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Differential p-forms and g-vector fields with constant coefficients
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Abstract. Differential p-forms and g-vector fields with constant coefficients
are studied. Differential p-forms of degrees p = 1,2,n — 1, n with constant
coefficients on a smooth n-dimensional manifold M are characterized. In the
contravariant case, the obstruction for a g-vector field V;; to have constant co-
efficients is proved to be the Schouten-Nijenhuis bracket of V,; with itself. The
g-vector fields with constant coefficients of degrees ¢ = 1,2,n — 1, n are also
characterized. The notions of differential p-forms and g-vector fields with con-
formal constant coefficients are introduced. For arbitrary degrees p and g, such
differential p-forms and g-vector fields are seen to be the solutions to two second-

order partial differential systems on J 2(M,R"), which are reducible to two first-
order partial differential systems by adding variables. Computational aspects in
solving these systems are discussed and examples and applications are also given.

Mathematics Subject Classification (2010): 35G20 (primary); 35N10, 58A10,
58A15,58A17,58A20 (secondary).

1. Definitions and examples

The notion of “having constant coefficients” plays an important role in both Geom-
etry and Analysis; for example, when does a differential operator have constant co-
efficients? [3], or when an exterior differential system [1, Chapter X VIII, Section 9]
is defined by forms with constant coefficients? etc. In Geometry this notion is usu-
ally related to concepts such as locally symmetric spaces, flat semi-Riemannian
manifolds, etc. Below we tackle this notion in the case of p-differential forms and
g-vector fields. First of all we introduce the formal definitions and show some
examples.

1.1. The covariant case

Definition 1.1. Let M be a smooth manifold of dimension n. A differential form
wp € QP(M) is said to have constant coefficients on a neighbourhood of the point
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x € M if there exists a system of coordinates (ul, ..., u'"") centred at x, such that
. P P , .
all the functions w,, (m, R 3uiﬁ>’ 1 <ij <...<ip < n,are constant.

Notation 1.2. For every p € NT, et 77, denote the set of all multi-indices I =
(i1,...,ip) € NPsuchthat 1 <iy < ... <i, <n. If (u',...,u") is a system of
C functions on M, we write du! = du’t A --- A du'r, for any [ € Ig.

Proposition 1.3. Every form w, with constant coefficients is closed. In this case,

the differential system D = {X € T,yM : ix(wp)x = 0,x € M} has a locally
constant rank and it is involutive.

Proof. If w, has constant coefficients, by writing @, on a coordinate system as in
Definition 1.1, we have w, = > 1€y rrdul, A; € R, and by taking its exterior

differential, we have dw, = 37y dhs A du' =0.

The tangent vectors X € T, M in D are in one-to-one correspondence with the
solutions

X={X"....,.X"HeR", X =du'(X), 1<i=<n,

to the following system of (p'il) linear equations with constant coefficients:

—

0=3 cpy D" X" (au) Ao n(dui), neeen (du')

As the vector space X is independent of the point x, it follows that D has a basis

X

of vector fields with constant cog:fﬁcients v1 ..., V¥ on the domain of the Sys-
tem (u',...,u"). Hence [VI, V] = 0, Vi,j = 1,...,k, and accordingly, D is
involutive. O

Remark 1.4. In degrees 1,2, n — 1 and n the property of having constant coeffi-
cients is generic in the space of closed forms, as proved in the next four examples.

Example 1.5. An 1-form w; that does not vanish at x has constant coefficients if
and only if w; is closed. If w; has constant coefficients, then it is closed as follows
from Proposition 1.3; hence w is locally exact: w; = df. We can suppose f(x) =
0and % (x) # 0, permuting indices if necessary. In this case the functions u' = f,

u" = x",2 < h < n, are a coordinate system centred at the point x, as the Jacobian
i . i R [N ) 9
of the system (u')?_, with respect to (xJ)?:1 at x is m(x) = Wfl(x).

Example 1.6. A form of maximum degree w, € " (M) has constant coefficients
on a neighbourhood of x € M if either w, vanishes on a neighbourhood of x or w,
does not vanish at x. If w, = fdx' A --- Adx™ and f(x) # 0, then by defining

1 . .
ul =f0x f(t,xz,...,x")dt,u’ =xi,2<i<n,wehave w, = du' A---Adu".

