IPW,
3
Q

i=1 9
BPW
/ ZPWSI Mi él z
auy
T opw
&1,
|x | PWre, u; —
/ Z ik o
k YT apw,
1,1
—(2*—1—8)/|x|0‘ PWe, 1 wg p————
o ; &i.u &1 aﬂ[
+0((u) ™ lwg u1I)
dPW, % dPW,
=/ VPW%'I,H[V Sl 122 / |x| (PW%_I H[)Z —1—¢ a Slaﬂl
Q 122
BPW& i
+/ vy PW ) V——L
Q ; ol Iy

o

2*—1—¢
. | 9P W,
/ |X| (ZPW& ML) - (PWSI,H-I)2 I=e J

*_2—¢

k
aPW,
— (2*—]—8)/;2 |x|¥ <§ PWSi:Mi) C‘)E,[LM
i=1

oy
+O0(() " Nwg 1)

It is easy to compute that

aPWSz Hi 2* 9P WS[ Hi
Z PWS: /M) : - / |§l 3;_ i
/ (:;ﬁl 081, i#l g
=0 (Ml 281’1)

il

/ <Z PWe, u;) 8P8ng - ((Mz) Zs;z)

i#l i#l

and

943
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Since |(a + b)* — a* — aa®"'b| < C(|b|* + |a|* 2 inf{a?, b}), we have

2% —1—¢
w_1_, | OPWg,
/|x|a <ZPW51 Hz) _(PW&,M)Z - ﬁ
) J

T o pw
&1, 1L
o[ () e
i#l Lj

dPW,
2*—2—¢ &1, 11
+0 / PWEI ] ZPW&VW A& i

2
* dPW,
2% —3—¢ . 2 &L
+0 _/Q PWSI,/M inf (Z PW&,M;‘) ) PWSLMI EER

i#l
=0 (Mz 281'1) .
il
Similarly,
IPW,
/ (Z PWSI Ml) 8 51 12
i#l 1%}

2% —1—¢
. | 9P W,
/ |X| (Z PWE! Mt) - (PWé,fl»/‘vI)z I=e &

apy
=0((w)™! Zsiz)-
i£l

According to Lemmas A.1-A.3 and Proposition 3.3, our results follow. O
Proof of Theorem 1.4. To obtain
k
Ug = Z PW&i,SsMi.a + We
i=1

is a solution of equation (1.2), we need to choose that (&, u) € Dé‘ W such that, for
anyl/ =1,2,--- ,k,

k
IPWe,
VIS PWe s+, | vVt
‘/Q (Z i gl") a‘i:l,j

i=1

k 2*—1—¢
OPWg
— | Ix* PWe, u; + o, —— =0
/;2 ; &1 s, aél,j

(3.2)
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and ;
OPWe
v PWe, yy + g | V—t
[o7 (2w om0
. 21— - (3.3)
51,141
- x|* PWe p; + wg, — =0
1 (22 P + ot o
By Lemma 3.4, (3.2) and (3.3) are equivalent to, respectively,
1 9H (&, &) In(udp)
3 (1&1)A - ——— B=0 (w (34)
() 98y, (u)™ (d)

and

£ H(, &) 1
F——F——=0|—-+—7—-, 3.5
i (up)N—1 ((MI)N+1(dl)N> G

where A, B, E, F are positive constants. Since

H = 1 1+0
(y’y)_W< + O( ))7

OH(y,y) 0>
3‘[,' - ’
0H(y,y)  N-—-2
v QdN-! (1 + O(d)>’

N—-1

where d = dist(y, d€2) sufficiently small. Let u; = 76~ -2 and d; = s;¢, where
11,81 € [Lo, L1]. Then (3.4) and (3.5) become

_ N-2 B
I I
(Vixl, tj(&))lx=g = o(1), for j =1,--- N — 1, (3.7)
and
T P ——r (3.8)
L8 = — — =o(1). )
B T N
Let
(11, 51)
N—1
2u)E|*71A F\V2 (N —2)BE )
=|——((VIx], ) — ,————— ((V]x], _ ]
((N—2)B ((VIx], v(ED) |x=g) I a|$’|a—1AF(< x|, vED)lv=g)
Choose y; = %i} va =21, y3 = 2795, and y4 = 295;, where %—j < 6 < 1. Then,

we have, for any s; € (3, y4),

E
Gy s = (2 =2V 29— <0
[
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and
1 1 E
G(y2,81) = 5 T ON-1-6(N-2) Z>O-

Similarly, for 1; € (y1, y2),

F(y,y3) > 0> F(y, ya).

