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Nonlinear elliptic equations
with measure valued absorption potentials

NICOLAS SAINTIER AND LAURENT VERON

Abstract. We study the semilinear elliptic equation —Au + g(u)o = u with
Dirichlet boundary conditions in a smooth bounded domain where o is a nonneg-
ative Radon measure, 1 a Radon measure and g is an absorbing nonlinearity. We
show that the problem is well posed if we assume that o belongs to some Morrey
class. Under this condition we give a general existence result for any bounded
measure provided g satisfies a subcritical integral assumption. We study also the

supercritical case when g(r) = |r|q_1 r,with ¢ > 1 and u satisfies an absolute
continuity condition expressed in terms of some capacities involving o.

Mathematics Subject Classification (2010): 35J61 (primary); 31B15, 28C05
(secondary).

1. Introduction

Let @ c RY be a bounded domain with a C? boundary, o a nonnegative Radon
measure in 2 and g : R — R a continuous function satisfying, for some rg > 0,

rg(r) >0 forall r € (—o0, —rg] U [rg, 00). (1.1)
In this article we consider the following problem

—Au+gu)o = in

L=0  indQ, (1.2)

where p is a Radon measure defined in €2. By a solution we mean a function
u € LY(Q) such that pg(u) € Lcl, (£2), where p(x) = dist (x, 9€2) and Lé (€2) is the
Lebesgue space of functions integrable with respect to o, satisfying

—/ uA{dx—}—/g(u){dG =/§du, (1.3)
Q Q Q
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forall ¢ € WOI’OO(Q) such that A¢ € L%(R2). In the sequel, such a solution is
called a very weak solution. A measure p such that the problem admits a solution is
called a good measure. We emphasize on the particular cases where g(r) = [r|7~! r
withg > 0,0or g(r) = e*" — 1 witha > 0and N = 2.

When o is a measure with constant positive density with respect to the
Lebesgue measure in RY, this problem has been initiated by Brezis and Beni-
lan [4,5] who gave a general existence result for any bounded measure p under
an integrability condition of g at infinity; their proof is based upon an a priori esti-
mate of approximate solutions u, in Lorentz spaces L?-°°(2), yielding the uniform
integrability of g(u;) and hence the pre-compactness in L'(Q).Ifg(r) =|r |91,
integrability condition is fufilled if and only if 0 < g < % (any g > 0if N = 2).
In the 2-dim case the integrability condition have been replaced by the exponential
order of growth of g in [27]. When g(u) = lu|9~! u with q > % not any bounded
measure is eligible for solving (1.2). In fact Baras and Pierre [3] proved that when
N > 2 and g > 1, a bounded Radon measure u is eligible if and only if it vanishes
on Borel sets with ¢, ,/-capacity zero, where ¢" = qu is the conjugate exponent of
q. Contrary to the previous subcritical case, the method for proving the necessity
of this condition is based upon a duality-convexity argument, while the sufficiency
uses the fact that any positive Radon measure absolutely continuous with respect to
the ¢, 4/-capacity can be approximated from below by a non-decreasing sequence of
positive measures in W29 (2) (see [13]). Furthermore they also gave a necessary
and sufficient condition for a compact subset K C €2 to be removable for equation

—Au+ulf'u=0 inQ\K, (14)

namely that ¢; 4/ (K) = 0.

The aim of this paper is to extend the previous constructions of Benilan-Brezis,
Baras-Pierre and Vazquez to the case where o is a general measure. In order to
be able to deal with the convergence of approximate solutions we assume that o
belongs to the Morrey class M+N (€2) for some 8 € [0, N] which means

N—-0

|Br ()|, := / do < cr? for all (x,r) € 2 x (0, 00), (1.5)
By (x)

for some ¢ > 0. Note that we extend o by 0 in R \  and slightly abuse notation
putting % =oowhen6 = N.
Our first result is the following:

Theorem A. Assume o € M™, (Q) for some & € (N — 2, N and that g satisfies
N0

(1.1). Then, for any pn € L; (R2), there exists a very weak solution u of problem

(1.3). If we assume moreover that g is nondecreasing and if u' is a very weak
solution of (1.3) with right-hand side ' € L L(Q), then the following estimates
hold

—/ ’u—u’}A{dx-i—/ ‘g(u)—g(u/)|§d0§/ |M—M"dx, (1.6)
Q Q Q
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and
—/Q(u —u')+ Atdx + /Q(g(u) —g")y¢do < /Q(u —u)dx (1)

for all ¢ € Wy ™ () such that At € L®(R2) and ¢ > 0.

Note that (1.6) implies the uniqueness of the solution of (1.3), that we denote by
u,,and (1.7) the monotonicity of the mapping 1t > u,.

The next result extends Benilan-Brezis unconditional existence result for mea-
sures.

Theorem B. Let N > 2 and 0 € ML(Q) with N > 6 > N — % Assume

N—-6
that g satisfies (1.1) and |g(r)| < g(|r|) for all |r| = ro where g is a continuous
nondecreasing function on [rg, 00) verifying

o0 )
/ gt~ TN 2dr < oo. (1.8)
I

)

Then, for any bounded Radon measure |, there exists a very weak solution u of
problem (1.3) which moreover belongs to L}, (2). Moreover, if we assume that g is
nondecreasing then the solution is unique.

Note that we recover Benilan-Brezis result when o is the Lebesgue measure (so that
6 = N). Note also that when g(r) = Ir|9= 1 r, the integrability condition (1.8) is
fullfilled if and only if 0 < ¢ < 725.

In the 2-dimensional case the condition on 6 is 2 > 6 > 0 but (1.8) has to
be modified. If f : R — R, is nondecreasing we define its exponential order of

growth at oo (see [27]) by

o
aoo(f)=inf{a202/ f(s)e™*%ds <oo}. (1.9)
0
Similarly, if & : R — R_ is nondecreasing its exponential order of growth at —oo
is
0
a_o(h) =supla <0: / h(s)e*Sds > —o0 ¢ . (1.10)
—o0

If g : R — R satisfies (1.1) but is not necessarily nondecreasing, we define the
monotone nondecreasing hull g* of g by

sup{g(s) :s <r} for all r > rg
g r)=10 for all 7 € (—rp, 7o) (1.11)
inf{g(s) : s > r} for all r < —ry.

We set
aco(g) = aoo(gi) and a_co(g) = a—o(gr). (1.12)
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Theorem C. Let o € /\/l+2 (Q)with2 >0 >0and g : R — R satisfies (1.1).
]

(D) If aso(g) = 0 = a—co(g), then for any u € Mp(), problem (1.3) admits a very
weak solution.

D If0 < ax(g) < 00 and —00 < a—_po(g) < O there exists § > 0 such that if
w € My () satisfies | ellon, < & problem (1.3) admits a very weak solution.

In the supercritical case, that is when (1.8) is not satisfied, all the measures are
not eligible for solving (1.3). Following [16], [28, Theorem 4.2 ] we can give a
sufficient existence condition involving the Green function of the Laplacian. Let
G(.,.) be the Green kernel defined in 2 x € and G[.] the corresponding potential
operator acting on bounded measures v namely G[v](x) = fQ G(x,y)dv(y). We
have the following result:

Theorem D. Let 0 € M+N () with N >6 > N — % and assume that g is
N=o
nondecreasing and vanishes at 0.

D If © € Mp(Q) satisfies

pg(Gllul) € LL (), (1.13)

then problem (1.3) admits a unique very weak solution.

1) Let u = py + s where ;- is absolutely continuous with respect to the Lebesgue
measure and g is singular. Assume that g satisfies the A, condition, namely that

g+ <a(lg®) +[s¢D)) +b  forallr.r eR, (119

for some a > 1 and b > 0. Then the previous assertion holds if (1.13) is replaced
by
pg(GllusID) € Ly (). (1.15)

Notice that (1.13) holds if either (i) o and p have disjoint support, or (ii) n €
M, (R2) for some p > % Indeed if (i) holds then G[|u|] is bounded pointwise on
the support of o, and if (ii) holds then by Lemma 2.2 G[|ux|] is bounded pointwise
in Q. Obviously the same comment holds in the setting of II.

In order to make more explicit conditions (1.13), (1.15), we introduce the
following growth assumption on g:

lg(r)| <c(Q+[r|?)  forallr € R, (1.16)

for some g > 1. Notice that g(r) = 1 4 r? satisfies (1.8) if and only if ¢ < %.
When o is the Lebesgue measure and g(r) = |r |9~ 1, Baras and Pierre [3] gave a
necessary and sufficient condition for the existence of a solution to (1.2) involving
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certain capacities associated to the Bessel potential spaces H*”(R"Y) where s € R
and p € [1, oo]. Let us recall that

HSP@RN)y ={f: f=Gyxh heLl(RV)}, (1.17)

where Gy is the Bessel kernel of order s. By extension Gg = g, hence H 0.P(RNY) =
LP(RN). When s is a positive integer, it is proved by Calderén [2, Theorem 1.2.3]
that H5?(R") is the standard Sobolev space W*?(R"). If s > 0, we denote by
cs, p the associated capacity, called the Bessel capacity. It is defined for any compact
set K C RN by

cs.p(K) = inf{[|p]15s., : ¢ € SRY), ¢ > 1 on K}. (1.18)

The definition of c;,, is then extended first to open sets and then to arbitrary sets.
We refer to [2] for general properties of Bessel spaces and their associated capacities
cs,p- We say that a measure 1 € 90, (L) is absolutely continuous with respect to
the c;, p-capacity if for any Borel subset £ C RV,

Cs,p(E) =0= [ul(E) =0.

Baras and Pierre’s result states that equation (1.2), with o standing for the Lebesgue
measure and g(r) = |r|?'r, has a solution if and only if 1 is absolutely continuous
with respect to the ¢; 4/-capacity. The next result generalizes the ”if” part to the case
where o belongs to some Morrey space.

Theorem E. Let 0 € Ml () with N >0 > N — % and assume that g

N—0
is nondecreasing and satisfies (1.1) and (1.16). Let p > 1 and s > 0 such that
N > sp > N —0 and Nef’sp > q. If u € Mp(RQ) is absolutely continuous with
respect to the ¢y _ ,y-capacity, then (1.2) admits a unique very weak solution.

As a particular case, we take p = ¢ and obtain that if x is absolutely continuous
with respect to the ¢, v q/—capacity, then (1.3) admits a unique solution. We thus

recover Baras-Pierre’s sufficient condition [3] when 6 = N.

We give an explicit condition on the measure p in terms of Morrey spaces implying
that it satisfies the conditions of Theorem E.

Proposition 1.1. Under the assumptions on o and g of TheoremE, if ue M _n ()
N—o*

(N—2)qg—06

*
for some 6% > i

, then (1.3) admits a unique very weak solution.
Notice that the condition on p given in Proposition 1.1 is weaker than the one given
after Theorem D.

When g(r) = |r|97'r with g > 1, one can find a necessary conditions for
the existence of a solution of (1.3) in the supercritical case under additional regu-
larity assumptions on o. By [2, Definition 2.3.3, Proposition 2.3.5], the following
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expression
cf]’(E) = inf{/ |v|‘1/do ‘v € LZ/(Q), v >0, Glvo] > 1on E} , (1.19)
Q

where E is any subset of 2 defines an outer capacity. The measure is called 6-
regular if
Lo

—r§/ do < cr? forall (x,r) €  x (0, 1]
4 B, (x)

The next result gives a necessary condition for a measure to be a good measure.
Theorem F. Let ¢ > 1 and o0 € M™,, (Q) be -regular with N > 6 > N — 2. If
N

uw € QJTZ(Q) is such that problem (1.3) with g(r) = 7197 r admits a very weak
solution, then p vanishes on any Borel set E such that cg (E) =0.