Example 1.7. A 2-form w, of constant class (cf. [6, Appendix 4, Section 3.5]) on
a neighbourhood of x € M has constant coefficients if and only it is closed, as
follows from Darboux’s theorem (cf. [2, VI, Section 4.5]).
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Example 1.8. An (n — 1)-form w,,—| € Q" 1(M) that does not vanish at x € M
has constant coefficients if and only it is closed. In fact, if w, is a volume form on
an open neighbourhood U of x € M, then there exists a vector field X € X(U)

such that iyw, = w,—1, and X, # 0; hence, there exist coordinates (x%) centred
9

at x reducing X to a canonical form, i.e., X = T On these coordinates: w, =
pdx' A ... Adx" and w,—1 = pdx* A --- A dx". By differentiating we thus have
0=dw,_1 = %a’x1 A -+ Adx™. Accordingly, p depends only on X2, X",

and we can conclude by virtue of Example 1.6.

Remark 1.9. The cases not included in the four examples above are n > 5,3 <
p<n-—2.

Example 1.10. A differential p-form w, on M of constant class equal to p has con-

stant coefficients, as every x € M admits a coordinate neighbourhood (U ;x 1. , XM
such that w, |y = dx' A~ AdxP;see [2,V],34].

1.2. The contravariant case

Definition 1.11. Let M be a smooth manifold of dimension n. A g-vector field
V4 € A1X(M) is said to have constant coefficients on a neighbourhood of the point

x € M if there exists a system of coordinates (u!,...,u") centred at x, such that
all the functions V, (du'l, ..., du'1),1 <ij < ... <ig < n,are constant.
Notation 1.12. We set du! = 22— A ... A 2 forall I € I".

du'l ou'd q

Example 1.13. A 1-vector field X € X(M) that does not vanish at x has constant
coefficients on a neighbourhood of this point, as there exists a system of coordinates

(U;x',..., x") centred at x, such that: X|y = T

Proposition 1.14. If a g-vector field V,; on M has constant coefficients, then the
Schouten-Nijenhuis bracket V,; with itself vanishes, i.e., [Vy, V4] = 0. In this case,
the Pfaffian system P = {w € T)M : i,(Vy)x = 0,x € M} has a locally con-
stant rank and for every x € M there exists an open neighbourhood U, such that
['(Uy, P) admits a basis of closed 1-forms; hence, P is integrable.

Proof. It V, = Z,ezn Ardu’, A; € R, in a coordinate system (U; ul, ..., u"),the
q
first part of the statement follows by virtue of the following formula (cf. [8]):

[A, B] = Zi’j(—l)i"'j[xi,Yj]/\Xl/\--~/\5(\,'/\--~/\Xq/\Y1/\
.../\}/7}/\.../\}7“
A= XA AN Xy,
B=Y A---AY,,
VX, Yje X(M), 1 <i<qg,1<j=<r

The 1-covectors w € T,"M in P are in one-to-one correspondence with the solu-
tions

. 0
W= {w!,...,w") eR"}, w’=w(—.>, 1<i<n,
X
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to the following system of (qf 1) linear equations with constant coefficients:

5 3 N 9
f— —_— h_l h ... ...
0= IEI";( b Wk (auil >x " : (8uih )x " " (auiq )x .

As the vector space VV is independent of the point x, it follows that P has a basis of
1-forms {1, e {k with constant coefficients and consequently d¢/ = 0,1 < j <
k. Hence

k k
d(ij{j>:dej/\§j, ijECOO(M), 1<j<k.
j=1 j=1

This proves that P is integrable. O

Corollary 1.15. If n = dim M is even, then a 2-vector field V, of rank n has
constant coefficients if and only if [V2, Vo] = 0. If n is odd, then a 2-vector
field V, of rank n — 1 has constant coefficients if and only if the Pfaffian system
P ={weTM:i,V, =0} is integrable and the restriction of [V2, V2] to each
integral submanifold of P vanishes.

