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Differential p-forms and q-vector fields with constant coefficients
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Abstract. Differential p-forms and q-vector fields with constant coefficients
are studied. Differential p-forms of degrees p = 1, 2, n � 1, n with constant
coefficients on a smooth n-dimensional manifold M are characterized. In the
contravariant case, the obstruction for a q-vector field Vq to have constant co-
efficients is proved to be the Schouten-Nijenhuis bracket of Vq with itself. The
q-vector fields with constant coefficients of degrees q = 1, 2, n � 1, n are also
characterized. The notions of differential p-forms and q-vector fields with con-
formal constant coefficients are introduced. For arbitrary degrees p and q, such
differential p-forms and q-vector fields are seen to be the solutions to two second-
order partial differential systems on J2(M, Rn), which are reducible to two first-
order partial differential systems by adding variables. Computational aspects in
solving these systems are discussed and examples and applications are also given.

Mathematics Subject Classification (2010): 35G20 (primary); 35N10, 58A10,
58A15, 58A17, 58A20 (secondary).

1. Definitions and examples

The notion of “having constant coefficients” plays an important role in both Geom-
etry and Analysis; for example, when does a differential operator have constant co-
efficients? [3], or when an exterior differential system [1, Chapter XVIII, Section 9]
is defined by forms with constant coefficients? etc. In Geometry this notion is usu-
ally related to concepts such as locally symmetric spaces, flat semi-Riemannian
manifolds, etc. Below we tackle this notion in the case of p-differential forms and
q-vector fields. First of all we introduce the formal definitions and show some
examples.

1.1. The covariant case

Definition 1.1. Let M be a smooth manifold of dimension n. A differential form
!p 2 �p(M) is said to have constant coefficients on a neighbourhood of the point
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x 2 M if there exists a system of coordinates (u1, . . . , un) centred at x , such that
all the functions !p

⇣
@

@ui1 , . . . ,
@

@ui p

⌘
, 1  i1 < . . . < i p  n, are constant.

Notation 1.2. For every p 2 N+, let Inp denote the set of all multi-indices I =

(i1, . . . , i p) 2 Np such that 1  i1 < . . . < i p  n. If (u1, . . . , un) is a system of
C1 functions on M , we write duI = dui1 ^ · · · ^ duip , for any I 2 Inp.

Proposition 1.3. Every form !p with constant coefficients is closed. In this case,
the differential system D = {X 2 TxM : iX (!p)x = 0, x 2 M} has a locally
constant rank and it is involutive.

Proof. If !p has constant coefficients, by writing !p on a coordinate system as in
Definition 1.1, we have !p =

P
I2Inp �I du I , �I 2 R, and by taking its exterior

differential, we have d!p =
P

I2Inp d�I ^ duI = 0.
The tangent vectors X 2 TxM in D are in one-to-one correspondence with the

solutions

X = {(X1, . . . , Xn) 2 Rn}, Xi = dui (X), 1  i  n,

to the following system of
� n
p�1
�
linear equations with constant coefficients:

0 =
X

I2Inp
(�1)h�1Xh�I

⇣
dui1

⌘

x
^ · · · ^ \�duih

�
x ^ · · · ^

⇣
duip

⌘

x
.

As the vector space X is independent of the point x , it follows that D has a basis
of vector fields with constant coefficients V 1, . . . , V k on the domain of the sys-
tem (u1, . . . , un). Hence [V i , V j ] = 0, 8i, j = 1, . . . , k, and accordingly, D is
involutive.

Remark 1.4. In degrees 1, 2, n � 1 and n the property of having constant coeffi-
cients is generic in the space of closed forms, as proved in the next four examples.
Example 1.5. An 1-form !1 that does not vanish at x has constant coefficients if
and only if !1 is closed. If !1 has constant coefficients, then it is closed as follows
from Proposition 1.3; hence !1 is locally exact: !1 = d f . We can suppose f (x) =
0 and @ f

@x1 (x) 6= 0, permuting indices if necessary. In this case the functions u1 = f ,
uh = xh , 2  h  n, are a coordinate system centred at the point x , as the Jacobian
of the system (ui )ni=1 with respect to (x j )nj=1 at x is

@(u1,...,un)
@(x1,...,xn) (x) = @ f

@x1 (x).

Example 1.6. A form of maximum degree !n 2 �n(M) has constant coefficients
on a neighbourhood of x 2 M if either !n vanishes on a neighbourhood of x or !n
does not vanish at x . If !n = f dx1 ^ · · · ^ dxn and f (x) 6= 0, then by defining
u1 =

R x1
0 f

�
t, x2, . . . , xn

�
dt , ui = xi , 2  i  n, we have !n = du1 ^ · · · ^ dun .

Example 1.7. A 2-form !2 of constant class (cf. [6, Appendix 4, Section 3.5]) on
a neighbourhood of x 2 M has constant coefficients if and only it is closed, as
follows from Darboux’s theorem (cf. [2, VI, Section 4.5]).
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Example 1.8. An (n � 1)-form !n�1 2 �n�1(M) that does not vanish at x 2 M
has constant coefficients if and only it is closed. In fact, if !n is a volume form on
an open neighbourhood U of x 2 M , then there exists a vector field X 2 X(U)
such that iX!n = !n�1, and Xx 6= 0; hence, there exist coordinates (xi ) centred
at x reducing X to a canonical form, i.e., X = @

@x1 . On these coordinates: !n =

⇢dx1 ^ . . . ^ dxn and !n�1 = ⇢dx2 ^ · · · ^ dxn . By differentiating we thus have
0 = d!n�1 = @⇢

@x1 dx
1 ^ · · · ^ dxn . Accordingly, ⇢ depends only on x2, . . . , xn ,

and we can conclude by virtue of Example 1.6.
Remark 1.9. The cases not included in the four examples above are n � 5, 3 
p  n � 2.
Example 1.10. A differential p-form!p on M of constant class equal to p has con-
stant coefficients, as every x 2M admits a coordinate neighbourhood (U ;x1, . . . ,xn)
such that !p|U = dx1 ^ · · · ^ dx p; see [2, VI, 3.4].

