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Gluing metrics with prescribed Q-curvature and different
asymptotic behaviour in high dimension

ALI HYDER AND LUCA MARTINAZZI

Abstract. We show a new example of blow-up behaviour for the prescribed
Q-curvature equation in even dimension 6 and higher, namely given a sequence

Vy) cC 0(]RZ”) suitably converging we construct for n > 3 a sequence (uy) of
radially symmetric solutions to the equation

(—A)"uk — Vke2nuk in RZ)’!,
with u; blowing up at the origin and on a sphere. We also prove sharp blow-
up estimates. This is in sharp contrast with the 4-dimensional case studied by F.

Robert (J. Differential Equation, 2006).

Mathematics Subject Classification (2010): 35J92 (primary); 53A30 (sec-
ondary).

1. Introduction to the problem

Given a domain Q C R?", we will consider a sequence (uy) of solutions to the
prescribed Q-curvature equation

(—=A)'up = Vie™ in Q, (1.1

under the uniform (volume) bound
/Q%%mgc,kszan. (12)
Q

and suitable bounds on V; € L°(R2).
Contrary to the two dimensional situation studied by Brézis-Merle [4], or to
the case of a compact manifold of dimension 2n without boundary (see, e.g., [8,16,
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20,25]), where blow up occurs only on a finite set S7, in an open Euclidean domain
Q of dimension 4 or higher it is possible to have blow up on larger sets. More
precisely, for a finite set §; C € R?" let us introduce

K(Q,81) :={peCP®(Q\S1):9<0,¢0#0, A"p =0}, (1.3)
and for a function ¢ € (2, S;) set
Sy = {x € Q\ S) : p(x) =0}. (14)

Theorem A (Adimurthi-Robert-Struwe [1], Martinazzi [20]). Let Q2 be a do-
main in R*, n > 1 and let (uy) be a sequence of solutions to (1.1)-(1.2), where
Vi — Vo > 0 locally uniformly in Q for some Vo € C%(Q), and define the set
(possibly empty)

S| = {x € Q: lim liminf/ Ve dx > ﬂ} . A= (Qn—DS™.
B, (x) 2

r—0t k—oo

Then, up to extracting a subsequence, one of the following is true:

i) Forevery0 < o < 1, (uy) converges in Clzo'é_l’a(Q);

ii) There exists ¢ € K(R2, S1) and a sequence of numbers B — o0, such that,
setting S 1= S1 U Sy we have
Ui

3 ¢ inClm QN S), O0<a<l. (1.5)
k

In particular uy — —oo locally uniformly in Q \ S.

Definition 1.1. Given uy, S and S, as in Theorem A, we shall call S| the con-
centration blow-up set and S, the polyharmonic blow-up set. Similarly x € §; is
called a concentration blow-up point and x € S, a polyharmonic blow-up point.

Recently the authors together with S. Iula proved a partial converse to Theorem
A, which we state in a simplified form.

Theorem B (Hyder-Iula-Martinazzi [13]). Consider 0 < A < %, Q c R¥
open,n > 2, ¢ € K(R,0), and a sequence (V) C L®(Q) with0 < a < Vi <
b < 00. Then there exists a sequence (uy) of solutions to (1.1) with

/ Vie? M dy = A,
Q

such that Sy = 9, (1.5) holds with S = S, and ux — o0 locally uniformly on S,.

The main question is whether one can extend Theorem B to include the case
in which concentration and polyharmonic blow-up sets coexist, i.e., S| # ¢ and
Sy # ¥, which is a possibility left open in Theorem A. In this paper we shall address

the radially symmetric case of dimension 2n > 6. By Cfad(B R) Or Lgd(B Rr) we will

denote the subspace of radially symmetric functions in C t(Bg) and L?(Bg).
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1.1. The blow-up analysis

Let us first observe that in dimension 4 the radial case has been completely de-
scribed by F. Robert [27].

Theorem C (Robert [27]). On Q = Bg C R* R > 0, let (Vx) C C° (Bg) be
a sequence converging to Vo = 6 locally uniformly, and let (uy) be a sequence of
radial solutions to (1.1)-(1.2) with n = 2. Then, up to extracting a subsequence,
either uy converges in Cl3oc(BR)’ or uy — —oo uniformly locally in Bg \ {0},
Vi — 8y, for some k € [0, 167%] and we have one of the following blow-up

behaviours:
1) ux(0) < C for every k and k = 0;

ii) ug(0) — oo. Then if we set ry = 2¢ 4O gnd Nk (x) 1= ug(rex) + log(ry),
we have 3 subcases:

ii.a) k = 1672 and ny — 1 in Cfoc(RA'), where n(x) = log (ﬁ),
3

loc
alx|® + o(log |x]) as |x| — oo for some a > 0;

ii.b) k € (0, 1672) and nx = Neo in C3. (R*), where neo(x) = }‘\—Kllog x| —

iic) k =0, r,?Auk(O) — —o0 and for Ny = we have 7 (x) — % in
Cl(RY).

Moreover in the cases ii.a) and ii.b) it holds

Mk
2 Aug (0)

lim lim Ve dx =0, foreverys < R. (1.6)

L—00 k—00 B,s\Ber
One of the crucial elements in the proof of Theorem C is the estimate
|x|e"*®) < C(8), uniformly on Bs forevery 8 < R. (1.7)

Unfortunately (1.7) does not hold in dimension 6 (and higher), not even for small §,
see, e.g., Examples 2 and 3 in Section 8, and in fact the blow-up behaviour is much
richer, but we will not examine it in detail. Instead we will focus on the follwing
particular issue. By scaling one of the many entire solution to

(=AN)?u=Q2n - De®™ iR, A:=Qn-— 1)!/]RZ eMdx < oo (1.8)

(see [5]) one finds a sequence (uy) of solutions to (1.1)-(1.2) blowing up at 0. By
Theorem B one can also construct solutions blowing up on a sphere. The main
question is whether one can “glue” the first kind of solutions to the second kind of
solutions to obtain solutions with a concentration blow up at 0 and a polyharmonic
blow up on a sphere.

In the following theorem, we show that in dimension 6 if this occurs (case
iv), then the blow up at the origin is necessarily spherical, i.e., as in case iia) of
Theorem C.
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Theorem 1.2. Let @ = Br C R® for some R > 0 (with @ = R if R = o).
Let (Vi) C L5y (BR) be positive radial functions with Vi — Vo in Li> (BR) for
some positive Vy € CY(BR). Let (uy) be radial solutions to (1.1)-(1.2) withn = 3.

Assume that we are in case ii) of Theorem A. Then one of the following occurs.

) S1uUS, =9;
i) S1US, = {0};
iii) Sy =W and S, = {|x| = p} for some p € (0, R);
iv) §1 = {0} and Sy, = {|x| = p} for some p € (0, R). In this case, up to
replacing uy (x) with uy(px) +log p and R by pR, we can assume p = 1 and,
up to adding the constant %log( ‘/102(8)) to uy, we can assume Vo(0) = 120.
Then uy(0) — oo,

uk(x) k— 00
Bk

for some B — oo that satisfies

2
~(1=1P) inCi(Br\ (0D (1.9)

B = o(e** @), (1.10)

Moreover for ry = 2~ — 0

e () = up(rx) + log(re) 2225 log< ) = n(x) inC; (RS),

1+ |x|?
(1.11)

Finally we have the following quantization result:
lim | Vie®*dx = Ay forevery§ € (0, 1). (1.12)

k—o0 J g,

One of the claims of Theorem 1.2 is that it is not possible to have S§1 = {0}, S, =
{lx| = p1} U {|x| = po} for some 0 < p; < p2 < R, which is a priori not ruled out
by Theorem A, since

1
o(r) = —r—4(p% —r)2(p3 —rH?* € K(Bg, {0}).

But the most important claim of Theorem 1.2 is that the profile of u; near the
origin in case iv) must be spherical, in the sense that it corresponds to the pull-
back of the metric of S onto R® via the stereographic projection (compare to [5]).
For instance the behaviour seen in cases iib) and iic) of Theorem C, are possible
in Theorem 1.2 in case ii) but not in case iv). The proof of (1.11) will use the
following classification result from [19], see also [12,14,15]:

Theorem D (C-S. Lin [15], Martinazzi [19]). Let u be a solution to (1.8). Then
either u is spherical, i.e., it has the form u(x) = log m for some A > 0,

xo € R*", or u = v+ p where p is an upper bounded polynomial of degree at most
2n —2 and AVv(x) - Oas |x| > oofor j=1,...,n—1.
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1.2. The existence part

According to Theorem 1.2, the only case in which we can expect gluing of a con-
centration blow up with a polyharmonic blow up is case iv). That this can actually
occur is the claim of the next theorem, which we state in dimension 6, although it
can be extended to any even dimension 2n > 6, see Section 4.

