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Heat kernels and non-local Dirichlet forms on ultrametric spaces

ALEXANDER BENDIKOV, ALEXANDER GRIGOR’YAN, ERYAN HU
AND JIAXIN HU

Abstract. We consider a class of jump measures on ultrametric spaces and the
associated non-local regular Dirichlet forms. We obtain equivalent conditions for
certain heat kernel upper and lower estimates in terms of the properties of the
jump measure. In particular, heat kernel estimates are given for quite degener-
ate/singular jump measures as shown in a number of examples.
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1. Introduction and motivation

The purpose of this paper is to obtain upper and lower estimates of heat kernels of
certain jump type Dirichlet forms on ultrametric spaces. In particular, our results
apply on such well-known examples of ultrametric spaces as the fields Q,, of p-adic
numbers and their self-products Q’;. For general metric spaces most of these results
are not known yet.

1.1. Jump type Dirichlet forms

Let (M, d) be a locally compact separable metric space and u be a Radon mea-
sure on M with full support. Let (£, F) be a regular jump type Dirichlet form in
L? (M, w) with the jump kernel J (x, y), that is, for all f, g € F C L? we have

E(f.8) = //M N (f@) = f) () =gy J(x, dux)du(y).  (1.1)

(see [14] for the theory of Dirichlet forms). The Dirichlet form has a generator £
that is a non-negative definite self-adjoint operator in L? and the associated heat
semigroup {e~'%},_ . The heat kernel p;(x, y) of (£, F) (or of L) is the integral

kernel of the heat operator P, = e~'£ (should the former exist). Equivalently,
p: (x, ) is the transition density of the associated jump process.

Given a symmetric, non-negative, measurable function J on M x M, one may
ask if the bilinear form (1.1) becomes a regular Dirichlet form with an appropriate
domain JF, whether it admits the heat kernel and how to estimate the latter quanti-
tatively.

For example, consider in R” the jump kernel

J(x,y) = |x — y|7O+F)

where 8 is a real parameter. If 0 < 8 < 2 then & is a regular Dirichlet form with
the generator const (—A)P/% (where A is the Laplace operator), and the associated
jump process is the symmetric stable Levy process of the index . Inthe case 8 = 1

we have
cnt
Pt(x, Y) - n+l
2

(P2 +1x—yP) >
with some ¢, > 0, which is the Cauchy distribution with the parameter ¢. For an
arbitrary 0 < B < 2, the heat kernel of the symmetric stable process of index g
admits estimate

pilx.y) = = (1 %)_W), (12
(tl/ﬁ+|x—y|) t t

where the sign 2~ means that the ratio of the two sides is bounded between two
positive constants. The estimate (1.2) is obtained by the subordination techniques
from the heat kernel of A.
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Assume now that
J(x,y) = |x — y|7CHA)

Then (1.2) is still true, which follows from a result of Chen and Kumagai [6]. One
can ask, under what conditions on an arbitrary metric measure space (M, d, i) and
a jump kernel J, the heat kernel of the associated Dirichlet form exists and satisfies
the stable-like estimate

1 <1 d(x, y))“”f’)
with some positive parameters «, 8. If the Dirichlet form is conservative then the
following two conditions are necessary for (1.3) (see [6,21], and [23]):

o The a-regularity: for any metric ball B (x, r), we have

(B (x,r)) ~r% V)
o The jump kernel estimate:
T(x,y) ~d(x,y)” P, ()

It follows from (V) that « is necessarily the Hausdorff dimension of M and pu =~
‘H, , where H,, is the Hausdorff measure. The value of the parameter 8 in (1.3) or
(J) is called the index of the Dirichlet form or that of the associated jump process.
Chen and Kumagai [5,6] proved that if 0 < § < 2 then (V) and (J) are also
sufficient for (1.3), that is,
+(J) & (1.3).

There are many examples of fractal spaces where a jump kernel (J) generates a reg-
ular Dirichlet form even with 8 > 2. Indeed, on large families of fractals there are
diffusion processes with the walk dimension f* > 2. By using the subordination
techniques, one obtains a jump process with any index 8 € (0, 8*), in particular,
can be larger than 2 (see [2,17,21]).

In the case of 8 > 2, in order to ensure the estimate (1.3), one needs on top of
(V) and (J) one more quite complicated condition, which was established indepen-
dently in [7-9] (cutoff Sobolev inequality) and [19] (generalized capacity condi-
tion). One of the purposes of this paper is to show that in the setting of ultrametric
spaces one can manage without the third condition for any g € (0, +00).

1.2. Ultrametric spaces

Let (M, d) be a metric space. The metric d is called an ultrametric if it satisfies the
ultrametric inequality

d(x,y) <max{d(x, z),d(z,y)} foreveryx,y, ze M. (14)

In this case (M, d) is called an ultrametric space.



402 ALEXANDER BENDIKOV, ALEXANDER GRIGOR’YAN, ERYAN HUAND JIAXIN HU

Consider for any x € M and r > 0 the metric ball
B(x,r)={yeM:dx,y) <r}.

It is easy to deduce from the ultrametric inequality (1.4) the following properties of
the space in question. These properties will be frequently used in what follows:

e Any two balls of the same radius are either disjoint or coincide. More generally,
any two balls are either disjoint or one contains the other. Consequently, the
collection of all distinct balls of the same radius r forms a partition of M;

e Every point inside a ball is its center. This implies that balls are not only closed
sets but also open. Consequently, the topological boundary of any ball is empty.
One more consequence is that any ultrametric space is totally disconnected;

e From any covering of a compact set by a family of balls there is a finite subcover
that consists of mutually disjoint balls.

A well-known example of an ultrametric space is the field Q, of p-adic numbers,
where p is a prime. Recall that Q, is defined as the closure of Q with respect to
the p-adic norm || x|, that satisfies the ultrametric inequality

b + I, < max {llx]l,, Iyl } -
Hence, Q) with the metric ||x — y||, is an ultrametric space. Analysis on Q, and
@’; was developed, in particular, in [1,3,31-33].
1.3. Isotropic Dirichlet forms

Let (M, d) be an ultrametric space where all balls are compact. Let 1 be a Radon
measure on M with full support. In [3], the authors introduced an isotropic jump

kernel on M given by
o0 1 do(r)
J(x,y) = — (1.5)
dx,y) 0(r) w(B(x,r))

where o is any cumulative probability distribution function on (0, 0o) that is strictly
monotone increasing and left-continuous. This jump kernel determines a regular
Dirichlet form that is referred to as isotropic Dirichlet form, and its heat kernel
admits the following explicit formula:

o' (r)do(r)
y) = o’ ndatr) 16
prie.) /d<x,y> w(B(x.1)) (10

Assume that (M, d, p) is Ahlfors «-regular, that is, it satisfies (V<). Choosing o to

be the Fréchet distribution:
c\B
o (r) = exp (— (—) ) , (1.7)
r
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where ¢, 8 > 0 are arbitrary, we obtain that the jump kernel (1.5) satisfies (J) and
the heat kernel (1.6) satisfies the stable-like estimate (1.3).

For example, let M = QY where p is a prime and n € Z, and let ;1 be the
Haar measure on Q’Z) The space (Q Il , , ) is n-regular so that the isotropic
heat kernel with the function o from (1 .7) admits the estimate

lx = yll,\~"+P
pr(x,y) = Y (1 + T) . (1.8)
In this case the jump kernel in Q;’, can be computed exactly as follows
I, y) = —LE (19)

Ix — yl3tF"

The generator of the Dirichlet form associated with the jump kernel (1.9) coincides
with Taibleson operator introduced in [31] (see also [3,32] and references therein).

Let (M, d) be a general metric space and © be an a-regular measure on M.
For any 8 > 0, consider the following quadratic form in L? (M, u):

B 2
capop = [[ L anwan,

Define the walk dimension B* of M by
B* =sup{B > 0: & g extends to a regular Dirichlet form} . (1.10)

Note that 8* is an invariant of the metric space (M, d) alone because « = dimyg M
and u >~ H,, where dimyg M is the Hausdorff dimension of M. It is known that if
M carries a diffusion process {X;} whose transition density satisfies a sub-Gaussian
upper and lower estimates, then the walk dimension of {X,} (a parameter in sub-
Gaussian estimates) must be equal to 8* (see [21]).

It follows from (1.10) that always B* > 2 because for any 8 < 2, Lipschitz
functions with compact supports are in the domain of & g.

If M is a Riemannian manifold then 8*=2, while on fractals typically §*> 2.
On «-regular ultrametric spaces, as it follows from the above construction of isotro-
pic Dirichlet forms, we have always §* = co. Hence, in the family of all «-regular
metric spaces, manifolds and ultrametric spaces are extremal opposite cases as far
as the walk dimension is concerned.

However, these two extremal classes of metric spaces have something in com-
mon: both manifolds and ultrametric spaces possess a priori rich classes of test
functions with controlled energy: on manifolds these are usual bump or tent func-
tions, while on ultrametric spaces these are indicators of balls, as we will see below.
The existence of such classes of test functions is vital for obtaining upper bounds
of the heat kernel.
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2. Statement of the main results

In this section we state the main results of this paper, while the proofs will be given
in the rest of the paper.

Throughout the paper, (M, d) is a locally compact separable ultrametric space
and u is a Radon measure on M with full support. Denote by B (M) the set of all
Borel functions on M. For any open set U C M, denote by Co(U) the space of all
continuous functions f on M with compact supports supp f C U.

2.1. Jump kernel and Dirichlet form

Throughout the paper we fix some parameter R € (0, diam M] and a kernel J (x, E)
on M x B(M) that satisfies the following two conditions: for any r € (O, R),

J(x, B(x, r)) is a u-locally integrable function of x € M, (.1

and J is symmetric, that is, for all u, v € B, (M),

/ / U I (x, dy)dp(x) = / / U () T, dydp). (2)
MJIM MJIM

For example, the kernel

J (e, E) = /E J (6 ()

satisfies (j.1) and (j.2) provided J (x, y) is a non-negative symmetric measurable
function of (x, y) € M x M such that

// S, y)dp(x)du(y) < oo 2.1
K J(K, )

for any compact set K C M and any r € (0, E), where K, is the r-neighborhood
of K.

Any kernel J satisfying (j.1) and (j.2) determines a positive symmetric Radon
measure j on M x M \ diag that is defined by

/ f(x,y)dj(x,y)=/ (/ f(x,y)J(x,dy)>du(x),
M x M\diag M M

forany f € Co(M x M \ diag).
Consider the following bilinear form (€, Finax) on L2(M, 11):

{ G 0) = [y anaing @) — 1) @0 = () dj (x, ) 0

Fax = {u € L?(M) : u is Borel measurable and & (u, u) < oo} .
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The argument in [14, Example 1.2.4, p. 14] shows that £ is well-defined, that is, for
any u € B(M),
u=0u-ae = Ewu,u)=0.

We will prove below that, under conditions (j.1) and (j.2 ), (£, Fmax) is a Dirich-
let form, and construct further a regular Dirichlet form (£, F) with the domain
F C Fmax-

Definition 2.1. A function f on M is said to be locally constant if, for any x € M,
there is € > 0 such that f = const in B(x, €).

Denote by D the space of all locally constant functions on M with compact
supports. Clearly, we have D C Co (M) .

Since any ball is closed and open, the indicator function 15 of any compact ball
B belongs to D. Moreover, using properties of ultrametric balls, it is easy to verify
that D consists of finite linear combinations of indicator functions of compact balls,
namely

n
D= ZcilBi :neN, ¢; R, B;isacompactball g, (2.3)
i=0

where the balls {B;}?_, can be chosen to be mutually disjoint (see the proof of
Lemma 4.1).

Theorem 2.2. Assume (j.1) and (j.2) are satisfied.

(I) Then (€, Fmax) is a Dirichlet form on L*(M) and D C Fmax;
(1) Set

F.=D", 2.4)

where the closure is taken with respect to the inner product £y = € + (-, )2
in F. Then (€, F) is a regular Dirichlet form on L*(M).

In particular, indicator functions 1p of compact balls B belong to F.

The proof of Theorem 2.2 is given in Section 4. Unless otherwise stated, in the
rest of this paper, (£, F) is always referred to the regular Dirichlet form constructed
in Theorem 2.2(IT). Let us emphasize that so far we have not made any additional
assumption about .

2.2. Heat kernel estimates

Let us now state our main results about the heat kernel estimates. For these results,
we always assume the space M is proper, that is, all balls B (x, r) in M are compact.
In particular, we have u (B (x,r)) < oo.

Throughout the paper we fix positive reals o, 8 and R € (0, diam M]. Note
that R could be oo if diam M = oo.
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Definition 2.3. We say that the condition (V<) is satisfied if, for all x € M and
r € (0, 00),
n(B(x,r)) < Cr, (Vo)

for some constant C > 0. We say that the condition (V>) is satisfied if, for all
x € Mandallr € (0, R),
u(B(x,r) = C~'r%. (V=)

We say that (V<) is satisfied if both (V<) and (V> ) are satisfied.

Let us emphasize that (V<) is assumed to be true for all » > O while (V>)
should be satisfied only for » € (0, R). This convention allows us to cover compact
ultrametric spaces M.