Furthermore the ¢7 - capacity admits the following representation in terms of Besov
N-0

capacities. If I' C € is the support of o, we denote by B o oo " () the closed
)

subspace of distributions ¢ € Bq/ o~ (2) such that the support of the distribution
A¢ is a subset of I'. Then

N—-0 N—-6

_N=b ) , 2-N=0
G~y ol K=ty e BT @8z aef (120
q’ 00

for all compact subset K C 2.

Finally a complete characterization of removable sets can be obtained under

__L
a much stronger assumption on ¢, namely that do = wdx with w = w ¢ T €
L} (). If K C Q is compact, we set

c2(K)
:inf{/ |A§|", wdx : ¢ € CP(R2),0 < ¢ <1,¢ = 1inaneighborhood of K¢ .
Q

(1.21)
This defines a capacity on Borel sets of 2.

Theorem G. Assume q > 1 and there exists a nonnegative Borel function w in Q
in the Muckenhoupt class A, (2) such that do = wdx. If K C 2 is compact, a

function u € LIIOC(SZ \ K) such that |ulqw € LIIOC(Q \ K) which satisfies

—Au+wlul? 'y =0, (1.22)
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in the sense of distributions in Q \ K can be extended as a solution of the same
equation in the whole 2 if and only if ¢4 ,(K) = 0.

1
The assumption w € A, (£2) can be weakened and replaced by w = w7 is ¢’-
admissible in the sense of [15, Chapter 1], a condition which implies in particular
the validity of the Gagliardo-Nirenberg and the Poincaré inequalities.

2. Preliminaries

In the whole paper ¢ denotes a generic positive constant whose value can change
from one ocurrence to another even within a single string of estimates. Sometimes,
in order to avoid ambiguity, we are led to introduce other notation for constants, for
example ¢’.

We denote by 9, (£2) the space of outer regular bounded Borel measures on
2 equipped with the total variation norm, and by 93?;;(9) its positive cone. Since
Q is bounded we can identify bounded Radon measures in  with measures x in Q
such that || (0€2) = 0. All the measures are extended by O in RN \Q2.

Let G(., .) be the Green kernel defined in 2 x @ and G[.] the corresponding po-
tential operator acting on bounded measures v namely G[v](x) = fQ G(x,y)dv(y).
We denote LP-°°(2) the usual weak L” space. The next result is classical and valid
in a much more general setting (see, e.g., [6,11]).

Lemma 2.1. Ler u € 9,(Q) and v = G[u] be the (very weak) solution of

—Av=p in 2

v=0  in 3Q. 2D
N N
I-IfN > 2, thenv € LV-2°°(Q), Vv € LN-T"°°(Q) and
HUHL%"’O + ||VU||L%,OO < cllullon, - (2.2)
II-If N =2,thenv e BMO(2), Vv € L2’°°(§2) and
lvllgpmo + IVUll 200 < cllellon, - (2.3)

This result can be refined when more information is available on the degree of
concentration of w. This leads to the definition of Morrey spaces of measures.

2.1. Morrey spaces of measures

If 1 < p < oo we define the Morrey space M ,(2) as the set of bounded outer
regular Borel measures p defined in 2 and extended by 0 in Q€, satisfying

1
|B(x)],, = / dipl <79 forall (x,r) € @ x Ry, (2.4)
By (x)
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for some ¢ > 0. In particular u € M%(Q),Q e [0, N1, if

/ d | <cr? forall (x,r) € Q x R;.
By (x)

We refer to [19] for a detailed study of M ,(2) and full proofs of the various results
we will recall now. Endowed with the norm

N -1
lalag, = sup PNV By, 2.5)
(x,r)eQxR4

M, (R2) is a Banach space and M;;(Q) =M,()N 93?1‘: (2) is its positive cone.
We also set M,(2) = M ()N Ll (Q);itis a closed subspace of M ,(£2) and,

loc

if 1 < p < o0, the following imbedding holds
LP(Q) — LV (Q) — M, (). (2.6)

Note that since €2 is bounded and any measure in € is extended to RY by 0, it is
easily seen thatif | < g < p < oo we have a continuous embedding ./\/lp(Q) s
M, (2) with

N_N
lvllag, = (diam(2))7 7 vl g, forall v € M, (). 2.7)

Indeed for any x € €2 the ball centered at x with radius diam(£2) contains 2 so that
it is enough to consider r < diam(£2). We have

N_N
P NOTVD B, (0, < r NV g, PV < (diam () 97 gl g, -

The following imbedding inequalities holds.
Lemma 2.2. Let n € M, (2) and v be the solution of (2.1).
-lIf1<p< %, thenv € My (2) with é = % — % and there holds
lollag, < e lullng, - 2.8)

I-ifp > %, then v is bounded pointwise and

@® v =clnlim, forall x € Q,

— N N
(i1) sup%fcllullpr witha:Z—; ifN>p>3,
xXF#y -
v(x) = v(y)| . . (2.9)
(iii) S‘;lé W < C||M||Mp with « € (0,1)  if N =p,
xX#y

(iv) sup|Vo)| < cllpllpm, if N<p.
X
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Remark. The previous regularity results are proved in [19, Proposition 3.1, 3.5]
when v = Iy * u where I, is the Riesz potential. However it is easily seen that
the proof in [19] can be adapted to our setting. In particular for (2.8) we need that
G(x,y) <clx — y|*N, for (i) we use (2.7).

Remark. If we assume that © € 9M,(2) N M, 10c(R2), the previous estimates
acquire a local aspect and remain valid provided the supremum in the norms on the
left-hand sides are taken on compact subsets of €2.

2.2. Trace embeddings

Some applications of Morrey spaces to imbedding theorems (also called trace in-
equalities) can be found in Adams-Hedberg’s book [2]. For the sake of complete-
ness, we quote here the main result therein we will use in the sequel. If 0 <o < N
we recall that [, (respectively G ) is the Riesz potential (respectively the Bessel
potential) of order & in RY . The next result is [2, Theorem 7.2.2,7.3.2 ] (recall that
the ¢, . -Riesz capacity of a ball B, (x) is proportional to rN=er _see [2, Proposi-
tion 5.1.2].)

Proposition 2.3. Let o be a nonnegative Radon measure in RN, N > ap and

Np
l<p<g< N=ap
(D)- The following assertions are equivalent:
o # fll g @yy < ct I fllp@yy  forall f e LP@RY), (2.10)
for some cy = ci(N,a, p,q) >0, and
1 I 1
o e M,(RY) with —:q(————i—g). (2.11)
r q p N

(I)- The mapping f +— Gq * f is continuous from LP (RN to LL(RN) if and only
if
1 1
o(K)4 <c2(cap(K))?  forall K CRY, (2.12)

where cq, p denotes the Bessel capacity of order a defined in (1.18). In fact this
holds if and only if

o (B (x) < 3 (capBr )P forall x eRY, 0<r<1.  (213)

(IIT)- A necessary and sufficient condition in order the mapping f +— Gq * f be
compact from LP(RN) to LL(RN) is

o (Br(x))

@  lim sup ————75 =0
820, RN, r<s (Ca,p(Br(x)))F (2.14)
G tim sup 2B o

K100 <1 (e (B (1)) P
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If RY is replaced by a smooth bounded set 2, we extend any bounded Radon mea-
sure in €2 by zero in Q€. In view of [2, 5.6.1] the ¢, ,-Riesz capacity and ¢y, p -
Bessel capacity of balls B, (x) with x € Q and r < 1 are then equivalent. It follows
that ¢y, p (B (x)) >~ rN=P Then, it follows from II and III above, the definition of
H®?(RN) and the existence of an extension operator H*?(Q) — H%?(RN) that
the following holds:

Proposition 2.4.  Under the assumptions of Proposition 2.3, the embedding
H%P(Q) — LI(Q) is:

(I)- Continuous if and only if(o(K))% < (caﬁp(K))% forall K C RV ie., if
and only if o € M} (RN) with % =gq (% - % + %),

(ID)- Compact if and only if

B,
lim sup (’((T(f)j) —0. (2.15)
P

0
r=-UxeQ r
As an immediate corollary, we have:

Proposition 2.5. Let 0 € M™, (Q),ie.,0(B,(x)) <cr’, N >apandl < p <
v

—0

q < N]X‘Z 5 Then the embedding

H*P(Q) — L1(Q), (2.16)

is continuous if and only if 0 (K) < ¢ (ca,p(K))% for all K C RN which holds iff

q < NQ_[; - And the embedding (2.16) is compact iff q < Ne_l; -

Other trace inequalities can be found in [21]. In the case N = ap the following
estimate holds, see, e.g. [1], [20, Corollary 8.6.2], [31].

Proposition 2.6. Let o be a nonnegative Radon measure in RN with compact sup-
portand N = ap, p > 1. Then there exists a constant b = b(N, «, p) > 0 such
that

sup f exp (b Gy * f|P’) do < 0o 2.17)
1/l <1 JRY

if and only if o € MF(RN) for some © € (1, 00).
When p = 1 the next result is proved in [20, Section 1.4.3]

Proposition 2.7. Let o be a nonnegative bounded Radon measure in RN, a be an
integer such that 1 < a < N and q > 1. Then the following estimate holds

Ifllg <ca Y IDfIh forall f € CE®RY), (2.18)
|Bl=ct

for some ¢c» = c2(N, p,q,a) > 0ifand only ifo € MT ,  (RN).

N—q(N—a)
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3. The subcritical case

3.1. The variational construction

We prove in this section that if © € W~12() then, under some assumptions on g
and o, equation (1.2) has a variational solution.

We assume that g € C(R) satisfies (1.1), and set G(r) := / g(s)ds. We will
0

find a solution to (1.2) minimizing the functional

J(v) = 1/ |Vv|2dx—|—/G(v)da — (1, v), 3.1
2J)q Q

over the set
Xg(Q):={v e W(}’Z(Q) :G() € L},(Q)}. 3.2)

The next proposition is a variant of a result in [8].

Proposition 3.1. Assume o € My, (Qwith N >0 > 5 — 1. Ifn € W~12(Q)

N—6
there exists u € Xg(2) which minimizes J in X (2). Furthermore u is a weak
solution of (1.2) in the sense that

/Vu.V;‘dx—l—/g(u);‘da ={(u,¢) forall ¢ e C°(RQ). 33)
Q Q

If g is nondecreasing this solution is unique and denoted by u,,, and the mapping
W > Uy IS nonnecreasing.

Proof. Step 1: Existence of a minimizer. If N > 2 we apply (2.16) with ¢ = 1 and
p = 2, recalling that by Fourier transform H L2@) = wh3(Q) (itisa special case
of Calderén’s theorem), to obtain that

20
WiA(Q) = LI (9Q). (3.4)
If N =2 with p = 2 we take any o < 1 and obtain

A1 L =c I fllwez < il fllyz- (3.5)
Ll

According to Proposition 2.5 the imbedding of W(}’2(§2) into L2 () is compact for
anype[l,%)ifN>2andl§p<ooifN=2.