Proof. If n is odd, then rank P = 1, as rank V, = n — 1. Hence, there exists a
local section of P with constant coefficients, w; = A;du’ € I'(U, P),and any other
section of P is of the form fw;.

If n is even, the mapping V;: "M — TM, V;(w) =iyVa,Yw € T*M,
is an isomorphism, as rank V, = n, and a 2-form can be defined by the formula
w(X,Y) = Vz((VZD)_IX, (Vzt)_lY),VX, Y € TM. According to [7] (also see [6,
I1.8.12-2]), w» is closed if and only if [V;, V] = 0. In this case, by virtue of
Darboux’s theorem, there exist coordinates (p;, qi ), 1 <i < %, such that wy, =

dp; Adq'; hence V, = 3%_ A aiqf has constant coefficients.
1

If n is odd and P is integrable, then the distribution ker P C X(M) is invo-
lutive, since if w; is an arbitrary local section of P, then dw; = w1 A & for some
1-form &;. Therefore, for all X, Y € I'(U, ker P) we have

doi(X,Y) = (w1 A§1) (X, Y) = 01(X)61(Y) — 01 (Y)E1(X) =0,
since w1 (X) = w1 (Y) = 0. Furthermore

0=dwi(X,Y) = X(01(Y)) = Y(01(X)) —o1([X, Y])

Accordingly [X, Y] € ['(U, ker P). From Frobenius theorem, there exist coordi-

nates x!, ..., x" such that ker P = <%%
ax ax"

P = (dx"); hence V, = Zl<i<j<n_1 F"J'a% A 8(11. , and one concludes by apply-
ing the proof of the even-dimensional case to the restriction of V5 to each integral
submanifold x" = A of P. O

>, so that in this system we have
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Proposition 1.16. If V,,_y is a (n — 1)-vector field such that (V,_1)x, # 0 at a
point xo € M, then V,_1 has constant coefficients on an open neigbourhood U of
xo if and only if the following two conditions hold:

(1) The Pfaffian system P associated to V,—1 according to Proposition 1.14 satisfies
the properties therein stated;
(2) Let n be the N"T M-valued differential 1-form defined by

nX)=XAV,_1, ¥X € X(M).
There exists a derivation law
V:X(M) x N"X(M) - AN"X(M), (X, W,) = VxW,,

with vanishing curvature (ie., Ry = 0) such that d¥n = 0.

. : ? B 9
Proof. If Vn,l.has con§tant [coefﬁc1ents,[z.e., Vi1 =c¢i ST AN ATT A A S,
then n = (—1)¢;dx’ @ ﬁ A A % and it suffices to consider the derivation

law given by

Vx (faa_]/\”'/\ aﬂ):X(f)il/\mAin, VfeC®(M), VX eX(M).
X 0x 0x 0x

Conversely, assume that items (1) and (2) hold.

Let U be the neigbourhood of xo defined by {x € M : (V,,_1)x # 0}. Shrinking
U if necessary we can assume that U is a coordinate domain. If V? is a basis for
['(U, A"T M), then there exists a unique w; in Q'(U) such that lw V,? = Vuo1;
hence iy, V,—1 = 0, and thus rank Py > 1. According to the assumption in item
(i) we conclude that there exists a function f in C*°(U) such that (df), # O,
Vx € U, and igrV,—1 = 0. Again by shrinking U, we can assume that there
exists a coordinate system (U; x!, ..., x") such that f = x". We have V,_| =
F% A A n=0oaQ®V, with F e C°U), «a = (—1)" 'Fdx" and
V., = % A A az,,. The connection form w of V is defined by the formula
VxV, = w(X)V,, and the curvature is then given by Ry = dw ® V,,. As Ry =0,
we have w = dp, and substituting exp(—p)V, for V,, it follows Vx(V,,) = 0.
Therefore dVn = da @ V, = (—1)""'dF Adx" @ V, = 0, and, consequently,
F = F(x"). As F(xg) # 0, the following formulas y1 = %, yi =xi,2<i<n,

determine a change of coordinates and we have V,,_| = diyl Ao A 3)2—71. O

_0
9xn—1°

Remark 1.17. If V is a derivation law as in Proposition 1.16 and Dy is the differ-
ential operator generating Schouten-Nijenhuis bracket introduced in [5, Section 2],
then (Dy)? = 0, as follows from the formula [5, (2.2)].

