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Homology of the Lie algebra gl(oco, R)
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Dedicated to the memory of our friend Jean-Louis Loday

Abstract. In this note we compute the homology of the Lie algebra gl(co, R)
where R is an associative unital k-algebra which is used in higher dimensional
soliton theory [19]. When £ is a field of characteristic 0, our result justifies an old
result of Feigin and Tsygan [5]. The special case when R = k = C appeared first
in soliton theory (cf. [9]).

Mathematics Subject Classification (2010): 17B65 (primary); 16S35, 16E40
(secondary).

1. Introduction

Among several versions of the Lie algebra gl of infinite rank, the Lie algebra gl(co),
that has been extensively used to describe the soliton solutions of the Kadomtsev-
Petviashvili (KP in short) hierarchy (see, e.g., [2] for detail) in the first half of
the 1980’s, has a special feature. For example, the Lie algebra gl(co) is neither
ind-finite nor pro-finite. For this reason, it had been a difficult task to analyze its
algebraic properties.

In 1983, B. Feigin and B. Tsygan published a short note [5] (only 2 pages
long!) where they determined the homology of the Lie algebra gl(co, k) where & is
a field of characteristic 0. They denoted this Lie algebra by gJ (k) that is recalled in
Section 2.1. Unfortunately, it seems that their paper is too dense to decompress, so
that this article had not been studied carefully in the mathematical community. At
the same time, their note generated much interest, and — even 35 years later — the
statements are important.

In this paper, we managed to compute the homology of the Lie algebra
gl(oco, R), where R is an associative unital k-algebra and k is a field of charac-
teristic 0. The case R = k was treated by B. Feigin and B. Tsygan briefly in their
note [5]. We hope that our paper — beside generalizing the case which shows up
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in soliton theory — also makes the article [5] more accessible to the mathematical
community.

By an argument similar to B. Feigin and B. Tsygan [5], we have seen that the
primitive part of the homology H,(gJ (R), k) is isomorphic to the cyclic homology
HCo_1(J(R)),where J(R) = gJ(R) (as k-vector space) viewed as an associative
k-algebra. Hence, the real problem is to express this cyclic homology in terms of the
homology of R, namely, without intervention of J. With the aid of an analogue of
the Hochschild-Serre type spectral sequence due to D. Stefan [17], we see that this
spectral sequence degenerates at the E2-term. This allows us to show in Theorem
7.1 that the homology H H4(J(R)) is isomorphic to H H,_1(R). Furthermore, a
detailed analysis of the above spectral sequence shows that a similar phenomena is
valid, that is, the cyclic homology H C,(J (R)) is isomorphic to the cyclic homology
HCo_1(R).

Combining the above mentioned results, we obtain:

The primitive part of He(gJ(R)) = HC4(R)[2]
= (The primitive part of H,(gl,.(R)))[1],

that is, gl (R) is obtained by delooping gJ (R) at the homological level!
Throughout this paper, a field k of characteristic O is fixed.

ACKNOWLEDGEMENTS. The second author is grateful to Jean-Louis Loday for
useful discussions on this topic he had just a few days before the tragedy. We
would like to thank Alexander Voronov, Mikhail Kapranov and Max Karoubi for
useful discussions. We also thank the referee for her/his comments.

2. The algebra J

We recall the algebra J of [5] which is called gl(co) in [9]. We also recall some of
its basic properties that will be useful for further studies in this paper.

We adapt the convention to indicate that J, regarded as a Lie algebra, would be
denoted as gJ, and when it is viewed as an associative algebra, it would be denoted
by J.

Unless otherwise stated, every object is defined over a field £ of characteris-
tic 0.

2.1. Definition

Let R be an associative unital k-algebra. As an R-module, J(R) is spanned by
matrices indexed over Z:

J(R)={(mj j)i jez| mi j€ R, 3N such thatm; ;=0 (Vi, j such that |i — j|> N)}.
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With the standard operations on matrices, J (R) has a structure of associative alge-
bra. The usual Lie bracket [A, B] := AB — BA on J(R) is well-defined, and we
shall denote it by gJ(R), whenever we regard it as a Lie algebra. When R = &k
itself, we shall write J and gJ, for simplicity.

N.B. The reader should notice that gJ (R) is not isomorphic to gJ Qi R; the latter
is a proper subalgebra in gJ (R)!

2.2. A remark on affine Lie subalgebras

For each n € Z-, the subalgebra of the matrices (a; ;) with the properties
Qjtn,j+n = a;,j for any i, j will be denoted by J,(R). The algebra J,(R) viewed
as Lie algebra, denoted by gJ,(R), is isomorphic to gl,(R) ®y k[?, t~1]. Indeed,
an isomorphism is given as follows. Foreach 1 < i,j < n and p € Z, set
€i,j(p) =) ,cz Citrn, j+(p+rn- We have

lei,j (), exi(@)] = 8jkei j(p+q) — diser,j(p +q).
It is clear that {e; j(p)} ez forms a basis of J,(R) and the R-linear map defined by
e; j(p) — e; j ®t? is an isomorphism of Lie algebras.
23. gJ(R) versus gl,(J(R))

Let us show now that the Lie algebras gJ (R) and gl,,(J (R)) are isomorphic for any
n € Z-. For any integer, say x € Z,letxg € {1, 2, ..., n} be such that x —xp € nZ
and let x’ € Z such that x = x¢ + nx’.
__ Define a k-linear isomorphism @, : gJ(R) —> gl,(J(R)) as follows. For
i,j € Z/nZ,we choose i, j € {1,2,...,n} their representatives in Z. Define the
map ¢, : gJ(R) — gl,(J(R)) by &,(M) = (M; 7); jen nz> Where the (r, s)-
component of the matrix M; ; is given by

(M{,]_‘)r,s = Mi+rn,j+sn-

By direct computation, it can be verified that the map @, is an isomorphism of Lie
algebras:

Lemma 2.1. For any n € Z-1, we have

gJ(R) = gl,(J(R))
as Lie algebras.