Definition 2.4. We say that the fail condition (T J) is satisfied if there exists C > 0
such that, for any ball B = B(x,r) withx € M andr € (0, R),

J(x, By < Cr . (TJ)

Clearly, if (T'J) is satisfied then J satisfies (j.1) so that Theorem 2.2 applies.
For any measurable set A C M and any integrable function f on A, set

fa :=ﬁfdu - ﬁﬁfdu.

For any ball B = B (xg, r) and any A > 0, set
AB = B (xq, Ar) .

Since any point in the ball B can be used as its center, the notation A B is sensitive
to the choice of the center of B if A < 1.

Definition 2.5. We say that the Poincaré inequality (P1I) is satisfied if there exist
k € (0,1] and C > 0 such that, for any ball B := B(xo,r) with xo € M and
r € (0, R), and for any f € F,

/B \f = feplPdp < CrP /B /B(f(X) iy, (PD)

Definition 2.6. We say that the weak upper estimate (wU E) is satisfied, if the heat
kernel p;(x, y) exists and satisfies the following estimate

—\ B
d(x,y)AR) ’ (WUE)

C
Pt(%ﬁfw(l-i- /B

for some C > 0, forall ¢ € (O, Eﬁ) and for p-almost all x, y € M.
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In particular, if R > diam M then (WUE) is equivalent to

C dx, )\ P
pl(-xvy) < W (1 + W)

for all r € (0, ﬁﬂ) and for p-almost all x, y € M.
Definition 2.7. We say that near diagonal lower estimate (nLE ) is satisfied if the
heat kernel p;(x, y) exists and satisfies the estimate

pi(x,y) > ct™/P, (nLE)

for some ¢, § > 0, for all ¢ € (O, Eﬂ) and p-almost all x, y € M such that
d(x,y) < 8t'/P.
Our main result is the following:

Theorem 2.8. Let M be a proper ultrametric space. If (V), (T J) and (PI) are sat-
isfied then the heat kernel p;(x, y) of (€, F) exists, is continuous jointly in t, x, y,
Holder continuous jointly in x, y and satisfies (WU E) and (nLE).
Moreover, under the standing assumptions (V) and (T J), the following equiv-
alence takes place:
(PI)< (WUE)+ (nLE). (2.5)

Note also that the conditions (7'J) and (PI) can be satisfied for quite degener-
ate/singular jump measures as will be shown by examples in Section 15.

Let us emphasize that similar results for general metric spaces are not known
and, most probably, they are not true without additional conditions. It would be
interesting to obtain a version of Theorem 2.8 for general metric spaces.

Remark 2.9. Let M be a Riemannian manifold with the geodesic distance d and
the Riemannian measure . Let (£, F) be the classical local Dirichlet form

E(Lt,u):/ IVul*>dpu.
M

Then, under the standing assumption (V), the corresponding Poincaré inequality

/ |f — falPdu < cﬂ/ IV£I*du,
B B

is equivalent to the following Gaussian estimate of the heat kernel p;(x, y):

C d(x,y)?
pi(x,y) < WCXP —C

t

(see [16,28,29]). The equivalence (2.5) of Theorem 2.8 can be regarded as a version
of this result for ultrametric spaces.
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The following stability result is an easy consequence of Theorem 2.8.

Corollary 2.10. Assume that (V) is satisfied. Let JV and J® be two kernels both
satisfying (j.1), (j.2). Let (EV, FD) (E® | FPY be two regular Dirichlet forms
determined by JV and J® respectively (as in Theorem 22). Assume that, for
some C > 0,

CclJ® <« g <« cj@
If (€D, FDy satisfies (T J), ( wUE) and (nLE), then (£, F®) also satisfies
(TJ), (wUE) and (nLE).

In Section 15, we give examples with R = oo showing that, under the hypothe-
ses (V), (T'J) and (PI) of Theorem 2.8, the estimate (wU E) cannot be improved

to
_C (L dy\T
P,y = g\ T+ —p

for any ¢ > 0. Similarly, the lower bound (nL E) cannot be improved to

c dix, )\ ™"
pr(x,y) > W<1+W>

for any N > 0. Hence, in an ultrametric space, the Poincaré¢ inequality does not
yield matching upper and lower bounds. For the latter one needs stronger assump-
tions as below.

Definition 2.11. We say that the condition (J<) is satisfied if the jump kernel J has
the form:

J(x,dy) = J(x, y)du(y), (2.6)
where J (x, y) is a symmetric function of x, y € M such that, for all distinct x, y €
M3

J(x,y) < Cd(x, y)” @t (J<)

Similarly, we say that the condition (J>) is satisfied if, for all distinct x, y € M,
J(x,y) = Cld(x, y)" P, (J=)

We say that the condition (J) is satisfied if both (J<) and (J>) are satisfied, that is,
if, forall x,y e M,

J (e, y) =d(x,y)" @, ()
It is easy to see that
(VoH(J<) = (T ) 2.7
(see [19, Proposition 6.4]) and
(V>)+(J>) = (PI) (2.8)

(see Lemma 3.1 and the argument after that).
Hence, (T J) can be regarded as a weak version of the upper bound (J/<), and
(P1I) can be regarded as a weak version of the lower bound (J>).
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Definition 2.12. We say that the optimal upper estimate (UE) is satisfied if the
heat kernel p;(x, y) exists and satisfies the following upper bound:

dlx. y)>_(a+ﬁ) (UE)

C

for some C > 0, for all € (0, Fg) and for p-almost all x, y € M.
We say that the optimal lower estimate (LE) is satisfied if the heat kernel
p:(x, y) exists and satisfies the following lower bound:

d(x,y) ) —(a+p)

Cc

for some ¢ > 0, for all r € (0, Eﬂ) and for p-almost all x, y € M.
We say that the heat kernel satisfies two-sided stable-like estimate if both (U E)
and (L E) are satisfied, that is, if

dlx. y )>_(a+ﬂ) 2.9)

1
pi(x,y) = /B (1+t17

forall 7 € (0, R”) and p-almost all x, y € M.

Corollary 2.13. Let (V) be satisfied and J have the form (2.6).
(a) We have

(J<)+ (PI) & (UE)+ (nLE);
(b) If in addition (T J ) is satisfied then

(J>) & (WUE) + (LE);

(c)We have
J) & (29).

In all the cases (a), (b), (¢), the heat kernel p;(x, y) exists, is continuous jointly in
t, x, y and Holder continuous jointly in x, y.

Corollary 2.13(c) recovers the estimate (1.8) of [3] that was proved for the jump
kernel (1.9) in @’l’,. Corollary 2.13(c) can be deduced from the previously known
results for general metric spaces. Indeed, the case of an arbitrary 8 > 0 can be
reduced to the case § = 1 by a simple change of distance function d (x, y) =
d (x, y)P (that is again a metric by the ultrametric property), and then one can apply
the results of [6] or [19] to obtain (2.9). However, Theorem 2.8 and parts (a), (b) of
Corollary 2.13 cannot be obtained in this way.
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2.3. Structure of the paper

In Section 3 we give examples of ultrametric spaces and jump kernels satisfying
(T'J)and (PI). These examples show, in particular, that our results work for highly
anisotropic cases, in particular, the jump measure can vanish on very large area of
(M x M)\ diag. In Section 4 we prove Theorem 2.2 about construction of a regular
Dirichlet form.

The major part of the paper is devoted to the proof of Theorem 2.8. The proof
of the key implication

W)+ TJ)+ (PI)= (WUE) + (nLE), (2.10)

is fulfilled in Sections 5-12.

In Section 13 we deduce (P I) from the heat kernel bounds (wU E) and (nLE),
and in Section 14 we conclude the proofs of Theorem 2.8 and Corollary 2.13 by
combining the results of the previous sections.

In Section 15 we give more examples to show that the heat kernel bounds
(wUE) and (nLE) of Theorem 2.8 are sharp in certain sense.

Let us now describe the main steps in the proof of the implication (2.10).

Step 1. We show that the Poincaré inequality (P[) implies the Nash inequality
(Lemma 5.2). The latter yields by the well-known argument the existence of the
heat kernel and on-diagonal upper bound

pi(x,y) < Ct7/P, @.11)

for all r € (0, Fﬂ) and p-a.a. x,y € M (Lemma 5.5). One more consequence of
the Nash inequality is the Faber-Krahn inequality (Lemma 5.3).

The on-diagonal upper estimate (2.11) implies the upper bounds of the meat
exit time from balls: for any ball B of radius » € (0, o R) (where o € (0, 1) is the
same as in Lemma 5.3),

ess sup GB1 < Crﬂ, (2.12)
B

where G? is the Green operator in B (Lemma 10.2).

Step 2. This is the largest and most technical part of the proof. We first prove
Lemma of growth (Lemma 6.4) that is based on the Faber-Krahn inequality, and
Lemma 7.2 where the Poincaré inequality is used at full strength. These lemmas
imply a weak Harnack inequality for harmonic functions of (£, F) (Lemma 8.1),
that in turn yields the oscillation inequalities for harmonic functions (Lemmas 9.1,
9.3,9.4) and, consequently, the Holder continuity of harmonic functions.

Step 3. The mean exit time estimate (2.12) implies that

l62s| . =crfifi,
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which allows to extend the oscillation inequality to solutions u# of Lu = f (Lem-
ma 11.2).

Considering a function u (¢,-) = P, f as the solution to Lu = —d;u and
estimating ||0;u||;~ by means of (2.11), we obtain the oscillation inequality and
the Holder continuity for P; f and, hence, also for the heat kernel (Lemma 12.1
and [19, Lemmas 5.10, 5.11, 5.12, 5.13]).

Step 4. Using one of the consequences of Lemma of growth, we obtain the lower
bound for the mean exit time in any ball B of radius r € (0, R):

essinfg GB1 > ¢r? in B, (2.13)

(Lemma 10.4). The estimates (2.12) and (2.13) imply the following survival esti-
mate: for any ball B of radius r € (0, R),

essinfp P,Bl > ¢ in B, provided 1B < §r (2.14)

(Lemma 10.6).

Step 5. The survival estimate (2.14) implies the on-diagonal lower bound
pi(x,x) = ct™/P,

which together with the oscillation inequality yields the near diagonal lower esti-
mate (nL E) (Lemma 12.2).

Step 6. Here we prove the off-diagonal upper estimate (wU E ). The main difficulty
is in obtaining the following estimate: for any ball B of radiusr < R and any ¢ > 0,

t
Pl < C—. (2.15)
rb

It is done by comparing P; to a semigroup Q, with a truncated jump kernel dj ) =
1(4(x,y)<p}dj and observing that Q, does not propagate from the inside of any
ball of radius p to the outside, which follows from the ultrametric property (Lem-
ma 12.3). Combining (2.15) with the on-diagonal upper bound (2.11), we obtain
(wUE) (Lemma 12.6).

Notation 2.14. The letters C, C’, ¢, ¢/, - - - denote positive constants whose values
are unimportant and can change at any occurrence. However, the value of all such
constants depends only on the parameters in the hypotheses in question. The letters
«, B and R denote the global parameters that have the same meaning all over the
paper except for Section 15.

The essential supremum and infimum are always taken with respect to the mea-
sure (. We use the expression “u-almost all x, y € M ” as a shorthand for “u x u
-almost all (x, y) € M x M”. We also use L” as a shorthand for L? (M, u) .
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3. Examples

In this section, we give an example of an ultrametric space (M, d) and a jump kernel
J on M x M that satisfies (7' J) and (P I) but does not satisfy (J<) or (J>) (Proposi-
tion 3.5). The idea is that we first take in M = Q,, the jump kernel ||x — y||1_,(1+'3),
that satisfies (/<) and (J>), and then reduce it on some set N C M x M to zero so
that (J>) is no longer valid, whereas the Poincaré inequality (P ) still holds. The
choice of the set N is quite subtle — we use for that some arithmetic properties of

Qp (see (3.8)).

Let (M, d) be so far any metric space with a measure p that is finite and pos-
itive on all balls. Let J(x, y) be a symmetric non-negative function on M x M,
and let @ be an increasing positive function on (0, +-00). We say that J satisfies a
®-Poincaré inequality if, for any ball B in M of radius  and for any f € L? (B),

/B . (fx) = FON* T (x, y)du(x)du(y)

1
(r)

Lemma 3.1. The inequality (3.1) is equivalent to

> 2u (B)
(fx) =N Jx, »dux)du(y) >
BxB D (r)

(3.1)

=

/ (FG) = FON du)du(y).
BxB

/B (f — fp)*du. (32)

Clearly, if 1 (B) ~ r* and ® (r) ~ r**P then (3.2) coincides with the Poincaré
inequality (P1).

Proof. Let us verify that the right hand sides of (3.1) and (3.2) coincide. We have
/ / (f () = fFO)? dp(x)dpuly)
BJB

=2M(B)/Bf2du—2</3fdu>2

— 2 (B) ( /B Fdp— fiu (B))
and
[ = tarau= [ fan-2ss [ ran+ s = [ Fan- sinm,
whence

fB (@ = FON Ardu(y) = 2u (B) fB f - f)Pdp. (33

which was to be proved. 0
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Remark 3.2. It is clear that if, forall x, y € M,

Jx,y) > ———,
®(d(x, y))

then (3.1) holds because for all x, y € B we haved(x, y) < r and, hence, J (x, y) >
ﬁ. Hence, also (3.2) holds. Consequently, (V=) and (J>) imply (PI).