Theorem 1.3. Let (Vi) C C% (R®) be positive functions with Vi — Vs uni-

rad
formly, where Voo € C1'(R®), Voo (0) = 120 (without loss of generality) and for
somea,b >0

d Voo (1)
ar \ oz

) <0, rel0,00). (1.13)

Then for every A > A there exists a sequence (uy) C Créad(R6) of solutions to

(1.1)-(1.2) with n = 3 and Q@ = RO such that uy, is as in case iv) of Theorem 1.2
with p = 1. Moreover uy (1) — 0o as k — 00 and for every ¢ € (0, 1)

lim VieOdx = A — A, (1.14)

k—o0 Bl+£\317£

lim VieOdx = 0. (1.15)
k=00 JR6\ (B,U(B11:\Bi_¢)

This existence theorem will be based on various ingredients. First of all the follow-
ing, slightly modified and simplified version of [11, Theorem 1.1]:

Theorem E (Hyder [11]). Let V € C?ad(Rz”) N L% (R2") be such that V(0) > 0
andV > 0inR* n > 3. Then for every A > O there exists u € Crza’zi (R2") solution
to

(—A)'u = Ve¥™  in R, A=/ Ve dx.
R2n

Moreover, for every A € (0, 1/8n] one can express u in the form u(x) = v(x) +c —
|x|* where ¢ € R and v satisfies

1 1
v(x) = —/ 10g< ) V(y)e 2 2+ gy ) Av©O) (|x|* —2[x[?).
Yon Jr2n lx =yl

The above result, which also holds in odd dimension 5 and higher, completely
solves problems left open in [10, 14,22], proving that in dimension 5 and higher
one can find conformally Euclidean metrics with constant Q-curvature and total
Q-curvature arbitrarily large, in contrast to the 4 dimensional case, where the total
Q-curvature can be at most A; = 6|S*%| as shown by [15]. Theorem 1.3 is natu-
rally related to Theorem E because in case iv) of Theorem 1.2, an amount A of
Q-curvature concentrates at the origin, and we expect to have additional curvature
concentrating at S,.
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The strategy in the proof of Theorem 1.2 will be to take an arbitrary sequence
At — 0% in Theorem E, and find corresponding solutions uy (x) = vy (x)+cx—|x 4.
Then with the help of a Pohozaev-type identity from [32] and of a quantization
result from [21] (see also [28]) one proves that A Aui(0) — —oo and this will
finally lead to Theorem 1.3.

1.3. A sharper blow-up analysis in the hybrid case

In order to obtain general existence results (see Section 9 for open questions), pos-
sibly using the Lyapunov-Schmidt reduction, it might be useful to have precise
information on a model case to use as “ansatz”. In this spirit, pushing further the
blow-up analysis of Theorem 1.2, case iv), we obtain sharp global estimates which
relate the behaviour near the origin and the behaviour away from it. Moreover, us-
ing a linearization procedure partly inspired from [17], we are able to give a better
asymptotic expansion of u; near the origin.
We will assume

Vi(r) = 120+ O(r?) asr — 0. (1.16)

As mentioned in Theorem 1.2, the choice of the particular constant 120 is not re-
strictive.

Theorem 1.4. Assume that we are in case iv) of Theorem 1.2 with Vi additionally
satisfying (1.16) and (up to a scaling) with p = 1. Then for every § € (0, R) we
have

up(r) = ni(r) + ux(0)(¢(r) + 1 +o(1)) on|0, 4] (1.17)

with o(1) koo 0, where n;(r) = n(rr—k) — log(ry) = log <lfr/2r;rk2>’ and as a

consequence
Br = ur(0)(1 + o(1)). (1.18)

Moreover, setting ey := u (0)e 24«0 and fixing sy > 0 such that sy = sk__o(l) we
have an expansion

M (x) = n(x) + expo(x) + e (1 + [x]Ho(D), (1.19)
with o(1) k_)—oo> 0 uniformly for x € By, , where
Yo(x) = 8|x|* — 48 log |x| + o(log |x|), as |x| — oo. (1.20)

A consequence of Theorem 1.4 is a new phenomenon strongly related to the gluing
of a concentration blow-up with a polyharmonic blow-up. While it is easy to con-
struct a concentration blow up as uy(x) = n(x/ry) + log(1/rr) with p as in (1.11),
in this case using (6.1) we have

640 o(1)
6uy _ _
/Ba 120e™*dx = Ay <1 56£6ur(0) + e6uk(0)> ’
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i.e., in small neighborhoods of the origin the curvature concentrates to A from
below. In the case of gluing with a polyharmonic blow up we obtain the opposite
result. In this sense we see that the asymptotic behavior of the curvature concen-
trating at the origin is nonlocal: it also depends on the behavior at larger scales.

Theorem 1.5. Under the assumptions of Theorem 1.2, case iv) with p = 1, and
additionally assuming (1.16), the limiting value A1 in (1.12) is reached from above.
More precisely

g — 1 (0) LT
/1;5 Vie dx—A1+(24A1+0(1))62uk(0) for0 <6 <68 = |1 Nek

(1.21)

We can compare (1.21) with an analog energy expansion for the Moser-Trudinger
equation given by Mancini and the second author [18] for the equation

—Au=rue” inB CR® u=0 ondB, (1.22)

building upon [17]. A sequence (uy) of positive (hence radial, by the moving-plane

technique) solutions to (1.22) for some Ax > 0, with 1, (0) — oo satisfies

4 ;i—o(l) -
u, (©)

67 +o(1)

4
1 (0)

/ |Vur|?dx < 4 + (1.23)
Bs

In spite of the similarities in the arguments, (1.23) essentially depends on the Taylor
expansion of the nonlinearity e’ , which enjoys only an approximate scale invari-

ance, contrary to the nonlinearity ¢®.
Notation

We will often use the following constants:

16
ve=2%72, a)6:=|S6|=En3, ws:=|8°| =73, A=2"n3 forn=3, (124)

where A3 log |x| = ys8 in RS,
For sequences (ax) and (by) with by > 0

1
ax ~ by if c% < by < Cay,
ar = 0(by) if lax| < Chy,
ac=o(b) i lim Z—’; —0,

where C > 0 is independent of k.

In the proofs we will often extract subsequences without explicitly mentioning
it. Moreover, with a slight abuse of notation, we will use the notation #(x) and u(r)
or u(|x|) to denote the same radially symmetric function u.
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2. Proof of Theorem 1.2

2.1. The possible blow-up sets S

Consider Theorem A. Clearly either S| = ¥ or §S; = {0}. We consider the two
cases separately.

Case S; = @J. It is not difficult to see that all radial functions in \C(Bg, ) are of the
form
o(x) = a + b|x|* + c|x|*

and this easily leads to either S, = ) (case i) of the theorem) or S, = {0} (case ii)
of the theorem) or S, = {|x| = p} for some p € (0, R) (case iii) of the theorem).

Case S| = {0}. If S, = @, then we are in case ii) of the theorem. If S, # 0,
since S, C Bg \ {0} and ¢ is radial, we can assume that {|x| = p} C S, for some
p € (0, R), and to simplify the notation we can assume, up to a scaling, p = 1. In
the next lemma we collect some important information about the sign and the zeroes
of uy, Aug and A2uy and their derivatives for k large, compare to Figure 2.1.

Lemma 2.1. Assume that
S1=1{0} and {|x|] =1} CS,. (2.1
Then for k large there exist 0y j, 51,/{, 02k, 9~2,k, 03k, 041 € (0, R) with
Ork <01k <01k Laday I, O <603k <bry, Oax <63y,
such that

uf (014) = U} (O1.x) = Aug(024) = AugGap) = (Aug) (03.4) = A%up(044) =0

and the following holds.
A%up >0 on (0,64, A%up <0 on (044, R) (22)
(Augp) >0 on(0,63y), (Aup) <0 on (3, R) (2.3)
u}{ <0 on(0,61,U (é]yk, R), u}c >0 on (01 k, él,k)- 2.4

Moreover uy(0) — oo, and uy — —oo uniformly on (61,1 —¢e)U (1 + ¢, R) for
every ¢ > 0. Finally S, = {|x| = 1}.

Proof. We will use that
Alug <0, (2.5)

which follows from (1.1) since Vj > 0, and repeatedly apply

1
w'(r) = —5/ Awx)dx, we Wil (2.6)
wsr B,
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where we can take p > 6, so that w’ € %0, R). We will also need (1.2), (1.5) and

supuy — oo forevery ¢ > 0, 2.7)
Be
which follows from S; = {0}.
Since ¢ < 0in (0, R) and ¢ (1) = 0, we can choose é € (0, 1) such that

(1 —=8) <0, ¢1-=8>0 @1+ <0, ¢A+6) <0O. (2.8)
From (2.5) and (2.6) we infer that
(A%up) <0 on (0, R). (2.9)

Step 1 We claim that A2u;(0) > 0. If this were not the case, using (2.6) and (2.9)
we would obtain (Aug)’ < 0 on (0, R). We will see that this contradicts (2.8).
Indeed if Aug(0) < 0, then Aug < 0 on (0, R), hence by (2.6) we have u;{ <0
on (0, R), but then also ¢’ < 0 on (0, R), contradicting (2.8). If Auy(0) > 0, then
u}c > 0 on (0, ) for some # € (0, R]. By (2.7) and (1.2) we must have #; — 0.
Using (2.6) we then infer that u;( < 0 on (#, R) hence ¢’ < 0 on (0, R), again
contradicting (2.8). Then Step 1 is proven.

Step 2 We claim that (Aug)’ changes sign only once from positive to negative,
there exists 64, € (0, R) such that Ay (64,x) = 0, and Auy has at most 2 zeroes.
Indeed, thanks to Step 1 and (2.6) we know that (Aug)'(r) > 0 for r > 0 small.
If (Aug)’ > 0 on (0, R), again using (2.6) with arguments similar to those of Step
1 we would obtain a contradiction. Using the monotonicity of A%u; and (2.6),
there must exist 64 x such that (2.2) holds, and once (Aux)" becomes negative, it
remains so.