1.2. The contravariant case

Definition 1.11. Let M be a smooth manifold of dimension n. A q-vector field
Vq 2 ^qX(M) is said to have constant coefficients on a neighbourhood of the point
x 2 M if there exists a system of coordinates (u1, . . . , un) centred at x , such that
all the functions Vq

�
dui1, . . . , duiq

�
, 1  i1 < . . . < iq  n, are constant.

Notation 1.12. We set @uI = @
@ui1 ^ · · · ^ @

@uiq
for all I 2 Inq .

Example 1.13. A 1-vector field X 2 X(M) that does not vanish at x has constant
coefficients on a neighbourhood of this point, as there exists a system of coordinates
(U ; x1, . . . , xn) centred at x , such that: X |U = @

@x1 .

Proposition 1.14. If a q-vector field Vq on M has constant coefficients, then the
Schouten-Nijenhuis bracket Vq with itself vanishes, i.e., [Vq , Vq ] = 0. In this case,
the Pfaffian system P = {w 2 T ⇤

x M : iw(Vq)x = 0, x 2 M} has a locally con-
stant rank and for every x 2 M there exists an open neighbourhood Ux such that
0(Ux , P) admits a basis of closed 1-forms; hence, P is integrable.

Proof. If Vq =
P

I2Inq �I @uI , �I 2 R, in a coordinate system (U ; u1, . . . , un), the
first part of the statement follows by virtue of the following formula (cf. [8]):

[A, B] =
P

i, j (�1)
i+ j [Xi ,Y j ] ^ X1 ^ · · · ^cXi ^ · · · ^ Xq ^ Y1^

· · · ^ bY j ^ · · · ^ Yr ,
A = X1 ^ · · · ^ Xq ,
B = Y1 ^ · · · ^ Yr ,

8Xi ,Y j 2 X(M), 1  i  q, 1  j  r.

The 1-covectors w 2 T ⇤
x M in P are in one-to-one correspondence with the solu-

tions

W = {(w1, . . . , wn) 2 Rn}, wi = w

✓
@

@ui

◆

x
, 1  i  n,
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to the following system of
� n
q�1

�
linear equations with constant coefficients:

0 =
X

I2Inq
(�1)h�1wh�I

✓
@

@ui1

◆

x
^ · · · ^

\✓ @

@uih

◆

x
^ · · · ^

✓
@

@uiq

◆

x
.

As the vector spaceW is independent of the point x , it follows that P has a basis of
1-forms ⇣ 1, . . . , ⇣ k with constant coefficients and consequently d⇣ j = 0, 1  j 
k. Hence

d

 
kX

j=1
f j⇣ j

!

=
kX

j=1
d f j ^ ⇣ j , 8 f j 2 C1(M), 1  j  k.

This proves that P is integrable.

Corollary 1.15. If n = dimM is even, then a 2-vector field V2 of rank n has
constant coefficients if and only if [V2, V2] = 0. If n is odd, then a 2-vector
field V2 of rank n � 1 has constant coefficients if and only if the Pfaffian system
P = {w 2 T ⇤

x M : iwV2 = 0} is integrable and the restriction of [V2, V2] to each
integral submanifold of P vanishes.

Proof. If n is odd, then rank P = 1, as rank V2 = n � 1. Hence, there exists a
local section of P with constant coefficients, !1 = �i dui 2 0(U, P), and any other
section of P is of the form f !1.

If n is even, the mapping V \
2 : T ⇤M ! T M , V \

2 (w) = iwV2, 8w 2 T ⇤M ,
is an isomorphism, as rank V2 = n, and a 2-form can be defined by the formula
!2(X,Y ) = V2((V

\
2 )

�1X, (V \
2 )

�1Y ), 8X,Y 2 T M . According to [7] (also see [6,
III.8.12–2]), !2 is closed if and only if [V2, V2] = 0. In this case, by virtue of
Darboux’s theorem, there exist coordinates (pi , qi ), 1  i  n

2 , such that !2 =
dpi ^ dqi ; hence V2 = @

@pi ^ @
@qi has constant coefficients.

If n is odd and P is integrable, then the distribution ker P ⇢ X(M) is invo-
lutive, since if !1 is an arbitrary local section of P , then d!1 = !1 ^ ⇠1 for some
1-form ⇠1. Therefore, for all X,Y 2 0(U, ker P) we have

d!1(X,Y ) = (!1 ^ ⇠1) (X,Y ) = !1(X)⇠1(Y ) � !1(Y )⇠1(X) = 0,

since !1(X) = !1(Y ) = 0. Furthermore

0 = d!1(X,Y ) = X (!1(Y )) � Y (!1(X)) � !1([X,Y ])

= �!1([X,Y ]).

Accordingly [X,Y ] 2 0(U, ker P). From Frobenius theorem, there exist coordi-
nates x1, . . . , xn such that ker P =

D
@

@x1 , . . . ,
@

@xn�1

E
, so that in this system we have

P = hdxni; hence V2 =
P
1i< jn�1 Fi j

@
@xi ^ @

@xi , and one concludes by apply-
ing the proof of the even-dimensional case to the restriction of V2 to each integral
submanifold xn = � of P .
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Proposition 1.16. If Vn�1 is a (n � 1)-vector field such that (Vn�1)x0 6= 0 at a
point x0 2 M , then Vn�1 has constant coefficients on an open neigbourhood U of
x0 if and only if the following two conditions hold:

(1) The Pfaffian system P associated to Vn�1 according to Proposition 1.14 satisfies
the properties therein stated;

(2) Let ⌘ be the ^nT M-valued differential 1-form defined by

⌘(X) = X ^ Vn�1, 8X 2 X(M).