Therefore, by the assumption that & ¢ is a non-degenerate critical point of |x| re-

stricted on 92, (3.6)-(3.8) has a solution in Dg‘ u

Appendix
A. Estimates for existence

Lemma A.1. Assume that (&, u) € D’g w it holds

dPW, oPW,
/ VPW&’M[ gl Hi / | |Ol 2 —1—¢ El Hi
Q

agl ; 51 i aél j
e «_10Up 1
2 2+-1 900,
= —9;(I&1")1&] 2 —2ﬂé /RN Vo1 0z zjdz
_ 20 8H(§n$l)
+ Q" = 1—o)|&| 728,
‘ TN 0&

- U In(u1,d;)
22, WU (51
fRN Yo e, +0((m)N(d»NH)+0(€a’('§l' )

1 e
o ol ——————+~+—~),
- ((M1)2> * ((Mi)N_z(di)N_l>

. N=2
where Bl = (n;)~ 2 °
Proof. At first, we have

0P We
VPWg ,V——
Q 0§,

|%- |Ol/ 2* 181 & i
1
&i i 8§i,j

*_ BPWS Wi 1
e [ we e o )
l By, (&) Sl Qg (ui)N (d)N+!

*_ ang. Wi 1
- |s|2*2f g2t “'+0<7)
l By, (&) Sk 0 (ui)N (di)N+!

OH (. &) 'Z_N/ - ( I )
3&1,] — (i) RNUO’I dz+ 0O 7(Mi)N(di)N+l .

= —l&l 7
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On the other hand,

/ Ix|0lpw2*—1—£aPW§i7/'Li
Q Pl 9&i,j

— PW2 _,1_8 isMi + 0 < )
./Bdl. @& S 0&; ()N (d)N+!

1 OPWe, 1
— |x|()l(Wi7 i_‘//i’ ,')2 1—¢ s +0( >
/Bd,.@i) R 08 ()N () N+
*_1_ 8PW§ i 1
— |x|Ot(Wi’ i_wi, i)2 1—¢ 1M +O( )
/Bdi@ e PR 08 ()N (d) N
x_1_g OPWg 1, *_p_ OPWe i
=/ ol WE T @ e | W R g
By, (&) §i.j By, (&) §i.j

*_ 12 8PW§ Wi 1
+0 / X[ We 37 (g ) +0<7).
( By R g ()™ (@) N

Let us estimate the above terms.

f |x|0lw2*—1—88PW§isl/Li
By, &) S Bg
OPWr 4, 21— OP W, 4,

= (x [ — |&WE 178 5y gy w2
/zadi<si) P 9&i,j By M 0&i.

- / (|x]* — |§i|a)W2*71*8 (8W§i’l/«i _ 31#&3#5)
By, (&) i A& 3%

*—1— 8Wi, i 81/’:'7 i
+|§[|(¥/ Wé,uil 8( i _ il )
By; (&) 38, j d&i,j

Here, we will give more details.

* IWe. ..
[ gz e
By, (&)

0&; ;
*__1__ 8W$ i 1
- (V&) x — £y W] 8#+o<—)
/Bd,.@n ' VU 9g (14i)?
— P i 2190001
= 0;(&)&] 22ﬁ§/RN U ke

o 1 (e 1 1
+0 <3j(I$i| )W> + 0(£9;(1&1%) + O (wi)z) .
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Moreover,

e Vg
(Ix[* — |&|"ywg e =0k
/Bd,.@i) 9k

1 0H (x, &)
w)'r Vi

= / (V&%) x — &)W 1
By, (&)
In(u;d;
o)
(u)™ (di)™~
1 1 In(u;d;)
o[ w-apwi s o( I
(Bd,.(a) SR ) T d)N ()N (di)N =1
_ 0 <ln(uid§3>'
(nid;)
The last one is
|$,|a/ we-l-e (aWEiaI/«i _ awfi,lli)
1 . .
By oM 9, 9&i,j
_ _2a 1 * 8H s S
— _ || T Nz/ v (. &)
(wi) = By 9, j

1
+0 ((m)N(oll-)N“)

2u .
= — |&| 728
’ S (ui)N-2

dH (&, &)

0&; ; RN

e 1
+0 ((Mi)N_z(di)N_l> o ((I/«i)N(di)N+1> '

2%—1
UO,l

Go back to the expansion,

. IPWe, .
@ —1—-¢) s
By, &) §i.j
. IPW:, .,
— 2 —1—¢) (x| = &I W 7 gy —
By; &) R Sy
*_ 9 BWS i a‘ﬁé Mi
+(2*_1_8)|§-|af W2 2 é‘wi’ i( R LKL I
T e G TR ag 9i,j

i
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Similarly,
dPWe,
Q" —1-¢) (x| = & OYWE 2,y ———
By, (&) ot 98
=0 / I él 2 2— Swi’ . isMi
( By, (&) SN TCIRG SR T
1 id;
_ 0( n(,thNt)2> ’
(nidi)™~
and
oWe. .. o0Ve. .
@hq_m@ﬁ/ ;ﬁg%m( L %%)
By &, j &, j
1 oH (&, & oWe. ..
=Q" - 1-9)&|"——5 (6. 51 gz,,f (o) — £ )
(w9 Iy 0&i,j
In(u;d;) )
+0 <7
(n)N (@d)N+!
aH(Si,Si) 2%_2