Hence, to compute the homologies H, (gJ (R), k), it suffices to compute
Ho(glo(J(R)), k), where gl (R), for an associative unital k-algebra R, is the
inductive limit of the directed family defined by

tmn 9l (R) = gl,(R); A= (ai j)i<i,j<m > A= (@i, j)1<i, j<n>
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for m < n, where we set
ai,j I1<i,j<m

ajj = :
0 otherwise.

Hence, we have the next corollary due to B. Feigin and B. Tsygan:
Corollary 2.2 (Lemma 1 in [5]). H,(gJ(R), k) = He(glo(J(R)), k).

In the rest of this article, we omit k in the coefficients of homologies, if there seems
to be no risk of confusion.

3. Homology of the Lie algebra gl (J(R))

In this section we relate the homology of gl (J (R)) with the Hochschild homology
of the algebra J(R), where R is an associative unital k-algebra. We also recall
two useful relations between Hochschild homology and cyclic homology. Unless
otherwise stated, every object is defined over a field k of characteristic 0.

3.1. Primitive part of Hq(gl,,)

We briefly recall a result due to B. L. Tsygan [20] and independently by J. Loday
and D. Quillen [13].

Let R be an associative unital (maybe non-commutative) k-algebra. They re-
late the homology of gl,,(R) with the cyclic homology of R as follows.

A key step is show that the Chevalley-Eilenberg complex (C,(gl,(R), k), 9)
and its g, (k)-coinvariants (C,(gl,(R),k) g1, ). 0) are quasi-isomorphic. This shows
that H,(gl,(R), k) has a commutative and cocommutative DG-Hopf algebra struc-
ture.

Since the field k is of characteristic 0, each C,(gl,(R),k) (¢ € Z-o) is
semisimple which allows us to identify the coinvariants C,(gl,(R), k) g, ) With
the invariants C,(gl, (R), k)84 ®),

Due to these facts, the primitive part of H,(gl,(R), k) can be computed with
the aid of the first fundamental theorem on the gl,, (k)-invariants of V&4 @ (V*)®4
with V = k" the natural representation of gl, (k). The result is the following.

Theorem 3.1 (¢f. [13] and [20]). The primitive part of the Hopf algebra
He (gl (R)) is isomorphic to the cyclic homology group HCe—1(R).

See, e.g., [12, Chapter 9 and 10], for detail.

3.2. Connes’ periodicity exact sequence

Let R be an associative unital k-algebra. There exists the next long exact sequence:

oo — HH,(R) — HC,(R) — HC,_2(R) — HH,_{(R) — - --
(3.1
This is in [12, Theorem 2.2.1]. The same statement is also given in [20].
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3.3. Connes’ bicomplex

Here, we recall the so-called Connes’ bicomplex B(R) for an associative unital k-
algebra R. Connes’ bicomplex B(R) is the bicomplex with B(R), 4 = R®4—p+1
if ¢ > p and O otherwise:

where b is the standard boundary operator of the Hochschild complex and By :
REPHI 5 R®P+2 is the k-linear map given by

Brro®ri® - ®rp)

p

:Z(—l)P’ <1®r,~®---®rp®ro®---®ri1
i=0

+ri®1®ri+l®"'®rp®r0®"'®ri1)'

Notice that they satisfy b o Bg + Br o b = 0. It is known (cf. [12, Theorem 2.1.8])
that the homologies of the total complex of this bicomplex are the cyclic homologies
HC4(R) of R. The homology of this total complex can also be computed with the
aid of the spectral sequence. By definition, its E!-term is given by

gl _ HH; ,(R) q>p=>0
P-4 0 otherwise,

and the d'-map is given by the induced map (BR). that can be identified with the
de Rham differential when R is commutative (cf. [12, Proposition 2.3.3]).
34. Summary

Thanks to Lemma 2.1, the homologies H, (gJ/(R)) are isomorphic to He(gl,,(J(R)))
for any n € Z- 1, in particular, we may set n = 0o. It turns out that He (gl (J(R)))
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admits a structure of Hopf algebra whose primitive part Prim(H, (gl (J(R)))) is
given by the cyclic homologies HC,o—_1(J(R)) by Theorem 3.1. The Sections 3.2
and 3.3 indicate that if we can compute the Hochschild homologies H Ho(J (R)), it
may give us a way to determine the cyclic homologies HC,o_1(J(R)).