Let us first assume that g is bounded. Then |G (v)| < m |v|. Since g is contin-
uous, G(v) € L},(Q) for any v € WO1 ’2(52) and the functional J is well defined and
is of class C! in WOI’Z(Q). Furthermore

Iim J() = +o0. 3.6)

lvlly1,2—>00
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Let {u,} be a minimizing sequence. By (3.6), {u,} is bounded in W(;’Z(Q) and
thus relatively compact in L. () and in L?(2). Hence there exist u € L*(R)
and v € L}, (€2) such that, up to a subsequence, u, — v in L},(Q), and u,, —> u
strongly in L?(2) and weakly in W(}’Q(Q). We can also assume that u, — u cq2-
quasi almost everywhere in the sense that there exists £ C 2 with ¢ 2(E) = 0
such that u,(x) — u(x) for any x € Q\E. According to Proposition 2.5, o is
absolutely continuous with respect to the ¢ ;-capacity. It follows that 6 (E) = 0
so that u, — u o-almost everywhere and thus # = v o-almost everywhere. Thus
we have that u, — u in L3(), in L}T (2), o-almost everywhere and weakly in
W01’2(S2). Then we have that (u, u,) — (u,u). By the dominated convergence
theorem we have also that G(u,) — G(u) in L}, (2). Therefore

J(u) < liminf J (u,), 3.7
n—oo

which implies that u is a minimizer of J in W(} ’2(9).

If g is unbounded, we write g = g1 + g2 where g1 = gX(=ro.r0)> 82 =
8 X(—oo—rg]U[ro,00)» Where rg is defined in (1.1). Hence G(r) = G(r) + G2(r)
where |G1(r)| < m|r| and G>(r) is nonnegative. Using again (2.14) we ob-
tain that (3.6) holds. A minimizing sequence {u,} inherits the same property as
above, hence u;,, — u o-almost everywhere in €2 and in L (1, (£2), this implies that
Gi(uy) = G1(u) in LCI, (2) and G;(u) is o-measurable. By Fatou’s lemma

/Gz(u)da < liminf/Gz(un)da,
n—oo

which implies that (3.7) holds. Notice that, among the consequences, X is closed
subset of WOI’Z(Q). Hence u is a minimizer of J in X (£2).

Uniqueness holds if g is nondecreasing since it implies that J is stricly convex and
actually X is a closed convex set.

Step 2: The minimizer is a weak solution. For k > ry we define g by

g(r) if [rl<k
gr(r) =13 gk) ifr >k
g(—k) if r < —k.

Then g is continuous and bounded and the minimizer uy € WO1 ’2(9) of
\)

Jir(v) = %/Q |Vv|2dx + /QGk(v) do — (u,v) where Gi(r) = /0‘ gr(s)ds,

is a weak solution (i.e., in the sense given by (3.3)) of

—Au+gr(w)o =pun in Q

u=0 on 0%2. (3-8)
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The following energy estimate holds

/QIVukIde +/Qukgk(uk)d0 = (1w, up) < llnllw-12 lugllw2 (3.9
and it implies

/Q Vuy2dx + /Q uegk o) do < [l 1o +mo(@ =M,  (3.10)

for some m = m(rg) > 0. Up to a subsequence, {uy}; converges to some u as
k — oo, weakly in WO1 ’2(9), strongly in L?(£2), and almost everywhere in Q. By
Proposition 2.4 the imbedding of W12() in LZ () is compact for any ¢ < %.
Hence the subsequence can be taken such that uy — u, o-almost everywhere as
k — 00, and consequently g (ux) — g(u) o-almost everywhere. Let E C 2 be a

Borel set, then for any A > ro,

M> [ g uux| do
E

2/ |gk(”k)”k|d(7+/ lgk (ui)ui| do
EN{lug|>A} EN{lug|<r}

> / g ()| do + / e g | do.
EN{lug|>A} EN{lug| <A}

Therefore

/ |gk (ug)| do :/ |8k(uk)|d0+/ lgk (up)| do
E EN{Jug|>r} EN{lug|<r}

M
= -+ max{lg(r)l - Ir] = Mo (E).

For € > 0 we first choose X such that % < % and then o (E) < m.

This implies the uniform integrability of {gx (ux)}x in L}I(Q). Hence gy (ur) —
g(u) in L}7 (£2) by Vitali’s convergence theorem. Since uj is a weak solution of
(3.8), there holds for any ¢ € C5°(£2),

/SZVuk-V§dx+/;zgk(uk)§d0 =(m. &) (.11

Letting k — oo we obtain, using the above convergence results,

—f Vu.Vidx —{—/g(u)g'da =(u, ). (3.12)
Q Q

Hence u is a weak solution. If g is monotone, uniqueness is also a consequence
of the weak formulation. Furthermore if u, u” belong to W—12(Q) are such that
j— ' is a nonnegative measure, then (u'—pu, (u), —uy)+) < 0. Taking (u), —u,)+
for test function in the weak formulation yields (u; —uy)y =0. O
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3.2. The L! case

In the sequel we set
X(Q)={¢ eC'(Q),t =00ndQand AL € L¥(Q)}, (3.13)

and X4 (Q) =X(Q)N{z € CL(Q) : ¢ = 0in Q}. We recall (see, e.g., [29]) that if
fe L})(Q) andu € LY(Q) isa very weak solution of

—Au=f inQ, (3.14)
there holds
—/Q lu| AZdx < /Qfsign(u)gdx forall ¢ € X4(Q), (3.15)
and
—/Szu+A§dx < /Qfsign+(u)gdx forall £ € X4 (). (3.16)

Proposition 3.2. Assume N > 2, 0 € ./\/l+N () with N >0 > N — 2 and
o=

g : R — R is a continuous nondecreasing function vanishing at 0. If u € L}) (2)

there exists a unique u :=u, € L! (S2) very weak solution of (1.2). Furthermore, if

Uy, Uy € LY() are the very weak solutions of (1.2) with right-hand sides i, W' €

L} (), then
—/ ‘uﬂ—uﬂ/ A(dx—|—/ |g(uﬂ)—g(uu/) tdo
& Q@ (3.17)
< fQ (1 — pysign(uy — )t dx,
and
- / (wy — u/x/)+A§dx + / (g(uy) — g(up_r))Jr{dO'
g « (3.18)

< [ = wsigns s~ ucds
Q
for any ¢ € X, (). In particular the mapping v — u, is nondecreasing.

The following result will be used several time in the sequel. Its proof is stan-
dard but we present it for the sake of completeness.

Lemma 3.3. Assume N > g > lando € Ml with N >0 > N —q. Then o

N—-0
vanishes on any Borel set with ¢ 4-capacity zero.
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Proof. 1t suffices to prove the result when E is compact. We define the Ay Haus-
dorff measure of a set E by

Ag(E) = lim Af(E)

(3.19)

0 o0
Kli_r)r})inf Zr?:0<rj§K§oo,ECUBrj(aj) .
j=1 j=1

Note that Ag°(E) is the Hausdorff content of E and it is smaller than (diam (E Nn?.
For any covering of E by balls B, (a;), j = 1, we have

o0

o(E) < ZU(B,_/.(aj)) =lloll x er

j=1

It follows that
o(E) < lloll_x Ag(E).

Next, if ¢1 4(E) = 0 then Ag(E) = 0 according to [2, Theorem 5.1.13], and thus
o (E) = 0 by the previous inequality. O

We introduce the flow coordinates near 02 defined by
IMx) = (p(x), T(x)) € [0, ] x 32 where T(x) = projyq(x).

It is well-known that for €y small enough, I is a C'-diffeomorphism from Q, :=

[x € Q:p(x) < e} to[0, ] x 3. With this diffeomorphism we can assimilate
the surface measure d S, on X, = {x € Q2 : p(x) = €} with the surface measure d S
on X = 952 by setting

/ v(x)dSe(x)=f v(e, T)dS(7).
Ye

o

Lemma 3.4. Assume N > 2 and 1 € IM(Q) satisfies

/pdl,u| < 0. (3.20)
Q
Then u = G[u] satisfies

lim lu|(e, T)dS(r) = 0. (3.21)

—0 0

Proof. If u = G[u], it is the unique weak solution of —Au = w in Q,u = 0 on
0Q. Hence u = u; — up where uy = G[u™] and up = G[u~]. Since py and
n— satisfy the integrability condition (3.20) both #; and u; have a zero measure
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boundary trace (M-boundary trace in the sense of [18, Section 1.3]). Hence, taking
for test function the function ¢ = 1,

lim uj(e, t)dS(t) =0, (3.22)

e—>0 =0
which implies (3.20). ]

This result allows us to obtain the uniqueness of the solution even if the right-
hand side is a measure.

Lemma 3.5. Assume N > 2,0 € Ml(Q) withN >0 > N—2andg : R— R

N—0
is a continuous nondecreasing function. If u € (L) there exists at most one very
weak solution of (1.2).

Proof. By Lemma 3.3 with @ = 1, p = 2, o is absolutely continuous with respect
to the ¢ 2 capacity (it is diffuse in the terminology of [9]), and if & € L},(Q) the
measure /40, which is the increasing limit of inf{n, A }o is also diffuse. Similarly
h_o is diffuse and so is ho. Next we assume that u and u’ are two very weak
solutions of (1.2) and set w = u — u’. Hence

—Aw + (gw) — gu))o = 0.
Since p(g(u) — g(')) € L},(Q), it follows from Lemma 3 .4 that
lim / |lw| (€, T)dS(t) = 0.
e—~>0 /)%,
We use the Kato inequality for measures as in [10, Theorem 1.1]: Since w € L'(),
Aw™ is a diffuse measure and
AWY = Y0 AW = g (&) — g))o = 0 in Q.

Since w™ has an M-boundary trace by Lemma 3.4, we can apply [18, Lemma 1.5.8]
with (& = —x,,-0, () — g(u"))o which is a measure in 9, (22) := {v € M(Q) :
ov € My(2)}. Then there exists T € E)J?;’(SZ) such that

—Awt =p—r1.

Equivalently
_Aw+ + X(sz] (g(u) - g(u/))a = —T.

Since the M-boundary trace of w™ is zero, it follows that w™ = —G[x,.,, (g(u) —
g'))o + t]. Hence wt =0 and u < u’. Similarly u’ < u. O

The following variant will be useful in the sequel.
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Lemma 3.6. Assume N > 2,0 € Ml(Q) withN >0 > N—2andg : R— R

N—0
is a continuous nondecreasing function. If u,u’ € L'(Q) are such that pg(u) and
pg (') belong to L\ (Q) and satisfy

—/ (u—u/)Agdx—l—/ (gw)—gw))tdo = /Cdv forall ¢ € X (R) (3.23)
Q Q Q

for some v € M () diffuse with respect to the c| y-capacity, then u > u’ ¢ »-
quasi everywhere in 2.

Proof. We use Kato’s inequality, Lemma 3.4 and [18, Lemma 1.5.8] in the same
way as in the proof of Lemma 3.5 since the measures (g(u) — g(u'))do and v are
diffuse, A(u’ — u) is diffuse, hence

AW = )4 = Ky AW —u) = (g) = g Xy + XyzayV = 0.
Since u' —u € Wol’q(Q) forany 1 < ¢ < %, we conclude that (' — u)y =0
almost everywhere and ¢ »-quasi everywhere by [2, Theorem 6.1.4]. O

The next result and the corollary which follows are the key-stone for the proof
of Proposition 3.2.