Now let us fix a prime p, consider a finite field ), := {0,1,2,---, p — 1} and
the following set

My = {x = {x}kez : xx € Fp and x; = 0 for all k < —K for some K € Z},

that consists of double sequences of elements of I, that are vanishing near —oo.
Consider M, as a linear space over IF,, with linear operations

x +y = {xk + Yihrez and ax = {axiliez
forall x,y € M, and a € F,. Define in M), the usual p-adic norm by
Ixll, = p~", wheren := min{k € Z : x; # 0}.

Forallx,y € M;,setd(x, y) = |[x—y|», and observe that (M, d) is an ultrametric
space. Furthermore, (M), d) is obviously separable and every ball B (x,r) in M),
is compact. As a metric space, M, can be identified with 0, but the operations in
M), are different from those in Q,,.

The Haar measure j+ on M, can be constructed as follows. For any n € Z and
for any ball B of radius p~", set

n(B) :=p". (34

Since each ball of radius p~" is a disjoint union of p balls of radii p~""*+1 it is
easy to see that p is o-additive and o -finite on the semi-ring of all balls in M,,. By
Carathéodory’s extension theorem, u extends to a Borel measure on M),. It follows
easily from (3.4) that the measure w is 1-regular, that is,

n(B(x,r)) ~r (3.5)

forall x e M, andr > 0.
For any set A C My, any u € M, and a € [, define the sets A + u =
{(y+u:ye AlandaA ={ay:y e A}.

Lemma 3.3. For anya € F, \ {0} and u € M, the map y +— ay + u preserves
the metric d and the measure . Consequently, for any nonnegative measurable
function f on M,

f FOY(y) = / Flay + wdu(y). (3.6)
Mp MP
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Proof. For any y € M), we have ||y|l, = llayll, because yy # 0 & ayr # 0. It
follows that, forall x, y € M,

d(ax +u,ay +u) = llay —ax|p =lly = xll, =d (x,y),

so that the metric d is preserved by y — ay + u. Let us show that the measure u is
also preserved, that is, for any Borel set A C M,

w(A) = u(aA + u). 3.7

It suffices to prove this for A = B(x,r). Since by the first part aA + u is a ball
of the same radius r, (3.7) follows from the construction of the Haar measure. The
identity (3.6) is a consequence of (3.7). O

Define a function S : M), — I, as follows: forany x € M, with ||x|, = p™",
set

S(x) = x,.

In other words, S (x) is equal to the non-zero digit x,, of x with the smallest 7.
Define the following subset N of M), x M :

N:{(x,y) EMyxM,:Sx)=Sx+y)=1lorS(y) =Sx —I—y)zl}. (3.8)

Fix some n € Z and let w € M), be such that w,_; = 1 and wy = 0 for all
k < n — 1. We claim that

B(w,p ™) x B0, p™") CN,

where 0 is the zero element of M,. Indeed, if x € B (w, p‘") andy € B0, p™")
then x; — wx = yx = O for all k < n, which implies that the first non-zero compo-
nent of x is x,_; = 1 and the same is true for x + y, whence S (x) = S(x +y) =1
and, hence, (x, y) € N.

It follows that

(1 x W(N) = w (Bw, p~™) w (B, p~™) = p~>".
Since n € Z is arbitrary, we see that (1 x u)(N) = oo.

Proposition 3.4. Let p > 2. Then the jump kernel

0 (x,y)eN
J(x,y) = Ane@x.y) 1 .
O (d(x,y)) SEG.y) (x,y) € N¢,

(3.9)

satisfies the 5®-Poincaré inequality.
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Proof. Fixaball B := B(w,r) C M,.If (x,y) € (Bx B)\ N then 1yc(x,y) =1
and

2 _ 1 _ 2
(f)=fO) J(x,y) = Bd(x.y) (fx) = f(y)

1 2
— (f() = f)7,

>
o)
which implies

/B @) = FODP I dydn)

_ / (F0O) = FON2 I Armduy)
(BxB)\N

(f(x) — FON*dp(x)du(y).

=

@) JBxB\N
We will prove that
(f(0) = FON? dp(x)du(y)
(BxB)NN

<4 / () — FON2 dp)du(y),
(BxB)\N

(3.10)

which will then imply that

/B () = FO () <5 /

(BxB)\

N (f(x) — FON*dp(x)du(y)

and, hence,

/B @ = FOP I ARdu)

(f) — fFON dpx)du(y),

>

SP(r) Jpxn

that is, the 5®-Poincaré inequality.
For any pair x, y € M, consider

+1
2

z=z(x,y):=p (x +y)eM,,

where pT'H € F, since p > 2. Observe that

p—1 +p+1 _p+1

AT T T E T,

»y—x)
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and, hence,
Iz —xll, =1lly —xll,.

Consequently, if x, y belong to B then also z € B because x can be regarded as a
center of B.
If (x, y) € N then we have by (3.8)

_ p+1 _ptl
S(Z)—S<—2 (x—i—y))-—2 # 1.

Therefore, no pair (-, z) can lie in N, and we conclude that

if (x,y) € (Bx BYNN then (x,2), (v,2) € (B x B) \ N. 3.11)

Next, we have, for all x, y and z = pTH(x + ),

(fX) = FON* <2(f(x) — F@*+2(f) — )2,

and
[ (w00 dutd)
(BxB)NN
<2 f wemyow) (5 ) (F00) = F@)? dp)dp(y) G.12)
Mpop
+ Z/M N Ligxpnny(x, ) (fO) — fF(@)? dux)du(y).
Furthermore, by (3.11) and Lemma 3.3 with a = pTH and u = ax we have

/M N Liaxp)ynny(x, ¥) (f(x) = £@)* dpu(x)dp(y)

= /M (/ Laxp)\N (x,a(x +y)) (f(x) — flalx + y)))zd,u,(y)> du(x)

My

- /M (/ Lgxy\~(x, y) (f(x)—f(y))zdu(y)) dpu(x)

Mp

_ f (FGO) = FON dpdu(y).
(BxB)\N

Estimating similarly the integral in (3.12), we obtain (3.10), which finishes the
proof. O
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Setnow ®(r) = r'*t# . The jump kernel J from (3.9) satisfies (P ) by Lemma
3.1 and Proposition 3.4. By [19, Proposition 6.4], we have, for any «-regular space,

/ D) _ oy, (3.13)
By d (x, y)* P

that is, (J<) implies (T J). Clearly, J satisfies (J<) and, hence, (T'J) but J obvi-
ously does not satisfy (J>). -

Now we construct a new jump kernel J > J that satisfies (7'J) and (P1) but
not (J<) or (J>).

For any integer n > 1, define the set £, C M), to consist of all sequences of
the form

X = 1...1 0...0...
~—— S N —
k>0 k=—1,...—n k<—n
thatis, xy = 1 fork = —1, ..., —n, x; = 0 for all k < —n and xi is arbitrary for all

k > 0. Similarly define a set F;, C M, to consist of all the sequences

x= .. 2.2 0..0..
~—— S N —
k>0 k=—1,...—n k<—n

Clearly, E, and F,, are balls of radii 1, so that w(E,) = w(F,) = 1, and all the
balls E,, F,,n > 1, are pairwise disjoint. It follows that also all the sets

(Ep x Fy), (Fy X Ey), n>1,

are pairwise disjoint in M), x M,,. Define

E = U(E” X Fn)U(Fn X El’l)’

n=1

so that the set E is symmetric and (i x p) (E) = oo.

It follows from the definition (3.8) of the set N that, for any n > 1, the sets
E, x F, and F,, x E, are disjoint with N. Indeed, if x € E, and y € F, then
S(x+y) =3%# 1inlF, sothat (x,y) ¢ N. Consequently, the sets N and E are
disjoint.

Let J(x, y) be the jump kernel from Proposition 3.4 with ®(r) = r1+8 | that
is,

J (xv y) = —IN" (X, Y) .
d(x,y)'*P
Fix ¢ > 0 and define further the kernels
d(x,y)*

Jox, ) =~ 1£(x,y) and J(x,y) := J(x,y) + Jo(x, y).

(x, y)I+P
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Proposition 3.5. For any ¢ € (0, 1), the jump kernel T satisfies (T J) and (P1) but
neither (J>) nor (J<).

Proof. As we have already mentioned, 7 satisfies (P1I) since J > J and J satisfies
(PI). 5 5

Since both J and Jy vanish on N, we have J = 0 on N so that J does not
satisfy (J>). To disprove (J<) observe that d(x, y) = p” forall (x, y) € E, X Fy,
which implies for such pairs (x, y)

T(x, y)d (x, )P > Jo(x, yd(x, )P =d (x, y)* = p*",

that can be arbitrarily large.

It remains to prove that J satisfies (7"J). Since J satisfies (T J), it suffices to
prove that Jy satisfies (7'J). By symmetry, it suffices to prove that, for any x € E,
andr > 0,

/ Jo(x, y)du(y) < Cr". (3.14)
B(x,r)¢

Consider two cases.
(i) Letr > 1. By the definition of E, we see that if x € E,, and (x,y) € E
then y € F),. Hence, we have, for x € E,,

du(y)
Jo(x, y)du(y) :/ 1g (X, y) — 5=
/B(x,r)c P B Y d, y)rhe

B(x,r)¢NF, d(x, y) +p—e B¢ B

(ii) Letr < 1. By (i), (3.5) and (3.13), we obtain

du (y)
Jo(x,y)du(y)+/ —
/];?(x,l)c B, \B(,r) d (x, )T

l+Crf<a+0)r?,

IA

/ Jo(x, y)du(y)
B(x,r)¢

IA

which finishes the proof. 0

4. Construction of non-local Dirichlet forms

The purpose of this section is to prove Theorem 2.2.

For any open set Q C M, we regard L? (S2) as a subset of L? (M) by extending
any function f € L% () by constant zero outside €2. Fix a kernel J(x, E) on
M x B(M) satisfying (j.1) and (j.2), and consider the bilinear form (£, Fax) on
L?>(M, 1) given by (2.2). Let F be defined by (2.4). Recall that D denotes the
space of all locally constant functions on M with compact supports. Denote by
D (R2) the subspace of D that consists of functions with supports in 2.
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Lemma 4.1. Under the above hypotheses, the following are true:

(I) For any compact ball B, the indicator function 1p belongs to Fyax. Moreover,
D C Fmax;

(II) For any open set Q C M, D(R2) is dense in Cy(S2) with respect to sup-norm
and in L*(Q) with respect to L?-norm. In particular, D is dense in Co(M)
and in L*(M).

Proof. (I). Denote ¢ = 1p for a ball of radius r and prove first that if B is compact
and if r < R then £(¢, ¢) < 0. Since ¢ (x) — ¢(y) = 0 provided x, y are both in
B orin B¢, we obtain by (2.2) and (j.1)

E@,p) = / / () — p()2dj(x, y)
MJIM
=2 /B /B C<¢<x)—¢(y>>2dj<x,y> (4.1)

=2j(B, B°) = 2/ J(x, B(x,r))du(x) < oo,
B

where we also use the property that B = B(x, r).

Let f be any function from D (in particular, f can be 1p for a compact ball
B). Since f is locally constant, for any x € M, there exists ry € (0, R) such
that f = const in B(x,ry). Since the family {B(x, ry)}ycp is an open cover-
ing of supp f, there exists a finite subcovering {B(x;, rx,.)}lN: |- By the properties
of ultrametric balls, we may further assume that all the balls B(x;, ry,) are mutu-
ally disjoint. It follows that f is a finite linear combination of functions 1p(x; r,.)
(cf. (2.3)), which implies € (f, f) < oo;

(II) Fix an open set 2 C M, a function f € Co(2) and set K = supp f.
Since f is uniformly continuous, for any ¢ > 0 there exists r > 0 such that any ball
B (x,r) withx € K liesin V C €2, where V is a precompact open set such that
K C V C V C ,and the oscillation of f in B (x, r) is bounded by &. Choose
a finite covering {B(x;, r)}lN: , of K. As above, we can assume that all the balls
B(x;, r) are mutually disjoint. Clearly, the function

N

fei=) faD 1B

i=1
belongs to D(2) and
sup | fe — fl <,
which proves that D(2) is dense in Co(£2) in sup-norm. Since also

N

Ife — 17, < &> u(B(xi,r) < eu(V),

i=1

D(Q) is dense in Co(2) also in L2-norm, whence all the claims follow. O
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Proof of Theorem 2.2. (I). Under conditions (j.1) and (j.2), it follows easily from
(2.2) that (£, Fmax) is a bilinear, symmetric, non-negative and Markovian form.
Moreover, by the arguments in [14, Example 1.2.4, p. 14], (£, Fmax) is also closed.
It remains to show that the domain Fax is dense in LZ(M ). Indeed, by Lemma
4.1, D is a subset of Fax and D is dense in L2(M), whence also Fayx is dense in
L*(M), and (€, Fmayx) is a Dirichlet form.