* —3—“ i 1
:(2 _1_6)|€l| 2_2136‘ N—2

w)'T 0, Jeue

AUg, .,
x [ eIn(l 4 ui) e = &) + O AnGui | o) — &) =52
l’j
In(u;d;)
+0((Mz‘)N(di)N+l)
* _ 2 i 1 8H(%—la€:l) aU, Sl i
=@ -1-9)l&| 725, = U ( —&ij)——
w2 065 Jne T g

e2(In p;i)? In(p;d;)
+O&MWQ@W* +0 (i)

1 9H(&, &) 2*722‘3Uo,1
(uN=2 8g;  Jav 01 T 9z

e2(Inp;)? In(u;d;)
+OQMW4%W” +OﬁmW%W“)

Finally,

_ 8PW§, ) 1
¢ / |ﬂwﬂ3€wh0“—4ﬁ'=0(_____)' -
( Ba, (&) Sirthi ot & j (ui)N (dp)N+!

Similarly, we have the following result:

=@ —1-els T



950 YUKE HE, BENNIAO LI, WEI LONG AND ALIANG XIA

Lemma A.2. Assume that (€&, u) € Dé‘ w Then

BPW * aPW
/ VPWS, Ml El Mi / |x| P 2 1 —& 5: Mi
Q

I ki i
,7N 2 & % _13U0}L
— & = | ma U A 1d
] — fRN (1 + P)UZ S d
H(E L&) a_0Up 2

2a .
2F — || Fr gl 22
+( )&l :35 (Mi)Nil RN 0,1 OA

1 1 1
10— Vro(—)+0(—s
((Mi)N+1(di)N) <(Mi)3> ((Mi)N(di)N_2>

In(u;d;)
& 1 N =4
+0 ( N-1 N—2) +0 < N+1 N> + ((Mi)s(alli)4)
(i) (di) (i) (di) O(W) N = 5.

la=1dz

N-2
2

Proof. Let ,82 =)  z¢f=1- —elan, + O((eln ul) ). By direct compu-
tation, we have
IPW,
/VPng o Vo
i
. 8PW1 ;
=f|s,| e
— 8‘()[/1" i
= — &l Sziyml LA g < N+1 N)
By, (&) Oi (w)N*1(d;)

N—2 HE ED| |2*2/ U-lg +0<;
2w )N 1 &i, &6 RN 0,1 2z (Mi)N-i-l(dl.)N)’

and

/ |x|0lpw2 —1-— Sapwgiaﬂi
Q &is i a,lLl

OPWe, . 1

— o *—l—e IS

_/ |x| PWEt Mi Ol + 0( AN+1 d: N)
By, (&) i (ui)¥*H(d;)

1 OPW 1
= [ Ve — e 84+0(—)
/zzdi(si> o i Ipi (ui)NFTH(d)N

= lx[ewZ 1= e OPWe
- B i i Ol
di(g:l i

* OP W, .
_ (2* _ 1 _ 8) |X|aW_ 727€w ) ) élw“«t
E.n &is I
By, (&) o i

+ 0 / 2% —3— 8(_(// ) aPWéisﬂi + 0 < 1 )
ny S V) )N d)N )
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Next, will estimate for each term in the above relation.

— / |x|Dle*—1—£‘aW§ivllfi _/ |x|o[Wz*—1—£‘al//§ivMi
By, (&) ot au,- By, (&) Sl A

- 8Wisi *_ 8Wivi
By, (51) i By (&) 1L

1 1

*—1— 31// is i — al/’ i Wi
_/ (|x|C( _ IS”O()Wzi’ﬂi] &€ a&- M _/ |€l| ; Mll 8%_
By, (&) Hi By, (&) Hi

Since |x|% — &% = (V(I&%), x —&) + (D*(1&|*)(x — &), x — &) + O(Ix — &%)
in By, (§;), we find

* BWS Wi
(x| — |&yWE o 1me ——snl
fBa,. &) W Ipi
o 2 o 2 -1 saWSisMi
= VA&, x = &) + (D&M (x — &), x — E)Wg 17—t
By, (i) i