Lemma3.7. Leto € MY, (Q withN >0 > N —2,h € LX(Q), f € L*(Q)
N-0

with s > % and w € LY(Q) be the very weak solution of

—Aw+ho=f in Q
w=0  in Q. (3.24)
Then w is continuous in Q2 and for any nondecreasing bounded function y € C?>(R)
vanishing at 0, there holds

—/j(w)Agdx—i—/y(w)h{da S/V(w)gfdx forall € X,:(2), (3.25)
Q Q Q

where j(r) = fry(s)ds.
0

N N
N—6 2°
w € CY) for some a € (0, 1) by Lemma 2.2. Hence y(w) is continuous and
therefore measurable. We extend o by zero in Q¢ and denote o, = ¢ * n, where
{n,} is a sequence of mollifiers. Then o, — o in the narrow topology of 2. For
n € N*, let w, be the solution of

Proof. The solution is unique and expressed by w = G[f — ho]. Since

—Aw, + ho, =T,(f) in Q

w, = 0 in 99, (3.26)
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where T, (f) = min{| f|, n}sgn(f). Then w, € W25(Q) N WOI’OO(Q) forall 1 <
s < 0o. By Green’s formula

—/j(wn)ACdx +/ y(wn)hgdGS/y(wn)gfdx forall ¢ eX,(2). (3.27)
Q Q Q

Since w, — w uniformly in €2, (3.25) follows. L

Corollary 3.8. Under the assumptions of Lemma 3.7, there holds

—/ |w|A§dx+/signO(w)h§da f/signo(w)gfdx, (3.28)
Q Q Q

and

—/ w+A§dx+/sign+(w)§hda < /sign+(w)§fdx, (3.29)
Q Q Q

for any ¢ € X1 (). Moreover there exists a constant C > 0 depending only on Q2
such that

/signo(w)hda < C/ | fldx. (3.30)
Q Q

Proof. To prove (3.28) we consider a sequence {yx} of odd nondecreasing functions
such that
1 if r > 2k
w@r)y=1 0 if —k'<r<k!
-1 if r <—2k7!

and such that {ry, ()} is nondecreasing for any r. Using y% in place of y in (3.25)
we obtain

—/ jk(w)ACdx—i—fyk(w)g“hdor §/yk(w)§fdx forall ¢ € X (R2), (3.31)
Q Q Q

r

where ji(r) = / Yk (s)ds. Since yx(w) + won Q24 = {x € Q: w(x) > 0}, there

0
holds by the monotone convergence theorem,
| ncimido t [ welbido as k- .
Q4 Q4
Since

‘/ (w — y(w))Shdo
Q4

5/ |(w — vk (w))¢h|do =/ (w = y(w))¢|hldo,
Q. Q

we obtain

/ vi(w)htdo — whtdo as k — oo.
Q Q
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Similarly, yx(w) | won Q_ :={x € Q : w(x) < 0} so that
/ yk(w)htdo — / whido as k — oo.
Q_ Q_
Combining these two results yields
/yk(w)g'hda — wlhdo —/ wlhdo =/sign0(w)§hda.
Q Q4 Q_ Q
Using the dominated convergence theorem there holds

/yk(w)Agdx — /signo(w)Agdx,
Q Q

and

/Vk(w)g“fdx — /signo(w)g“fdx.
Q Q

This implies (3.28). The proof of (3.17) is similar.
Eventually we prove (3.30). Let 11 be the solution of

—An =1 in Q

n =0 in 9Q. (3.32)

Then 1 = G[1] € X () and there exists ¢, ¢’ > 0 depending only on  such
that co < 1 < c’p. Given @ € (0,1], let jo(r) = (r +€)* — €%, r > 0, and
¢ = je(n1). Note that ¢ € C*(R),0 <¢ <n% ¢ =00n3Q,j. >0,/ <0,s0
that —A¢ = jL(n1) — j/(n1)|Vn|> = 0. We deduce from (3.28) that

/ signy(w)(n + €)*hdo < / signy(w)n®| fldx —|—e°‘/ signy(w)hdo.
Q Q Q
We obtain
signy(w)p*hdo < C/ 0% fldx + €*|6 ()].
Q Q
Letting € — 0 and then « — 0 we infer the result by dominated convergence. [J
We are now in a position to prove Proposition 3.2.

Proof of Proposition 3.2. We divide the proof into several steps.

Step 1: We assume that u € L*(2). Let {n,} be a sequence of molifiers and
op =0 %, If © € L*(Q), the solution u,, = u, ; of

—Aup + g(up)op = p in

Uy =0  indQ. (3:33)



370 NICOLAS SAINTIER AND LAURENT VERON

is continuous in Q. Since

—Glp 1< —u, <0=<ui <G[ut] (3.34)

n

by the maximum principle, the sequence {u,} is uniformly bounded. Recalling that
g is nondecreasing we have that the sequence {g(u,)} is also uniformly bounded in
Q, hence g(uy)o, is bounded in M o (£2) independently of n, and from (2.9) it

follows that u,, is bounded in C*(2) for some a € (0, 1] independently of n. Up
to some subsequence, {u,}, and thus also {g(u,)}, are then uniformly convergent
in Q with limit u = u, and g(u) = g(u,). Because o * n, converges to o in the
narrow topology, u,, is a very weak solution of (1.2). Notice that being continuous,
g(u) is measurable for the measure o. By Lemma 3.5, u,, is the unique solution
of (1.2), hence the whole sequence {u,,, } converges to u,,. Applying Corollary 3.8
with w = u,6 = o and ¢ = 5 yields

f|u|dx+/ Ig(u)ldeS/ Il md, (335)
Q Q Q

and (3.29) with ¢ = 5 gives

/ ( —u')dx + / (gu) — gu"))4mdo < / msigny (u — u')(u — ') dx,
. ¢ g (3.36)
which implies the monotonicity of the mapping u +— u,,.
Step 2: We assume that ;n € L'(Q) is bounded from below. Set £ = ess inf 1.
For k > 0 set ux = min{k, u} and uy = u,, € L*(). The sequence {/x}
is nondecreasing, hence according to Step 1, the sequence {u;} is a nondecreasing
sequence of continuous functions in € bounded from below by €5, where 7; is
defined in (3.32). Its pointwise limit, denoted by u, is thus lower semicontinuous.
Moreover g(ur) — g(u) pointwise, hence g(u) is lower semicontinuous and thus
o-measurable. Relation (3.35) applied to uj and uy gives

/|Mk|dx+f |g(uk)|771d05/ |kl mdx.
Q Q Q

Passing to the limit using Fatou’s lemma in the left-hand side and the dominated
convergence theorem in the right-hand side yields

fIMIdX-F/ Ig(u)lmdaff Il mdx. (3.37)
Q Q Q

We deduce that u € L'(Q) and pg(u) € L}T (€2). We have indeed a more precise re-
sult. Since g vanishes at 0 g(uy) = g(u]:) +g(—u; ). Hence ,og(u,f) — pg(ut)in
L }, (€2) by the monotone convergence theorem. Furthermore g(—u ;) < g(—u; ) <
0, which implies that pg(—u, ) — pg(—u~) in L}, (2) by the dominated con-
vergence theorem which finally implies that pg(ux) — pg(u) in L}, (2). Using
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¢ € X4 () as a test function in the very weak formulation of the equation satisfied

by uy gives
—/ ukAg“dx+/g(uk)§da :/{,ukdx.
Q Q Q

Since uy — u almost everywhere and —In; < uy < u withu € LY(), we can

pass to the limit in the first term to obtain /ukAgdx — /uA{dx. Because
Q Q

luxl < |ul € LY(Q) and ux — w almost everywhere, we can also pass to the
limit in the last term: [ {urdx — [ ¢udx. It remains to pass to the limit in the

Q Q
nonlinearity. Because u; 1 u and g is nondecreasing, we have g(ug) 1 g(u). Thus
by the monotone convergence theorem,

—/uA;“dx—{—/g(u){do =/§/de,
Q Q Q

and u is very weak solution of (1.2).

Step 3: We assume that |1 € LY(). For ¢ € R, we set ut = sup{u, £} and denote
by u' the solution of (1.2) with right-hand side ut. Note that the sequence { wtly is
increasing, bounded from above by u* so that ut <u u+ > where u,+ is the solution
of (1.2) with right-hand side " which exists according to the previous step, and
the sequence {u‘}, is monotone nondecreasing with £ with pointwise limit # when
¢ — —oo. Henceu < ut < u,+ forany ¢ < 0. The sequence {g(u®)}¢ is monotone
nondecreasing with limit g(x) when £ — —oo, and there holds g(u) < g(u') <
g(u,+) for any £ < 0. Since g(ue) is lower semicontinuous and o-measurable,
g(u) shares the same properties.

Applying (3.37) to . = u’ and u = u® gives

/‘uz‘dx—}—/ ‘g(uz)‘mdoff ‘pfz‘mdx.
Q Q Q

Passing to the limit in the left-hand side using Fatou’s lemma we obtain

f|u|dx+/ |g<u)|mdasf I mdx.
Q Q Q

We deduce that u € L'(Q) and pg(u) € L}I(Q). We conclude as in Step 2 that u is
solution of (1.2).
Step 4: Proof of (3.17) and (3.18).

For ¢ < 0 < k we set i = sup{¢, inf{k, u}} and (u')§ = sup{¢, inf{k, u'}},
and denote by ui and (v’ ),ﬁ the solution of (1.2) with right-hand side ,uf and (i ),‘;.
Then, by Corollary 3.8, for any { € X(£2) there holds

_ /Q uf — | Acdx + /Q ) — g (@ cdo

< /Qsigno(uf — W) (g — WHpEdsx.
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Using the previous convergence theorem when k& — oo and then £ — —oo, we
derive (3.17). The proof of (3.18) is similar. O

Remark. If it is not assumed that g is nondecreasing, the above proof by mono-
tonicity does not work. However the existence will follow from Theorem B if it is
assumed that the extra assumptions in this theorem are satisfied: 6 > N — g for
some g € (1, %) and the growth assumptions of Theorem B.

3.3. Diffuse case

We recall that a measure u is said to be diffuse with respect to the c;, ,-capacity
defined in (1.18) if |u| vanishes on all sets with zero c;, ,-capacity. An important
result due to Feyel and de la Pradelle [13] is the following:

Proposition 3.9. Leta > 0and1 < p < oo. If ) € Em;‘(SZ) does not charge sets
with zero cq, p-capacity, there exists an increasing sequence {L,} C H _"’P/(Q) N
f)ﬁ;(SZ), An With compact support in 2, which converges to \.

Proposition 3.10. Assume c € M, withN >0 > N —2,and that g : R — R
N-8

is a continuous nondecreasing function vanishing at 0. Then for any u € 93?; ()

diffuse with respect to the ci 2-capacity there exists a unique very weak solution u

to (1.2).

Proof. According to Proposition 3.9, there exists an increasing sequence of nonneg-
ative measures {,} belonging to W~12(Q) and converging to & and by Proposi-
tion 3.1, {u, } is a nondecreasing sequence of weak solutions of (1.2) with pt = ;.
We claim that u,, 1 u, which is a very weak solution of (1.2). There holds,

/uundX-F/g(uM,,)de =/n1dun S/mdu,
Q Q Q Q

where 71 is defined in (3.32). Since uy,, > 0, uy,, 1 w and g(uy,) 1t g).
Since u,,, is o-measurable by Proposition 3.1, u is also o-measurable. Hence g(u)
shares this measurability property since g is continuous. Hence, by the monotone
convergence theorem

/udx—i—/g(u)mdo =/mdu. (3.38)
Q Q Q

Furthermore u,,, — u in L'(R). Indeed it suffices to show that {u,,, } is uniformly
equiintegrable which follows from 0 < [ u,,dx < [ wudx and the fact that u €
L'(€2). We show in the same way that pg(uy,) — pg(u) in L}, (£2). This implies
that u = u,, is the very weak solution of (1.2). L]
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3.4. Subcritical nonlinearities: proof of Theorem B
Lemma 3.11. Assume N > 2 and o € M+ (Q) with N > 6 > N —2. If
€ Mp(Q) and A > 0, we set E;[u] :={x € Q s G[||1(x) > A}. Then

0

e5 (1) :=/E [ ]dcr <c ||M||N 2ATN2 forall k> 0. (3.39)
alu

Proof. 1t suffices to prove the result if © > 0. Indeed since G[|u|] = G[u™] +
G[u~1, we have Ej[u] C E;pp[n*1U Ejpp[n~] and thus ef (u) < ef H(u™) +
ey /2(,u+). If the result holds for nonnegative measure, in particular for 1, then

AT (1) < e(uH QT + T (Q)FT) < e(ut () + 1 (Q) v
6
clluldy -

Thus, we assume from now on that p is nonnegative.
If u = 8, for some a € Q, then G[§,](x) < ¢, |x — al*>N so that E;[84] C
(a). Since o € ./\/l (SZ) it follows that

(‘N>N

€7 (84) < cATR, (3.40)

Let E C 2 be a Borel set. For any given ¢ > 0 there holds

/G[(Sa]dcr =/ G[8,1do +/ G[d,1do.
E ENE;[8,] ENEE[8,]

Clearly/ Glé4ldo < to(E) and
ENES[84]

0

N-2

Glé,1do < G[s,]1do < —/ sde? (§;) < c———,
./EnEt[sa] ¢ Bl ‘ s 0+2—N

where the last inequality follows by integration by parts and the help of (3.40).
Then

0
S )

ot
/;G[(Sa]dO' < tU(E) + Cm.