Step 3 We claim that Auy has exactly 2 zeroes, 0 < 6 < 52,1( < 2. Otherwise,
considering Step 2, we would either have Au; < 0, hence u;{ < 0on (0, R), con-
tradicting (2.8), or Au(0) > 0, hence u}c > 0 in a neighborhood of 0 and then with
(2.6) and (1.2) we see that 61 y — 0 and u§< < 0 on (01 k, R), contradicting (2.8).

Step 4 We claim that ujc has exactly 2 zeroes 0 < 61 x < 51,;( < R,sothat (2.4) is
satisfied. Indeed from Step 3 and (2.6) it follows that ufc has at most 2 zeroes, but
using that u; (1 — 8) > 0, u; (1 4 8) < 0 (which follow from (1.5) and (2.8)) and
(2.7) we see that u; must have at least 2 zeroes.

Step 5 We claim that u; (0) — oo and S, = {|x| = 1}. The first claim follows from
Step 4 and (2.7). The second one from Step 4 and (1.5), since if {|x| = 1} U {|x| =
p} C S, for some 1 # p € (0, R), then Lt;( would have at least 4 zeroes in (0, R).

Step 6 To conclude it remains to observe that 51’ ¥ — 1, which easily follows from
Step 5, and that u;y — —oo uniformly in (01 %, 1 —¢) U (1 4 ¢, R) forevery ¢ > 0,
which follows from ¢(r) < 0 on (0, R) \ {1} and from (2.4). O

‘We have therefore proven that only the 4 given cases in Theorem 1.2 can occur.
In the next subsections we shall focus on case iv) and prove (1.9), (1.10), (1.11) and
(1.12).



514 ALI HYDER AND LUCA MARTINAZZI

oF u(0)=7.6, u(1)=1.39

S

'
§)
T

6r Figure 1 : Graphof u

AAu

50

Figure 2: Graph of Au and AAu

Figure 2.1. The graphs of uy, Auy and A2uy in the case S| = {0}, Sy ={Ix| =1}.

2.2. Proof of (1.9),(1.10) and (1.11)

We shall now assume that we are in case iv) of Theorem 1.2, i.e., S = {0} and
Sy ={lx| =1}.

Lemma 2.2. We have
2 C
Aup(r) < = forr € (0, R)
r

and

C
0 < —Auk(r) < — forr €(0,025),
r

where 6, i is as in Lemma 2.1.
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Proof. Using (2.6) and the fundamental theorem of calculus we write for |x| < 64

bak
Alup(x) = /| ey Vie(3)e® D dydr
X r

and for |x| > 64 the inequality is obvious. This yields for |x| < 6«

Gz’k 1 2 C
—Aug(x) = Afup(y)dydr < —.
|

x| srd |x] O

r

The following estimates can be seen as an extentions of [27, Lemma 3.5],
whose method of proof goes back to [29].

Lemma 2.3. Let 0 < § < 1 be fixed. Then there exists C = C(§) > 0 (C(§) can
be made independent of § if § lies in a compact subset of [0, 1)) such that:

1) retk) < C forevery0 <r <§;
i) [(Aug) () — £A2uk(®) < S, 0<r <8

r
2 2
iii) |u (r) 4524 ”S(a)r _A gg(‘”r3 — A”g(‘s)r‘ < %, 0<r <§$.

7

Proof. Since uy — —oo uniformly in (0] x, 6), we have i) for 6y y < r < §. For
0 < r < 601 we use that u; is monotone decreasing. Indeed,

rOebu ) < C/ Mgy < C.
To prove ii) and iii) we use Green’s representation formula. We have

Aug(x) = — fB G (x, ) A%ue(n)dy + Aug(8)
S

_ _f Vke6uk(Z) (/ G(x, y)G(y, z)dy) dz
Bs B;

— A?ur(®) | G(x,y)dy + Aug(8) (2.10)
Bs

- / VO (/ G(x,y)G<y,z>dy>dz
Bs Bs

5 52— |x|2
—A uk(a)T + Aug(8),
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where G is the Green function for —A on Bs with Dirichlet boundary condition.
Hence, together with i)

(Auk)’(r)—%Azuk((S)‘§C/ Ok @) </ IVxG(x,y)IG(y,z)dy> dz, r:=|x|
B B

SC/ 66”"(1)/ —ciy 7dz
Bs Bg|X—)’| |y_Z|

Bs |)C - Z|

For x # 0 we split the domain Bs into
By =Ul_ | A;, A= B%l, Ay = (Bajx N Bs) \ A1, Az := Bs\ (A1 U A).
Using that

1 2
< — foreveryz € A; U As,
lx —z| = |x]

and together with i), we bound

1 C 1 1 C
/ e6”k<1>—3dz5—3/ e6’“‘(Z)dz+C/ ————dz< —.
By lx —z| 1x1° Ja,0A; Ay 121% 1x — 2| x|

This proves ii). From the identity (2.6) and by (2.10) one gets

/
u(r) 72 96 6

1
< 5/ / Ve @ (/ G(x,y)G(y,z)dy>dzdx
wsr - J B Bs

C 1

—5/ / eéuk(Z)izdzdx
r . J By lx — z|

C 1

2 2
L pNu® ) 5 Auk(a)r‘

IA

< — —d
=05 ) W™
C

= T

Tor
hence also iii) is proven. O
Proof of (1.9). By assumptions Z—z — @ in CISOC(BR \ ({0} U {|x| = 1})). We know
that ¢ € C5(Bg \ {0}) solves the ODE

Alp=0 in(0,R), ¢(1)=0 ¢'(1)=0, ¢#0 andg <O.
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Therefore, ¢ is of the form
o(r) = c1 +car? + eyt + C—j + c_; + cglogr, @2.11)
r r

for some constants cy, . . ., cg. This yields

A2¢(5)F_A2(p(5)r3_A(p(8)r 4cg 2es co  2esr 8esr  cor

72 96 6 rd r3+r 384 982 684

¢'()+8>

Dividing by B in iii) of Lemma 2.3 and using (1.5) we obtain

3

dcy  2¢5 ¢ 2csr 8csr cer

53 T T s T o2 T s

=0,

which implies that ¢4 = ¢5 = ¢ = 0. Now the condition ¢(1) = ¢’(1) = 0 gives
¢y = c3 and ¢ = —2c3, thatis, p(r) = c3(1 — r2)2. Since ¢ < 0 we must have
c3 < 0, and up to replacing By with |c3|B; we obtain ¢z = —1.

It remains to prove that the convergence in (1.9) holds in Bg \ {0} (and not just
in Bg \ ({0} U {|x| = 1})). It follows easily from the monotonicity of A%u; and

from % — Azgo uniformly locally in Bg \ ({0} U {|]x| = 1}) that
Ay
Br

Then using (7.1) we obtain

— A%¢ uniformly locally in Bg \ {0}.

Auy Ui . .
,3— — Ag, ,3_ — ¢ uniformly locally in Bg \ {0},
k k

and using (1.1) and (2.6) again, we also infer the C3-convergence claimed
in (1.9). O

In the following By — oo is such that we have (1.9). The following is a simple
consequence of Lemma 2.1 and (1.9).

Corollary 2.4. We have 6,y = o(1) fori =1, ...,4,where6; j is as in Lemma?2.1.

Lemma 2.5. Let (uy) be radial solutions to (1.1)-(1.2) in Q@ = Bg,, Ry > 0, with
Vi as in Theorem 1.2, satisfying

up(x) <ur(0) on B, (2.12)

for some ¢ € (0, Ry). Assume further that uy(0) — 0o, Aug(0) < 0 and that there
are o — 00, T € (0, Rg) and constants C| and C» (depending on t) such that

Aug(t) = ar(Cq1 + o(1)) (2.13)
Aug(t) = ax(C2 + o(1)), (2.14)
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and
Cyrt?

12
Then for ry := 2¢ = ywe have ockr]g =o0(1) and (1.11) holds.

Proof. From (2.12) we infer

Cy;:=Cy — > 0. (2.15)

nk < nk(0) =log2 for [x| < 3, (2.16)

Tk

hence .
(=AY nk(x)| < C for x| < —. 2.17)

Ik

We now want to use (2.17) together with elliptic estimates applied to the function
Any and then to ;. With T € (0, 1) fixed such that (2.13)-(2.15) hold, we obtain
from (2.10)

AZ 2
An(x) + 12 (% - Auk(n)

A2up(1)]x)?
=mf% —r,?/ €6uk(Z)Vk(Z)/ G(rex, 2)G(y, 2)dydz.
. B:

and integrating on Bp

fB | A (x) — riap(Cs + o(1))|dx
R

2
Tk

<CriuR*+C / / M@V (2) dzdx (2.18)
Bpg T

< Cr,?osz8 + CR*.

Irex — z|?