In the rest of this article, we calculate the Hochschild homologies H Hq(J (R)).
Here and after, we denote the boundary operators of Hochschild complex by &
which is defined as follows: for p € Z-,

b(ro®ri ®---Qrp)

p—1
= Z(—l)lro ® 11 ®ritip1 ® - Q1+ (=DPrpyro®@r ® -+~ ®@rp_1.
=0

4. Hochschild-Serre type spectral sequence

In this section we explain briefly the spectral sequence obtained by D. Stefan [17].
This spectral sequence is a generalization of the well-known Hochschild-Serre spec-
tral sequence.

Unless otherwise stated, every object is defined over a field k of characteris-
tic 0.

4.1. Smash product and examples

Let A be an associative algebra and H a Hopf algebra which acts on A as endomor-
phism. Let ¢ : H — End;(A) be a morphism of k-algebras satisfying

p(h)(@a) =Y (p(hayan(p(he)a), p(h)(1) = (M1, 4.1)

where A(h) = h)®h(2) is the Sweedler notation and & : H — k is the counit. Let
C be the smash product AfH of A and H (cf. [18]). That is, we define the product
structure on C := A ® H by

(a1 @ h)(a2 ® ha) = a1(e((h1)qy)a2) ® (h1)2)h2,

where A(h1) = (h1)a) ® (h1)). This defines an associative structure on C. We
remark that the algebra C is an H-comodule algebra, namely, it has the comodule
structure given by Ac : C - C® H;a @ h — (a ® h(1)) ® h(2), and this map is
a morphism of algebras.

A typical example of such an algebra is given by a so-called twisted group
algebra, which is defined as follows. Let A be an associative unital k-algebra and
G a discrete subgroup of k-automorphisms of A. The group algebra H = k[G]
has a natural Hopf algebra structure with A(g) = g ® g for g € G. In this case,
the smash product AgH is the so-called twisted group algebra, denoted by A{G} in
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this note. Here are two examples of twisted group algebras: let R be an associative
unital k-algebra.

1) A= A(R)=R"={(ay,...,ay))la; € R}, with the componentwise product
structure and H = k[Z/nZ). For i € Z/nZ (we may identify it with an integer
i €[0,n—1]),weset¢p(i)(ai,...,an) = (@it1,---,ai+n) Where the indices are

interpreted modulo 7. o
For (ay, ..., a,), (by,...,b,) € A(R) and i, j € Z/n”Z, we have

((ar, ..., an) @D (b1, ..., by) ® j) = (@1bi41, ..., anbitn) @1 + j.

One sees that the algebra C = C(R) is isomorphic to the algebra of n x rn-matrices
M, (R). In fact, the isomorphism is given by

n
(ai,...,a,) Qi — Zakek,kﬂ-,
k=1

where e, 5 is the matrix element with 1 in the (r, s)-component.

2) A = A(R) = [];ez Rei, where ¢;’s are orthogonal idempotents, and H =
k[Z]. Here, the morphism ¢ is defined by ¢ (1) = v € End;(A) where t(e;) = ej_1
(i € Z). Then, the algebra C = C(R) is isomorphic to the algebra J(R) via the
isomorphism e¢; ® 17 > e¢; 4, forany p € Z. Let

JMRY ={(mi ) e J(R) |mi; #0 = i#j}

be the A(R)-bimodule of off-diagonal part of J(R). As A(R)-bimodule, J(R) =
A(R) @ JOT(R). This description will be used in Section 5. Here and after, for any
ring R, in place of saying R-R bimodule, we shall say R-bimodule for simplicity,
unless we consider R-S bimodule with two different rings R and S.

4.2. Stefan’s spectral sequence

Let us briefly recall the spectral sequence, i.e., Theorem 4 of [5], in a down-to-earth
manner, inspired by D. Stefan [17].

Having the Hochschild-Serre spectral sequence in mind, one might guess that
the Hochschild homology of C = AfH with coefficients in a C-bimodule can be
described in terms of the Hochschild homologies of A and H. This is what happens.
That was proved by D. Stefan [17] in a slightly general form. Here, we recall the
result in a weaker form that is sufficient for our purpose:

Theorem 4.1 (Theorem 4.5 in [17]). Let M be a C-bimodule. Then, there exists a
convergent spectral sequence such that

E;,=Hy(H Hy(A,M)) = Hpy(C, M).
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In particular, the case when M = C was stated as Theorem 4 in [5], but their
description contains some gaps and the proof is not given.

For the sake of reader’s convenience, let us describe the H-bimodule structure
on H,(A, M) in the case when H is cocommutative.

The left H-module structures are described as follows: for h € H,

(1) On A:  h.a :=¢(h)(a) acA,
(2) On H: h.m = h(l)mS(/’l(z)) meM,

where S : H — H is the antipode.

The right module structure on A and M are given by the counit ¢ of H. The
H-bimodule structure on the Hochschild complex Co(A, M) is defined as an appro-
priate tensor product of these modules. It can be checked that the action commutes
with the boundary operator b on Co,(A, M). Thus, this induces an H-bimodule
structure on He(A, M). Moreover, one can also verify that Hy(H, Hy(A, M)) =
Hy(C, M) as in the proof of [17, Proposition 4.2]. Thus, the E?-term in Theo-
rem 4.1 should be calculated with respect to this induced H-bimodule structure on
H, (A, M).