Minimizing the right-hand side with respect to ¢, we infer

/G[(Sa]da < co(E)'-7. (3.41)
E
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We first suppose that © = Z(I’il ®jéq; for some o; > 0 and a; € 2. In particular

Z?il aj = |[tllon, - Using Fubini’s theorem and (3.41) we see that for any Borel
set E C 2,

/E Glul(x)do(x) = Y a, /E Glba, (0o (x) < ca (BT llllgn, - (3.42)
j=1

Taking in particular £ = E; [] we obtain
_N-=2
e (w) < Glul(x)do (x) < e (u)' ™7 llullon, -
Exlu]
which implies the claim. Notice that the constant ¢ in the right-hand side depends
onlyon N and [[o|m , -

N—0
For a general nonnegative measure u € 9, (2), we consider a sequence of

nonnegative measures {1,,} C 9, (€2) where each p, is a sum of Dirac masses as
before and such that u,, — u weakly as n — oco. Then we have

0
-2

e5 (Un) = £l ]dU =< C”Mn”gmb ATNZ,
AMn

with [|u|lon, < liminf ||w, |lon,. We thus need to prove that
n—oo

lim inf / do > / do. (3.43)
E)[unl Exlp]

We first observe that forany ¢t > O and x € Qthe set {y € Q : G(x, y) > t}is open
(with G(x, x) = +00). It follows from [7][Theorem 2.1] that lim inf u,,({G(x, ) >
n—oo

th > u({G(x, ) > t}). We can take the lim inf using Fatou’s lemma in

+00
/QG(x,y) dun(y) =/0 un({G(x, -) > t})dt,
to derive
+o00
lilrgiong[un](X) > /O nw({G(x, ) > t})dt = /QG(x, V) du(y) = Glu]x).

We infer that for any x € €2 such that xg, () (x) = 1 we have liminf G[x,](x) > A,
n—-oo
hence G[u,](x) > A for n large enough. Thus xg, (4,)(x) = 1 eventually, and then

1}{2},ng&[#”1(’€) > XEA[,MJ(x) forall x € Q.

The claim (3.43) follows by Fatou’s lemma. O
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We are now in a position to prove Theorem B.

Proof of Theorem B. We note that if g is nondecreasing, uniqueness follows from
estimate Lemma 3.5. Let {n,} be a sequence of mollifiers, u, = wu * n, and u, €

W01’2(Q) a minimizing weak solution of

—Auy + g(up)o = Uy in

u, =0 in 02, (3.44)

given by Proposition 3.1. We write g(r) = g1(r) + g2(r) with g1 = gX(=ro.r0)»
82 = &X(—o0o—ro]Ulrg,00)» and set m = sup{g(r) : —ro < r <ro} > O0andm’' =
inf{g(r) : —ro <r <ro} <0. Then

—Glu, 1 —mGlo] < u, < Gl 1—m'Glo].

Since o € M;;(Q) for some p > N/2,G[o] € C%%(Q) by Lemma 2.2. Moreover
Gllunl] € C(R) since |u,| € C (). It follows that

lun| < GHMnl] + M < cp, (345)

where M, ¢, > 0.
Since u, € WOI’Z(Q), its precise representative (that we identify with u,) is
defined ¢ »-quasi-everywhere, is ¢ 2-continuous and

Uy (x) = lim

— un(y) dy
r—0 B, ()| Jpo)

forany y € @2\ E, with ¢ 2(E,) = 0 (see [2]). It follows that |u,| < ¢, in E :=

UE,. Note that ¢; 2(E) = 0 so that 6 (E) = 0 by Lemma 3.3. Hence |u,| < ¢,

o-almost everywhere, g(u,) € L2°(S2), and therefore g(u,)o € ./\/ll (2). We
N—-0

can then apply Corollary 3.8 to obtain, for any ¢ € X (£2), that
~ [ty Acdx -+ [ signgtun)gtcda < [ siengtun)cpads,
which implies
—/Q lul,, A¢dx +/Q|g2(u,,)|§da < /Qsigno(u,,)g,undx +c/ﬂ§do. (3.46)

We take ¢ = n; and obtain

/|un|dx+f g2 mido 5/ el mdx + ¢
Q Q Q

347
< fnldlul-l-c:c/,
Q
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so that {u,} is bounded in L' (€2). We also have from Corollary 3.8 that

/ Signg () (un)do < C f il pdx
Q Q

and so
flgz(un)ldo < C/ |nldx +/ |g1(un)ldo < C, (3.48)
Q Q Q

with C independent of n. We deduce that the sequence of measures {g(u,)} is
bounded.

By the standard regularity estimates, the sequence {u,} is bounded in W14 (),
q < % Then there exists u € Wl’q(Q), qg < % such that, up to a subse-
quence, 4, — u in LY(Q) and also pointwise in  \ E where ¢1 4(E) = 0. We
, %) such that & > N — ¢. In view of Lemma 3.3, o (E) = 0 so that

g(u,) — g(u) o-almost everywhere. Applying Fatou’s lemma in (3.48) gives that
gu) e LL(Q).

In order to prove the uniform integrability of {g(u,)} for the measure o we
can assume that |g2| < g with a function satisfying (1.8) still denoted by g and let
E C Q be a Borel set. Then

f 22| do < / \g2(un)| do + / lg2(un)| do
E EN{lu,|<t} En{lu,|>t}

< g(z)/do +/ #(lunl)do.
E {lun|>t}

Then we estimate the second integral in the right-hand side: for A > M we set

ﬁxqe(l

Sp(A) ={x € Q: |u,(x)| > 1} and b) (1) = f do.
Sn(2)

In view of (3.45) we have |u,| < G(|un|) + M so that S, (L) C Ex—p[un]. Hence
by (M) < eJ_,,(Iinl). This implies
x
/ g(lunl)do = —/ g()dby (1)
{lun|>1t} t
(o]
< [ b0z
t
o0
< [ e utimbdzn.
t

Using (3.39) we obtain

. L [ 6
/ g(uy)do < c IIMII%Zf (A — M) ~N-2dg(r)
{lunl>1} t

< /OO(A M) 7271 (0 dA
= N-2), s
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In view of assumption (1.8), given € > 0 we fix t > M such that

ch o 6.
N 2/ A —M) F2""g(r)dxr <
- t

N ™

Then, setting § = we deduce

_€
22(0)°
/do <é :>/ lg2(uy)|do < e.

E E

Since gp is bounded, this implies that {g(u,)} is uniformly integrable in L},(Q).
Since we already know that g(u,) — g(u) o-almost everywhere, it follows by
Vitali’s convergence theorem that g(u,) — g(u) in L}T(Q). Taking ¢ € X(£2) and
letting n — oo in the equality

_/ MnA{dx+/g(un)§dG z/gdﬂn
Q Q Q

yields the result. (|

4. The 2-D case

In this section €2 is a bounded C? planar domain. The next result is the 2-D version
of Lemma 3.11.

Lemma 4.1. Assume N =2 and o € /\/l+2 (Q)with2 > 60 > 0. If u € Mp(Q)
=)
and A > 0, we set E;[u] :={x € Q: G[|u|]1(x) > A}. Then

l—— *
ey (w) :=/E[ ]da <IQl,e ™% foralla >0, 4.1
Al

for some y = y (6, diam(2)) > 0

Proof. If i = 8 for some a € @, one has 0 < Glé,1(¥) < 5 In (2 ) where
dq = diam(€2). Hence

EA[SG] C BdQe—ZnA — ei((Sa) :/ do < Cdge—ZGnA.
E[84]

Let E C Q2 be a Borel set,/do = |E|, and ¢t > 0O, then, as in Lemma 3.11,
E

/ Gl84ldo <1t / do — / oosdeg(aa)
E E t

1
<t|El, +cd} (r + ﬁ) e 207t
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we infer

/G[Sa]do* <VYI|El, (ln <|Q|"> + 1) ) 4.2)
FE |E|O'

For proving (3.39) we can assume that > 0. Then there existso; > O and a; € Q2
such that

If we choose e 207" = Els
[22]5

o0 o0
=Y ajby, =Y o= lulay, -

j:] j:l
Hence, for any Borel set £ C €2,

/G[M](x)da(x) = ZOlj/ Gl8a; (x)]1do (x)
E j=1 E

4.3)
12,
§V|E|a In +1 ”/’L”i)ﬁh
|Els
If E = E;[u] we infer
e (1) < yel () <1n< 182l ) + 1) lillam, »
€, (n)
which implies the claim. O

Theorem 4.2. Assume N = 2, GEM+ (Q)wzth2>9>0andg R+— Ra

continuous function satisfying (1.1). Ifaoo(g) = da_oo(g) =0, for any u € Mp(2)
problem (1.2) admits a very weak solution.