There exists a derivation law

r : X(M) ⇥ ^nX(M) ! ^nX(M), (X,Wn) 7! rXWn,

with vanishing curvature (i.e., Rr = 0) such that dr⌘ = 0.

Proof. If Vn�1 has constant coefficients, i.e., Vn�1 = ci @
@x1 ^ · · · ^ c@

@xi ^ · · · ^ @
@xn ,

then ⌘ = (�1)i�1cidxi ⌦ @
@x1 ^ · · · ^ @

@xn and it suffices to consider the derivation
law given by

rX

✓
f

@

@x1
^ · · · ^

@

@xn

◆
= X ( f )

@

@x1
^ · · · ^

@

@xn
, 8 f 2C1(M), 8X 2X(M).

Conversely, assume that items (1) and (2) hold.
LetU be the neigbourhood of x0 defined by {x 2 M : (Vn�1)x 6= 0}. Shrinking

U if necessary we can assume that U is a coordinate domain. If V 0n is a basis for
0(U,^nT M), then there exists a unique !1 in �1(U) such that i!1V 0n = Vn�1;
hence i!1Vn�1 = 0, and thus rank P|U � 1. According to the assumption in item
(i) we conclude that there exists a function f in C1(U) such that (d f )x 6= 0,
8x 2 U , and id f Vn�1 = 0. Again by shrinking U , we can assume that there
exists a coordinate system (U ; x1, . . . , xn) such that f = xn . We have Vn�1 =
F @

@x1 ^ · · · ^ @
@xn�1 , ⌘ = ↵ ⌦ Vn , with F 2 C1(U), ↵ = (�1)n�1Fdxn and

Vn = @
@x1 ^ · · · ^ @

@xn . The connection form ! of r is defined by the formula
rXVn = !(X)Vn , and the curvature is then given by Rr = d! ⌦ Vn . As Rr = 0,
we have ! = d⇢, and substituting exp(�⇢)Vn for Vn , it follows rX (Vn) = 0.
Therefore dr⌘ = d↵ ⌦ Vn = (�1)n�1dF ^ dxn ⌦ Vn = 0, and, consequently,
F = F(xn). As F(x0) 6= 0, the following formulas y1 = x1

F , y
i = xi , 2  i  n,

determine a change of coordinates and we have Vn�1 = @
@y1 ^ · · · ^ @

@yn�1 .

Remark 1.17. If r is a derivation law as in Proposition 1.16 and Dr is the differ-
ential operator generating Schouten-Nijenhuis bracket introduced in [5, Section 2],
then (Dr)2 = 0, as follows from the formula [5, (2.2)].
Remark 1.18. For q � 1

2 (n + 2) the condition [Vq , Vq ] = 0 holds automatically,
as deg[Vq , Vq ] � 2q � 1 � n + 1.
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Example 1.19. An n-vector field Vn has constant coefficients on a neighbourhood
of x 2 M if and only if, either Vn vanishes on a neighbourhood of x , or Vn does not
vanish at x . In fact, in the second case, there exists a unique n-form !n such that
!n(Vn) = 1, and we conclude by virtue of Example 1.6.

1.3. Conformal constant coefficients

Each volume form !n induces an isomorphism

◆pq : ^q T (M) ! ^pT ⇤(M), n = p + q,

◆pq
�
X1 ^ · · · ^ Xq

�
= iX1^···^Xq!n = iX1

�
. . . iXq (!n)

�
,

8X1, . . . , Xq 2 TxM.

If !n = ⇢dx1 ^ · · · ^ dxn , then for every I = (i1, . . . , iq) 2 Inq , we have

◆pq

✓
@

@xi1
^ · · · ^

@

@xiq

◆
= i @

@xi1

⇣
. . . i @

@xiq
(!n)

⌘

=⇢i @

@xi1

⇣
. . . (�1)iq�1dx1 ^ · · · ^ ddxiq ^ · · · ^ dxn

⌘

=(�1)|I |�q⇢dx1^ · · · ^ ddxi1^ · · · ^ ddxiq ^ · · · ^ dxn.

Hence

◆pq

0

@
X

I2Inq

FI
@

@xi1
^ · · · ^

@

@xiq

1

A

= ⇢
X

I2Inq

(�1)|I |�q FI dx1 ^ · · · ^ ddxi1 ^ · · · ^ ddxiq ^ · · · ^ dxn.

Dually, an isomorphism can also be defined

◆⇤qp : ^p T ⇤(M) ! ^qT (M), n = p + q,

◆⇤qp
�
w1 ^ · · · ^ wp

�
= iw1^···^wp Vn = iw1

�
. . . iwp (Vn)

�
,

8w1, . . . , wp 2 T ⇤
x M,

Vn being an n-vector field that does not vanish at any point.

Definition 1.20. A q-vector field Vq (respectively a differential p-form !p) is
said to have conformal constant coefficients if there exists a q-vector field V 0

q (re-
spectively a differential p-form !0

p) with constant coefficients and function f 2
C1(M) such that Vq = f V 0

q (respectively !p = f !0
p).
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Remark 1.21. From the previous formulas it follows that if Vq has conformal con-
stant coefficients, then the p-form ◆pq(Vq) has also conformal constant coefficients.
In fact, if V 0

q has constant coefficients on (u1, . . . , un), then !n = ⇢du1^ · · ·^dun;
hence ◆pq(Vq) = f⇢iV 0

q

�
du1 ^ · · · ^ dun

�
, which is a p-form with conformal con-

stant coefficients.

Remark 1.22. If Vq and !n have constant coefficients in the same coordinate sys-
tem, then iVq!n has also constant coefficients in that system. If n = pk, !p has
constant coefficients and !n = !p ^ (k. . . ^ !p is a volume form, then the q-vector
field Vq , q = p(k � 1), defined by iVq!n = !p, has also constant coefficients.