(IT). By Lemma 4.1(I), F is dense in L>(M) so that (£, F) is a Dirichlet
form. To prove the regularity of (£, F), we need to verify that 7 N Co(M) is dense
in Co(M) in sup-norm and in F in & -norm. Since F N Co(M) contains D, the
regularity of (£, F) also follows from Lemma 4.1(II). ]

Corollary 4.2. Assume that (T J) is satisfied. Then (€, F) defined in (2.2) and
(2.4) is a regular Dirichlet form. Besides, for any compact ball B of radius r €
(0, R), the indicator ¢ := 1 of B belongs to D C F and satisfies:

E@.P) < C&f)- (4.2)
r

Proof. Clearly, (T J) implies (j.1), and the first claim follows from Theorem 2.2.
By (4.1) and (T J), we obtain

£@.9) =2 [ I B du = 2,
B r

which proves the second claim. U
In the subsequent sections we will need also the following statement.

Proposition 4.3. Under the hypotheses of Theorem 2.2, for any open set A C M
and for any Borel function v € F, that is non-negative on A, we have

/v(y)J(x,dy) fesssupv/ J(x,dy), “4.3)
A A A

Jor p-a.a.x € M.

Proof. By [14, Lemma 4.5.4(i), p. 184] and [14, Theorem 4.2.1(ii), p. 161], the
measure j charges no part of M x M \ diag whose projection on the factor M has
capacity 0.
It follows that if
u=0qge.inA

then
/ u(y)J (x,dy)dp(x) =0
M x A\diag
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and, hence,

/u(y)J(x,dy)ZO
A

for u-a.a. x € M.
Hence, the function v in (4.3) can be replaced by its quasi-continuous version
. Set

a = essSup v = esssupy v.
A

By [14,Lemma 2.1 .4, p. 70] we have
U<a ge. inA,

which implies

/v(y)J(x,dy)=/’5(y>J<x,dy> sa/ J(x.dy). 0
A A A

5. Nash inequality

From this section, we start preparation for the proof of Theorem 2.8. From now on,
we always assume (M, d) is an ultrametric space that is proper and separable, and
w is a Radon measure on M with full support. Let (£, F) be the Dirichlet form
defined by Theorem 2.2. Other hypotheses will be stated explicitly.

Definition 5.1. We say the Nash inequality (Nash) holds for the Dirichlet form
(€, F) if there exist positive constants v and C such that

IS < (8N +RPIFIZ) 112 (Nash)

forall f e FNL.

The following lemma was proved in [28, Theorem 2.1] for a local Dirichlet
form on a Riemannian manifold. We extend this result to non-local Dirichlet forms
on ultrametric spaces.

Lemma 5.2. We have (V) + (PI) = (Nash) where v = B/a.

Proof. The proof is divided into three steps. For any f € L' (M) and s > 0, define
a function f; on M by

1
s = — d .
B0 =BG s Jpyy T O

Step I. Let us prove that, for any f € L! and for all s € (0, R),

Ifs125 < s~ f113,, (5.1)
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where the constant C depends only on the constants in hypotheses. Indeed, for all
ze M,s >0and x € B(z,s), we have B(x, s) = B(z, s) and, hence,
1

Vil < [171],0 = / T B(xs)lf(z)ldu(z)du(x)

B(z s)(x)
/If(Z)Id,u(Z)/ Bz 5) dp(x)
=flgr-

On the other hand, we have by (V> ),

1 follze < Cs~ sup / @I < Cs~ | fll-
xeM J B(x,s)

It follows that
||fs||2 < | fsllizell fsllpr < Cf“llfllu,

which proves (5.1).
Step II. Let us prove that, forall f € FN L' ands € (0, «R),

If = fsl22 < CSPECS, 1), (52)

where « is the constant from (P 1), and C depends only on the constants in hypothe-
ses. Indeed, since all distinct balls of radii s in M are disjoint and M is separable,
there exists a (at most) countable family {B; := B(x;, s)} of disjoint balls of radii s
such that M = Ly; B;. Note that, for any x € B;, we have B(x, s) = B; and, hence,

£ =y§ fdu =7§ Fdu=fs,
B(x,s) B;

Hence, we obtain by (P7) that

I =5l = 30 [ 17 = il = 3 [ 17 = i Pl

L0 / (F0) = FOAjx, ).

“1B)x(k~1By)

Each ball « ' B ;j is a disjoint union of at most N balls B; where N depends on the
constants in (V). It follows that, for each index i, there is at most N indices j so
that B; C k!B ;. Hence, we obtain

I =l = NS Y [ (00 = 00 )

— CNsP / (f () — FONj(x, ),
MxM

which proves (5.2).
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Step III. Now we can prove (Nash). Indeed, by (5.1) and (5.2), we have, for any
feFNL'ands € (0,«R),

I£172 <20 f = fill32 + 201 fll32 < CSPECE £+ Cs™ I £113,.
On the other hand, if s € [k R, 00) (in the case R < 00) then

1£17, < s/ (RDPIFI3.

Combining the above two inequalities and assuming that C > 1, we obtain that, for
any s > 0,

I£17, < Cs? (E(f, N+R’ ||f||iz) +CsTfI3,
Choosing s so that the two terms on the right hand side are equal, that is,

wth _ [ |
ELNH+RPIFIZ,

N

we obtain

—_ 2z p o
14132 <265~ 1£13, =2C (LN +RPIAE) T 11,57

which yields (Nash) with v = 8/a. O

Lemma 5.3. Assume that (V<) and (Nash) hold withv = 8 /a.Ihen there exists
o € (0,1) such that, for any ball B C M of radius R € (0, o R), for any mea-
surable set E C B, and for any function f € F such that f = 0 a.e. in E€, we
have

If12, < Cu(E)E(f. f). (5.3)
Proof. Indeed, by the Cauchy-Schwarz inequality,
LFIZ) < (EYI£I3,
whence by (Nash)

IS < (E N +RPIFIZ) 1120 (B)

whence —
I£13, < CEf, H(E) +CR " (E) | f13.
Choosing o so small that

. __ R\? 1
CR Py <cRPuBf <c (?) =Clol <2,

we obtain (5.3). ]
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The inequality (5.3) is called the Faber-Krahn inequality. It follows from Lem-
mas 5.2 and 5.3 that the hypotheses (V') and (P I) imply the Faber-Krahn inequality
(5.3) with v = B/ and for some o € (0, 1). This parameter o will be used in the
rest of this paper alongside with o and 8. Without loss of generality, we can assume
that o is small enough, in particular, o < x where « is the parameter from (P1).

For a non-empty open set @ C M, let F(£2) be the closure of F N Cy(2)
in F with respect to the norm & (u, u) = E(u, u) + ||u||iz. It is well known
(see [14]) that if (£, F) is regular, then (£, F(£2)) is a regular Dirichlet form on
L*($2). Denote the corresponding generator, heat semigroup and heat kernel (if it
exists) respectively by £, {P,Q} and th (x,y).

Denote by A1(£2) the bottom of the spectrum of the operator L%in L¥(Q). It
is known that

EL L)

m 7
feFE@\O} | fI7,

A(S2) =

It follows from (5.3) that if €2 is contained in a ball B of radius R < o R then

Q) = cpn ()7, (54)
Definition 5.4. We say that the condition (DUE) is satisfied if the heat kernel
p:(x, y) exists and satisfies the following diagonal upper estimate

C
pi(x,y) < TR (DUE)

for any ¢ € (0, Eﬂ) and for p-almost all x, y € M.

A very useful consequence of the Nash inequality is stated in the next result:

Lemma 5.5. If (£, F) satisfies (Nash) with v = /B then, for all t € (0, Eﬂ),

NPl 20 < 5.5)

to/(2B)°
Consequently, (DUE) is satisfied.

For the proof see [4, Theorem 2.1] and [20, Lemma 3.7].
The converse is also true: (DUE) implies the ultracontractive estimate (5.5),
while the latter implies (Nash) (see [10]).

6. Lemma of growth

The main result of this section is Lemma of growth (Lemma 6.4) and its conse-
quences. A similar lemma in general metric spaces was proved [19] but in the
present setting we have significant simplifications due to the ultrametric properties.
In particular, we do not need to use a generalized capacity condition as in [19].



ULTRAMETRIC SPACES 425

Consider the space
F' = F + {const}

and extend £ from F to F’ as follows: forall u,v € F and a, b € R, set
Ew+a,v+b):=Eu,v).

Definition 6.1. Let Q be an open subset of M. We say that a function u € F’ is
subharmonic (respectively superharmonic) in 2 if

E(u, p) <0 (respectively E(u, @) > 0) (6.1)

forany 0 < ¢ € F(Q2). A function u € F’ is called harmonic in € if it is both
subharmonic and superharmonic in £2.

Let v be a Borel function on M. Define its fail Tp (v) outside a ball B by

Tp(v) := esssup /BC lv(W)|J (x, dy). (6.2)

xeB

Lemma 6.2. Let B be a compact ball of radius R € (0, R). Set
(15 = 13.

Then, for any v € F' N L, that is non-negative and subharmonic in B, we have
£(wp.v9) =275(0) [ v (63)
B

Proof. By Lemma 4.1, ¢ € F (B). Hence, both v¢ and v¢? belong to F (B)
(cf. [19, Proposition 6.5 (i)-(ii)]). By a direct computation, we obtain the identity

Ewe, vp) = E(v, v9?) + / VOV (P(x) —p(M)*dj  (6.4)

MxM

(see also [19, (3.19)]). Here in the expressions of the form foV F(x,y)dj we
always follow the convention that the variable x belongs to U and y belongs to V.
Since v¢2 € F(B), we conclude by the definition of subharmonic functions, that

EW, vg?) < 0.

Splitting the domain of the integration in (6.4) and using symmetrization and ¢ =
1z, we obtain

€(v¢,v¢>s(/ +/ +/ +/ )v(x)v(y)(¢(x)—¢(y))2dj
BxB ‘xB Bx B¢ ¢x B¢

=2 / v(X)v(y) (@ (x) — $())>dj  (by symmetrization)
BxB¢

IA

Z/Bv(x)du(JC) - eSSSUP,cp /B [v(»)IJ (x,dy), (6.5)

which is equivalent to (6.3). O
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Remark 6.3. In a setting of jump Dirichlet forms in general metric measure spaces,
a similar lemma was proved in [19, Lemma 3.10]. However, the proof in [19] is
much more involved because in general the indicator function 1p is not in F and,
hence, one must use a cutoff function ¢ of B in a larger ball. In order to do so,
one has to assume an additional complicated hypothesis: the generalized capacity
condition, that we do not need in the ultrametric setting.

Lemma 6.4 (Lemma of growth). Assume that (V), (T'J) and (P1) are satisfied.
If a function u € F' N L™ is superharmonic and non-negative in a ball B of radius
R € (0, 0 R), and if, for some a > 0,

WBN{u<a)) _ (1 . I'eﬂTB(u_))‘“/’8 66

wB) a

then
a
essBinfu > — (6.7)
Here gy € (0, 1) is a constant that depends only on the constants in the hypotheses.

Recall that the tail function T (v) was defined by (6.2). Observe also that if u > 0
on M then T (u—_) = 0 and the condition (6.6) simplifies. The statement of Lemma
6.4 means the following: if the set {# < a} occupies in the ball B a small enough
portion (where the smallness is determined by the right hand side of (6.6)) then the
set {u < a/2} N B has measure zero (see Figure 6.1).

Figure 6.1. Level sets {u < a} and {u < a/2}.

The notion of Lemma of growth was introduced by Landis [26,27] in the context of
elliptic second order PDEs in R”, where it was used in order to obtain the Holder
continuity and the Harnack inequality for solutions. An earlier version of this type
of argument goes back to De Giorgi [11]. The proof of the Lemma of growth for
the non-divergence form second order elliptic and parabolic PDEs was a key part
of the work of Krylov and Safonov [25].
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Here we use the Lemma of growth for non-local operators that appeared in
this form in [19]. However, in the presence of an ultrametric, the statement and the
proof noticeably simplify.

The most essential part of the proof of Lemma 6.4 is contained in the following
lemma.

Lemma 6.5. Assume that (V), (T J) and (P1) are satisfied. Let a function u_€
F' N L be superharmonic and non-negative in a ball B of radius R € (0,0 R).
Fix some 0 < a < b and set

_ u(BN{u<a) _ (BN <b

= and mp =
¢ /(B) (B)
Then
b\ s
ma < CA (b_a) my (6.8)
where 5
RPTy(u_
A=1+ %, (6.9)

and the constant C > 0 depends only on the constants in (V), (T J) and (P1I).

Proof. Denote
My :=u(BN{u<a)) and my = w(BN{u < b))
and consider the functions
¢:=1p and v:= (b —u)4.
Since v > b — a on the set {u < a}, we obtain

~ 2 1 / 2
a= du < du. 6.10
m /Bn{u<a}¢ = b a2 B(¢v) I (6.10)

Consider the set E = B N {u < b} (see Figure 6.2). Since ¢ = 0 outside B and
v = 0 outside {u < b}, we see that pv = 0 in E€.