* OWe,
+0</ |x_%.l| szlull —& 8&7“1)
By, (&) Wi

= (M&-I"‘)ﬂé/ x—&PWE ! (1 + 22+ ) — si|2)> 8‘3}#
Bdl-(éx) /"Ll
+0< e >+0<L)=0<L>
()3 (i) (i)?
and

|§ |Ol 2 —1— gaWSi,[L,'
! i i oL
Bd,‘(%‘l i

. \ N—
=|g-|aﬂ’/ w; 1<1+
U e

_ 2 N—=2 ¢ 10/
_ g —/ (1 + 122U 1 204, g
2 wi Jry A

eIn(u;d;) ) g?
O| ————— o|—1.
- ((Mi)N+1(di)N * (Mi)

Moreover, since Vg, ., (x) = &8 4 0( Tz ), then
(i) T (1) 2 @V

¥ wl 1
/ (Ix[ — g WE 1o =
By, (&) dpui

2
2 In(l + () Ix — & )) 82 R (8—)

1

1 . ( 1 )
=0\ ——— —&IWe . =0|——
((,U«i)%(di)N_Q /z;d,. &) L ) (ni)N (d;)N =2



952 YUKE HE, BENNIAO LI, WEI LONG AND ALIANG XIA

and

/ |S |Ol 2*—1—¢ awfl Hi
1
Bdl- &) i i BM,

N -2

1
= — ; o W *—1— —¢ g )+ 0 ( )
2<u,->¥|5| /Bd,.@, s 005D ()N (d)N

N -2

N-2
2(ui)N-1

& 1
O ((m)N—l(di)N—Z) O <<ui>N+1(di>N) '

On the other hand,

_ 2a w_
T2 HE &) | UF 'z
RN ’

AP We, i,
2*—1-—¢) IxI“ng mz el/fsi,ui%
By, (&) Hi
IWe, .
=Q2"-1-¢) |)C|OlW2 2 Ve —
By, (&) TR
Ve
—@2*—1-¢) e WE 2 gy —
By &) i PR g
- IWe, i,
=2 —1—¢) (x| —1&1* )W% o gl/ffi,lii%
By; (&) i

i

In(uid;)
e W, | O(5s)
_(2*_1_5)|E‘|(¥/ w2 Cfre y —— 4 (i) (d;)
i Bdi(%'i & i §i 1 8“ 19) 1
H(i, &) 22 0U0,»
(uN=1 Jpv 71 o

1 &
O ((Mi)N(di)N_2> O <(Mi)N_1(di)N_2)

la=1dz

= @ - D& T2p

In(u;id;) —
O )y 0((ui>5<c11,->4) N =4
(Mi)N+1(di)N O(W) N > 5.
Finally,

In(uid;) —
0 / Ww2i=3- (e )zapw&,m _ O((Mi)s(di)4) N=4
By, (&) o Waen)™ =5, O(Gywirgw) N =5

! ()N T )N

* 1
Ié'l"‘/ W2 1" H(x, &)+ O <—>
2wt Iege ’ ()N ()N

(Mi)N+1(di)N)

N

>5
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Lemma A.3. Assume that (€&, u) € Dé‘ P Then we have

k 2% —2—¢
dPW;
2*—1—8)/|x|a PWe, 4, wg p—— L
o ; &i.u & asl’j

pllog.u a2
—0(||wg,ﬂ||)+0<% ()& lloog ull) + O (el ull)
(midp) 2 iZ)
and
k T apw,
2*—1—8/)(" PWe . s e VS
)| (Z w) T

Ist,ull) ( ot 4l ) ( | )
=0< vo (L2l ) o (i S e wgul
(n)? i Gud) T ; ’

+ 0((u) " ellwg ull).-

Proof. Let us only consider the first one, since the second one is similar. By straight
computations,

k 2¥—2—¢
IPW,
2" —1- 8)/ |x|* (Z Pst,m) we,uﬁ
5]

* oPW,
* 2% 2 — €4 &1,
= =) [ ZPW& e

_ APWe,
+0 ([ ZPW2 37 inf{P W, 1y, P W, M,}w,g,tia;’ M)—I—O(u;e”a)g’ﬂn)
Q l-_ o

P W,
=<2*—1>§: / (xl — &) PW2 2 s,uia;’f‘”
= J

*_ oPW,
+(2*—1)Z|sl|°’ / PWE o opnge
i »J

N+2
+0 Y & logull ) + O(uelwg )

i%)
~ IPWe,
= O(llwg,ull) + O (Z/ wg 3 sl/fs,-,mws,uag%;m>

N2

O Y ;i llwg ull) + O (el )
i#]j

millwg i

O(llwg.ull) + O (i) +0 (m Zs s ,L||> + O (wiellwg ).
(pudy) 2 i#j

Thus, the result follows. ]
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