We now claim that lim sup;,_, r,fozk < 00. Indeed, assume by contradiction that

for a subsequence r,%ozk — 00. Set 1y = % Then by (2.17), (2.18) and elliptic
K %k
estimates A7 is uniformly bounded in LY (R®), and using (2.16) and the Harnack

5
loc

inequality one has 7z — 7 in C?_(R®) where 7 satisfies

A% =0 inRS, /lAﬁ(x)—Cgldx:O.
Bpr

This shows that A7(0) = C3 > 0, which contradicts Aui(0) < 0. This proves our
claim.
Now, up to a subsequence we set a := limg_, rkzak < 00. With the same

S (R®) where 7o satisfies

elliptic estimates used for nx we get g — 1o in C

(—A) 100 = 1206~ in RS, f dx < oo,
R
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Moreover,
/ |Afoo(x) — C3aldx < CR*  for every R > 0. (2.19)
Bg
By Theorem D we can write oo = v + p with Av(x) — 0 as |x] — oo and p is
a (radially symmetric) upper bounded polynomial of degree at most 4. In particular
limjx|»00 Ap(x) < 0. Since a > 0, from (2.19) we infer that a = 0, which is

only possible if Ap = 0, that is, p is constant. By Theorem D, also observing that
Noo(0) = log 2, we conclude that 7, = 1, so that (1.11) is proven. O

Proof of (1.10) and (1.11). It follows from Lemma 2.1 and (1.9) that (2.12) holds.
From (1.9) we get (2.13)-(2.15) with

=P, C1=24-328%, Cr=-384, C3=24,

for any § € (0, 1), so that (1.11) follows at once from Lemma 2.5. Moreover, the
claim akr,f = 0(1) of Lemma 2.5 is equivalent to (1.10). O

2.3. Proof of (1.12)

Lemma 2.6. Let p € (1,2),5 € (0, 1) be fixed. Let the assumptions of Lemma 2.5
be in force and additionally assume that there exists 0 < 0 = o(1) such that

C
0<—up(r)<— on(0,6)and u(r)>0 on (b, 39). (2.20)
r

Then for each k large there exists ty € (0, 0] such that following hold:

i) rPe" is monotone decreasing on (cpry, t) for some constant ¢, > 0;
i) rp, =o(ty) as k — oo,
1) wug(ty) < up(6r) + C.

Finally, if ug(8) — —oo, we conclude

lim VieO'dx = A;. (221)

k—o0 J g,

Proof. For the proof of i) and ii) we shall follow [27]. We setc), = /1 + ﬁ. For

any L > cp and for r € (cpr, Lry), using (1.11), which follows from Lemma 2.5,
we get

(e ) ) = (pro=" + rPu(r)) e
,

=PI (p —|—,0rku2(,0rk)) e = e € (¢cp. L)

-2
o fpon( )

-2
<Pl (1p+ pe —|—0(1)) e <0,
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where o(1) — 0 as k — oo uniformly on p € (cp, L). We set
ty ==inf{r € (cpri, Ok) : rPe" Y )y = 0.
It is easy to see that #; is well defined, ry = o(#;) and rPe"* ") is monotone decreas-
ing on (cpr, t).
Now we prove iii) in few steps.

Step 1. fretc ) — 0.
It follows from i) that re"* is monotone decreasing on (cprg, ). Using that
rr = o(t) and (1.11) we obtain for any L > ¢, and for k large

k—o00

+ 0(1)) . o(l) == 0. (2.22)

tre ) < [ etk LT — 1
¢ =k 1+ L2

Taking kK — oo and then taking L — oo one has Step 1.

Step 2. There exists C > 0 such that 6; < Cty.
We assume by contradiction that ?—: — o00. Then for any ¢ > 0 we have

u;c(rtk) < Oforr € (e, %) and k > ko(e) large, thanks to (2.20). Then, setting
up(r) = ug(rig) — ug ().

we get for k > ko(¢)

C 1
0<-—up(r)<—, re (8, —) . (2.23)
€

r

Hence, ity — i In CI%C(O, 00). By (2.22) we have

(=AY it (r) = Vie(tgr)tfe® W Sk = o(1)e

with 0(1) — 0 locally uniformly for r € [0, 00), thanks to Step 1. Then, by elliptic

estimates iy — U also in CISOC(O, 00) where Auq = 0in R® \ {0}

c
lioo(r)] = —, forr € (0,00), iloo(1) =0, oo (1) = —p.

Since i is radial, it is of the form given in (2.11), and hence i, (r) = —p logr.
Using that ry = o(#;) and (1.11) one has

1 A
64p 4 o(1) = —17 (A%up) (1) = —/ Ve dx > =L 1 o(1) = 128 + o(1),
ws JB, ws

a contradiction as p < 2.
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Step 3. up(ty) < urp(6r) + C.
Since taking ¢ sufficiently small (2.23) holds for every r € (¢, %"), we have

01 .k

‘e
up(ty) = ug (6) — / i (rydr
1
Ok
< ur(6x) + Clog .
k
< up(6) +C,

thanks to Step 2.

Step 4. (2.21) holds for § such that u (§) — —oo.
Since uy (6x) < uy(S) for k large, we conclude

up(te) <ur@)+C <ur() +C - —oo ask — oo.
Splitting the domain Bs into
Bs = U?:lAi, Ay :=Bry, A2:=B;\Br,, A3z:=Bs\By,
we write
3
/ Vk€6ukdx = Zli, I; I:/ Vke6”"dx.
Bs i=1 A;

Using the monotonicity of u; we infer

k
{nagi ug = max{ug (1), ug(8)} —— —o0,
Tk,

which gives I3 — 0 as k — oo. For L large we have r?¢“*(") monotone decreasing
on (Lry, t;), and hence

6
h=C / |x|6pe6”k(x)%dx < C(Lry)betutm 22 c( L 2) :
Ay |x[°P 1+ L

so that
Iim lim I, =0.
L—o0k—o00
Finally

Iim lim I} = Ay
L—00k—00

by (1.11). The proof of (2.21) follows immediately. O
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Proof of (1.12). Inthe proof of (1.11) we have already verified that the assumptions
of Lemma 2.5 are in force. We claim that also (2.20) holds with 6y = 6; x, where
01,k is given by Lemma 2.1.

Indeed for k sufficiently large, since Aga(%) > 0, (1.9) implies that Auk(%) >
0, hence by (2.3) we have Auy > 0 on (62, %]. Together with Lemma 2.2 this
gives

C
—Aug(r) = 5 on (0, 31

hence —u), < £ on (0, 1. Then (2.20) follows.
Now observe that (1.9) implies u;(6) — —oo for § € (0,1). Then (1.12)
follow from Lemma 2.6 O

3. Proof of Theorem 1.3

Let Vi, Voo and P(r) := —ar? — br® be as in the statement of Theorem 1.3. If we
can find i satisfying the requests of the theorem with Vj replaced by Vj := Vel
then uy = uy + % will satisfy the requests of the theorem with the original Vj.
Therefore there is no loss of generality in assuming that P = 0, i.e., V{, < 0.

Taking A = Ax € (O, ﬁ] in Theorem E we have that for every A > 0 there

exists a solution uy € Cr5ad (R%) to

up(x) = vg — |x|* + ek
— i log ( ! ) Vk(y)676|y|4e6(”"(y)+ck)dy
Y6 JRrS |x — vl
+ M Ave (0)(1x[* = 21x %) — [x]* + cx

such that
A= / . Vie(0) o W gy (3.1)
R

In particular u; solves the integral equation

1 1 -
g (x) = — [ log< )vk(y)e6"k<y>dy+AkAuk(0><1 — %1% = |x|* + &,
Vo Jre — \Ix — |

(3.2)
where
Ck = ¢k — M Aug((0).
Computing the Laplacian at the origin on both sides of (3.2) yields
4 Vv 6ui(y)
(1 +240)Aur(0) = —— / %dy, (3.3)
Y6 JrS h
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hence
Auy(0) < 0. 34

We will now prove Theorem 1.3 by fixing A > Ay, letting Ay — 07. The case
A = A can be easily deduced by first taking A > A; and then letting A — AT
slowly enough with a diagonal procedure.

The first step will be proving that Ay Aug(0) — —oo (so that —AgAug(0)
plays the role of B; from Theorem A and Theorem 1.2). A crucial tool will be the
following Pohozaev-type identity, from [31, Lemma 2.4] (see also [32, Theorem
2.1]): for w solving

1
w(x) = —/ log( bl )K(y)e6w(y)dy +c
Y6 Jro lx — ¥l

with |x - VK (x)] < C, and

o ::f Ke'dy,
R6

we have

1
= (3 - 2) — o [ o VKON Oy,
Y6 \ Yo 36 Jwrs

which, observing that 2y = A, can be recast as

—(l—-A)= —/ (v- VK(y) e dy. (3.5)
A] 3 RO

Lemma 3.1. Let A > Ay. Let (uy) be a sequence of radial solutions to (3.2)-(3.1)
with Vi, as in Theorem 1.3. Then Ay Auy(0) — —o0.

Proof. We proceed by steps.
Step 1. uy (x) < 16 4+ ur(2) — |x|* for x| > 2.

Differentiating under the integral sign and observing that A log ‘Tl}l < 0, from
(3.2), we obtain

Al <0, dig(x) == ur(x) — A Aug0)(1 — x5 + |x[*,

and by (2.6) we have that i is monotone decreasing. This proves Step 1, thanks to
(34).

Step 2. For every § > 0 we have supg, uy — oo.