Example 1.23. An i-form !i on M with i = 1 or i = 2 of constant class and
such that (!i )x 6= 0 at point x 2 M has conformal constant coefficients if and only
if !i ^ d!i = 0. In fact, if !i = ⇢!0

i , with ⇢ 2 C1(M) and !0
i has constant

coefficients, then d!i = d⇢ ^ !0
i , and hence !i ^ d!i = 0. Conversely, if the

previous equation holds, then the class of!i is 2 and by virtue of Darboux’s theorem
(cf. [2, VI, Section 4.1]) there exists a coordinate system (xi )ni=1 such that either
!1 = (1+ x1)dx2 or !2 = ⇢dx1 ^ dx2.

Example 1.24. If Vn�1 is a (n � 1)-vector field on M such that (Vn�1)x0 6= 0 on
a point x0 2 M and the Pfaffian system P associated to Vn�1 according to Propo-
sition 1.14 satisfies the properties therein stated, then Vn�1 has conformal constant
coefficients. This is proved by proceeding as in the proof of Proposition 1.16.

The results of this section prove that for very high or very low degrees p or
q, differential p-forms and q-vector fields with constant coefficients admit simple
geometric characterizations obtained by using classical theorems.

For intermediate degrees the situation is different and one must resort to con-
sider partial differential systems of geometric nature that allow to characterize dif-
ferential forms and vector fields with constant coefficients. This is the purpose of
the next two sections.

2. The associated linear connection

Given a local basis f = (X1, . . . , Xn) of the bundle of linear frames F(M), or
equivalently, (X1, . . . , Xn) is a local basis of the module X(M), let rf denote the
only linear connection on M parallelizing f, i.e., rfXi X j = 0, 8i, j = 1, . . . , n. If
u = (u1, . . . , un) is a coordinate system on M , we write ru = rf, with Xi = @

@ui ,
1  i  n. The curvature of rf vanishes (i.e., rf is flat) and its torsion vanishes if
and only if there exist coordinates such that rf = ru.

Proposition 2.1. A p-form !p (respectively a q-vector field Vq ) has constant co-
efficients on the coordinate system u = (u1, . . . , un) if and only if: ru!p = 0
(respectively ruVq = 0).
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In other words, !p (respectively Vq ) has constant coefficients if and only if
there exists a symmetric linear connection r on M such that Rr = 0, r!p = 0
(respectively rVq = 0).

Proof. The condition ru!p = 0 means ruX!p = 0, 8X 2 X(M). We have
ru(duJ ) = 0, as

⇣
ru@

@ui
(duJ )

⌘ @

@uk
=

@

@ui

✓
duJ

✓
@

@uk

◆◆
� duJ

⇣
ru@

@ui

@

@uk
⌘

= 0.

Consequently, if !p =
P

I2Inp FI du
I on the system u = (u1, . . . , un), then the

equation ruX!p = 0 is equivalent to saying X (FI ) = 0 for all X 2 X(M) and all
multi-indices I 2 Inp; in other words, all the coefficients of !p are constant.

The proof for the contravariant case is analogous.

Lemma 2.2. If ru@
@xi

⇣
@

@x j

⌘
= 0h

i j
@

@xh , then 0b
i j = vbh

@2uh
@xi @x j , where (vij ) denotes the

inverse matrix of the Jacobian matrix
⇣

@ui
@x j

⌘
, b, h, i, j = 1, . . . , n.

Proof. From @
@x j = @uh

@x j
@

@uh , it follows:

ru@
@xi

✓
@

@x j

◆
=

@2uh

@xi@x j
@

@uh
+

@uh

@x j
ru@

@xi

✓
@

@uh

◆
.

As the second term in the right-hand side vanishes, taking the formulas @ua
@xb v

b
c = �ac ,

vbc
@

@xb = @ua
@xb v

b
c

@
@ua = �ac

@
@ua = @

@uc into account, we have

ru@
@xi

✓
@

@x j

◆
=

@2uh

@xi@x j
@

@uh
= vbh

@2uh

@xi@x j
@

@xb
,

thus concluding.

3. The associated partial differential system

In Proposition 2.1 we have proved that a p-form or a q-vector field have constant
coefficients if and only if there exists a linear connection of vanishing curvature
parallelizing them. Below, this condition is proved to be equivalent to the existence
of solution to a partial differential system of equations, which we describe explicitly.

Theorem 3.1. Let n = dimM and let O2M ⇢ J 2(M, Rn) be the open subbundle of
2-jets j2x (u1, . . . , un) such that (du1 ^ · · · ^ dun)x 6= 0.
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Given a differential p-form and q-vector field,

!p =
X

I2Inp

FI dx I , Vq =
X

I2Inq

F̄I @x I ,

on M , let8 j,J (respectively 8̄ j,J ) be the functions defined by the following formu-
las:

X

J2Inp

8 j,J dx J =
X

I2Inp

pX

h=1

nX

i=1
0
ih
j i FI dx

i1 ^ · · · ^ dxi
(ih

^ · · · ^ dxip ,

P
J2Inq 8̄ j,J@x J =

X

I2Inq

qX

h=1

nX

i=1
0
ih
j i F̄I @x

i1 ^ · · · ^ @xi
(ih

^ · · · ^ @xiq ,

1  j  n,

(3.1)

where 0a
bc are the functions introduced in Lemma 2.2 and the notation dx

i

(ih
and @xi

(ih
mean that the 1-form dxi and the vector field @xi must be inserted in the ih-th place
of the exterior product.

The form !p (respectively the vector field Vq ) has constant coefficients on a
neighbourhood of x 2 M if and only if the following second-order partial differen-
tial system defined on J 2(M, Rn):

(i) @FJ
@x j = 8 j,J , 8J 2 Inp

(ii)
@ F̄J
@x j

= �8̄ j,J , 8J 2 Inq

3

7
5 1  j  n, (3.2)

admits a local solution (u1, . . . , un) defined on a neighbourhood of x in O2M .