Now, let R be an associative unital k-algebra. In our case, we have A =
A(R) = HieZ Re; with orthogonal idempotents {e;};cz, i.e., eje; = §; je; and
H = k[Z] = k[t*!] where 7, as an element of Autg(A), is realized as t(¢;) = e;_;.
Hence, we can use the spectral sequence:

E} = Hy(k[Z], Hy(A(R), J(R))) = HHpyq(J(R)).

5. Computations on He([];c;, Rei, J(R))

In this section we compute the homologies He (A(R),J (R)) with A(R) =[], Rei,
where R is an associative unital k-algebra. See Section 4.1 for the other notation.

5.1. Hy(A(R), J(R))

By definition, Hy(A(R), J(R)) = J(R)/[A(R), J(R)]. For D = diag(d;) € A(R)
and M = (ml'J') (S J(R), one has [D, M]l’,j = dl-m,-,j — mi,jdj, ie.,

Imb|ypyoar) ={M = (m; j) € J(R)|m;; € [R, R]Vi},

which implies
Ho(A(R), J(R)) = A(R), (5.1)

where we set R .= R/[R, Rl = HHy(R).
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52. HH,(A(R))(p > 0)

We recall [21, Theorem 9.1.8] which states that for an R;-bimodule M; (i = 1, 2),
where R; is an associative k-algebra, one has

He(Ry X Ry, My x Mp) = Ho(Ry, M) ® Ho(R2, M>). (5.2)

For N € Zxg, set Ay(R) = H\iISN Re;. Then for any M > N, the canoni-
cal projection Ay (R) — An(R) 1s surjective and it induces a surjection between
the Hochschild complices Co(A(R), Ay (R)) and Co(A(R), Ay(R)) that is also
surjective. Hence, the Mittag-Leffler condition (cf. see, e.g., [11] or [21]) for
{Ce(A(R), AN(R))}Nez., 1s satisfied.

It follows from (5.2) that

Ho(A(R), AN(R)) = HHy(AN(R)) = ]_[ HHp(R)e;.
li|l<N

It follows that the Mittag-Leffler condition for {He(A(R), AN(R))}Nez-, is also
satisfied. Thus, by Proposition 1.12.4 of [11] or Theorem 3.5.8 of [21], it follows
that H H,(A(R)) = lim H H,(An(R)). Therefore, we obtain

<N

HH,(A(R)) = ]_[ HH,(R)e;. (5.3)
€L

Remark 5.1. Let us suppose that R = k. So, we compute H Hq(ke) for an idem-
potente, i.e., et =e. By definition, for r > 0,

0 r=1(Q)

®ry
ble® e®) = {e®e®<’—” r=0),

which implies H Hy(ke) = ke and H H),(ke) = 0 for p > 0. Hence, (5.3) implies

A(k) p=0

HH,(A(k)) = {o =0,

53. H,(A(R), J*(R))

We first observe that Re; ; € Jo(R) for any i # j € Zis an A(R)-bimodule.

Let 11, I be subsets of Z satisfying i) i € I1 and j € Ip,ii) I} U, = Z and iii)
Iy NI = . For any subset I C Z, we set A(R); = [[;c; Re;ande; =, ei.
It is clear that e; is the unit of A(R);. Moreover, the subalgebra S = ke;, @ ke, of
A(R) is separable over k, since we can take e;, ® e, + ej, ® ey, as an idempotent.
Thus, by Theorem A.1, we have

Hp(A(R), Rei, j) = HY(A(R), Re; j).
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But since S is central, it follows that A(R)®sP = A(R)%Sp @ A(R)?;SP. This

implies that CS(A(R), Re; j) = 0, thus we obtain H,(A(R), Re; ;) =0.
Now, let {/;};cz_, be an increasing sequence (i.e, I; C I; 1 for any i) of finite

subsets of Z such that | J; I; = Z. Set J(R); = @pGZ\{O} (Hjel,— R€j> Q ktP.
By definition, J(R); is an A(R)-bimodule and lim J(R); = JO(R). Moreover,

both {J(R);}iez., and {Ho(A(R), J(R))}icz., saltisfy the Mittag-Leffler condi-
tion. Thus, by [11, Proposition 1.12.4] or [21, Theorem 3.5.8], it follows that

Hy(A(R), JT(R) =0 Vp>o0. (54)
Combining (5.1), (5.3) and (5.4), we obtain the following result.
Proposition 5.2. We have Hy(A(R), J(R)) = [[,cz HHs(R)e;.

In the next section, we shall thus compute the homologies Ho(k[Z],] | iezHHJ(R)e;).

6. Computation of He(k[Z], [];;, HHe(R)e;)

Let us recall its setup. Our k[Z] is generated by the matrix ‘L’=Zl~ez eiiv1€J
which acts on M,(R) := ]_[l-eZ HH,(R)e; from the left by conjugation, i.e.,
t(}_;mie;) = ) ;miej—i. The right module structure should be given by the
counit, i.e., T > the multiplication by 1. This k[Z]-bimodule structure is the same
as is given in [17].

Since the global dimension of a principal ideal domain, which is not a field, is
1, it suffices to compute the homologies { H, (k[Z], M4(R))} pez., for p =0and 1.