Proof. Let g* be the monotone nondecreasing hull of g defined by (1.11). If m =
sup{g(r) : —ro <r <ro}and m’ = inf{g(r) : —ro <r <ro}then g < g* +m on
R, and g* +m’ < gon R_. If {n,} is a sequence of mollifiers and pt = u* — ™,
we set i = ut sk ny, 1, = _ %0y, n = w7 — 1, and denote by u,, the very
weak solution of

—Auy + g(un)o = pin in

tp =0 on 9%2. “@4)
Since ||unllz1 < [Illon,  there holds by Proposition 3.2,
lunllpr + log iy < cllpllon, + M, 4.5)

and by Lemma 2.1,

lunllppmo + IVunl2e < ¢ <||M||§m,, + ”/Og(un)”L}'> < lullgn, . (4.6)

Again, there exists a set £ with ¢; 4(E) = 0 for any ¢ < 2 — 6 such that u, (x) —
u(x) forall x € Q\ E, hence u,(x) — u(x) and g(u,(x)) - g(u(x)) do-almost
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everywhere in €. This implies that g(u) is o-measurable. In order to conclude we
have to prove that g(u,) — g(u) in L}, (€2). Estimate (4.1) is valid, hence, for any
t >0,

_ t
T (1) = / do < eyl 1+ e 4yl 1< ce VMl
{lun (x)|>1}

by Lemma 4.1. Since

lg(un)| < (gi (un) — g% (un)) +m—m,

we have that

f lg(un)| do
E

< /gi () do — /gi (n)do + (m —m') |El,
E E

IA

00 —t
—/ g (s)d [{un >S}Ig+f g () l{un < s}y + (m —m') |E|,
t _

o0

IA

- / (85.(s) — g% (=) dTu(s) + (g%() — g* (=t) + m —m') |E|,, .
t

By integration by parts,

—/ (85(5) — g2(=9)) da(s)

! oo

= (g5 — g=(=1)) Ta(?) +f T (s)d (85.(5) — g% (=)
t

< (82 —g=(-0) (Tn(t) —ce T, ) 4.7)

¢ et
+m/ e T, (g% (5) — g* (=s)) ds
t

c 00 _ s
< e yllony, g* (S) _ g>)_<(_s) ds.
y IIMIIzmb/z (& )

By assumption the integral on the right-hand side is convergent. We end the proof
as in Theorem B, first by fixing ¢ large enough and then | E|, small enough, and we
derive the uniform integrability of {g(u,)}. L]

A similar result holds when g has nonzero order of growth at infinty.
Theorem 4.3. Assume N = 2,0 € ML(Q) with2 >0 >0andg : R+~ Ra

2—0
continuous function satisfying (1.1). If 0 < axo(g) < 00 and —00 < a_(g) < 0,
there exists 8 > 0 such that for any u € IMy(Q) satisfying || wllon, < & problem
(1.2) admits a very weak solution.
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Proof. The proof is a straightforward adaptation of the previous one. The choice of
8 is such that

1 1 1
liellom, =& < - sup {aoo(g)’ _a_oo(g)} “8)

and the conclusion follows from (4.7). O

5. The supercritical case

5.1. Proof of Theorem D

Proof of assertion 1. For k > 0 set gx(r) = max{g(—k), min{g(k), g(r)}} and de-
note by uy the very weak solution of

—Au+ gr(u)yo = in

H=0  ondQ. (.1

which exists by Theorem B. It follows from the proof of Theorem B (see (3.48)
with g = g and g1 = 0) that

/Q|gk(uk)|d0 <C, (5.2)

where the constant C depends only on €2 and |u|(£2). Thus the sequence of mea-
sures {gx(ux)o} is bounded. This implies that {u} is bounded in wha(Q), q <
%, and thus that, up to a subsequence, it converges in L!'() to some u €

whi(Q),q < % We can also assume that the convergence holds pointwise ex-
cept on a set E with zero ¢y 4-capacity, which in turn is o -negligible by Lemma 3.3

if we fixqg € (1, %) such that & > N — g. We also have that u is finite but on a
set with zero ¢y 4-capacity hence o-negligible, therefore

gr(uy) — gu) o-almost everywhere.

Applying Fatou’s lemma in (5.2) yields g(u) € L. ().
By the maximum principle

—Gllpll = ur < GlIpll, (5.3)

hence
g (=GlInlD) < gk(uk) < g (GllulD), (54)

since g is nondecreasing.

Because of assumption (1.13) and in view of (5.4), we infer from Lebesgue
dominated convergence that pgy (ux) — pg(u) in L}, (£2). Thus we can pass to the
limit in weak formulation of (5.1) with any ¢ € X(2).
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Proof of assertion 11. We first notice that if g is nondecreasing, vanishes at 0 and
satisfies (1.14), then the function g; defined above also satisfies (1.14) with the
same constants a and b. We assume first that © = u, + s is nonnegative and we
set u} = p, * n, where {n,} is a sequence of mollifiers. Let u} be the solution
of (5.1) with right-hand side u; + w5 and v the one of (5.1) with right-hand
side u} (in both cases existence and uniqueness follows from Theorem B). Then
0 < u} < v+ Glusl, vj > 0and G[us] > 0. Since g is non-decreasing, we
deduce with (1.14) that

0 < gr(up) < gk (v} + Glusl) < a (g W) + g (GlusD) + b. (5.5)

Since
[will o + losk@p]l 1 = el [an, = e leellay, - (5.6)

up to subsequences, the sequences {v;'} and {u}’} converge in L'(Q) to some v" €

L'() and u" such that Vv, Vu" € L4() for any ¢ < % when k — o0. As
in1, {gx(vy)} and {gi (u})} converge in L},(Q) to {g(v"")} and {g(u")} respectively.

Furthermore v" and u” satisfy

—AV" 4+ g(v)o = ul in

W =0 on 992, (.7)

and
—Au" +gWw")o = us + in Q

u" =0 on 092, (5-8)

respectively and 0 < u" < v" 4+ G[us]. As in the proof of Proposition 3.2, v — v
in L'(2) and pg(v") — pg(v)in L}, (2) as n — oo, and v is a very weak solution
of

—Av+gw)o = in Q

v =0 on 9. (-9)

As above {u""} converge in L'(Q) to some u € L1(Q) (always up to some subse-

quence), there holds u < v + G[uy] and g(u™) — g(u) o-almost everywhere in

since the uniform bound on ||Vu, ||L N holds. Furthermore
0<gw" <a(g®")+gGlus))+b=

5.10
0 < g(u) < a () + g(Glus]) + b, (5.10)

and since g(v"") — g(v) in L},(Q), the sequence {g(u")} is uniformly integrable
in L (Q). Again this implies that g(u") — g(u) in L. () and u is a very weak
solution of (1.2). If u is a signed measure, we construct successively the solutions
u?,u} and uf of (5.1) with right-hand side u? + i, || + |1ts| and — || — 4]
respectively, and the solutions v} and v} of (5.1) with right-hand side || and
- |,uf| respectively. Then v} — G[us] < uj < 0} +G[us] which implies by (1.15)

a (g + gk (—Glus)) + b < g ) < a (g @) + g (Glus)) + 5. (5.11)
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Using the same estimates as above we conclude that lim lim u} = u exists in
n— 00 k—00

LY(Q), that lim lim gk(uy) = g(u) holds o almost everywhere in Q and in
n—00 k— 00

L}, (£2), which ends the proof. ]

5.2. Reduced measures

We adapt here some of the results in [9] which turn out to be useful tools in our
framework.

Lemma 5.1. Leto € M*, (Q)withN >6 > N — % and g be nondecreas-
=
ing satisfying (1.1). Assume {u,} C 93?; () is an increasing sequence of good

measures for problem (1.2) converging to . € DJT;(Q). Then v is a good measure.

Proof. Letu,, be the solutions of (1.2) with right-hand side w,, then for any n, k €
N, k > n, we have since ug € C%(S),

M S U0 = Uy, = Uy
for some m > 0 and then

g(—m) < g(uo) < gluy,) < gluw,)-

We use ¢ := (n1 + €)* — €* as a test-function in the very weak formulation of
the equation satisfied by u,, — uo as in the proof of (3.30); then, recalling that
—A¢ > 0, we obtain that

/Q(g(u,m) —8Wo)((n +€)* —€%)do =< /Q(m +e)*dpn < Crun() < Cu(),

where C is independent of n. Letting successively ¢ — 0 and « — 0 we obtain
0= / (8(uy,) — guo)do < C.
Q

Hence {u,,} is bounded in WO1 “1(Q) for any ¢ < % Thus there exists u €

Wol’q(Q), qg < %, such that u,, 1 u in LY(Q) and pointwise but for a set E
with zero ¢y 4-capacity. Since § > N — % we can find some g < % such that
0 > N — q. It then follows from Lemma 3.3 that o (E) = 0.Thus g(u,,) 1 g(u)
o -almost everywhere. Fatou’s lemma yields fQ (g(u)—g(ug))do < C,thus g(u) €
L(l7 (2). By the dominated convergence theorem, g(u,,) — g(u) in L}T. We can
then pass to the limit in the equation satisfied by u,,, to obtain that u = u,. U
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Proposition 5.2. Assume o and g satisfy the assumptions of Lemma 5.1. Consider
the set

Z = {x eqQ: / G(x, y)p(y)do(y) = OO}.
Q
Ifu e E)JTZ(Q) is such that u(Z) = 0 then w is good.
Proof. We adapt to our case the proof of [30, Theorem 3.10]. Consider the sets

C,={xeQ: / G, y)ip(y)do(y) < n}, n=12,....
Q

Since the function x — fQ G(x, )1 p(y)do(y) is Isc (by Fatou’s lemma) the sets
C,, are closed. Moreover C,, C C41 and |, C, = Q\Z. Define pu, := lc, i, i.e.,
n is the measure u restricted to C,,. Then each w,, satisfies (1.13). Indeed

A

f Gllunll pdo < pn(2)77! / f G(x, ) ', (x)do (y)
Q QJIQ

IA

w2 [ ([ G tdem)due
Cy Q
< nu(@)".

It follows from Theorem D that u, is good. Since 0 < w, 1 n we deduce from
Lemma 5.1 that u is good. O

Lemma 5.3. Assume o and g satisfy the assumptions of Lemma 5.1.
Lifue QJTZ(Q) is a good measure, any v € E)JTZ(Q) such that v < p is a good
measure.

I Let u, ' € 9)?;;(9). If wand —y' are good measures, any v € Mp(Q) such
that —pu' < v < u is a good measure.

Proof. Step 1. Assume u € SD?Z(SZ) is a good measure. For k > 0 define g; by
gk(r) = max{g(—k), min{g(k), g(r)}}, and denote by uy , the solution of (5.1),
which exists by Theorem B, and by u, the solutions of (1.2). Then —m < ug <
min{u,, uy ,}. If kK > m, then g (uy ;) = min{g(k), g(ux, )} < g(uk ). Hence

_A(u,u - uk,,u) + (gk(uu) - gk(uk,u)) o <0.

Then u;, < uy , by Lemma 3.6. Similarly uy , < uy , for k' > k > m. Using n
as test-function we obtain

fg(uk,u—uu)der Q(gk(uk,u) — 8k(uy))nido ng(g(uu)—gk(uu))mda- (5.12)

Since gx(r) — g(r) for any r € R and |gi(u,)| < |g(uy)| with plg(uy)| €
L}, (£2), the right-hand side converges to 0 as k — oo and the second term on



384 NICOLAS SAINTIER AND LAURENT VERON

the left-hand side is nonnegative. Hence uy , — u, in LY(Q) as k — oo, thus
o8k ) — gk(uy)) — Oin L}T(Q) which in turn yields pg (uk, ) — pg(uy) in
LL(Q).

Step 2: proof of 1. Denote by uy, the solution of

—Au—+gr(u) =v in Q
k=0  indQ. (5.13)
Then —m < wugy < wpy, upy < ug, for kK > k > m by Lemma 3.6 and

8k (ur,v) < gk(ug ;). Furthermore {uy ,} is bounded in W()l’q(Q) forl <g < %

and thus relatively compact in L'(€2). Therefore there exists u € WO1 "9 () such that
ur.y 4 uin L'(2) and also pointwise up to a set with zero ¢ 1,¢-capacity which is
therefore a o-negligible set. By Step 1, the set {ogk (ux,,)} is uniformly integrable
in L}, (R2), this implies that u = u,,.

Step 3: Proof of 1. Because —u’ < v < u there holds Wi, < Ugy = Uy
and g (ug,—;) < gk(ug) < gk(ug ). Since the sets {uy v}, {ug,»} and {ug .}
are relatively compact in L' () and bounded in WOl Q) for1 < q < % and
the sets {gx (ux,—,/)} and {gk (ug,;,)} are uniformly integrable in L (17(52), then, up to
a subsequence, Uy, — u in L'(Q) and o-almost everywhere as k — oo. This
implies that g(u) € L} () and pgi (ux.,) — pg(u)in L1 (Q). Hence u = u,. O

The proof of the next result, based upon Zorn’s lemma, is a variant of the one
of [9, Theorem 4.1] which uses the inverse maximum principle [9, Corollary 4.8].