Since ¢ € F (B) and, hence, pv € F (B), we conclude by the Faber-Krahn in-
equality (see Lemmas 5.2, 5.3) that

fB (pv)2dp = /E (Pv)2dp < E(@v, pv)u (E)’ = E(pv, vy, (6.11)

Combining this inequality with (6.10), we obtain

~_E@u.gv) -,

a= Wﬂlb. (6.12)
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Figure 6.2. Set E = B N {u < b}.

Let us now estimate £(¢v, ¢pv) from above. Since u is superharmonic in B, the
function b — u is subharmonic in B. Then the function v = (b — u)4 is also
subharmonic in B (cf. [19, Lemma 3.2(ii)]). By Lemma 6.2, we have

E(p, vo) < 2T3(v)/ vdu. (6.13)
B

Using v < bl,p), the definitions of E, v, myp, A, and the hypothesis (T'J), we
obtain

Eg, ve) < 2Tg()bu(E) < 2(Tp(b) + Tp(u-)) by
<2(CbR™P + Tp(u_)) binip < CAL*R Py (6.14)

Combining (6.12) and (6.14) yields

b\ gt
g < CA R~ Pm)*h.
o= ca ;2 ) v
Finally, dividing this inequality by ©(B) >~ R%, we obtain (6.8), which finishes the
proof. O

As we see from the proof, Lemma 6.5 does not use (P1) directly, only its
consequence — the Faber-Krahn inequality in (6.11), whereas the hypothesis (7' J)
is used explicitly in (6.14). The ultrametric property was most essentially used via
Lemma 6.2 in (6.13).

Proof of Lemma 6 4. Letu € F'NL* be superharmonic and non-negative in a ball
B of radius R < o R and let a > 0. Consider the following sequence

1
ai = 5(1 + Zik)a, k = O, 1, 2, ceey
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so that ayp = a and a; \{ %a as k — o0o. Set also

_ w(BN{u < ar})
my = —
w(B)

Applying the inequality (6.8) of Lemma 6.5 with @ = a; and b = a;_1, we obtain,
forany k > 1,

RPTg(u_ )
mk§C<1+ B(u ))( ag—1 ) mlt,?/a_
a1 ag—1 — ay

Since ay_1 > %a and

a—1 1+ 2~ k=1 -
a1 — ai T k=1 -k —

2k+1

it follows that
mp < CA-45 - mi |, (6.15)
where

A=1+

RPTg(u_
a

Iterating (6.15), we obtain
mp < (CA)!Fa++d"7" | gltql=D+-+q! .mgk

k

q q
< ((CA)ql_l - 4q-D* .m0> , (6.16)

where in the second line we have used that

¢ —(k+Dgtk _ g o
(g —1)? T @-D2

and C > 1. It follows from (6.16) and g > 1 that if

k+qk—1D+-+q"7 "=

4 1
(CA)TT - 4@D* .my < 3 (6.17)
then

lim mg = 0. (6.18)

k— 00

Clearly, (6.17) is equivalent to

29

1

mo <2 @7 . (CA)TTT, (6.19)
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Since q%l = %, we see that (6.19) is equivalent to the hypothesis (6.6) with

2q 1

g0 =2 @1’ CcTT (6.20)

Assuming that &g is defined by (6.20), we see that (6.17) is satisfied and, hence, we
have (6.18). It follows that

u(BN{u <

which implies essinfp u > %, that is, (6.7). O

The following lemma is an easy consequence of Lemma 6.4.

Lemma 6.6. Assume that (V), (T J) and (P1) are satisfied. Then, for any ball B
of radius R € (0, 0 R), and for any non-negative function u € F' N L™ that is
superharmonic in B, the following is true:

1 71
essinfp u > £ (?g —du) ,
2 B U

where & is the same as in Lemma 6 4.

Proof. We will apply Lemma 6.4 with a suitable value of a. Indeed, for any a > 0,
we have

1 1 1 1
WEN W <a) =uB Nl > D =a [ Ldu=an®)
u a B U B U
Since u is non-negative, we have that RPTg(u_)=0. Setting

1 _1
a =g (?{ —du) ,
B U

we obtain that the condition (6.6) of Lemma 6.4 is fulfilled. Hence, by Lemma 6 4,

we conclude that
a & 1 -1
essinfgu > — = -0 (% —du) ,
2 2 B U

which was to be proved. O



ULTRAMETRIC SPACES 431

7. Some auxiliary inequalities

In this section we prove some preparatory lemmas to be used in Sections 8 and 10.
We frequently use the notation

Uy =u-+A
where u is a function on M and A > 0 is a constant.

Lemma 7.1. Let a functionu € F' N LC’o be non-negative in a ball B C M . Set
¢ := 1p. Then, for any A > 0, we have € F(B) and

2 2
£ (u, ¢—) n %/ n 2 4y
u BxB | Ur(x) 7.1)
535(¢,¢>+2f G.ON= iy,
Bxpe Un(x)

where in the last integral x € B and y € B€. If in addition u is superharmonic in

B then
/;XB

Proof. By [19, Lemma 3.7], for any ¢ € F N Cyp (B), we have f—i e FNL*®and

97\ 1 w»[
g("’ﬁ)+§/m(¢(x“¢()>‘ A(x)‘cux,y)
¢>(x)

17.(x)

Substituting ¢ = 1 € F N Cp (B) into this inequality, we obtain (7.1). Observe
that © = & ¢ F (B) (¢f. [14)).

dj < 6€ ($. ) +4/ WON- 4 (72

Bxpe Un(x)

u; (y) [*
u) (x)

In

<3&(¢p,9) — 2/ u(y) dj (x,y).
Bx B¢

If u is superharmonic in B then & (u ) > 0 because j € F (B) is non-
negative. Hence, (7.2) follows from (7.1). L]

Lemma 7.2. Assume that (V), (T J) and (P1) are satisfied. Let a function u €
F' N L be non-negative and superharmonic in a ball B of radius R € (0, R). Fix
three positive numbers a, b, ). and consider in B the function:

V= (lni> Ab.
u,)

f . wa(x) —v())2dpx)du(y) < C (1 +

Then

(7.3)

RPTp((u;)-)
— )
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where Kk is the constant from (P1) and C depends only on the constants in the
hypotheses.

Proof. Let us extend v to B¢ by setting v = 0 and show that v € F (B). Indeed,
the function F () = In It\% is a bounded Lipschitz function on R. Therefore,
F (u) € F N L* and, hence, 13F (1) € F (B). Consequently, by the Markov
property, v = (15 F (u))+ A b is also in F (B).

Applying the identity (3.3), the hypothesis (P 1), and the obvious inequality

uy (y)
;. (x)

In

lv(x) —v(y)| <

that holds for all x, y € B, we obtain

75 f W) —v(y)dp(x)du(y)
kB JkB

_ 2 Y
= W(kB) /KB(” Ve i
< CR ) — )i ) o
~ u(kB) JpxB
CRP M| .
1 dj(x,v).
=06 Jon M unco| YEY

Applying the inequality (7.2) of Lemma 7.1, estimating & (¢, ¢) by Corollary 4.2,
and using u) (x) > A in B, we obtain
w.(») |

dj(x,
/I;XB u; (x) 70 3)

w(B) (ur(y)— .
=C ke +4foBc uno) )
w(B)  u(B)
B RB
<D (1 + TTM(W)) .

In

(7.5)

esssupey [ (0T (x,dy)

Combining (7.4) and (7.5), we obtain (7.3). L

Note that Lemma 7.2 is the only place in the entire proof where we use directly
the Poincaré inequality (P/) (except for Lemma 5.2, where we derive the Nash
inequality from (P1)). Through Lemma 7.2, (PI) is used in the derivation of the
weak Harnack inequality in the next section.
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8. A weak Harnack inequality

Lemma 8.1. Assume that (V), (T J) and (P1) are satisfied. Then, for any ball B
of radius R € (0, o R), for any function u € F' N L that is superharmonic and
non-negative in B, and for any a > 0, such that

BNz a) 1 &)
pu(k B) 2
and
RPTg(u_) < ¢a, (8.2)
we have
essinf,gu > ea (8.3)

(see Figure 8.1). Here ¢ € (0, 1) is a constant that depends only on the constants
in the hypotheses.

Figure 8.1. Level sets {# > a} and {u > ea}.

If u > 0 on M then the condition (8.2) is trivially satisfied. A (strong) Harnack
inequality for non-negative harmonic functions (should it be true) would say that

essinfu > eesssupu.
kB B

In particular, for any a < esssup, p u, we would have (8.3). Thus, the hypoth-
esis (8.1) could have been relaxed in this case to  (« BN {u > a}) > 0. Hence,
Lemma 8.1 can be regarded as a weak version of the Harnack inequality.

However, in the literature the term “weak Harnack inequality” is frequently
used for a stronger statement containing a lower bound of essinf,p u via some
LP-norm of u (see [15, Theorem 8.18], [13, Section 1.3]). Our “weak Harnack
inequality” is really “very weak”.
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Proof of Lemma 8.1. Let A, b be two positive parameters to be determined later.

Consider in B the function
A
V= <lna+ ) A Db,
ujp +

where u) = u + A. Note that 0 < v < b and

a—+ A
v=20 <1 &S u>a
U
A
v=>b at Zeb & u;\f(a—k)\)e*b::q.

Ui
We will apply Lemma 6.4 to u, instead of u. For that, set
_ ukBN{u>a)  p&BN{v=0)

(8.4)
wu(kB) w(k B)
and
_ u&BN{uy <qh)  pBN{v=>0})
m = = (8.5)
u(kB) u(k B)
By Lemma 6 4, if
B —a/B
I (1 L R TKqB«mn) | 86)
then
essinf, g u; > %. (8.7)

Since u > 0 in B, we have
A= RPTp(u-) = R Tep (w3)-).

Hence, in order to have (8.6), it suffices to ensure that

A —a/p
m < & (1 + —) . (8.8)
q

Using (8.4), (8.5), and Lemma 7.2, we obtain

1
Pmw = —— / / bR (0dp(y)
(& B)? ) pnv=0y Ji Bn{v=b)
1

nxB)? fKBﬂ{v=0}/KBm{v:b}(v(x) v(y)du(x)d(y)

f f W) — v du () du(y)
kB JkB

g
sc(1+w>sc(1+?).

IA
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It follows that
C A 2C A
m < P 1 —|— < b2 1 -l-

where we have used that @ > 1/2, which is true by (8.1). Hence, the condition
(8.8) will be satisfied provided

2C A\ Y/
w(145)=a (1 ])

2c A A\
b* > (1 + ) (1 + —) . (8.9)
€0 q

Fix ¢ > 0 to be determined later, and specify the parameters A, b as follows:

that is equivalent to

1+e¢
de

A:=¢a, b:=In

Then we have
qg=(a+ )\)efb = 4ea,

and the inequality (8.9) is equivalent to

1 2 .2 A A NP
m—"2) > =) (-2 . (8.10)
4e &0 ea dea
Since A < ea by (8.2), the inequality (8.10) will follow from
1+e\>  4C (5\%F
In > — |-
4e ) 4

that can be achieved by choosing € small enough. With this choice of € we conclude
that (8.7) holds, which implies

. q
essinfypu > 5 — A =2ga —¢ea =c¢a,

thus finishing the proof. O

9. Oscillation properties for harmonic functions

Here we use the weak Harnack inequality of Lemma 8.1 in order to obtain Holder
estimates for harmonic functions in Lemmas 9.3 and 9.4. In the case of local Dirich-
let forms (and for solutions of second order elliptic PDEs) this is quite simple as
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was demonstrated in [27, Theorem 7.2]. The non-local case is much more involved
because of the tail condition (8.2). We use an enhanced version of the argument that
originated from [12] and that was also used in [19]. Earlier versions of this argu-
ment were used in [30] and [24]. The fact that a stronger version of a weak Harnack
inequality implies the Holder continuity in the framework of non-local operators in
R" was first observed in [13].

Given a ball B C M and a function u € 7' N L*>® (M), set

m, =essinfu, m* =esssupu 9.1)
B B

and define the following notation:

oscu = m* —m,
B

and
Thu) :=Tg ((u —my)— + (m* —u)_)

= ess sup/ ((u —my)— + (m* —u)_) J(x,dy).
xeB ¢

It is easy to see that T (u) is monotone decreasing with respect to B.

Lemma 9.1 (Oscillation inequality). Assume that (V), (T J) and (PI) are satis-

fied. Let u € F' N L™ be harmonic in a ball B of radius R € (0, o0 R). Then we

have either
oscu < (1 —e&)oscu, 9.2)
kB B

or
ognt§8_1R5T§UD, (9.3)

where ¢ € (0, 1) is a constant depending only on the constants from the hypotheses.

Proof. Let us use the notation (9.1). By adding to u a constant, we can assume
without loss of generality that m, + m* = 0, that is,

a:=m" = —m,.