6.1. Hy(k[Z], Me(R))
The boundary map b : Mo(R) ® k[Z] — M.(R) is given by ¢; ® 7 > ¢; — e;_.
Hence, for any ) ; ., m;e; € Mo (R), setting

ZO<r§imr i>0
m; =10 i=0

~Yicpmomr i <0,

it can be checked that

b (Zﬁ’liei ® 7_1) = Zfﬁi(é’i —e€i+1) = Z(ﬁii —mi_1)e; = Zmiei-
i i i i

This implies that Im b| s, (r)ok[z] = Me(R). Thus we obtain the following:
Lemma 6.1. Hy(k[Z], M.(R)) = 0.
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6.2. Hy(k[Z], Me(R))
Form =) ;.,mie; € My(R) and p € Z, set

nlp) = P m) = Y mieip = Y misper
i i

The next lemma is technical, but it simplifies the rest of the computation.

Lemma 6.2. Any element of Hy(k[Z], M4(R)) is represented in the form m Q t for
somem € Mq(R).

Proof. First of all, remark that m ® 1 = 0 in H{(k[Z], M.(R)) for any m € A,
since b(m ® 1 ® 1) = m ® 1. Now, for p, g € Z, one has

bm@P @1 =mt! —m@ "™ +mlq] ® 17,
which implies, setting ¢ = 1, that
mtP=m+m[ll+---+mlp—-1D)Q1 in Hi(k[Z], Ms(R))
for p > 0 (by induction) and, setting ¢ = — p, that
m@tP=-m-pl®t? in  H(kIZ], Mu(R)).
for any p > 0. 0

Remark 6.3. We have seen that in H| (k[Z], M4(R)) one has

Py mlkD) @ © p>0
m®1P =140 p=0
—(Cil,mkh ® T p <0.

Hence, we may restrict ourselves to consider the elements of type m ® t (m €
M4 (R)). By definition, we have b(m ® t) = m —m[1], which implies thatm ® t €

Kerb iff m = m[l1], ie.,m € HH.(R)(ZIEZ ¢;). Hence, we see that there is
a surjective map HHo(R)(Y ey ei) @ T — Hi(k[Z], Mo(R)). This map is also
injective, since any element of M,(R) ® k[Z] ® k[Z] is a linear combination of the
elements of the form m ® 77 ® t7, and its image by b can be computed as

bmt’' @1 =m1? —mtP ! +mlqgl 1" =0Q® 1 € Hi(k[Z], My(R))
by Remark 6.3. Thus, we obtain:

Proposition 6.4. H|(k[Z], M.(R)) = HH.(R) and H,(k|Z], M(R)) = O for
p#1L
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7. Main results

We describe now the homology groups of gJ (R) over an arbitrary associative unital
k-algebra R that is not necessarily commutative.
7.1. Hochschild homology of J (R)

Theorem 4.1 together with Propositions 5.2 and 6.4 show that the Hochschild ho-
mologies of J(R) are determined since the spectral sequence

E} , = Hy(k[Z], Hy(A(R), J(R))) = HHpi4(J(R))

collapses at EZ and it gives:

Theorem 7.1.Suppose that R is an associative unital k-algebra. Then, HHqy(J(R)) =
HH,_1(R) as graded algebras.

For later purpose, let us provide an explicit isomorphism between H Hj,(R) and
HH,1(J(R)). Such a morphism is constructed via the composition H H,(R) =
Hi(k[Z], [ |;ez HHp(R)e;) = HHp41(R), where the second map is given by the
“shuffle product” (cf. [3] or [14]). To be explicit, this isomorphism is induced from
the morphism of Abelian groups ®,, : R®+! — J(R)®PT2 defined by

Dy(ro@r® - ®rp)
4 . (7.1)
=rl @ | Y (- rI®@ - @nl®@IT@rpl® - @r,l|,
k=0

for p € Zo, where we set I = ) ., e; and T € k[Z)] is defined in the head of
Section 6. Indeed, by direct computation, one obtains the next lemma:

Lemma 7.2. For any p € 7=, one hasbo ®,41 + ®, 0b = 0.

Hence, by this lemma, the morphism o p induces a morphism ®, : HH,(R) —
HHp, . 1(J(R)) forany p € Z>g.
The next proposition seems to be well-known (cf. [7] and [8]):

Proposition 7.3. For any p € Z>o, the morphism ® , is an isomorphism.

7.2. Homology of the Lie algebra g.J (k)

As we have seen in Remark 5.1, it follows that H Hy(k) = k and H H,(k) = O for
p > 0. Hence, by Theorem 7.1, we obtain

Corollary 7.4 (Theorem 3 in [S]). HH(J) = kand HH,(J) =0 forany p # 1.

In this case, Corollary 7.4 together with the Connes periodicity exact sequence (3.1)
in Section 3.2 implies the next periodicity:
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Corollary 7.5. HC,(J) = k for odd p and HC,(J) = 0 for even p.

Hence, by Corollary 2.3 and the Loday-Quillen-Tsygan theorem (cf. Theorem 3.1),
the next theorem follows from the theorem of Milnor-Moore [15]:

Theorem 7.6. There exist primitive elements x; € Hyi(gJ, k) for any i € Z~¢ such
that the homology He(gJ, k) is isomorphic to the Hopf algebra S( &y kxi).

i€Z>0

The dual statement to this theorem is due to B. Feigin and B. Tsygan:

Theorem 7.7 (Theorem 1 a) in [5]). There exist primitive elements c; € H* (gJ k)
for any i € 7~ such that the homology H®(gJ, k) is isomorphic to the Hopf alge-

bra S(@cz_, kei).