Assume by contradiction that supy supp, ux < oo for some § > 0. Then by
(3.1)-(3.3) one has |Aui(0)| < C, which implies that Ay Aui(0) — 0. Then, by
Theorem A, up to a subsequence either (u) is bounded in Clsof (R%) foro € [0, 1),
or there exists 8y — oo such that

Uk

,3_ — @ =cC —i—czr2 +C3r4 in CISOC(]R6), 0 <0, ¢=#0,
k
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for some ¢y, ¢, ¢c3 € R. We claim that the latter case does not occur. Otherwise,
differentiating under the integral sign in (3.2), one gets | B, |Augldx < C(r), hence
Ap =0in RO, that s, ¢ = c1 < 0. Then uy — —oo locally uniformly in R®, and
by Step 1, [ge VieS%dx — 0, a contradiction to (3.1). Thus, up to a subsequence,
Up = Uso 1N CISOC(R6). We claim that u, satisfies

1 1 : _
Uoo(X) = — f log< )voo@)eﬁ“w(”dy — [x]* 4 ¢ =t oo (x),
Yo JRo Ix — vl

with

k— 00

o ;=/ Vooe6u°°dx =A, c:= lim ¢.
]R6

It follows from Step 1 that 1o (x) < C — |x|* on R®. Using this one can show that
Up = Uoo IN CIOOC(R6), and hence oo = 0.
To show that « = A we use Step 1. Indeed, as ux(2) < C

o = lim lim Ve dx = A — lim lim VieO'dx = A.
L—>ook—o0 /B, L—o00k—o0 BS

Since V., < 0, applying (3.5) with w = uo, + |x|* and K = Vc,oe_‘)“4 one gets
o < A1, acontradiction as o > Aj.

Step 3. Ay Aug(0) - —o0
We assume by contradiction that Ay Aug(0) > —C for some C > 0. Then,
differentiating in (3.2) and using Fubini’s theorem, we get for every Ry > 0

/ [Vug(x)|dx < C(Ro).
Big,
Therefore, by [21, Theorem 1] (see also [28]), as uy is radially symmetric

/ Vi dx — Aj.
By

Set now &9 = 5(A — Ay) and fix Ry = Ro(e, A) such that

J

14
VieOdx < C/ e M dx < g.
Then we obtain

Ay

A
A :f Vke6”kdx+/ VieS dx < + +o0(1),
B, B

.
Ro

which is a contradiction. ]
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Lemma 3.2. Under the same assumptions of Lemma 3.1, we have that u;(0) — oo
and (1.11)-(1.12) hold with r, = 2¢O and any § € (0, 1).

Proof. We proceed by steps.

Step 1. There exists a radius & — 1 such that & is a local maxima of u;. Indeed
differentiating (3.2) under the integral sign we obtain

1
u(r) = @/E Aug(x)dx

1 d
—C— f Vi ()b ) / = dy (3.6)
r JRrs B, 1x =l

1
wsrd

= @ — A AugO)r (1 — r%) — 4r3.

f A (—AkAuk(O)(l P2+ |x|4> dx

Then, using Lemma 3.1 we infer

uy, i} 400 uniformly locally in (0, 1)

and

uj, L RN uniformly locally in (1, 00).

This proves the claim.

Step 2. We claim that u;(0) — oo. Indeed a simple application of (2.6), together
with Adu; <0 implies that u; can have at most two local maxima (compare to the
proof of Lemma 2.1). From (3.4) and the previous step we infer that 0 and &; are
these local maxima. Since & — 1, the claim now follows at once from Step 2 of
Lemma 3.1.

Step 3. We claim that uy, satisfies (1.11). Indeed, as u; (0) — 00, ux (0) is the global
maximum of uy on [0, %] and uy — —oo locally uniformly in (O, %]. Then we can
apply Lemma 2.5 with oy = —A; Aug(0) — 400 (by Lemma3.1),C; = 24-3272,
Cy, = —384 and C3 = 24 for some t € (0, %] to obtain that (1.11).

Step 4. (1.12) hold for every § € (0, 1).

Let us verify that the assumptions of Lemma 2.6 are satisfied for any fixed
6 € (0,1). From Step 1 and Step 2 we can find 6y € (0, 1) such that (2.20)
holds, while the assumptions of Lemma 2.5 have already been verified. Moreover
ur(0r) < ur(d) - —oo. Then (1.12) follows from Lemma 2.6. O

Proof of Theorem 1.3. Taking into account Lemma 3.2, if we show that u; (1) —
00, then we are in case iv) of Theorem 1.2 with p = 1.
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From (3.2) we bound

1 1
up(1) > —/ log ( ) V(0 Ddy — 1 + &,
Y6 Jiey—y|>1 ler — yl

where e = (1,0, ..., 0) is a unit vector. By Step 1 of Lemma 3.1

1
/ 10g< ) V()W dy = 0(1).
ler—y|>1 ler — I

We claim that ¢; — oo. In order to prove the claim we set

Cri={x=(x,%) e R®: |%| <rx}.
Since uy is radial and satisfies (3.1), we can choose rg > 0 small such that

A
/ VieOdx < -1
Czro 4

Hence, for x € C;, \ B%

1
up(x) <C + — log (
1 C2r0 |x - y|

+ A Aug (0)(1 — |x]3)% 4 .

)by

Then by Jensen’s inequality and Fubini’s theorem

N 6hk Aug (0)(1—|x[%)?
/ Vi ()4 @ gy < €% / LSSV VN dxdy
Cro\B1 ey Il Je,, lx =P
2
= o(1),
thanks to Lemma 3.1, where fi = Vie®, | fill := ”fk”Ll(Cer) and p =

%n fcll < 6. Observing that by Lemma 3.2
0<A—A = / Vie®" 4 o(1) < C(ro)/ Vie®* dx + o(1),
R6\B| Cry\B)
2

we conclude our claim.
This proves that u; (1) — 00, hence we are in case iv) of Theorem 1.2. Then
from (1.9) and Step 1 of Lemma 3.1 it follows

/ Vie® dx = A — Ay + o(1)
Bl+s\Blfs

for every ¢ € (0, 1). O
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4. The case of dimension 2n > 6

Similar to Theorem 1.3 one can prove the following:

Theorem 4.1. Let (Vi) C C?ad(]RZ”) be positive functions with Vi — Vs uni-
formly, where Vo € C1(R™), Voo (0) = (2n — 1)! and for some a, b > 0

d Voo (1)

Then for every A > A1 there exists a sequence (uy) C Crzeﬁj(Rz”) of solutions to

(1.1)-(1.2) with Q@ = R?" such that u;(0) — oo and ux(1) — oo as k — oo, and
for every e € (0, 1)

lim Ve Medx = A — Aq, (42)
k—00 Bl+s\Bl—e

lim Ve Mk dx = 0. (4.3)

k—o0 /Rzn\wguwm\&g)

Proof. Again using the existence result of [11], for n > 3, A, € (0, %) and A >
A1 = (2n — 1)!|5"| we find a solution to

1 1
up(x) = — lo V e2mue(y) g
e) nm@mg(u—ﬂ)k@) Y (4.4)

+ M Aug ) (1 =[x — |x|* + &,

such that Aug(0) < 0 and

/ Vie? M dx = A.
RZn

Differentiating under the integral sign, and using that

— — 52—
Alog - _B0n=2)1n =57 1]

= in R™
x| |x16 ’

we see that
Adup <0 inR>™,

We now send Ay — 07 and want to show that u;(0) — oo and u; (1) — oo. This
can be done in the following steps.

Step 1. Ak Aug(0) — —oo. In particular, supp, ) ux — oo for every § > 0. This
can be proven with the same argument of Lemma 3.1.
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Step 2. There exists f; — oo such that

Uk . _
5 "¢ i Ch 'R\ S), ¢ =—c(l—[x)’+e
for some ¢; > 0, ¢ <0, where § = {0} U S,,.
From (4.4) we see that ¢ should be of the form ¢ = —c{ (1 — |x|®)? + ¢, for

some ¢y, ¢z € R. Since ¢ < 0 on R we getcy > 0and ¢y <O0.

Step 3. (Monotonicity) u; has two local maximum points, namely O and a point
& — 1. Indeed, since Aug(0) < 0, 0 is a local maxima and the existence of &
follows as in Step 1 of Lemma 3.2. To show that u; can not have another point of
local maxima we need to use that A3u; < 0 in R?". First we show that the same
conclusion of Lemma 2.1 holds. We can repeat the same proof simply replacing
(2.8) by

up(1£8) - —oo, u(1—258) = oo, u,(148) — —oo,

which follows from (4.4).

Step 4. u;(0) — oo and u(0) = supy, ux. This follows trivially from the above

D=

steps.
Step 5. Blow-up at the origin is spherical. This can be proven as in Lemma 2.5.
Step 6. There is concentration at the origin. This can be done as in Subsection 2.3.

Step 7. uix(1) — oo. It suffices to show that the constant (appearing in (4.4))
¢y — 00. The proof is exactly as in the case of dimension 6. O

5. Proof of Theorem 1.4

5.1. Proof of (1.17) and (1.18)

We will now establish some relations among 6; i, S and ux(0) that will lead to the
proofs of (1.17) and (1.18). We start with a preliminary lemma.