Proof. According to Proposition 2.1 we must impose ru!p = 0, i.e.,

ru@
@x j

!p =
X

I2Inp

 
@FI
@x j

dx I +
pX

h=1
FI dxi1 ^ · · · ^ ru@

@x j

⇣
dxih

⌘
^ · · · ^ dxip

!

,

where I = (i1, . . . , i p). Moreover, we have

ru@
@x j

⇣
dxih

⌘✓ @

@xi

◆
=

@

@x j

✓
dxih

✓
@

@xi

◆◆
� dxih

✓
ru@

@x j

@

@xi

◆
= �0

ih
j i .

Hence ru@
@x j

�
dxih

�
= �0

ih
j i dx

i , and thus

0 = ru@
@x j

!p

=
X

I2Inp

 
@FI
@x j

dx I �
Xp

h=1 0
ih
j i FI dx

i1 ^ · · · ^ dxi
(ih

^ · · · ^ dxip
!

,

which allows one to conclude.
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The proof of the contravariant case is analogous, replacing the formulas
ru@

@x j

�
dxh

�
= �0h

ji dx
i by ru@

@x j

⇣
@

@xh

⌘
= 0i

jh
@

@xi .

The right-hand side of (3.1) can be computed in order to obtain the function 8 j,J
explicitely, by simply applying the rules of calculation in the exterior algebra.
Example 3.2. As stated in Remark 1.9, the first case not included in the examples
in Section 1.1 is obtained for the values p = 3, n = 5. In this case, we have
!3 = F123dx1 ^ dx2 ^ dx3 + F124dx1 ^ dx2 ^ dx4 + F125dx1 ^ dx2 ^ dx5

+F134dx1 ^ dx3 ^ dx4 + F135dx1 ^ dx3 ^ dx5 + F145dx1 ^ dx4 ^ dx5

+F234dx2 ^ dx3 ^ dx4 + F235dx2 ^ dx3 ^ dx5 + F245dx2 ^ dx4 ^ dx5

+F345dx3 ^ dx4 ^ dx5.

For simplicity’s sake we write Fhi j = 0 if there is a repeated index in (h, i, j);
otherwise Fhi j = "Fabc, with a < b < c and " is the sign of the permutation
a 7! h, b 7! i , c 7! j . Expanding on the first formula of item (1) in Theorem 3.1,
we have

8 j,123dx1 ^ dx2 ^ dx3 + 8 j,124dx1 ^ dx2 ^ dx4 + 8 j,125dx1 ^ dx2 ^ dx5

+ 8 j,134dx1 ^ dx3 ^ dx4 + 8 j,135dx1 ^ dx3 ^ dx5 + 8 j,145dx1 ^ dx4 ^ dx5

+ 8 j,234dx2 ^ dx3 ^ dx4 + 8 j,235dx2 ^ dx3 ^ dx5 + 8 j,245dx2 ^ dx4 ^ dx5

+ 8 j,345dx3 ^ dx4 ^ dx5

=
X

I2I53

5X

i=1
0
i1
j i Fi1i2i3dx

i ^ dxi2 ^ dxi3 +
X

I2I53

5X

i=1
0
i2
j i Fi1i2i3dx

i1 ^ dxi ^ dxi3

+
X

I2I53

5X

i=1
0
i3
j i Fi1i2i3dx

i1 ^ dxi2 ^ dxi .

Hence

8 j,123 =0h
j1
�
Fh23 � F2h3 + F23h

�
+ 0h

j2
�
F1h3 � Fh13 � F13h

�

+ 0h
j3
�
Fh12 � F1h2 + F12h

�
,

8 j,124 =0h
j1
�
Fh24 � Fh24 + F24h

�
+ 0h

j2
�
F1h4 � Fh14 � F14h

�

+ 0h
j4
�
Fh12 � F1h2 + F12h

�
,

8 j,125 =0h
j1
�
Fh25 � Fh25 + F25h

�
+ 0h

j2
�
F1h5 � Fh15 � F15h

�

+ 0h
j5
�
Fh12 � F1h2 + F12h

�
,

...
...

and thus analogously for the remaining components.
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Moreover, the cases studied in Section 1.2 (the contravariant case) are: q = 1
(Example 1.13), q = 2 and V2 being of maximum rank (Corollary 1.15), q = n�1
(Proposition 1.16), and q = n (Example 1.19) with arbitrary n. Therefore, the first
case not included in the examples in Section 1.1 is also obtained for the values
q = 3, n = 5. Consequently, replacing 0h

i j by �0i
jh in the previous formulas, the

corresponding values for 8̄ j,abc, 1  a < b < c  5, are also obtained.

Corollary 3.3. Let 9 j,J , J 2 Inp (respectively 9̄ j,J , J 2 Inq ) be the function ob-
tained by replacing 0a

cd = vab
@2ub

@xc@xd by 0a
cd = �

@vab
@xd

�
V�1�b

c in the formulas above,

where V = (vij ) is the inverse matrix of the Jacobian matrix
⇣

@ui
@x j

⌘
. The systems

(3.2)-(i) and (3.2)-(ii) of PDS of second order of Theorem 3.1, defined in O2M , are
respectively equivalent to the following systems of first order in the variables vij ,
i, j = 1, . . . , n, both defined on J 1(M,GL(n, R)):

@FJ
@x j

= 9 j,J , 8J 2 Inp, 1  j  n,
(3.3)

v
j
m

@vkl
@x j

=
@vkm
@xi

vil 1  k  n, 1  l < m  n,

@ F̄J
@x j

= 9̄ j,J , 8J 2 Inq , 1  j  n,

(3.4)
v
j
m

@vkl
@x j

=
@vkm
@xi

vil 1  k  n, 1  l < m  n.