Clearly, one of the sets k B N {u > 0} and « B N {u < 0} takes at least % of the
measure of « B. Without loss of generality, we can assume that this is the first one
(otherwise change u to —u), which is equivalent to

wkBN{u+a=>a}) -

1
B > 5 (9.4)

Since the function u + a belongs to F' N L* and is non-negative and harmonic in
B, we conclude by Lemma 8.1 that if

RPT((u+a)-) < ea, 9.5)
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then
essinf (u 4+ a) > ea.
kB

In this case we obtain

3 &
oscu =esssupu —essinfu <a — (ea —a) = (1 - —) 2a = (1 — —) oscu.
kB «B kB 2 2/ B

On the other hand, if (9.5) fails then
RﬂTI;‘(u) =RPTp(u+a)_+(@—u)_)> RPTy((u+a)_) > ca= %ogc u.
Renaming ¢ /2 to ¢, we obtain that one of the inequalities (9.2), (9.3) is satisfied. [

Lemma 9.2. Let {Bj }];:0 be a sequence of k + 1 balls such that Bj | C B; for all
j=0,1,...,k — 1. For any function u € F' N L, the following inequality holds:

k—1
T () < T (1)(oscp; u — oscp, u) + T, (u) + Tay (1) [ull ooy - (9.6)
j=0

Proof. Denote

mj= essinfu, M;= esssupu, Q;=oscu=M;—m;j.
Bj B; Bj

Set
v=(u—mp)- + My —u)_ = (mp —u)p + (u— M)y

so that Tg‘k (u) = Tp, (v). Let us first prove that, forany j =0, ...,k — 1,
Tp,., () < (Qj — QO T, (1) + T, (v) 9.7)
(Figure 9.1). Since B;.'Jr] is the union of B \ Bj4 and B¢, we have

TBJ.H (v) <ess sup/ v(y)J (x,dy) + ess sup/ v(y)J(x,dy). (9.8)
Bj\Bj+1 B

c
XGB_]'Jr] xij j

Let us verify that
v < Q;— Q p-ae.inBj. (9.9)

Indeed, in the set {m; < u < M} we have v = 0 and (9.9) is trivial. In the set
{u < mi} N Bj we have

v=mp —u<mp—mj; < (mk—mj')-l—(Mj —Mk) =Q;— Ok
The same argument works in the set {u > M;} N B; as in this case

v=u— My <Mj— M <Q;— O
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Figure 9.1.

Using (9.9) and (4.3) we obtain, for p-a.a. x € Bjy,
/ v(y)J(x,dy) <(Q; — Q) / J(x,dy)<(Qj— QW) Tp;,,(1). (9.10)
Bj\Bj+1 Bj.,

Substituting this into (9.8), we obtain (9.7).
Iterating (9.7), we obtain

k—1

Th () =T, (v) <> _(Qj — Q&) Tp,, (1) + Ts, (v) .
j=0
Observing that
v < [uf + max{|m|, | Mi|} < [ul + llullpo(py) »
and, hence,
T, (v) < Tpy (u) + Tpy(1) |lull oo (py) »
we obtain (9.6). O

In the rest of this section we use the notation B, := B(xo, r) assuming that xg
is a fixed point on M.

Lemma 9.3 (Iterated oscillation inequality). Assume that (V), (TJ) and (PI)
are satisfied. For any function u € F' N L that is harmonic in a ball Bg of
radius R € (0, o R), the following inequality holds for any non-negative integer k:

osc u < Coqg "*A, 9.11)

Bq_kR

where g > 1,Cop > 1 and 0 < y < 1 are constants depending on the hypotheses
and
A= RPTg, (u) + |lull Lo (Bp)- (9.12)
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Proof. In this proof all constants are important and will be denoted by designated
letters. The letter £ denotes the constant from Lemma 9.1, C is reserved for the
constant from (7' J), and Cy is the constant from (9.11).
Fix a large number ¢ > 1 to be specified below and set, for any non-negative
integer k,
R = q_kR and Qp = oscu.

B,

The inequality (9.11) is equivalent to
Ok < Cog~7*A, (9.13)

that will be proved by induction in k, where y > 0 is a small number and Cj is a
large number, to be chosen below.
For k =0 and k = 1 we have

Q1 = Qo =oscu = 2|ulloe(py <24 =2q" (g7 A),
R

so that (9.13) holds provided Cp > 2¢7. Let us make the inductive step from < k
to k + 1, assuming k > 1.
Taking ¢ so big that g ~! < k', we obtain by Lemma 9.1, that

cither Qg1 < (1— )0k or Ok < ™ R Tj, ().
Assuming first that Qr4+1 < (1 — ¢) Ok, we obtain by the inductive hypothesis
Qiy1 < (1 —£)Cog 7*A = (1 —£)g" Cog 7 *VA < Coqg 7P A,

provided
(1—-e)q” <1. 9.14)

After we specify below a large enough ¢, we can always choose ¥y > 0 so small
that (9.14) is satisfied. Thus, we complete the inductive step in this case.
Consider now the second case, that is, let

Or < e 'R{TS (u). 9.15)
By Lemma 9.2, we have
k—1
Tp, 0 <D (Qj = k) Trg,,, (D + T 1) + T (1) el Loy
j=0

Clearly,

Tpe () + T (D) llull Lo gy < T ) + CR™P ull o gy = CAR™P,
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and, by (T J), we have
Tpy, (D) < CR;” = CqP R

It follows that

k—1
T, ) <CY (Qj - 0k) "V TVR™P + CARP,
=0

J

whence
k—1

R{Th, ) = CY (05— 0k)q?U ™D + cag™
j=0

k-1
=C (Z Q,q"V Y — 0r + Aqﬁk> :
j=0

where we have used that Z];;(l) gPU=k+D > 1. By the inductive hypothesis we
have ‘ '
Q;<Coqg "7A, j=0,1,... k. (9.16)

Substituting into the previous estimate and assuming y < 8, we obtain

k—1
R/ET;;RI( wu) <C <C0q_/3(k—l) Zq(ﬁ—y)JA — Ok + Aq_ﬁk>
j=0

(B—v)k
< c(cogPn I
< (oq T

CoqPq=7kA
=C< 09" q

A— O+ Aq—ﬁ">

_ —pBk
P 1 Ok + Aq )
Combining with (9.15), we obtain

Ok <

whence

C [CoqPq=7k
Or < ( 09"q ﬁk> A
( '1 )

In order to complete the inductive step, it suffices to verify that

Ok < Cog~*H7 A
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because Q+1 < Q. Clearly, this will follow from (9.17) provided

C q” 1 v
— <. 9.18
c+s<1—q<ﬂy>+co>q . o1

Assuming that y < 8/2, (9.18) will follow from

2y Y
q q €
—st— <14+ 9.19
1—q—ﬂ/2+co— + 9.19)
Clearly, by choosing first g large enough, then y > 0 small enough, and then Cy
large enough, we achieve both (9.14) and (9.19), thus finishing the proof. O

Lemma 9.4 (Oscillation lemma). Assume that (V), (T J) and (PI) are satisfied.
Let u € F' N L* be harmonic in a ball Bk = B(xg, R) with R < o R. Then, for
any p € (0, R],

o\
oscp, u = € (%) (RPTap(ul) + luloay) (9.20)

where y > 0 is the constant from Lemma 9.3 and C depends only on the constants
from the hypotheses.

Proof. We use the notation from Lemma 9.3. Since p € (0, R], there exists an
integer k£ > 0 such that

q

—k+) o Pk
R = q

Hence, by Lemma 9.3,
12
oscp, u < oscp,, u < Cog ™" A= Coq”(q~**D) A < Cog” (%) A,

which is exactly (9.20) with C = Coq” . O

10. Conditions (E) and (S)

Recall that, for any open set @ C M, (£, F (R2)) is a regular Dirichlet form in
L% (), £ is its generator, and P = e~"£%s the corresponding heat semigroup
acting in L? (Q) (see Section 7). By the functional calculus, for any f € L*(RQ),
the function ¢ +— PtSZ f is a continuous mapping from [0, co) to L%(£2). Hence, it
can be integrated in 7 on any bounded time interval [0, T'] as an L2-valued function.

Assuming further that f > 0, we can let T — oo and define the Green operator
G% by

00 T
G9f=/ PR fdr:= lim / PR f dr
0 T—o0 0

where the limit is understood a.e.. Note that the function G f takes values in
[0, +-00]. By the monotonicity of G2 f in f, we can extend the operator G* to all
non-negative measurable functions f, in particular, to f = 1.
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Definition 10.1. We say that the condition (E<) holds if there exist o € (0, 1) and
C > 0 such that, for any ball B of radius r € (0, o R),

ess suppg GB1 < crP. (E<)
We say that the condition (E>) holds 1 if, for any ball B of radius r € (0, R),
essinfg GB1 > 7P, (E>)

We say that the condition (E) holds if both (E<) and (E>) are satisfied.

In what follows, the parameter o in the above definition will coincide with the
parameter o in the Faber-Krahn inequality (c¢f. Lemma 5.3).

Lemma 10.2. We have
(V<) + (Nash) = (E<)

where v and o are the same as in Lemma 5.3.

Proof. Let B be a ball of radius r € (0, o R) . Letus first prove that, for all # > %rﬁ,
L -

Pl pee = po/2”

Indeed, if r < R then, by the inequality (5.5) of Lemma 5.5,

C/
B
1P N2 poe = WPrllp2 e = 275y = 53
The same inequality holds also for ¢ > ﬁﬂ as || PtB H 12
int.

Next, we have by (5.4) and (V<)

_, oo 18 monotone decreasing

M(B) > cp (B P/ > er P,

Hence, by the spectral theory of self-adjoint operators, we obtain, for all # > 0,

_ —er—B
||P[B||L2_>L2 Se )\.](B)t Se cr l"

1 Onan arbitrary metric space, the condition (E>) should look as follows:
essinfGB1 > C_lrﬂ,
eB

where & > 0 is small enough, to ensure that the points where we estimate G5 1 from below are
far enough from B¢. However, in ultrametric space, the distance from any point of B to B€ is at
least r, so we can take ¢ = 1.
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It follows that, for all ¢ > r#,

B B B B
1P oo = P 3l Lt 2P 31l L2 121 Py 3l 2 oo

B 2 B
= ||P1‘/3||L2*>Loc||P[/3||L2~>L2
C

—cer—P
et
re

Consequently, we have, for all ¢ > rP,

For any nonnegative f € L'(B), we obtain

C _ - C -8 =B
B —cr Pt _ —cr~ Pt —cr~ Pt
P; 1BHL005—rae 11l __r“e uw(B) <Ce .

b

(GP1p. f) = /0 (PP1p, f)di < /0

. ~

5/ IIfIIlet+/ Ce M fll rdi
0 rb

<C'rP|I fll

(s, f)di + / (B

where C' = 1 + Cfloo e~“ds. Since 0 < f e L'(B) is arbitrary, we obtain
(E). O

Lemma 10.3 ([19, Lemma 5.1]). If G*1 € L>(Q) then, for any f € L*(Q), the
function G f belongs to F () and satisfies the identity

EGf.9) = (fr9) Yo € F(Q).
If in addition f > 0 then G f is superharmonic in .

Lemma 10.4. We have

M +TJ)+ (Pl = (E>).
Proof. By Lemmas 5.2 and 10.2, we have (E<). Let B be aball of radius r € (0, R).
We need to prove that

essBinfGBl > crP. (10.1)

Assume first that € (0,0 R). By (E<) we have G®1 € L. Hence, by Lemma
10.3, the function u := G81 is superharmonic in B. Since # > 0 in M, we obtain

by Lemma 6.6 that
1 71
essinfu > ¢ (% —du) . (10.2)
B B U
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Recall that the function ¢ := 15 belongs to F(B) (¢f. Lemma 4.1). For any A > 0,
set uy = u + A. Since i—i € F(B) (cf. [19, Propostion 6.5(iii)]), we obtain by

Lemma 10.3
2 2 2
L (IB,¢_> :g(GBl,z) g( ¢_).
B U up 175% uy

Since u; > 0 on M, we obtain by Lemma 7.1 and (4.2)

2
& (u, f—) <3E(p, ) < CM(B)
2

Combining the two previous lines, dividing by u (B) and letting A — 0, we obtain

1
f —dp < Cr?
B U

which together with (10.2) proves (10.1).
Now let r € [0R, R) (in the case R < o0). For any ball B’ C B of radius
r’ o R, we have by the first part of the proof that
GB1>GP1 zc(r/)ﬁ >crP ae.inB'.

Since B can be covered by a countable family of balls of radii r’, we obtain (10.1),
which was to be proved. U

Definition 10.5. We say that a survival condition (S) is satisfied if there exist con-
stants €, 6 > O such that, for any ball B C M of radius r € (0, R), the following
inequality holds:

essBinf PtBl > g, S
provided t'/# < sr.
Lemma 10.6. We have (E) = (S).