Lemma 5.1. For every0 < & < ék with ry = 0(&) and ék = 0(64,1) we have

32 1
Alug(x) = 32+0()
x4

n ng \ ng .
In particular,

f Alup(x)dx = 16ws(1 + o(1)t>  for& <t < &.
B,
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Proof. Using (1.11),(1.12) and recalling that 2—5' = 128 we obtain for & < |x| < &

bax
A%up(x) = / — Vi(0)e®* W dydt
\

x| w57 Jp,
04k
=(Ar+o(l) | —di
x| wst
1
=32+ o0(1))—7.
|x]
The second part follows from the first part and Lemma 2.2. O
From the definition of 6; ) one has A%uk(Gi‘k) = 0 fori = 2,4 and

(AT ug) 0ix) = Ofori = 1, 3.
Lemma 5.2. We have:
i) 6; e © — oo fori =0,1,2,3,4;
ii) ﬂkgj’k - ﬁ;
i) B63, — 1
V) 03k = Ogk;
V) 01k X O k.
Proof. 1) follows from the definition of 6; ; and (1.11).
Since A%(1 —r2)? =384, by (1.9) and (1.12) we have

r

1
2 1
0= Azuk(94,k) = A%u; (%) —|—/ —5/ Viee®* dxdr
04 @OST

1
= (=384 + 0(1)Bi + (A1 +0(1)) | dr

04k

1
= (=384 +o(1) Bk + (A1 +o(1)) — +C,
4a)5t94’k

wsrd

hence
lim gt = 1 _ 1
koo KAK T 153605 12

and this proves ii).

To prove iii) fix € > 0 arbitrarily small. Then by Lemma 2.2 and (1.9) we get
(24 — 326? + 0o(1)) B = Auk(e) — Aug(b2.)

£
=/ —5/ A%u(x)dxdt (5.1)
6y @ST7 JB,

C

S 2 .
O3k
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This shows that ﬂk922 ¢ < C,and in particular 6 y = 0(84,x), thanks to ii). There-
fore, we can choose ék € (02,k, 64,r) such that 6, x = 0(§;) and & = 0(64.k).-
We write the integral in (5.1) as I} + I, where

& 1 e 1
I :=/ _5/ Alup(x)dxdt, I :=/ _5/ A%ug(x)dxdt.
2 W51 JB, & ©s1° Jp,

Using Lemma 5.1 we compute

& 1 8 1
L=16(1+o() | —di = ++()
oot 03 1

Using that —CBy < AZug(x) < B ‘4 we bound

c
Ll <Ce*Br+ — = Ce’ B+ ——
%-k 82,1(

Now iii) follows from (5.1) as ¢ > 0 is arbitrary and 922, B =C.
We now prove iv). From Lemma 2.1 we have 04 < 63 . Takingr = 65 in
ii) of Lemma 2.3 we have 65 , S < C,and hence 63 x = O (64, thanks to ii).
Finally, we prove v). From Lemma 2.1 we have 6, ; < 6 . Takingr = 6 in
iii) of Lemma 2.3 we have 912’ Bk = C,and hence 01 = O(62x),thanks toiii). [

Lemma 5.3. We have

Auy (6
lim 20 o) =04
k— 00 ,Bk
Proof. Since A(p(?) = 0, there exists a sequence 52,;C — g such that

Auk(éz,k) = 0. Hence, by Lemma 2.1 we infer
0 < —A2up(r) < —=ANup(@ax), forb3x <r <oy,
and with (1.9) we get

52 k

02,
Auy (03,0) = / — / (= A2u () dxdt < —ANu@a4) =
63, st

— 24+ o(1) By

2
—05x
12

The lemma follows immediately by (1.9). O
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Proof of (1.17) and (1.18). According to Lemma 5.2 we have 6, = 0(64,«), hence
we can choose sx € (62,k, 6a.x) such that 6, x = o(sk) and s = 0(64,k). We claim
that

ANu(r) = (1+0() A% (r), 0<r <s.

Indeed assume by contradiction that there exists ui € [0, sx] such that
| A ug (i) — AP (i) = €| A%k ()| for some & > 0.

It follows from (1.10) that r; = o(ux). Therefore, by Lemma 5.1

32 4+ 0(1)
Nuy () = ———,
My
and since - 0
_ +o0
APijp () = ———=,
My

we get a contradiction. Therefore, for 0 < r < s;

|
sy = [ = [ atudar
02 W51 JB,

|
_ /6 — [ (1 +0(1) A2 (y)dyd

i W57 JB,
= (I +oM)(Ank(r) — Ang(62,1))
= (I +o(M)(Ank(r) + 24Bk) + o(Bk),

where the last equality follows from iii) of Lemma 5.2 and Ay (92,;()922’ P~ —8.
We now claim that

Aur(x)=0 +0(1))(Ang(x) + Bk Ap(x)) + o(Bk) on any compact set K € Bg.
Indeed assume by contradiction that for some p; € K

[Aug (i) — Ani(ur) — B Ap (i) = e(| AN (i) + Br).

From the first part we have that u; > s¢. As By = 95 ,f and 6, x = o(sg), we must
have Ang(ur) = o(Br). By (1.9) we get uy — 0. Hence

£
[Aug (k) — B Ao (ur)| = E,Bk-
It follows from Lemma 5.3 that

£
Auy(pr) < 24Pk — Zﬁk,
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and in fact, ux < 63, thanks to the monotonicity of Auy and (1.9). Using that
02 k = o(sx) = o(1k), and recalling that B ~ 02_13 and AZu(x) < ﬁ we obtain

e+ o(1) CU |
B < Aug(63,0) — Aug (i) = f — [ Alug(o)dxd
Mk wst B;
C
= — =0,
H

a contradiction.
Therefore given § € (0, R) fixed, and using u;(0) = nr(0), we get for r €
©, )

|
@) =10 + [ = [ (1 o) @ik + Bbgdrdr +o()
0 wst” Jp,

52
— 1O+ (1+0(1)) (i () — Tt () + B (@) — 9 O) +o (B +ug @) 2
— () + Br(o(r) + 1) + 0(Be + ug (0).

By (1.9) we have uk(%) =+ 0(1)),81(90(%), and hence, from (5.2) we infer
Br + ik (3) + 0(Bi + ux (0)) = 0.

Since ﬁk(%) = (=14 o(1))ur(0), (1.18) follows at once. Then (1.17) follows from
(5.2). O

5.2. Linearization and proof of (1.19)-(1.20)

Let nx and n be as in (1.11). We set
1
Yi(x) == & (e (x) —n(x)), (5.3)
where (notice that r,f./ﬂk — 0 by (1.10))
~ k—
& 1= max {|An(0) — Ank(O)], [A70(©) — AT rEVBe | = 0. (54
We will show later that g ~ r,g,Bk ~ g 1= ur(0)e 2O For any Ry > 0 we have

| ()] = [k (x) — n(x)| = o(1) on Bg,.

Therefore for x € B, using (1.16), so that

Vi(x) := Vi(rex) = 120 + O(rd),



GLUING METRICS WITH PRESCRIBED Q-CURVATURE 533

we compute with a Taylor expansion

6
(=AY = % [Vke68k¢k — 120]
61
=% [(120 + 0021 + 68k + o(ex i) — 120]
= 720" (1 + o(1)) + o(1),

where we also used that O(Ek_lr,%) = o(1). Since

Yk ©0) =0, [AY0)] <1, A% ©O)] <1,

by ODE theory v converges up to a subsequence to ¥ in C150c (R®) where v is a
radial solution to
(—=A) ¢ = 72095 in RS, (5.5)

with ¥ (0) = 0.
The following proposition collects some crucial properties about the solutions
to (5.5). We shall prove it in Section 7.

Proposition 5.4. Let Y be a radial solution to (5.5). Then
Vv (x) = P(|x|) —alog|x| + o(log|x]), as|x] — oo, (5.6)

where P(r) = ar® + br* + d for some a,b,d € R, o(log |x|) satisfies

Vio(log|x|) = o(Ix|™/) as|x| > o0, forl<j <5, (5.7)
and 720
a="—[ ¥(1)e®"Vdy = 6a + 48b.
Y6 JRO

Finally,ifa =b =0, then ¥ (r) = y L_r’i for some y € R.

Remark 5.5. Notice that ¢ = 0 if and only if & = r,f./ Bi for k large and
1 k
7 (1810) = An(O)] + 1A20(0) — A2 (0)]) —= 0.

We now write
Nk =N+ k¥ + Exdii, (5.8)
where

k— 00

1
——, [AY(0) — AY(0)], | A2k (0) — Azwk<0>|} —30. (5.9

VB

Sk :=max {Ek,
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Then

o

(A3 = (f/ke“gk“gksk‘f’k) — 120 — 7205kw) —: D ().

EkOk

On any fixed ball Bg, C R® we have &y = o(1), &8kdr = o(1), hence with a
Taylor expansion we get

Pr(r) = ff;:" 1+ ORI + 65 + 65c5ee
OV +EddD) — 1= 6p]  (5.10)
=720¢% (¢ + o(@n) + OW?) + O(R)) .
Then, since

o(0) =0, [Ag(0)] <1, [A%¢(0)] <1,

by ODE theory the sequence (¢y) is bounded in C 150C (RY).
We now bound ¢y on large scales.

_1
Lemma 5.6. Let s > 0 be such that s == o(1), *. Then

sup (182010 + 1AGI +1) 72 + 1)1 +07!) <€, V.

rel0,s¢]

Proof. Let Ry > 1 to be fixed later. We set
X =g e CHURo. 5t < g lx < o0},

Ilx = sup (1A20)] +1A¢ M2+ gl ™).

r€[Ro.sk]

Thanks to Proposition 5.4 we have

sup &y = o(1).
[Ro,sk]

Moreover given a constant M > 1 to be fixed later, we set
By :={¢ € X:l¢lx <M}
Then we have

sup §k5k¢ = 0(1) for¢ € BM.
[Ro,sk]

Therefore the same Taylor expansion used in (5.10) leads to

O (p)(r) = 720570 (¢(r) + 0(¢) + O (r)) + 0(r2)) for ¢ € By.
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We now fix k and define T : X — X, ¢ — ¢ where ¢ is the unique solution to the
ODE

(—A)§ = Dr(¢) on (Ro,s1), ¢V (Ro) = (Ro), j=0,1,...,5.