Lemma 5.4. Assume o and g satisfy the assumptions of Lemma 5.1. If n € E)ﬁ;; (2)
there exists a largest good measure smaller than |, and it is nonnegative.

Proof. Let Z,, be the subset of all bounded nonnegative good measures smaller
than . Notice first that Z,, is non-empty since it contains the regular part 1, of
w with respect to the N-dimensional Hausdorff measure. We now show that Z,, is
inductive. Let C; := {i;}ics be a totally ordered subset of Z,. For ¢ € Co(RQ),
¢ > 0, the set of nonnegative real numbers

Ci(¢) = !/Cdﬂi}
Q

is bounded from above by f ¢du. Note that can we extend p as a positive linear
Q

form on Co () since it is a Radon measure and 1 (32) = 0. Hence C;(¢) admits
an upper bound L(¢) and there exists a sequence {ix} C [ such that

f(duik TL(C)S/Cd,u as k — oo.
Q Q
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By the Stone-Weiertrass theorem there exists a dense subset {¢,} of the set of non-
negative elements in Co(€2). By Cantor diagonal process there exists a subsequence
{in,} C I such that

fgndﬂink P L&) < / Cnd b as k — oo.
Q Q

Clearly the map ¢, — L(&,) is additive, positively homogeneous of order one and
satisfies

L) < / ¢dp  forall ¢ € Co(R), ¢ > 0.
Q

Hence L extends as a positive linear functional on Co(2), dominated by 4 denoted
by uc;. Since p is a Radon measure in 2, uc, (02) = 0, hence it is a Radon
measure. Furthermore it is a good measure by Lemma 5.1. It follows that uc, € Z,,
. Moreover since L(¢) is an upper bound of C;(¢) for any nonnegative ¢ € Co(2),
we have ¢, > u; forany i € I. Hence the set Z, is inductive.

As a consequence of Zorn’s lemma, Z,, admits at least one maximal element
that we denote p*. If v is any nonnegative good measure smaller than u it belongs
to Z, and hence it cannot dominate p*. It remains to prove that v < p*. Set
A = supf{v, ©*} and let A* be a maximal element of Z;. Since v and u* are good
measures, we have v* = v and (u*)* = w*. It follows that A* > v* = v and
A* > (u*)* = u* so that A* > sup{v, u*} = A. This implies that A* = A > u*. On
the other hand, since v, u* < u, we have A < u and thus A* < u. By definition of
a maximal element it implies that A* = A = u*, and finally u* = sup{v, u*}. We
infer v < p* and then p* is the maximum of Z,,. O

Corollary 5.5. Assume o and g satisfy the assumptions of Lemma 5.1. If u,v €
E)ﬁ;(Q) are good measures, then sup{u, v} is a good measure.

Proof. Set A = sup{u, v}. Then
A > A% = (sup{u, v})* > sup{u*, v*} = sup{u, v} = A. (5.14)

This implies A = A*, hence A is a good measure. O

5.3. The capacitary framework

We start with the following regularity estimate for the Poisson problem:

Lemma 5.6. For anys > 0and 1 < p < 00, the mapping u — G[u] is continu-
ous from My (Q) N HS~2P(Q) to HSP(Q).

Proof. 1t is classical that the mapping Gp : A — u = G p(X) solution of —Au = A
in  and u = 0 on 9% is continuous from H*~27(Q) to H*P(Q) for 1 < p < oo
and s > % (see, e.g. [14, Example 3.15 p. 314]). Thus we are left with the case
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0<s=<-.Ifr € M(R), then Gp(1) = G[A] is a very weak solution, hence,

1
D

since X(Q) C CH(Q) N ( N H“(Q)),

l<r<oo

- /Q Gp(W)ALdx = fQ gdh < 18l yasr 1Ml o2y forall £ € X().

In particular, if { = G[v], then 1S 25y < cllvll s, since —s > =2 + 1/p,
and

/GD(A)vdx < clvll sy Ml gs—2p forall v e AX(L)).
Q

In particular this inequality holds if v € C.(2) which is dense in H~* ’p/(Q). Fi-

nally this inequality means that the mapping v > / Gp(M)vdx is a continuous
Q
linear form over H 57’ (£2), it thus belongs to H*?(£2). L

Proposition 5.7. Let o and g satisfy the assumptions in Theorem E. If € M (2)

is such that || € Hs_z’p(Q)forsome p>lands > O0suchthat N—6 < sp < N
Op
N—sp

and > g, then (1.3) admits a unique very weak solution.

Proof. By Lemma 5.6, if |u| € HS~2P(Q) then G[|u|] € HSP(S). By Proposi-
tion 2.4
IGUuze < ¢ IGLllll gs.p

if and only if o er(Q)with%:q(QL—l+%) = N%Q/.Thenq = 2

p N—sp*
Hence, if 772 > g we get§ > 0’ and then M T, (2) ¢ M*, (@) by [2.7). We
N-9 N-o¢
conclude by Theorem D. O

Remark. This result covers the case ¢ = p, in which any bounded measure such
N—-6
that |u| € H K (R¥) is eligible for solving problem (1.2).

Proof of Theorem E. If  is absolutely continuous with respect to the ¢;_; ,-ca-
pacity, so are ™ and —u~. By [13] there exists an increasing sequence of positive
bounded Radon measures i ; € H* ~2.P(Q) converging to it . By Proposition 5.7
w j is a good measure, hence by Lemma 5.1 wt is a good measure. In the same way
—u~ is a good measure. Since —p— < u < w4, it follows from Lemma 5.3-11 that
w is a good measure. O

Proof of Proposition 1.1. Notice first that if u € M_»~ (Q) with 6* > N — sp,
N—0%
then for any compact K C €,

=

Inl(K) < ¢ (cs,p(K))7 . (5.15)
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In particular p is absolutely continuous w.r.t cg p-capacity. Indeed under the as-
sumption on 6* we have H%?(Q) — L|1m (€2). It follows that for any v € H*?(£2),
v > 1on K, we have

Il (K) 5/ vdpl < vl < Cllvllzse.
K

We deduce (5.15) taking the infimum over v. To apply Theorem E we need u to

bec, v 3 dlffuse It thus suffices to take 6* > N — sp with s = 2 — q % and
q

p=q. We obtain exactly the condition on 0* stated in Proposition 1.1. O

5.4. The case g(u) = |u|?"'u

In the sequel we consider the following equation

—Au+ul? Yuo =p in Q
u=20 in 982, (5.16)

where ¢ > 1. A measure for which there exists a solution, necessarily unique by

Lemma 3.5, is called g-good. Assume that o € Ml with N > 6 > N — %

N—-6
Then the critical exponent g from the point of view of (1.8) in Theorem B is
qyp ‘= ——, 5.17)

which is larger than 1 if N > 2.

Letg > 1lando € Em;:(sz). Recall that the Green function G of the Dirichlet
Laplacian in € is defined on  x Q with values in [0, +o00] with G(x, ,X) = +oo,
x € Q,and G(x,y) = Olfx € dQory € Q. We extend G to RV x Q by setting
Glx,y) =0if (x,y) € Q° x Q. Hence x — G (x, y) is lower semicontinuous
in RY and y — G(x, y) is lower semicontinuous in , and thus is o -measurable.
Following [2, Section 2.3] we then consider the following set function with values
in [0, 4-00],

cg(E) = inf{/ |v|q, do:ve LZ(Q), Glvo]l(x) > 1 forall x € E}, (5.18)
Q

for any E' C 2. According to the general theory developped in [2, Section 2.3] ¢
is a regular capacity in the sense of Choquet. Using the lower semicontinuity of
y = Glvo](y) (see [2, Prop 2.3.2]) it is easy to verify that for any compact set
K C , there holds

cg(K) = inf{/ |v|q/ do :ve L (Q), Glvo](x) > 1 forallx € K} . (5.19)
Q
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The dual formulation of the capacity is the following (see [2, Theorem 2.5.1]),

1
(cgk)) " = sup [A(K) : 2 € MFK), IGIAMI g = 1] (5.20)

for K C Q, K compact. Existence of extremal measures satisfying equality in
(5.20) is proved in [2, Theorem 2.5.3].

Remark. Note that the > inequality in (5.20) follows directly from the following
one

1
v(K) = (g (K)) 7 I1Gv . (5.21)

which holds for any v € zm; () such that G[v] € LI and any K C 2 compact.

We now give some sufficient conditions for a bounded measure to be absolutely
continuous with respect to the capacity CZ‘ First in view of (5.21) and the dual
expression of the capacity it is clear that there holds:

Lemma 58. If v € 9, (RQ) is such that G[|v|] € LL(Q), then v is absolutely
continuous with respect to the capacity cg. This holds in particular if v € Mp(RQ)

is such that |v| € HS=>P(Q) for some p > 1 and s > O verifying N —6 < sp < N

Op
and Nesp 24

As a direct consequence we have:

Lemma 5.9. Ifv € M, (2) is o, pr-diffuse where s and p are as in Lemma 5.8,
then v is absolutely continuous with respect to the capacity cg.

Proof. If v > 0 there exists a sequence of nonnegative measures {v,} C H S=2.P(Q)
such that v, 1t v. If K is a compact such that cg(K) = 0 then v,(K) = 0 by
Lemma 5.8 and thus v(K) = 0. When v is a signed measure, we apply the above
to its positive and negative part v, O

The following particular case will be useful:

Lemma 5.10. Ifv € M% () with N > 60 > N — 2, then v is absolutely contin-

uous with respect to the capacity CZ.

Proof. We have |v| € M ,(Q2) for some p > % We then obtain from (2.9) that

GI|v|] is bounded so that G[|v|] € LZ (). The conclusion follows from the previ-
ous lemma. O

Remark. It is noticeable that if the support of a nonnegative measure © does not
intersect the support of o, then u is always g-good. This is due to the fact that G[ ]
is bounded on the support of o, hence G[u] € LI(Q) for any g < oo and the result
follows from Theorem D. Hence, a more accurate necessary condition must involve
a notion of density of o on its support, a property which has been developed by
Triebel [26] in connection with fractal measures.
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We recall that the #-dimensional Hausdorff measure H?,0 < 6 < N, is de-
fined on subsets E of RN by

o0 oo
H(E) = lim (inf{Z(diam Up':Ec|Juj. damU; < a}) . (522
j=1

= j=1

Definition 5.11. A nonnegative Radon measure o on Q with support I" is #-regular
with O < 6§ < N if there exists ¢ > 0 such that

0

1
- <|Br(x)|, <cr forallx e I', forallr > 0. (5.23)
c

The support I' of o is called a 6-set.

By [26, Theorem 3 .4] o is equivalent in Q to the restriction H? | of H? to T
in the sense that there exists ¢/ > 0 such that

1 _
—H(ENT) <0(E) </H(ENT)  forall EC Q, E Borel. (524)
C

The description of LZ(T) necessitates to introduce the scale of Besov spaces and
their traceon I'. For 0 < s < 1,1 < p, g < 0o, we denote by B‘;,q(Q) the space
obtained by the real interpolation method by

By (@ =W @. @] (5.25)

Details can be found in [23]. Its norm is equivalent to

1
o) . q q
16115, = ||v||Lp+</O Mﬁ) , (5.26)

154 t

if g < oo and

wp(t; v)
s 9

I#lls ., = llvllLy + sup (527)

t>0

where

wp(t; P) = |Zl|lp lv(. +h) —v)lr-
<t

Fork € N,, B¥t5(Q) = {v € WhP(Q) : D € B} (Q), foralla € NV, |a| =

k} with norm
— o
10l s = vl iorr + |Zk | D*v]
o=

Bpg -
If I' ¢ RY is a closed set with zero Lebesgue measure, we consider the set

B[s,’ﬁl;(RN):{v € By (RY): (v,¢)=0 forall¢eS(RN)s.t.¢Lr=0}, (5.28)
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endowed with the B;’ q (RN) norm, where (v, ¢) is the pairing between S’ (RN) and
S@®RN).If v € LL(Q) and o has support I' C Q, the linear map

=T (p) = / pvdo (5.29)
r

defined on S(RV) is a tempered distribution in RY. The following results are
proved in [26, Theorem 18.2, 18.6].