7.3. Cyclic homology of J(R)

Here, we determine the cyclic homology HC4(J(R)) of J(R), where R is an as-
sociative unital k-algebra. For this purpose, we compute the total complex of the
Connes bicomplex B(J(R)) recalled in Section 3.3, with the aid of the spectral
sequence. By definition, its E'-term is given by

HH;—,(J(R)) g>p=0

E! = ,
p.q 0 otherwise.

By Theorem 7.1, one may expect that the induced maps (Bjr))« and (Bg), are

related via the isomorphisms & ,:

Lemma 7.8. For any p € Z>q, one has ® 1 0 (Br)sx + (By(r))« o ®, =0.

Indeed, one can show that, for a cycle w € R®PH! e, b(w) = 0, it follows that
(®ps10Br+ Biryo®p)@) = —b(101®1® (NW))),

where N = 37 t* witht.(ro ® 11 ® -+ -rp) = (—=1)Prp @ro®@ -+~ ®rp_1isa
linear map.

By this lemma, together with Proposition 2.3.3 in [12], one may regard the
E'-term of the above spectral sequence as

El HH;—p—1(R) g>p=0
pq 0 otherwise,

whose d'-map is given by the induced map —(Bg)s (or 0). This means that the
total complex of B(J(R)) is quasi-isomorphic to the total complex of B(R) shifted
by [1], that is, we obtain the next theorem:

Theorem 7.9. Let R be an associative unital k-algebra. Then, HC4(J(R)) =
HC.(R)[1] as graded k-vector spaces.
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Therefore, the Loday-Quillen-Tsygan theorem (cf. Theorem 3.1) and the Quillen
version [16] of the Milnor-Moore theorem yield the next result:

Theorem 7.10. H,(gJ (R)) = S(HC4(R)[2]) as graded Hopf-algebras.

Remark 7.11. By the Loday-Quillen-Tsygan theorem (cf. Theorem 3.1) and The-
orem 7.9, we observe that

Prim (He(gJ (R))) = Prim (Ho(gloo (R))[1] = HCo(R)[2].

Therefore, the difference between gJ (R) and gl (R) is by no means trivial.

The orthogonal and symplectic versions of our results are obtained in [4] as an
application of the results of this article.

7.4. Universal central extension

The Lie algebra gJ (R) being perfect, it allows the universal central extension (cf.
[21, Chapter 7]). In this subsection, we describe it explicitly.
Theorem 7.10 implies

Corollary 7.12. Hy(gJ(R)) = HCyp(R) = R’ = R/[R, R].

Remark that this result also follows from Theorem 7.1 and Connes’ Periodicity
Exact Sequence (3.1).

Setl =) ;. peiijand I_ =), _ye;;. Itisclearthat I+ € J(R) and I, I; =
80,01 for o, v € {£}. Let ® : J(R) — J(R) be the k-linear map defined by
®(X) =1 X1, . Amatrix M = (m; ;) € J(R) is said to be of finite support if the
set {(i, j) |m; j # 0} is finite. We denote the Lie subalgebra of g/ (R) consisting of
the matrices of finite support by gF (R). Define the trace map Tr : gF(R) — R as
the composition of the usual trace map tr : gF(R) — R; M = (m; j) > Y ;m;;
and the Abelianization 79? : R — R

Now, let ¥ : J(R) x J(R) — R% be the k-bilinear map defined by

V(X,Y) =Tr([®(X), P(Y)] — O([X, Y])
=Tr((ILYI_)(I-X 1) — (I XI_)(I_Y I..)).

It can be checked that:

Lemma 7.13. The k-bilinear map W is a 2-cocycle, i.e., it satisfies

(D) v, X)=—-¥(X,7Y),
() v(X,Y],2)+¥([Y, Z], X) + ¥([Z, X].Y) =0,

forany X, Y, Z € J(R).

This 2-cocycle is called the Japanese cocycle. Let 9}7 (R) be the universal central
extension of the Lie algebra gJ (R).
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Theorem 7.14. The Lie algebra 97 (R) is a k-vector space
gJ(R) = gJ(R) ® R
equipped with the Lie bracket [-, -] defined by

[é\.’l(R), R =0, [X,Y] =[X,Y]+¥(X,Y) X,Yegl/(R).

7.5. The case of smooth commutative algebras !

Here, we suppose that R is a smooth commutative algebra over k, i.e., R is a com-
mutative unital k-algebra such that, for any maximal ideal m C R, the kernel of the
localized map pm : (R ®k R)~1(m) = Rm, where it : R ® R — R is the multi-
plication map, is generated by a regular sequence in (R ®k R),,~1y) (¢f. [12, Sec-
tion 3.4]).