Proof. By taking derivatives on vab
@ub
@xc = �ac with respect to xd it follows:

@vab
@xd

@ub
@xc +

vab
@2ub

@xc@xd = 0. According to Lemma 2.2: 0a
cd = vab

@2ub
@xc@xd ; hence

0a
cd = �

@vab
@xd

@ub

@xc
= �

@vab
@xd

⇣
V�1

⌘b

c
.

The system (3.2) of Theorem 3.1 is thus of first order with respect to the variables
vij , and hence, it is defined on J

1(M,GL(n, R)); but this is not enough to solve
it by taking the functions vij as unknowns, since it is not ensured that the inverse
matrix V�1 is a Jacobian matrix. For this, the following equations must also be

verified: @(V�1)hi
@x j =

@(V�1)hj
@xi , h, i, j = 1, . . . , n, or equivalently,

(V�1)ha
@vab
@x j

(V�1)bi = (V�1)ha
@vab
@xi

(V�1)bj , h, i, j = 1, . . . , n, (3.5)
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as follows by taking derivatives in the equality vab (V
�1)bc = �ac with respect to xd

and solving it for @(V�1)bc
@xd . Finally, by multiplying the two sides of (3.5) by vkh and

by summing up over h, it follows: @vkb
@x j (V

�1)bi =
@vkb
@xi (V

�1)bj , and by multiplying
both sides by vim and summing up over i , we thus obtain

@vkl
@x j

=
@vkb
@xi

(V�1)bjv
i
l .

Furthermore, by multiplying both sides by v
j
m and summing up over j , we con-

clude.

Corollary 3.4. The integrability conditions of the system (3.2)-(i) (respectively
(3.2)-(ii)) with respect to the unknowns FJ (respectively F̄J ) hold identically.

Accordingly, if M is of classC!, given a point x0 2 M , scalars �J (respectively
�̄J ), 1  j  n, and a coordinate system (u1, . . . , un) of class C! on M , there
exists a unique differential p-form !p (respectively a q-vector field Vq ) on M with
constant coefficients in the system (u1, . . . , un) such that FJ (x0) = �J (respectively
F̄J (x0) = �̄J ).

Proof. From the equations (3.2)-(i) it follows:

@2FJ
@x j@xl

=
@8 j,J

@xl
,

@2FJ
@xl@x j

=
@8l,J

@x j
.

Hence, integrability conditions of the system (3.2)-(i) with respect to the functions
FJ are 0 =

@8 j,J
@xl � @8l,J

@x j .

As ru is flat, we have @0abd
@xc �

@0abc
@xd = 0e

bc0
a
de � 0e

bd0
a
ce, and as a calculation

shows, the integrability conditions written above hold identically.
The proof in the contravariant case is analogous.

Remark 3.5. Certainly a p-form !p or a q-vector field Vq have constant coeffi-
cients in an open subset U if there exists a coordinate system (ui )ni=1 defined on U
such that L @

@ui
!p = 0 or L @

@ui
Vq = 0, respectively, for 1  i  n. By directly

imposing these conditions, systems of equations equivalent to (3.2) are obtained.
However, we prefer the torsion-free flat linear connection method because it reveals
the geometry underlying the problem considered and is closer to the classical for-
mulations given in Geometry; for example, a pseudo-Riemannian metric has con-
stant coefficients if and only if the curvature of its associated Levi-Civita connection
vanishes.
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4. Computational aspects

Remark 4.1. For all n � 7, 3  p  n � 3, the system (3.3) has n
�n
p
�

+ n
�n
2
�

equations in the n2 + n3 variables vab ,
@vab
@xd , and we have n

�n
p
�
+ n

�n
2
�

� n2 + n3.
In fact, only for 3  p  4, n = 7 the inequality above turns into an equality, i.e.,
7
�7
p
�
+ 7

�7
2
�

= 72 + 73. Accordingly, from dimension 8 there are more equations
than unknowns and the system (3.3) is generically compatible and determined, so
that the connection ru, if exists, is unique.

Remark 4.2. The systems (i) and (ii) in (3.2) can be viewed as two linear systems
in the n3 unknowns 0a

bc each with n
�n
p
�
equations.

Moreover, as a computation shows, we have

n
✓
n
p

◆
< n3, if 2  n  7 and 2  p  n � 2,

n
✓
n
p

◆
< n3, if n = 8 and p = 2, 3, 5, 6,

n
✓
n
p

◆
� n3, if n = 8 and p = 4,

n
✓
n
p

◆
< n3, if n � 9 and n � 2  p  n,

n
✓
n
p

◆
� n3, if n � 9 and 3  p  n � 3.

Remark 4.3. LetM(x) be the coefficient matrix of (3.2)-(i) at a point x 2 M , and
letM0(x) be its augmented matrix.

We have rankM(x)  rankM0(x)  n3, and from Rouché-Capelli theorem
it follows:

• If rankM(x) < rankM0(x), then rankM(x 0) < rankM0(x 0) for every x 0 in a
neighbourhood of x , and the p-form!p =

P
I2Inp FI dx

I does not have constant
coefficients on a neighbourhood of x
A similar result also holds for a q-vector field;

• If rankM(x 0) = rankM0(x 0) for every x 0 in a neighbourhood of x , then the
system (3.2)-(i) admits at least a solution 0a

bc, a, b, c = 1, . . . , n; but we need
to impose that the curvature and torsion fields of the linear connection r given
by the formula r @

@xb

@
@xc = 0a

bc
@

@xa should vanish, or equivalently, such that

r = ru for some coordinate system u = (u1, . . . , un).
In other words, on the solution to (3.2)-(i) we must impose the following condi-
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tions:
(C)

@0a
bd

@xc
�

@0a
bc

@xd
= 0e

bc0
a
de � 0e

bd0
a
ce,

(T) 0a
cb = 0a

bc,

a, b, c, d, e = 1, . . . , n.