Using that

lp(r) + o) + O () + 0D < C(Ipllxr* +r%  on (Ro, s)
we infer

oM) o)

|k (D) ()| = Grrf T axrf

forr € [Ro, sk], ¢ € By.

Then also using .
6 (Ro)| < C(Ro)  for0 < j <35,
and (7.1) we bound uniformly for r € [Ry, s¢] and ¢ € By

r

dp
Ry 10

L |
v / |04 () dxdlp
Ry W50~ JB,\ BRO
O(M) o)
C(Ry) + dxd
SCROT [ o /B,,<<1+|x|>8 <1+|x|>4> e

< Ci(Ro) + O(MRy™).

|A2p(r)| < |A%P(Ro)| + Ry (A*$) (Ro)

Similarly

" d
IAG()] < |AG(Ro)| + RI(AB) (Ro) : p—"
0

|
[ o [ iR + 0GR dxdp
Ry W50~ JB,\Bg,
< (C2(Ro) + O(MRy)r?
and integrating once more
16| < (C3(Ro) + O(M Ry )r*.

Therefore, B
léllx < Ca(Ro) +C5MR’4 for ¢ € By.

Now we fix Rg > 1 so that |C5RO | < 5. Then for M > 2C4(Rp) one has

- M M
lollx < 5 + > <M, forevery ¢ € By,
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i.e., T sends the convex set By into itself. Then, by the Schauder fixed-point theo-
rem (notice that 7 is compact, as one gets easily bound on the fifth order derivative
of ¢), T has a fixed point ¢, in X with ||¢«||x < M, thatis, ¢, satisfies

(—APp, = Di(d) on (Ro, 1), o (Ro) = ¢ (Rp), j=0,1,...,5.

Therefore, from the uniqueness of solution ¢, = ¢«|(r,,s;)» and the lemma follows
from the estimate ||¢r||lx < M. O

Lemma 5.7. We have

/ (f/keﬁ'ik — 1205 — 7205k1/fe6") dx = 0(Zp), (5.11)

uniformly forr € (0 1 ), where Vk(x) = Vi(rpx).

> 107

Proof. We prove the lemma in a few steps. Step 1. u;(r) < —%uk(O) on (7, %),

where #; is as in Lemma 2.6 for some p € (1, 2).
It follows from Lemma 2.1, iii) of Lemma 2.6, (1.18) and (1.9) that

ur(r) < max{ug(te), ur(75)} < —gux(0) forevery r € (. 1)
for k large.

1
Step 2. We set s; := g, > and claim that (5.11) holds for r € (0, s¢).
Indeed from Lemma 5.6

M =10+ EW + 8k = 0+ 801+ + 88,01 +rh, e (0, 50),

which yields ny — n = o(1) on (0, si). Therefore, for every r € (0, si)

/ (Vkeﬁﬁk - 120e6”> dx
B,

_ / 51 (Vkeé(”"_”)— 120) dx

— / Y ((120 + OGP+ (6 + o) (e — 1) — 120) dx

G [ (20 + 01y + 00u) + o(leP)) dx

= 7208 / EMNydx + & f ¢o(1 + |x|Mdx

B,

= 7205, / EMyrdx + o(&y).
B,
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Step 3. We claim that

/ Vie®% dx = o(y).
B | \By

107

We write (if :—’; < s¢ then the second integral I is considered to be 0)

/ Vie®dx < / VieeS d x —|—/ VieOdx = I + b.
B_1 \By B 1 \By By \By
107 107y, T T

By Step 1

21

L = / Vie®dx < Ce™ 7O — o(rg) = 0(&y).
B%\Brk

Using that r? ") is monotone decreasing on (cpry, f), we bound

/ Vie®dx < Cs,?e6”k(s") < Cs,?e6'7(sk> = 0(sk_6) = 0(&),
By \By,
Tk

where in the last inequality we have used that i (sx) = n(sx) +0(1) by Lemma 5.6.

Step 4. To complete the proof it remains to show that

J

The first estimate follows from

/ eﬁndx:/
B B

The second one follows from Proposition 5.4 since ¥ (x) = O(|x|*) as |x| — oo
implies
ve®dx = /
By, B

Lemma 5.8. We have ¥ (r) = ar? 4+ O(logr) asr — oo, where

dx = o(8y), / ve¥dx = o(1).
BC
Sk

C
Sk

2\ > 3
<1—|—|x|2) dx = O(s; ") = o(&k).

c c
Sk Sk

0 (|x|*8) dx = 0(s; %) = o(1). 0

c
Sk

2r2 Br
a = lim f
k—oo &

> 0. (5.12)
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Proof. We proceed by steps.

Step 1. ¥ (r) = ar® + O (logr) at infinity.
We assume by contradiction that ¥ (r) = ar + br* + O (logr) at infinity for
some b # 0. From Lemma 5.7 we get

/B (A% = A%y @) ) dx =o(), 1€ (0. 35).

hence, also using that ¥ — ¥ in C._(R®), we infer

loc

|2 (r) — A%y (r)| < |A2 (1) — A%y ()]
" 1 3 3
+/1 " / (AW — A% () d

=o0(1), uniformly forr € (1

dt (5.13)

’ IOrk)

Since 24 — oo, from (5.7) we get A2 (64.4) = 384b + o(1). Taking r = %& in
(5.13) and recalling that A2uy (bsx) =0

o(l) = — <A2 (9;1_k/<> _ AZ’? <94k>) A2 " (94k)
= —(32+0(1))§k]?
4.k

— (384b + o(1)).

Recalling that 6, ,‘: ~ By and r,f Br — 0, this implies
4

~ A4
g~ ~ 1y Brs

k
4
94,k
. . ~ 2
a contradiction to & > ri«/Br-

Step 2. Forany L > 0

,Bkk

AYi(r) =AY (r) =(=12+40()) =L (> = L)+ O (L) +o(1), re(L, ).

(5.14)

Since ¥ (r) = ar? + O(logr), from Proposition 5.4 we have

C
|A2Y (x)] < T x € RS,
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From (1.9)

4
A2 = — (384 + 01 0k
&k

hence, for r € (0, ﬁ)

2 ﬁ 1 3
A*Y(r) = A (IO,k) - A Ydxdt
r B;

a)5t5
IBk Ty

(%)

where in the second equality we have used that

1
/ Aypdx| <C, rel0,—),
B, 10rk

which is a consequence of Lemma 5.7. Therefore, for any L >0 and r € (L, erk)

Ay (r) — Ay (r)
o
= Ay (L) — Ay (L) +/ o | (Aztﬁk — A%y)dxdt

ﬂk k 1 1
0(1)+/ s fB< 384+0(1)) = (W>+0<71+|x|4)>dxdt

Kkt _
— (124 (1))’3 Er? =LY+ 0™ +o(D).
Ek
Step 3.a #0.
We assume by contradiction that @ = 0. Then  is of the form ¥ (r) = ¢g 0 +: :

for some ¢ € R, thanks to Proposition 5.4. Since ¥ (0) = 0, we must have ¢cg = 0,
that is, Y = 0. Therefore, by Remark 5.5 we have &, = r,?a/ Bk .

Taking r = (?Tk in (5.14) and using that Au(62,1) =0, 922’,{,3/( — %, we obtain

2

2
—(8+o(1>> puric? 2k

+ O(R™) +o(1)
21< € ”k

ie., (4+o(1))yBr = 0(1),

a contradiction.
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Step 4 a > 0.
Since a # 0, we can choose L > 0 large such that |0 (L™?)| < %lAw(ooﬂ =

6|a|. Taking r = grz—];k in (5.14) and using that ngﬁk — %, one gets

5 1 2,2 i
AY(00) + O(L™) +o(l) = — | (12 + o(1) Brri6;, + (B + 0(1))97

€k 2.k
1 2
= —24400))Brr.
Ek
This shows that
2
0 % 124 = Ay (00) = 24 lim 2Kk ¢,
k—o00 &k
We conclude the lemma. O
Proof of (1.19)-(1.20). Thanks to (5.12) we have
e = (& +o(1)z. (5.15)

hence, also using Proposition 5 4,
e (e — 1) — Yo(x) = 8lx| — 48log |x| + o(log |x|), as |x| — oo,
Then we have

Nk = N0 + &Y + 0(Ex )k = Nk + xbo + o(ex) Yo + o(er) Pr-
and by Lemmas 5.6 and 5.8 we have yp(x) + ¢x(x) = O(1 + |x|*) on By, fora
1

given sequence (sx) with sy = o(g, *). O

6. Proof of Theorem 1.5

By Lemmas 5.7 and 5.8 and also using (5.15) and

T 1 10r% 4 5r° + 1
/ Y = 11- O tor +1 i 6.1)
o (1+s2)° 60 1+4r?)>

for & = 2.9 we now have

- e2u £ ©)

/ Viee®% dx = 120 / Mdx + &,720 | Yoe®dx + o(er)
Br r Br

=1, + ekl +o(e), forre (O, ﬁ) .
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Using (6.1) we obtain
10 _6
Ly, = A 1——6+0(r ).
r

From Proposition 5.4 we get

L, = 720/ Yoe®dx + o(1) = 24A, +o(1), o(1) === 0.
RO

Since forr > r, *

we have r ¢ < r,f = 4¢~24O0) = p(gy), we obtain

f Vie®dx = A +24M 8¢ + o(ex) 1 € (

-

1 1
S_ﬁ’ m>’

and scaling back we obtain
2
/ Vie®dx = Ay +24A e, +o(ey), forr € <r,j, %) :
B,

Finally, using that for § < §* = /1 — % we have (1 —6%)? > 1, and

ur(x) = —up©)(1 — |x|H*(1 + o(1))
< —ur(0)(1 — 832 + o(uy (0)),  for x| € (%, 5)
we infer

€L
0

/ Vie® dx = o(gy),
Bs\B
1

and (1.21) follows at once.