The Hochschild-Kostant-Rosenberg theorem [6] asserts that H He(R) is iso-
morphic to Q% , as a graded algebra. Hence, Theorem 7.1 implies

Corollary 7.15. HH,(J(R)) = QHkl as a graded algebras.
By Theorem 7.9 and Theorem 3.4.12 in [12], we have:

Theorem 7.16. Suppose that R is smooth over k. Then, there is a canonical iso-
morphism

~ -1 -2 r
HCp(J(R)) = QR /% @ @ Hyr(R),
O0<r<p-2
r=p—1[2]

where Hp, p(R) signifies the de Rham cohomology of R.

7.6. Homology of some Lie subalgebras of g.J (R)

Let R be an associative unital k-algebra. Set

J4(R) ={M = (m; j) € J(R)| mjj =0 (Yi,jsuchthati <0orj <0)},
JZ(R) ={M = (m; j) € J(R)| 3 N such that m; ; =0
(Vi, j suchthati < Norj < N)}.

Via the isomorphism ¢ of J(R) defined by ¢(e; j) = e—; —j, where ¢; ; is the
matrix unit, we also set J_(R) = ¢(J(R)) and J=(R) = ¢(J=(R)). As before,
the algebras J1(R), JZ(R) and J=(R), viewed as Lie algebras, will be denoted by
gJ+(R), gJ=(R) and gJ=(R), respectively. We have:

1 The notion of smoothness for commutative algebras is more general than the quasi-freeness
introduced by Cuntz and Quillen in [1]. Indeed, a smooth commutative algebra may have any
positive finite cohomological dimension whereas the cohomological dimension of a quasi-free
commutative algebra can be at most 1.
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Lemma 7.17. Hy(gJ+(R), k)= Hy(gJ—(R),k) = Ha (g =(R),k) = Ho (9% (R), k).

Proof. Since the first and the third isomorphisms are induced from the isomorphism
@, let us show the second isomorphism. For n € Z, set

J="(R) = (M = (mj, ;) € J(R)|mj ;=0 (Vi,jsuchthati >norj>n)}.

By definition, it follows that J=(R) = limJ="(R) via the natural embedding
—

J="(R) < J="(R) (m < n). As J="(R) is isomorphic to J_(R), this implies
that
Ho(gJ=(R). k) = 1im Hy,(§J="(R), k) = Ho(gJ_(R). k),

where gJ="(R) is the k-vector space J="(R) viewed as Lie algebra. O
An statement analogous to Corollary 2.2 holds, namely, one has
Ho(gJ*(R)) = Ho(gloo(J*(R)))  *€{=, <}

Hence, the Loday-Quillen-Tsygan theorem (cf. Theorem 3.1) implies that it suffices
to calculate HCoe—1(J*(R)) (x € {>, <}). For this purpose, we first determine the
Hochschild homologies H Ho(J*(R)) (x € {>, <}). Recall that the subalgebras
JZ(R) and J=(R) of J(R) can be viewed as twisted group algebras as follows:
set A(R) = [[a=0 Rei ® @, _o Rei. Then, it can be checked that J=(R) =
AT(R)tH and J=(R) = A~ (R)#H . By Section 4.1 and Theorem 4.1, it suffices to
compute the spectral sequence

E2 , = Hy(kIZ). Hy(AT(R). JZ(R))) = HHpsq(JZ(R)).
It can be shown, as in Section 5, that

Huy(AT(R), JZ(R) Z [ [ HHo(R)e; & @D H Hu(R)e;.

i>0 i<0

Denote the right-hand side of this formula by M,(R) as in Section 6. As k[Z] is a
PID, E]%,q = O unless p = 0, 1. By definition, one has b(m ® t7) = m — m|[p]

which implies that Ker|M.(R)®k[Z] = M,(R) ® k% and ImlM.(R)@,k[Z] = M,(R).
Since b(m ® 1 ® 1) = m @ 1 again by definition, we obtain

Hy(k[Z], Mg(R)) =0 p €{0, 1}.
Thus, we obtain H H,(J=(R)) = 0. In particular, this implies HC.(J=(R)) = 0.
Theorem 7.18. For p € Zso,
Hp(gJ+(R), k) = Hy(gJ—(R), k) = H,(gJ=(R), k) = H,(gJ = (R), k)

k p=0
0 p > 0.

~
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A. Appendix. Hochschild homology over non-commutative ground rings

Here, we generalize Section 1.2 of Loday’s book [12].

Let R be an associative unital (but not necessarily commutative) ring and §
be its subring. For an R-bimodule M, the group of p-chains Cg (A, M) is M ®g
A®sP® ¢ which signifies the quotient of M ®5 A®SP by the relationm ® a1 ® - - - ®
aps =smQ@a1 ®---®apforanys € §S,m €¢ M and q; € A. For instance,
R®s = R/[S, R]. It is clear that the boundary map b of the Hochschild complex
induces a boundary map on C3 (R, M) which we denote again by b. Its homology
will be denoted as H.S(R, M).

Suppose that a unital k-algebra S is separable over k, i.e., the S-bimodule
map u : SQ®SP — § splits. This is equivalent to the existence of an idempotent
e=) ; u;®v; € S®SP such that) ; u;v;=1and (s ® le=(1 ® s)e forany s € S.