Remark 4.4. If n
�n
p
�

� n3, 3  p  n � 3, as in Remark 4.2 and furthermore
we have rankM(x 0) = rankM0(x 0) = n3, then the solution to the system (3.2)-(i)
can be written in the form 0a

bc = Qa
bc, a, b, c = 1, . . . , n, where the functions

Qa
bc are rational fractions of the functions FJ ,

@FJ
@x j , J 2 Inp, 1  j  n. The

contravariant case is completely similar. Hence, in this case, there exist two second-
order differential operators

D : O ⇢ ^p�(Rn) ! C1(Rn)k, D̄ : Ō ⇢ ^qX(Rn) ! C1(Rn)k̄,

for some integers k and k̄, where O and Ō are dense open subsets, such that a
differential p-form !p 2 O and a q-vector field Vq 2 Ō have constant coefficients
if and only if D(!p) = 0 and D̄(Vq) = 0, respectively.

Although the operators D and D̄ can be computed feasibly, since their compu-
tation is reduced to Linear Algebra operations, their expressions become increas-
ingly longer when the value of n increases.

If rankM(x 0) = rankM0(x 0) does not reach its maximum value, the order of
the operators D and D̄ may be higher than 2, if they exist.
Remark 4.5. The case of a (n � 1)-vector field

Vn�1 =
Xn

i=1 Fi
@

@x1
^ · · · ^

d@
@xi

^ · · · ^
@

@xn

is exceptional because from Remark 4.2 we know that the system (ii) in (3.2) is a
linear system in the n3 unknowns 0a

bc with n
� n
n�1
�

= n2 equations. In fact, taking
the symmetry 0a

bc = 0a
cb into account, it follows that the number of unknowns in

this case is 12n
2(n + 1) > n2. Hence the system (ii)-(3.2) is underdetermined and

the associated torsion-free flat linear connection is not unique.
With the previous notation, the system (ii)-(3.2) can be written as follows:

@Fl
@x j

=
�
�l,1 � 1

� l�1X

h=1
0h
jh Fl +

�
�l,n � 1

� nX

h=l+1
0h
jh Fl

+
�
1� �i,1

� �
1� �l,n

� nX

i=l+1
(�1)i�l0i

jl Fi

+
�
1� �i,n

� �
1� �l,1

� l�1X

i=1
(�1)l�i0i

jl Fi , j, l = 1, . . . , n.

(4.1)
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As a computation shows, on the dense open subset defined by F1 · · · Fn 6= 0 the
rank of the n2 ⇥ 1

2n
2(n + 1) coefficient matrix of (4.1) is n2, i.e., the rank is maxi-

mum. Hence n2 of the unknowns 0a
bc, a, b, c = 1, . . . , n, b  c, can be written in

terms of the 12n
2(n + 1) � n2 = n

�n
2
�
remaining unknowns.

We can also compute the first prolongation P1 of (4.1).
Furthemore, we must impose the vanishing of the curvature, i.e., the equations

(C) in Remark 4.3.
Therefore, by joining the systems (4.1), its first prolongation and the indepen-

dent components of the curvature, a system is obtained, which has n2 + 1
2n
2(n +

1)+ 1
3n
2(n2�1) = 1

6n
2(3n+2n2+7) equations in the 12n

2(n+1)+ 1
2n
3(n+1) =

1
2n
2(n+ 1)2 unknowns 0h

i j ,
@0hi j
@xk , 1  i  j  n, h, k = 1, . . . , n. We cannot write

down the formulas that solve this system because they are very involved; for exam-
ple, for n = 3, 9 unknown Gammas 0h

i j , 1  h  3, 1  i  j  3, can be written
as functions of the 9 remaining Gammas, Fj , and

@Fj
@xl , j, l = 1, . . . , 3 in the system

(4.1), whereas in the system P1 [ {Rijkl = 0 : 1  k  j  n, 1  k < l  n},

36 unknowns
@0hi j
@xk , h, k = 1, 2, 3, 1  i  j  3, can be written as functions

of the 15 remaining derivatives of Gamma’s, Fj , @Fl
@xl , and

@2Fl
@xk@xl , j, k, l = 1, 2, 3,

k  l, but in addition there appear 3 constraints that must be fulfilled identically
C1 = 0, C2 = 0, C3 = 0. They can be written as functions of the coefficient
C = �1

2dx
1 ^ dx2 ^ dx3([V2, V2]), namely

C1 = F2
@

@x3

✓
C
F2

◆
,

C2 = F2
@

@x2

✓
C
F2

◆
,

C3 = �
F21 F2
F23

⇣
F10133 � F20233 + F30333

⌘
C +

⇣
F30312 + F20313

⌘
C

� F1C2 + F22
@

@x1

✓
C
F2

◆
�

F1
F23

✓
F2

@F3
@x3

� F3
@F3
@x2

� F3
@F2
@x3

◆
C,

and we can conclude that the constraints vanish by simply applying Corollary 1.15.

5. Some applications

1. Two 2-forms !2, !0
2 on a manifold M have constant coefficients if there exist

linear connections r, r0 with vanishing torsion and curvature tensors such that
r!2 = 0, r0!0

2 = 0. Furthermore, to say that !2, !0
2 have constant coeffi-

cients “simultaneously” means that r = r0. As r parallelizes !2, we have
X (!2(Y, Z)) = !2(rXY, Z) + !2(Y,rX Z). If !2 is of maximum rank, i.e.,
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rank!2 = 2n = dimM , then we can define an endomorphism J : T M ! T M
by setting !2(X, J (Y )) = !0

2(X,Y ), 8X,Y 2 TxM , and as a calculation shows,
we have

�
rX!0

2
�
(Y, Z) = !2 (Y, (rX J )Z), 8X,Y, Z 2 X(M).