7. Proof of Proposition 5.4

We prove the proposition in a few steps.

Step 1. We claim that ¥ (x) = O(|x|*) as |x| — oo.
Choose ry > 1 such that

/ (1 + xMdx < e,
|x|>ro

where ¢ > 0 will be fixed later. We set

X = {(]5 e C%([ro, 00)) : llpll < oo}’ ]l := sup | ()]

[ro.00) (1 4+ 1x[%)

541
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LetT : X — X, T(¢) := ¢ where ¢ is the unique solution to the ODE
N3¢ = =720, @/ (ro) = ¥/ (ro), j=0,1,...,5.
Notice that for f € Cr2ad one has

dr
5

fan=fmn+£fvw/
ro

ry 1
+/ 5[ Afdxdr, 0 <rg <r;.
rg W5~ Jro<|x|<r

A repeated use of (7.1) with f = A%¢p, A¢ and ¢ gives

(7.1)

1p()] < C1(1 + 1% + Caellgplit*, 1 >ro,

where C; = Cj(rg) depends on the initial conditions wj (ro) and C; is a dimen-
sional constant. Therefore, for Cre < % and M > 2C| we have

gl = sup P

< Cs(ro) + Ceellpll < M, for¢ € By,
(ro.00) (1 4 1x[%)

where By :={¢ € X : ||¢|| < M}. Thus, T : By — By and by the Schuder fixed
point theorem, T has a fixed point v, € I3);. From the uniqueness of solutions we
have ¥ = ¥|[r,,00) € Bu, and this proves the claim.

Step 2. We claim that ¥ (x) = P(x) —alog|x|+o(log |x|) for some o € R, where
P is a radial polynomial of degree at most 4.

We set
_ 720
Y(x):=— | log
Y6 JRro |[x — vl

which is well-defined thanks to Step 1, and P := ¥ — v. Then (=AY*P =0on
R and since P is radially symmetric, P is a polynomial of degree at most 4, which
we write as P (r) =_ar2 +brt +d.

The property ¥ = alog|x| + o(log |x|) with [V/o(log|x])| = o(]x|~/) for
1 < j < 5 easily follows from its integral definition.

Step 3. @ = 6a + 48b.

Since the function 71, (x) := n(Ax) 4 log A solves (—A)3m = 120e%"* in RO,
one easily sees that the function

)éWWQm»

L= )
1+ |x]2 |

Y(x) = (7.2)

satisfies
(=AW = 720w in RS.
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This shows that 1 A3W = WA3y on RS. Then with a repeated integration by parts
one obtains for every r > 0

0=/ 1//A3\I/dx—/ WA Ydx
B, B,

=f (w(Az\y)/—w’Azqurm//(A\y)/—(A¢)/A¢+A2¢(W)’—(A2w)’\p>da.

B
(7.3)
From the previous step and (7.2) it follows that
2 1
() = ar’ +br* + (—a +o(1)) logr, W(r)=—1+ +§( ),
’
- 1 4 8 1
Iﬂ/(l’):2ar +4br3+L0(), ‘IJ/(I”):———}— +o( )’
r 73 7S
—4 1 8 24 1
AY(r) = 12a+32br2+#0(), AW(r) =__4++780(),
r r r
8 + o(1) 32 192+ o(1)
(AW)/(’") = 64br + r—3, (A\IJ)/(V) = r—5 — T’
16 1 768 1
A2y (r) = 384b + #0()’ AR () = -l;oo( )’
r r
—64a + o(1) 7680 + o(1)
A () = ——5——, (B20) (1) = ==,

where o(1) — 0 as r — o0o. Plugging these estimates in (7.3) one obtains o =
6a + 48b.
Step 4. We prove that ¢ (r) = y }:L:z whena = b = 0.

In this case, from Step 2 we can write ¥ = 1 + d. Indeed, by Step 3 & = 0,
so that

- 1 720
) =— / log (—) 1y (y)dy+log x| — f 1y (y)dy, x #0
V6 JRS [x—yl Y6 JRr6

=0

and we can write
Y(x)=1Lx)+hLx)+C, x#0,

where fori = 1,2
720
Ii(x) := —/ log (L> 1y (y)dy,  Ap = Bi(x), Ay = AS.
Yo Ja; lx — yl
For |x| > 2 we bound

[ (x)] < C||€6"1/f||L°O(A1)/ (log x| + [log |x — yIDdy = C,
Aq
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and using that

1 X
= al <1+|y| foreveryye Az, |x|>2,
T+ 1{yl = |x =yl

one gets
bl < c/ log(1 + [y [y ()ldy < C.
Ap

Thus, ¥ is bounded in R®.
Bounded solutions of (5.5) have been classified in [31, Theorem 2.6], hence
the proof of Step 4 is complete.

8. Some examples

It is easy to verify that the cases from i) to iii) of Theorem 1.2 can actually occur.
We will show a few examples.

Example 1. Let u be a solution to
(—=A)u =120 onR®, A := / 120e%dx < oo. (8.1)
RO

Such solutions exist for every A > 0, thanks to [5,10,11,22]. Take ui(x) :=
u(%) — log k, which is also a solution to (8.1). Then this sequence (uy) is as in case
i) of Theorem 1.2, with u; — —oo uniformly in R®.

If we set ux(x) := u(kx) + log k, then we are in case ii) of Theorem 1.2, with
uy — —oo uniformly locally away from 0 and u; (0) — oo.

As the next example shows, things can get more complicated.

Example 2. Another example of case ii) of Theorem 1.2 is as follows. Let (uy) be
as in Theorem 1.3 for some given A > Aj. Then we can choose py — 0o slowly
enough, such that for vi(x) := ug(prx) + log pr there exists radii 0 < s < tx — 0
with v (fx) — 00, v (sx) — —oo and v (0) — oo.

Example 3. One can also construct an example of case ii) of Theorem 1.2 in which
ug(0) — —oo and ug(px) — oo for some 0 < pr — 0. Fix A > 0. Take
ur(x) = vr(Brx) + log Br where vy, is a radial solution to

120 1 A (0
) = — | log (—) U gy — (k n M) (1= x?)? + e
Y6 JRS lx — yl 24

|Avi (0)]
24

s (x) — (k + ) (1= [x1H% + cx,

with

120f O = A,
]RG
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and By = k + |A+4(0)\' Existence of such vy can be proven in the spirit of [11]. In
fact, one can show that Iy = O(1) in Bs for some § > 0, v (1) — o0, ¢y — 00,
cx <K B (see also [13]). This example can be slightly modified to have u;(0) = 0
and uy (px) — 00.

9. Open questions

It is natural to ask what happens in the non-radial case, already in dimension 4. In
the very related case of the mean-field equation

2muy,
2mu
Jo e

with Dirichlet boundary conditions and the bound p; < C, using the Lyapunov-
Schmidt reduction, several results have been produced, both in dimension 2 (see,
eg.,[3,7,9]), 4 (see [2,6]) or higher (see [24]). In this case one can construct
solutions blowing up at finitely many points, which are located at a critical point
of a so-called reduced functional (compare to [26]). The absence of polyharmonic
blow-up for (9.1) (contrary to case of Theorems A, 1.2 and 1.3 is due to the Dirichlet
boundary condition. In fact these existence results are the most general possible,
see, e.g., [23,30]. On the other hand, in view of Theorems A and 1.3 we expect for
(1.1)-(1.2) a large number of examples where both concentration and polyharmonic
blow-ups occur.

(=) uk = px in €2, 9.1

General open question

Forn > 2 take Q C R2n open, a finite set S| C €, and ¢ € (2, S1). When is it
possible to construct solutions to (1.1)-(1.2) having as blow up set exactly S; U S,?

More precisely, we can consider the following subquestion.

Open question 1. Is it necessary that the points in S; satisfy some balancing con-
ditions, coincide with critical points of ¢, or can they be prescribed arbitrarily?

Open question 2. If S, # @, should every blow up in S| be spherical?

Open question 3. Consider the following simple situation. Take

3
X 2
p(x) =x1 — ?1 — 3 Y= 0L aas ) € Q= (=2,2) x R’ Cc R*.
Then ¢ € K(Q,0), S, = {1} x R* and Vg = 0 on {£1} x R3. Is it possible
for every finite set A C R3 to find solutions to (1.1)-(1.2) with n = 2 and with
polyharmonic blow-up on S, and concentration blow-up at §1 = {—1} x A?
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