Proof. Let us first prove that, for any ball B with ||GB 1 H [0 < 00 and for any
t >0,
GBl(x) —1t

IG5 1]

t o)
GBlz(/ +f )PSBlds
0 t

t o0
:/ PSBlds—l-f PEPBldr
0 0

t+PE(GP1) <0+ HG%HW PE1,

PB1(x) > for p-a.a. x € B. (10.3)

Indeed, we have

IA

whence (10.3) follows.
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Let now B be a ball of radius r € (O, E). If r < oR then by (E) we have
GB1 ~ rP ae. in B. Substituting into (10.3), we obtain P,Bl > ¢ a.e. in B for

all + < (8r)# with small enough £,8 > 0. If r € [0 R, R) then we obtain (S) by
covering of B by smaller balls as in the proof of Lemma 10.4. O

A version of Lemma 10.6 for general metric spaces was proved in [19, Lemma
5.6], but the present proof is simpler.

11. An oscillation inequality for Lu = f

We apply the oscillation inequalities for harmonic functions in Section 9 to prove
the Holder continuity of the solutions to the equation Lu = f for f € L2.

Definition 11.1. For a non-empty open set @ C M and f € L?(S2), we say that a
function u € F solves weakly the equation

Lu=f inQ,

if, for any ¢ € F(2),
Ew,9) = (f.9).

We continue using the notation B, = B (xg, r) where xo € M is fixed.

Lemma 11.2. Assume that (V), (T J) and (P1) are satisfied. Let Q be any open
subset of M. Let f € L?> N L>®(2) and assume that a function u € F N L* solves
the equation Lu = f weakly in Q. Then, for any ball B, = B(xg, r) C 2 of radius
r e, GE) and for any 0 < p <r, we have

O\Y
oscu = € (2) Iulleman + Cr 1 fli~,). (LD

0
where positive constants o,y , C depend only on the constants in the hypotheses.

Proof. By (E<) and r < o R we have ”GBI ”Loo < oo. By Lemma 10.3, the
function w = G? f belongs to F(B) and solves the equation Lw = f weakly in
B. Clearly, the function v := u — GB f belongs F N L* and is harmonic in B
(cf. [19, Proposition 5.8]). Hence, by Lemma 9 4,

O\
oscv = € (2)" (P75, + Illea,) - (11.2)
0

Using (7' J) and (4.3), we obtain

rﬁTB,(v)zrﬁesssup/ ol J(x,dy) < CllvllLoo(m)- (11.3)
B¢

X€EBy b
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Clearly, we have

lollzon < lallson + [ G5 F) =l + | 6% £]

L®(M) L%(B,)

Combining the above three lines, we obtain

Jo
ger=c(@) (i s s, ) o

B,

By (E<), we have

oo 7] .. <]6™1] . 1flmiy = 1l

L5 (By)

Combining this with (11.4), we obtain

oscu < 0SCU + 0sc GB’f
B, B, B,

P\Y B, B
=C(7)" (atiman + |67 ] 26 ]
=c (7 (IIMIIL M) + f o) T f Lo(8,)
PN\Y B
<C - lull Looary + CrP Nl fll Loo(s,) »

which proves (11.1). O

12. Heat kernel

12.1. Existence and the Holder continuity of the heat kernel

Let the hypotheses (V), (T J) and (P1I) be satisfied. By the results of Section 5,
the heat kernel p; (x, y) exists and satisfies the diagonal upper bound (DUE). The
same argument applies to any open set 2 C M so that the heat kernel p,Q (x,y)
exists and satisfies the same upper bound.

For any f € L' N L2 (Q), the function u; = Pth satisfies for any ¢t > 0
the equation Lu; = —d;u in Q understood weakly as above. Lemma 5.5 and the
duality argument yield an upper bound of |lu[| .~ via || fll.1 ), which implies
by the standard argument of the spectral theory also an upper bound for ||0;u||
(see [19, Lemma 5.10]). Combining with Lemma 11.2, one obtains an oscillation
inequality for u;, which implies the same for the heat kernel. In particular, one
obtains the Holder continuity of the heat kernel. This argument has been carried
out in details in [19, Lemmas 5.10, 5.11, 5.12, 5.13] and results in the following
statement.
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Lemma 12.1. Assume that (V), (T J) and (PI) are satisfied.

For any non-empty open set Q C M, there exists the heat kernel th (x, y) that
is jointly continuous in (x, y,t) € Q x Q x (0, co) and locally Holder continuous
in (x,y). Besides, it satisfies the following upper bound for all x,y € 2 and

l:t (;C’ )) <_ OCB‘ (]2‘1)
1 /

In the case Q2 = M, the heat kernel p;(x, y) satisfies the following estimate, for all
x,y,y €EMandt € (O,Eﬂ)

C (dy,y)\°
|pi(x,y) — pi(x, Y| < /P <%) , (12.2)

where § = LL y is the constant from Lemma 11.2, and C depends only on the

Bty
constants in the hypotheses.

12.2. Near-diagonal lower estimate
Lemma 12.2. We have (V) + (T'J) + (P1) = (nLE).

Proof. By Lemma 12.1, there is a continuous heat kernel p;(x, y). Fix t < (SR)P
and set r = 8~ '¢!/# where § is the constant from (S). Using the semigroup identity
and (), we obtain, for any x € M,

par (x,x) = fM ) du () = /B pe (e ) du ()

| 2 (PEL())
- , d >
= 4B (/Bp’(x Y ””) = LB

2
£ ~ T~ B
u(B)

v

It follows that
P (x,x) > ct /P, (12.3)

forall x € M and for all ¢ < S’Eﬁ,for some c, 8’ > 0.
By (12.2), we have, for all t < Fﬂ andx,y e M,

oy (A Y’
B /B
|pr (x, %) — pr (x, y)| < Ct™ < /B ) :

In particular, if d (x, y) < 5t1/P with small enough §, then

Cc _
P (x, %) = py (6, )] = 31 /B,



448 ALEXANDER BENDIKOV, ALEXANDER GRIGOR’YAN, ERYAN HUAND JIAXIN HU

whence
pe(x,y) > c't7F (12.4)

where ¢/ = ¢/2. Hence, we have proved this inequality provided ¢ < SR’ and
d(x,y) <8tV/B,

In order to complete the proof of (nL E), we need to extend (12.4) to all t < Eﬁ
that is, to achieve 8’ = 1. We have, for any 7 < (S’ﬁﬂ,

_ 2 o _
par (x,x) > / p,2 (x,y)du (y) = ('t “/’3) c (51‘1/’3) =" Q)"
B(x.601/8)

Hence, renaming 2t to ¢, we see that (12.3) holds for all ¢+ < 28’ R Setting §” =
min (1, 28") and repeating the above argument with (12.2), we obtain that (12.4)

holds forall 7 < 8"R” . Iterating this argument, we obtain (12.4) for all 1 < R’ O

A similar argument was carried out in [19, Section 5.6] in the setting of general
metric spaces.

12.3. Weak upper estimate

In this section we prove the implication
W)+ (T])+ (PI) = (WUE) (12.5)

of Theorem 2.8. Let us fix an arbitrary p € (0, 0o) and define the following trun-
cated bilinear form:

EV)(f, g) = / / () = FONEE) — g0 (x, y),
M x M\diag

where
dj'®(x, y) := Vage.yy<pydj (x, ¥).

As always, we assume that dj (x,y) = J (x,dy)du(x) where J satisfies (j.1)
and (j.2). Using the same argument as in [23, Propositions 4.1 and 4.2], we con-
clude that the form (£, F) is closable and its closure (£®), F()) is a regular
Dirichlet form on LZ(M). Moreover, F N Co(M) is the core of the Dirichlet form
(g(p), ]:(p))'

By [23, Proposition 4.6], we have the following estimate: for any nonnegative
f € L°°(M) and for all t > 0,

1Pt f = Qi fllpeo =2t fllLoe sup J(x, B(x, p)). (12.6)



ULTRAMETRIC SPACES 449

Lemma 12.3. For any ball B = B (x, p) of radius p and any t > 0, we have
O/p=1p (12.7)

and

QOi1pe = 15e.
Proof. Consider the killed heat semigroup Q5. It is generated by the Dirichlet form
(P, F®) (B)). In particular, for f € F N Cq (B) we have

EW) (f, f) = /

M x

. (f @) — fFON*djP (x, y)

_ fB )= £ 00 Ty (5,3,

where we can replace M x M by B x B because of the following observation:
if both x,y € B¢ then f (x) = f (y) = 0 while if one of x, y is in B and the
other is in B¢ then d (x, y) > p and, hence, 1{4(x,y)<p) = 0. Hence, the Dirichlet
form (£, F) (B)) has no killing part. Since B is compact, we conclude that
(EWP, FP) (B)) is conservative, that is, for all > 0,

0715 =15.
It follows that
0:1p > 1p (12.8)
whence
(Qi1p, 1) > (1p,1) = n(B). (12.9)
Since also

(Q1p, 1) =g, O/1) =Ap, 1) =u(B),

we see that, in fact, equality is attained in (12.9) and, hence, in (12.8), which proves
12.7).

Since M is a disjoint union of all distinct balls of radius p, it follows from
(12.7) that Q;1 = 1. Finally, we have

Olpe =01 - 0/dp=1-1p =1pe. O
Corollary 12.4. If (TJ) is satisfied then, for any ball B of radius r € (0, R) and
foranyt > 0,
t
P1ge < C— in B. (12.10)
rh

Proof. Choose p = r. Setting f = 1pc in (12.6), using that by Lemma 12.3
Q/1pc =01in B, and applying (T'J), we obtain

t
Plge <2t sup J(x, B(x,r)°) < C— inB,
xeM rﬂ

which was to be proved. O
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Remark 12.5. In fact, we have (12.10)<(7T'J), since (T J) follows from (12.10)
by dividing by ¢ and letting ¢+ — 0.

Now we can prove the implication (12.5).
Lemma 12.6. (V) + (TJ) + (PI) = (wWUE).

Proof. Under the conditions (V), (TJ) and (PI), by Lemma 12.1, the heat kernel
p: (x, y) exists, is continuous and satisfies the estimate

C
P y) = = (12.11)

forallx,y € M and ¢t € (0, Fﬂ). It suffices to prove that the heat kernel satisfies

also
t

(d(x,y) AR)
which together with (12.11) will imply (wU E).

By Corollary 12.4, we have (12.10). Since Pi1p(y )¢ is monotone decreasing
in r, it follows from (12.10) that, for all» > O and ¢ > 0,

C
Dt (-x7 )’) = t“/ﬂ B’ (1212)

Py < inB(x,r). (12.13)

(r AR)

Now fix r € (0, ﬁﬁ), X,y € M and setr := %d(x, y). It suffices to prove (12.12)

in the case r > ¢!/, By semigroup property of p;(x, y), (12.11) and (12.13), we
have

pi(x,y) = /M Pi2(x, 2 pry2(z, ¥)du(z)

: (/ +/ )Pt/2(x’ 2)pe)2(z, y)du(z)
B(x,r)¢  JB(y,r)°

< sup pi2(z,¥) - Prpplp,ye (X) + sup prja(x, 2) - Prplpeyne (0)
y,zeM X,2eM

DL
TP e AR

which finishes the proof. O

13. Derivation of (PI) from heat kernel estimates

Definition 13.1. We say that the localized lower estimate (LLE) is satisfied if there
exist c > 0 and ¢ € (0, 1) such that, for any ball B of radius r € (0, R), the heat
kernel pZ(x, y) exists and satisfies for any #!/# < er the following inequality:

ptB(x, y) > ct™P for y-a.a. x, y € B such that d (x, y) < er'/P.  (LLE)
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Lemma 13.2. We have (WUE) + (nLE) = (LLE).

Proof. Since (wU E) implies (DUE) and, hence, (Nash), applying (Nash) in any
open set 2 C M, we obtain by Lemma 5.5 that p? exists for any Q.

Let ¢ € (0,1) be a small enough number to be determined later. By [22,
Theorem 5.1] with p = oo, we have, for any ¢+ > 0 and for u-a.a. x,y € B,

pi(x,y) < pB(x,y)+ sup esssupps(x,z)+ sup esssup py(y,z), (13.1)

t/2<s<t zeK¢ t/2<s<t zeK¢

where K is any compact subset of B. Since B is compact, we can take here K = B.
Note that, for any /B < ¢r and for all x € B,z € B¢, we have

d(x,z)AﬁZr/\EzrzS_ltl/ﬁ.

By (wUE), we have, for any s € [t/2,t] and u-a.a. x € B,z € B¢ that

—\ -8
. 2) < C 1+a’(x,z)/\R
PstX-2) = 2578 S1/B

B A
=\ T

< ClePre/P,

Estimating in the same way p; (v, z) in (13.1), we obtain, for any /B < er and
n-a.a. x,y € B that

pE(x,y) = pi(x,y) — CePr=/P, (132)

Let & be the constant from (nL E). Assuming that ¢ < § and applying (nLE), we
obtain that, for all #!/# < &r and for u-a.a. x,y € Bsuchthatd (x, y) < stV/B,

pr(x,y) = ct™P,
Substituting into (13.2), we obtain
pB(x,y) = ct7™F — CePt=/P = (c — CePyr=/P.
Finally, choosing ¢ small enough, we obtain (LLE). O
Proposition 13.3. Let B be a ball such that

esssup J (x, BS) < oo. (13.3)

xeB

Set

E,v) = [fp, paiag @) = u(MN) W) = v())dj (x, )
F=F(B).
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Then, for all u € F,
E1(u,u) =& (u,v) + (u,v) 2 =& (u,u). (134)

Consequently, (€, F) is a regular Dirichlet form in L>(B).