Hence r also parallelizes !0
2 if and only if it parallelizes J , i.e., r J = 0. The

previous result can be applied to the study of complex valued 2-forms!2+i!0
2 2

�2(M) ⌦R C with constant coefficients.
2. An almost Hermitian manifold (M, g, J ) is Kähler if and only if its fundamental
2-form 8 is closed. The manifold M is Kähler if and only if d8 = 0. As 8
is defined by 8(X,Y ) = g(X, JY ) it follows that 8 is of maximum rank, and
we can conclude from Example 1.7 above. Moreover, if there exists an analytic
coordinate system z = (z j )nj=1, n = dimM , such that8 =

Pn
↵=1 dx↵ ^dy↵ =

� 1
2i
Pn

↵=1 dz↵ ^ dz̄↵ , with x↵ = Re z↵ , y↵ = Im z↵ , 1  ↵  n, then g is flat,
as8 = i

Pn
↵,�=1 g↵�̄dz↵ ^dz̄� = � 1

2i
Pn

↵=1 dz↵ ^dz̄↵ . Hence the coefficients
g↵�̄ are constant.

3. Let !p+q be a form of degree p + q and type (p, q) on a complex manifold
M . If z = (z j )nj=1, n = dimC M , is an analytic coordinate system on an open
domain U ⇢ M such that

!p+q =
X

i1<...<i p,i1<...<i p

�i1,...,i p, j1,..., jq (z, z̄)dz
i1 ^ . . .^dzi p ^dz̄i1 ^ . . .^dz̄i p ,

with �i1,...,i p, j1,..., jq 2 C, then the real and imaginary parts of !p+q have con-
stant coefficients, as writing x j = Re z, y j = Im z j , 1  j  n, we deduce
dz1^ . . .^dzr =

P
|I |+|J |=r,I\J=; "I J (dx)I ^ (dy)J , where I and J are multi-

indices I = (i1, . . . , ik) 2 Nk , 0  k  r , J = ( j1, . . . , jl) 2 Nl , k+ l = r , and
"I J 2 {±1,±i}. Hence Re!p+q and Im!p+q are constant coefficients when
written in the real coordinate system (x j , y j )nj=1. The converse however is not
true as shows the case of the fundamental 2-form 8 (which is the type (1, 1))
of a Kähler manifold with non-flat Riemannian metric as proved in the previous
item.

4. If (!1, . . . ,!n) is basis of Maurer-Cartan forms on a connected Lie group G,
then G is Abelian if and only if each of these forms !i , 1  i  n, have constant
coefficients. In fact, let (X1, . . . , Xn) be the dual basis to (!1, . . . ,!n) of left-
invariant vector fields. If the forms !i , 1  i  n, have constant coefficients,
then they are closed, hence 0 = (d!i )(X j , Xk) = �!i ([X j , Xk]), 8i, j, k =
1, . . . , n. Therefore [X j , Xk] = 0, thus proving that the Lie algebra of G is
Abelian and consequently so is G, because it is connected. Conversely, if G
is Abelian, then the torsion and curvature tensors of the linear connection rf

parallelizing the linear frame f = (X1, . . . , Xn) vanish; hence rf = ru for
some coordinate system u = (ui )ni=1, and we have rf!i , 1  i  n.

5. Let V = Rn , let t 2 T qp (V ) = (⌦pV ⇤) ⌦ (⌦qV ) be a given tensor and let
G ✓ GL(n, R) be the isotropy subgroup of t ; namely, G = {A 2 GL(n, R) :
A · t = A}, where the dot denotes the natural action of GL(n, R) on T qp (V ).
If M is an n-dimensional C1 manifold and ⇡ : P ! M is a G-structure,
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then a tensor field ⌧ of type (p, q) on M can be defined as follows: A lin-
ear frame u 2 ⇡�1(x) determines an isomorphism u : V ! TxM , which in-
duces a GL(n, R)-equivariant isomorphism u pq : T qp V ! T qp (TxM), and we set
⌧ (x) = u pq (x). This formula does not depend on u because of the definition
of G. Then P is integrable if and only if each point of M has a coordinate
neigbourhood (U ; x1, . . . , xn) with respect to which the components of ⌧ are
constant functions on U ; e.g., see [4].

6. There is a close relationship between the group of symmetries of a p-form and
the set of torsion-free flat linear connections that parallelize it. For every !p 2
�p(M), we set Sym(!p) = {� 2 DiffM : �⇤!p = !p} and let P(!p) be the
set of coordinate systems whose associated linear connection parallelizes !p;
namely P(!p) = {u = (u1, . . . , un) : ru!p = 0}.

To say that !p has constant coefficients is equivalent to saying that P(!p)

is non-empty. When making a linear change of coordinates ui = ↵ij x
j , the ma-

trix A = (↵ij )
n
i, j=1 in GL(n, R), a form with constant coefficients !p.

Consequently, GL(n, R) acts on the left on P(!p) by composition, namely
(A, x) 7! A · x = A � (x1, . . . , xn), 8A 2 GL(n, R), 8x 2 P(!p).

Once a point x0 2 M and a coordinate system x = (x1, . . . , xn) have been
fixed, every coordinate system u = (u1, . . . , un) defined on an open neighbour-
hood U of x0 can be written as follows: u = A � u0, where the matrix A is
as above, and ↵ij = @ui

@x j (x0),
@u0i

@x j (x0) = �ij , i, j = 1, . . . , n. Therefore, the
quotient set P(!p)/GL(n, R) can be identified to the subset P0(!p) ⇢ P(!p)
of the coordinate systems whose Jacobian matrix at x0 with respect to x is the
identity map.

In summary: Once a point x0 2 M and a coordinate system x have been
fixed, there exists a one-to-one correspondence between the group Sym(!p) and
the set P0(!p).

The treatment for a q-vector field is entirely analogous.
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