Now, we can show the next theorem:

Theorem A.1. Let S be a separable algebra over k and R be an associative unital
S-algebra. Then, for any R-bimodule M, there is a canonical isomorphism:

H,(R, M) = H3(R, M).
Proof. Let ¢ : Co(R, M) — Cf(R, M) be a canonical projection. Write e =
> ui Qi € S®i S°P. We define the k-linear map 1 : Cf(R, M) — Co(R, M) by
YmRrQ@---Qrp) = Z Vi, My @ Vigriui, @ Vi raliy @ -+ @ Vi, T pUi,-
10501 5eensi p

By definition, it follows that ¢ o ¢ = id¢sg - Hence, let us compute ¥ o ¢.
Unfortunately, this is not the identity operator, but one can construct an explicit
homotopy to the identity operator as follows. For 0 <i < p, we set

him@ri®-- -®rp)= Z Mmujy @ Vjorij Q- -Quj,_ rij; Quj; Qrit+1Q- - -Qrp.
JOs J1smees Ji

Then, it can be checked by direct computation (cf. [12, Lemma 1.0.9]) that & :
Zf’zo(— 1)! h; is the homotopy of the identity operator to ¥ o ¢, i.e.,

CS(R,M)
Hence, the induced maps ¢, and ¥, are the inverse of each other. O
References

[1] J. CuNTZ and D. QUILLEN, Algebra extensions and nonsingularity,J. Amer. Math. Soc. 6
(1995),251-289.

[2] E.DATE, M. JIMBO and T. MIWA, “Solitons. Differential Equations, Symmetries and Infi-
nite Dimensional Algebras”, translated from the original, 1993, Japanese version by Miles
Reid, Cambridge Tracts in Mathematics, Vol. 135, Cambridge University Press, Cambridge,
2000.

[3] S. EILENBERG and S. MACLANE, On the groups H(I1, n), I, Ann. of Math. 58 (1953),
55-106.



852

(4]

(5]
(6]
(7]
(8]
(9]
[10]
(11]
[12]
[13]
(14]
[15]

[16]
(17]

(18]
(19]
(20]

(21]

ALICE FIALOWSKI AND KENJT IOHARA

A. FiaLowsKI and K. IOHARA, Homology of Lie algebras of orthogonal and symplectic
generalized Jacobi matrices, Atti Acad. Naz. Lincei Rend. Lincei Mat. Appl. 31 (2020),
549-564.

B. L. FEIGIN and B. L. TSYGAN, Cohomologies of Lie algebras of generalized Jacobi
matrices, Funct. Anal. Appl. 17 (1983), 86-87.

G. HOCHSCHILD, B. KOSTANT and A. ROSENBERG, Differential forms on regular affine
algebras, Trans. Amer. Math. Soc. 102 (1962), 383—408.

G. HOCHSCHILD and J.-P. SERRE, Cohomology of group extensions, Trans. Amer. Math.
Soc. 74 (1953), 110-134.

G. HOCHSCHILD and J.-P. SERRE, Cohomology of Lie algebras, Ann. of Math. (2) 57
(1953), 591-603.

M. JIMBO and T. MIWA, Solitons and infinite dimensional Lie algebras, Publ. Res. Inst.
Math. Sci. 19 (1983), 943-1001.

V. G. KAcC, “Infinite Dimensional Lie Algebras”, Third edition, Cambridge University
Press, Cambridge, 1990.

M. KASHIWARA and P. SCHAPIRA, “Sheaves on Manifolds”, Grundlehren der Mathema-
tischen Wissenschaften, Vol. 292, Springer-Verlag, Berlin, 1994.

J. L. LopAY, “Cyclic Homology”, Grundlehren der Mathematischen Wissenschaften,
Vol. 301, Second edition, Springer-Verlag, Berlin, 1998.

J.L.LoDAY and D. QUILLEN, Cyclic homology and the Lie algebra homology of matrices,
Comment. Math. Helv. 59 (1984), 565-591.

S. MACLANE, “Homology”, reprint of the 1975 edition, Classics in Math., Springer Verlag,
1995.

J. W. MILNOR and J. C. MOORE, On the structure of Hopf algebras, Ann. of Math. 81
(1965),211-264.

D. QUILLEN, Rational homotopy theory, Ann. of Math. 90 (1969), 205-295.

D. STEFAN, Hochschild cohomology on Hopf-Galois extensions, J. Pure Appl. Algebra 103
(1995),221-233.

M. E. SWEEDLER, Cohomology of algebras over Hopf algebras, Trans. Amer. Math. Soc.
133 (1968), 205-239.

K. TAKASAKI, A new approach to the self-dual Yang-Mills equations, Comm. Math. Phys.
94 (1984), 33-59.

B. L. TSYGAN, Homology of matrix Lie algebras over rings and the Hochschild homology,
Russian Math. Surveys 38, 1983, 217-218.

CH. A. WEIBEL, “An Introduction to Homological Algebra”, Cambridge Stud. Adv. Math.,
Vol. 38, 1994.

University of Pécs

Institute of Mathematics and Informatics
Ifjusag dtja 6

H-7624 Pécs, Hungary

and

Eotvos Lorand University Budapest, Hungary
fialowsk@ttk.pte.hu

fialowsk@cs.elte.hu

Université de Lyon

Université Claude Bernard Lyon 1
CNRS UMR 5208

Institut Camille Jordan

43 Boulevard du 11 Novembre 1918
F-69622 Villeurbanne cedex, France
iohara@math.univ-lyonl .fr