Proof. Clearly, if J satisfies (j.1) and (j.2), then any kernel of the form

o (x,y)J (x,dy)

with a bounded non-negative symmetric Borel function ¢ also satisfies (j.1) and
(j.2). In particular, this is the case for ¢ (x, y) = 1p«p. Consequently, £ is well-
defined on Frax (cf. (2.2)).

It is easy to see that the form (€, F) is bilinear, symmetric, non-negative and
Markovian. By definition, F is dense in L% (B). Hence, the fact that (£, F) is
closed and regular will follow from (13.4).

For all u,v € F, we compute £ (u, v) — E(u, v) by splitting the domain of
integration M x M into the union of B x B, B x B¢, B x B, B¢ x B¢ and using
symmetry of the jump measure, as follows:

E,v) —Eu,v)

Bx B¢ ‘xXB “x B¢
2

/ / u(x)v(x)J(x,dy)du(x) (13.5)
xeB JyeB¢

= 2/ u(x)v(x)J(x, B)du(x)
B

=Clull2lvllz2,

where C = 2esssup,.p J (x, B¢) < oc. It follows that, for any u € F,

E,u) <& @wu) <& ,u)+Cllul?, (13.6)
and, hence, _ _

Er(u,u) <&@, u) <(C+1DE(u,u),
whence (13.4) follows. O

Lemma 13.4. (Comparison principle) Let (£, F) be a Dirichlet form, A > 0 and
u € F. Suppose that

Eu,v) :=EW,v) + (u,v);2 >0 forall0 <velF.

Then u > 0.



ULTRAMETRIC SPACES 453

Proof. Indeed, take v = G, f withO < f € L?. Then we have 0 < v € F and
then

(u, f)=E.(u, Grf) =Ev(u, v) > 0.

Since f is arbitrary, we can conclude that u > 0. O

Proposition 13.5. Let B C M be a ball. Let (€, F) be the regular Dirichlet form
from Proposition 13.3 and let {P;};>0 be its heat semigroup. Then, for all non-
negative functions f € L*(B) and for all t > 0, we have

P.f>PEf inB.

Proof. We denote the resolvents of (£, F(B)) and &, F) by Gf and G;,, respec-
tively. Fix 0 < f € L2(B) and & > 0. Since F = F (B), both functions u = fo
and # = G, f belong to F. For any v € F, we have

Enu,v) = (f.0) 2y = Eai, v),
which together with (13.5) yields

E@—u,v) = E @, v) — E(u,v)
=&, v) — E;L(u, V)
= Ew,v) — E®u, )

= 2/ u(x)v(x)J(x, B)du(x) > 0.
B
Hence, by Lemma 13.4, we conclude that w — u > 0 in B, that is,
G,.f >GBf inB.

Since this is true for all A > 0, applying the formula [14, (1.3.5)], we obtain

o (12)"
F = 1l —tA N )\'E n
f = Jim S0

A—00

o ()"
> lim e™* )" T(kGf)"f = PPy O
n=0 ’

Lemma 13.6. We have (V) + (WUE) + (nLE) = (PI).

Proof. Let B = B (xo,r) C M be a ball of radius r € (0, R). Consider the
heat semigroup {P t} in B defined as above. Let us show that it has a heat kernel

D; (x,y). Indeed, by (wU E), we have, for all t < Eﬁ and p-a.a. x,y € M,

pi(x,y) < Ct7%/B,
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By [4, Theorem 2.1], we have the Nash inequality
IS < € (8 D+RPIFIZ) 1712
forall f € FNL' where v = 8/a. By (13.6), we obtain, for all f € FNLY,

IS = (8 p+ (1+R D) IrIZ) 1712

Applying again [4, Theorem 2.1] and [20, Corollary 3.8], we conclude that the heat
semigroup {P ,} has a heat kernel that we denote by p, (x, y). It follows from
Proposition 13.5 that, for all # > 0 and pn-a.a. x, y € B,

P, y) = pEx,y).

By Lemma 13.2, we have the lower bound (L L E) for ptB , which implies the same
lower bound for p; (x, y), that is,

Pi(x,y) = et ™, (13.7)
for all 7/ < er and p-a.a. x,y € Bsuchthatd (x, y) < et1/B. Choose here
t = (er)P.
It follows from (13.7) that, for this ¢,
P (x,y) = cr ™, (13.8)

for p-a.a. x,y € B (xo, 821‘) .
For any f € F, we have by [14, equation (1.3.17)]

EG Dz (f~Pif ) zgffmx W) — F N2 du ) du (),

which together with (13.8) implies that

= c
Shhzam W ronde e du o).
r B(x0,62r) J B(xo,&%r)
Using the definition of £, we rewrite this inequality in the form

/ / () = FONdrduly)
B(xp.£2r) J B(x0,82r) (13.9)

< Croth /B fB () — FONj(x, ),

where f is any function from F = F (B). Let now f be any function from
F N L*®(M). Applying (13.9) to the function f1p € F (B) (¢f. Lemma 4.1),
we conclude that (13.9) holds also for all f € 7N L* (M). By a standard approxi-
mation argument, it follows that (13.9) holds also for all f € F, which proves (PI)
with k = &2, O
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14. Completion of proof of the main results

Proof of Theorem 2.8. Assume that (V), (T'J) and (P1I) are satisfied. By Lemma
12.1, (£, F) has a Holder continuous heat kernel p;(x, y). The heat kernel satisfies
the upper bound (wU E) by Lemma 12.6, and the lower bound (nL E) by Lemma
12.2.

Conversely, if (V), (wWUE) and (nLE) are satisfied, then we obtain (P/) by
Lemma 13.6, which completes the proof. O

Proof of Corollary 2.13. By Lemmas 5.2,10.2, 10.4, 10.6, we obtain condition (5).
By [18, Lemma 4.6], conditions (V) and (§) imply that (£, F) is conservative.

(a) Note that (wU E) implies (DUE). By Theorem 2.8, it suffices to prove the
following implications:

(V=) + (DUE)+ (J<) +(S) = (UE), (14.1)

and
(UE) = (J<),

which follow from [23, Theorem 2.1] and the first implication of [18, Lemma 4.9],
respectively. Although the implication (14.1) was derived under the assumption
that R = oo, its proof also works for R < oo (see also [18, Section 4.4, proof of
Theorem 2.9 ]).

(b) By Theorem 2.8, it suffices to prove the following implications:

(mLE)+ (V=) +(J>)+(S) = (LE),

and
(LE) = (J>),

which follow from [18, Theorem 2.8] and the first implication of [18, Lemma 4.9],
respectively. O

15. Optimality of heat kernel bounds under (7 J) and (PI)

In this section we give examples to show that, under the conditions (V), (PI) and
(T J), the heat kernel estimates (wU E) and (nL E) are sharp in certain sense.

Fix a positive integer n, a sequence of positive reals {o;}!_; and a positive real
B.Let (M;, d;, ni), 1 <i < n, be n ultrametric spaces satisfying the conditions

w(Bi(x,r)) ~r%, forallx e M;, r > 0.

For example, M; can be taken to be Q, with the distance d; (x, y) = ||x — y||},/ai

and the Haar measure ;.
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For each 1 <i < n, consider on M; the jump kernel

1
di (x’ y)(xl+,3 ’
Since this jump kernel satisfies (7' J) (c¢f. (3.13)), it determines by Corollary 4.2 a

regular Dirichlet form (&;, ;) with the jump kernel J;. By Theorem 2.8, the heat
kernel p (x, y) of (&, F;) satisfies (UE) and (LE):

. 1 d(x,y) —(@i+p)
@) ~
pt (X,y)—tal_/ﬂ <1+ tl/'B .

Now let us consider the product space M := M| x M, X ... x M, equipped with
the metric d and the product measure p as follows:

Ji(x,y) =

d(x,y) = 1IEl_a<Xn{di(xi, i)}, M= X 2 X e X g,

where x = (x1,x2,--+,xy) and y = (y1, y2, -, yn). Clearly, (M, d) is an ultra-
metric space and p satisfies

w(x,ry>~r%, forallx e M, r >0,

where
a=a;+ar+ -+ oy (15.1)

Consider the jump measure J (x, dy) on M that is defined on non-negative contin-
uous functions f on M by

/M f(y)J(x,dy)ZZ/M F&r, o Xxict, Yis Xig1s oo X0) i (i, yi) dg (i)
i=1 Y M

(15.2)
Let us verify that the jump measure J satisfies (7' J). Indeed, since each J; satisfies
(T J), we obtain using (15.2) and

B(x,r) = Bi(x1,r) X By(xp,7) X -+ X By(x,,71), (15.3)

that

5B = [ A 099 Gy
M
n
= Z/ 1B0erye (X1, oy Xie 1y Yis Xig s oy Xn) Ji (Xiy i) d i (Vi)
i=1YMi

n
= Z/ 13, i) Ji (xi, yi) dii (i)
i=1YMi

= Ji (xi, yi)dui (i) < = =—.
;/Bi(xlur)" L l Z rp rp

i=1
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Hence, by Theorem 2.2, the jump measure J determines a regular Dirichlet form
(€, F) with the jump measure J. Clearly, we have

& , = s Xiels Xiy Xid1s c , Xn
f: ) ;/M/Mi(f(xl Xic 1) Xiy Xig 1o o Xn)

2
—f X1, Xim 1y Vi Xig1s o5 X)) i (e v d g (v d e (x),

for any f € L*> (M, i). The generator of (£, F) is given by
£r e = [ (70— ) Gxdy)

n
= Z/ (fOrns - X1, X X1 -+ 5 Xn)
M;

— X1, Xt Yis Xits o X)) i Oy yidd i (i)

where L; is the generator of (&;, F;) acting on the component x; of x. It follows
that

n

e—t[l — l_[e—t[li

i=1
and, consequently, the heat kernel p;(x, y) of (£, F) satisfies:

di (xi, vi) (@i +B)
a/ﬂ]_[(w W) . (154

By a direct computation, we see the following.

(1) p:(x, y) satisfies (wU E), since by (15.4)

C max; d; (x;, y)\ P C d(x, )\ P
pi(x,y) < W(l—}_—tl/ﬁ = Ja/p 1+ 1B

(i1) p:(x, y) satisfies (nLE). Indeed, for any x,y € M and t > O withd(x, y) <
tl/ﬂ, we have also d; (x;, y;) < t1/B and, hence,

d (xi, vi) —(a;+B)
pf(x7 )’) Ol/,B 1//3

/
¢ —(@i+p) _ _€
> ta/ﬁn(wl) = 5"
1=

By Theorem 2.8, we conclude that (£, F) satisfies also (P1).

n
Pt(xa)’):np (thl)N
i=1
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Hence, the ultrametric space M with the reference measure p and the jump
measure J satisfies (V), (PI), (T J) with parameters «, 8 and R = oo. Note that
o and B can take arbitrary positive values. Even if we fix o and 8, there are still
“hidden” parameters n, 1, ..., &, with the only constraint (15.1), and they can be
varied to obtain desired properties of M.

Let us show that (wU E) is optimal in the sense that the exponent § cannot be
replaced by any larger number. More precisely, let us show that, for any ¢ > 0,
there is a choice of “hidden” parameters such that, in some range of the variables

(t,X, y)7

oy s S (14 4@ )T
Prix, Y) = "aTB (1/B ’

while d[(f/’ﬂy ) can take arbitrarily large values. Indeed, we can assume that ¢ is small

enough and set &y = ¢, while ay, ..., o, should only satisfy (15.1). Set

E:={tx,y) eRy x MxM:di(xi,y) <t"P <dy (x1,x1), 2<i <n}
Then, for any (¢, x, y) € E, we have

d(x,y) = maXn{di(xh i)} =di(x1, y1),

1<i<

and hence, by (15.4),

¢ T di(xi, i)\~ “tP
pr(x,y) = “alp H (1 + W)
i=

c
>
— /B

1+

d(x, y))‘“’”*ﬂ’ -

77 l_[(l + 1)*(ai+ﬂ)
i=2

¢ d(x, y)\
(o)

t1/8

which was to be proved.

Now let us show that (nL E) is optimal in the following sense: for any large
number N > 0, there is a choice of “hidden” parameters such that, in some range
of the variables (z, x, y),

d(x’y)>_N (15.5)

C
Di(x,y) < 7a/B (1+W
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while d(f/lgy ) can be arbitrarily large. Indeed, set

1
F:={(x,y)eMxM: §d1 (x1,y1) <di(x;, ;) <di (x1,y1), 2<i <n}.

Then, forallz > Oand (x, y) € F,

d(x,y)

2<i<n.
2

d(x,y) =dj(x1,y1) and d; (x;, y;) >

Hence, we obtain by (15.4) that, for all # > 0 and (x, y) € F,

d; (xl’ )’z) —(oi+8) c & d(x,y) —(a;+B)
1=

C <1 d(x,y))(a+nﬁ)< c’ <1 d(x’y))(a+ﬂﬁ)

/B 21/ /B t1/B

Choosing n large enough such that o 4+ nf > N we obtain (15.5).
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