Proposition 5.12. Assume o is 0-regular, 0 < 0 < N, with support T' C RN, and
letv e LE(Q) with 1 < p < 400. There holds

N
|Tf(¢)} =clvll.p ||¢||Bl\’p79 forall g € S(R™). (5.30)
Pl
_N_*,f"’r
It follows that T € B, o5 with | T || n=s Zc vl
B,
N0

_/’ . . . .
Morover the map v € L) — TY € Bp,oé’ is a linear isomorphism. We can

N=6 ' _N=b
thus denote LE (") ~ (Bp,pl ) =B,8 -

Proposition 5.13. Assume o is 6-regular,0 < 6 < N with support ' C RN . Then
for any 1 < p < oo the restriction operation from S(RN) to C(I'), ¢ +— ¢|r
N—0

can be extended as a continuous linear operator from B » ’i (RN to LE(T) that we
denote Trr. Furthermore this operator is onto.

Definition 5.14. If o € E)JT;L(Q) is 8-regular, N > 6 > N — 2 with support ' C Q
and m,q > 1, we set

N—-0

cz_ﬁ’ K)=inf{ | re B (@) st ¢ > x (5.31)
Voo TR oo L= X b, .
oo
where
_N=b p 2_N=b _N=b p
B, (@)= {; €B,,  @stAceB, ! (Q)}. (532)
_N-6 p 2 N-—6

2 , _N—6
Notice that B, 7 7 () is a closed subspace of B, o ().

’,00
Proposition 5.15. Assume o € 93?2'(9) is O-regular, N > 6 > N — 2 with support
I' C Qand q > 1. Then there exists a positive constant M > 0 such that

N—-0

1 —*2,
0 E) gl (K) < McG (KD, (5.33)

for all compact set K C 2.
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Proof. By standard elliptic equatlons and interpolation theory (see [23,24]), for any

Y€ Bq,’oo (@), Glyo] B ‘f (2) and there holds

1
A —IGlyaolll e < Il g < clGlyall 2 (5.34)

‘i 00 q o0 q 00
By Proposition 5.12 we can replace ||| _ Neo by ||¥ ||Lq/ in the above inequality,
B, ! o

q,
up to a change of constants ¢. Let {vg} Cl L°(2) be such that vy > 0, & =

Gluco] = 0on K and [l 4 ( "(K)) . Since (5.32) is equivalent to

gl e < el <l 5 v
q 0 q’,00

N79 N79

we derive ., oo (K) > ,c" (K). Similarly . (K) < cd' CU(K) ]

Proof of Theorem F. By Lemma 5.10 the measure u? vanishes on Borel sets with
zero cg -capacity. Since u € L (Q) the mapping

b > /u¢do — (u, 9)
r

is a tempered distribution that we denote by 7,7 , hence

(Au, §)| = [u, Ap)| = /uAd)do < llullg 1AQI
Q o
Using Proposition 5.12
1ADN ¢ = cllAPll _n-op =< < lgll 2 Nt
q’.00 Bq o]
2 N—6
Therefore the nonnegative measure 7,7 is a continuous linear form on Bq, ooq ().
2-N=6
Therefore it vanishes on Borel sets with zero ¢ o Ooq -capacity, which actually
coincide with Borel sets with zero zero c(‘; -capacity. O

5.5. Removable singularities

It is easy to prove that for any compact set K C €2, there exists ux € fm;;(K ) such
that / (GlugDido = 1 and c;’ (K) = ug(K) (see [2, Theorem 2.5.3]). Since

UK isQan admissible measure, it follows from Theorem D that (1.3) is solvable
with u = pg, hence K is not removable. Although it could be conjectured that a
compact set with zero c7 -capacity is removable we can prove this assertion only for
sigma-moderate solutions.
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Definition 5.16. Letg > 1,0 € M, (Q) where N >0 > N —2and K C Q
N—0

—0
a compact set. A nonnegative function u € Llloc(Q \ K)N LZ o2\ K) is a
sigma-moderate solution of

—Au+ul?"uoc =0 inQ\ K
u=>0 in 02, (535)
if there exists an increasing sequence {u,} C E)JTZ(K ) of g-good measures such

thatu,, — uin Ll (Q\ K)NLI (Q\K).

loc o, loc

Theorem 5.17.  Under the assumptions on q, o and K of Definition 5.16,
if cg (K) = 0 then the only sigma-moderate solution of (5.35) is the trivial one.

Proof. Since c¢g (K) = 0 the set of nonnegative g-good measures with support in K
is reduced to the zero function by Theorem F. This implies the claim. O

Remark. We conjecture that for any compact set K C €2, any nonnegative local
solution of (5.12) is sigma-moderate. This would imply that a necessary and suf-
ficient condition for a local nonnegative solution of (5.12) to be a solution in 2 is
cg (K) = 0. However this type of result is usually difficult to prove, see [12,17,22]
in the framework of semilinear equations with measure boundary data.

In order to find necessary and sufficient conditions for the removability of a
compact set K C €2, we assume that o is a positive measure in €2 absolutely con-
tinuous with respect to the Lebesgue measure, with a nonnegative density w. For

1

proving our results we will assume that the function @ = w™ 4T is ¢’-admissible
in the sense of [15, Chapter 1]. One sufficient condition is that w belongs to the
Muckenhoupt class A, that is

1 Lo o\
sup —/ wdx —fu) —Tdx =My,g < 00 (5.36)
B \IBl/B |BlJg

for all ball B C RV.
If K C 2 is compact, we set

c‘;(K)zinf{/ |A§|q/ wdx : £ € C§°(R2), ¢ >1in a neighborhood of K} . (5.37)
Q

This defines a capacity on Borel subsets of 2. Since w is ¢’-admissible, it satisfies
Poincaré inequality, hence a set with zero c%-capacity is w-negligible. Furthermore,
following the proof of [2, Theorem 3.3.3], ¢’ is equivalent to ¢7’ defined by

g (K)
, y o (538)
=inf{||¢ ||W2’q, :£ € C3o(R), 0<¢ <1, ¢>11inaneighborhood of K ¢ .
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The dual definition is (see [2, Theorem 2.5.1])

1
(o))" = sup {A(K) 1 2 € MK, 1By = 1. (5.39)

Proof of Theorem G. Step 1: The condition is sufficient. We assume first that

L1\ K)Nu € L'(Q\ K) is a nonnegative subsolution of (1.22) in the sense
of distributions in  \ K where K C Qisa compact subset with g “_capacity zero.
There exists a sequence of functions {} C C;°(€2) with value in [0, 1], value 1 in
a neighborhood of K and such that || Ag]| L7 — Owhenk — oo. Letp € COO(Q)

0<p<l,suchthatp =1ina nelghborhood of K containing the support of the
k- Using ¢>k = (1—&)%p%, witha > 1,in the very weak formulation of equation
(1.22) we obtain,

/ ul prwdx
Q

< quqﬁkdx
Q
a/ u(l — )% p* ' Apdx — Za/ u(l — )% 'V Vp%dx (5.40)
Q Q

—a f u(l — &)* ' p* Agrdx + a(a — 1) f u(l — &) 2p% Vel dx
Q Q
+ (o — 1)[ u(l — &) p* 2 |Vpl* dx.
Q

Notice that the second integral in the right-hand side vanishes since V;.Vp® =0
by the assumption on their support. If we choose @ = 2¢’, we can bound the

remaining integrals as follows:
L/
uqqﬁkwd) ( / |Ack|q/<1—ck>q/p2q/wdx)q

1
( uq¢kwdx> </ N a)dx) ,
‘ f u(1-50)% p* =" Apdx 5( )
Q
< (/uq¢kwdx>
Q
s( ) Ve p wdx)

/uq¢kwd
Q
1

< ( / u%kwdx) ( f Ve 2 wdx)"/,
Q Q

f u(1= P = 0% Agydx| <
Q

IA

uqqﬁkwd

|Ap|q (1—2) % p? wdx)

1
( |Ap| wdx)q ,
Q
1
q

u(1=)% 2 p%0 |V |2 dx
Q
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and finally

L
7

< ( / u%wdx)q ( / IVl (1—;k>2‘f’wdx)"
Q Q

< (/ uqqﬁkwdx)q </ |V |2 wdx)ti/ .
Q Q

Since the Gagliardo-Nirenberg inequality holds with the g’-admissible weight w,
we have for some 7 € (0, 1) and some ¢ = c(q, N) > 0,

1
’ 2q’ ’ q _
(/ |V gk wdx) <c (/ |Agk|? a)dx) gkl o
Q Q

/ u(l— )™ ™2 |V dx
Q

]~

. (5.41)
< (/ 1Az wdx)q .
Q
Therefore, if we set
1 1
q ’ !
X, = (/ uqd)kwdx) and Z; = </ AL |? wdx)q ,
Q Q
we obtain the inequation
X{ < a1 Xk Zi + 2 Xi + 3 Xk Z[, (5.42)

for some positive constants cy, ¢z, ¢3 depending on ¢, N and p. By definition of &
we have Z; — 0. We thus deduce that XZ < c¢Xj with g > 1 and then that the

sequence { Xy} is bounded. Since ¢y — 0 almost everywhere, we have ¢y — p2q/
almost everywhere. It then follows by Fatou’s lemma that

/ ul p24' wdx < c. (5.43)
Q

(Q). Since ™ ¢ € LL (), we obtain that L. ()
by Holder’s inequality. If u € LZ)JOC(Q \ K)Nu e LY(Q\ K) is a distributional
solution of (1.22) in 2 \ K, then |u| is a nonnegative subsolution with the same

integrability constraints and we derive u € LY (@) NLL (Q).

w,loc loc
Ifo € CgO(Q), we take ¢ (1 — ;‘k)zq, for test function of equation (1.22) in
D'(Q\ K),

We deduce that u € L

w,loc

—/ uA<¢>(1—ck>2"’>dx+/ 9 up (1 — £)* w dx = 0.
Q Q
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Since u € LZ},IOC(Q)’ ¢ has compact support, and {y — 0 almost everywhere, we

can pass to the limit as k — 400 in the second integral using Lebesgue convergence
theorem and obtain

/|u|‘1—‘u¢>(1—ck>2‘/wdx—>/ | upw dx.
Q Q

Moreover we can pass to the limit in the first integral expanding the laplacian. Using

that u € Llloc(Q) and that Agy — 0 in LY, it is easy to prove from the previous
computation that

/u(l — (k)q/Aqbdx — qud)dx as k — oo,
Q Q
and

lim [ u(1 - )% "'V Védx =0 = lim /u(l — )M 1y Agdx.
Q k— 00 Q

k—o00

Hence

—/uA¢dx +/u‘1¢wdx =0. (5.44)
Q

Q

Step 2: The condition is necessary. Let K be a compact set with positive C;)'

capacity. According to [2, Theorem 2.5.3] there exists an extremal p; € EDIZF(K )
in the dual formulation (5.39) of the capacity. According to Theorem D, problem
(5.16) with u = g admits a positive solution which is therefore a positive solution
of (5.35). O
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