Remark 1.18. For g > %(n + 2) the condition [V, V,;] = 0 holds automatically,
asdeg[V,, Vgl 22g —1>n+1.
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Example 1.19. An n-vector field V,, has constant coefficients on a neighbourhood
of x € M if and only if, either V,, vanishes on a neighbourhood of x, or V,, does not
vanish at x. In fact, in the second case, there exists a unique n-form w,, such that
wn (V) = 1, and we conclude by virtue of Example 1.6.

1.3. Conformal constant coefficients
Each volume form w, induces an isomorphism

tpg: N T(M) — APT*(M), n=p+gq,

Lpg (X1 AERE /\Xq) = in/\-nAqun =iy, ( .in (a)n)) ,
VXi,..., X, € T M.

Ifw, = ,odx1 A--- ANdx",then forevery I = (iy, ..., i;) € 1], we have

ad d
tpq<—./\-'-/\ .)=ia(...ia(a)n)>
dx dox'a axil ax'q

=piL_(...(—1)i‘1_1dxl Ao Adxia A --~/\dx”>

ax'l

e~ —

=D pdx"A -  AdxiIA - AdxiaA - Adx"

Hence

0 0
l F — A A .
& 1;:;; ’3le ox'a

:pZ(—l)”“qFldxl/\---/\cE;l Ao Adxta Ao Adx",
11!
q

Dually, an isomorphism can also be defined

Gt AP THM) — ANIT(M), n=p+q.

oy (WEA - Awp) = dwyacnw, Vi = Ty (- w, (Vi)
Ywi,...,w, € TYM,

V,, being an n-vector field that does not vanish at any point.

Definition 1.20. A g-vector field V, (respectively a differential p-form w)) is
said to have conformal constant coefficients if there exists a g-vector field Vq/ (re-

spectively a differential p-form w},) with constant coefficients and function f €
C°(M) such that V; = fV, (respectively w, = fw)).
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Remark 1.21. From the previous formulas it follows that if V,; has conformal con-
stant coefficients, then the p-form ¢, (V,) has also conformal constant coefficients.

In fact, if Vq’ has constant coefficients on (u!, . .., u"), then w, = pdu' A---Adu™;

hence 1, (Vy) = fpivy, (du' A - -+ A du™), whichis a p-form with conformal con-
stant coefficients.

Remark 1.22. If V, and w, have constant coefficients in the same coordinate sys-
tem, then iy, w, has also constant coefficients in that system. If n = pk, wp has

constant coefficients and w, = w, A RN p is a volume form, then the g-vector
field V;,q = p(k — 1), defined by iy, w, = wp, has also constant coefficients.

Example 1.23. An i-form w; on M with i = 1 or i = 2 of constant class and
such that (w;), # 0 at point x € M has conformal constant coefficients if and only
if w; A dw; = 0. In fact, if w; = pw!, with p € C*(M) and w| has constant
coefficients, then dw; = dp A a)l’ and hence w; A dw; = 0. Conversely, if the
previous equation holds, then the class of w; is 2 and by virtue of Darboux’s theorem
(cf. [2, VI, Section 4.1]) there exists a coordinate system (xi);? | such that either

w1 = (1 4+ xYdx? or wr = pdx' A dx2. -

Example 1.24. If V,,_; is a (n — 1)-vector field on M such that (V,,_1)y, # 0 on
a point xo € M and the Pfaffian system P associated to V,,_; according to Propo-
sition 1.14 satisfies the properties therein stated, then V;,_; has conformal constant
coefficients. This is proved by proceeding as in the proof of Proposition 1.16.

The results of this section prove that for very high or very low degrees p or
q, differential p-forms and g-vector fields with constant coefficients admit simple
geometric characterizations obtained by using classical theorems.

For intermediate degrees the situation is different and one must resort to con-
sider partial differential systems of geometric nature that allow to characterize dif-
ferential forms and vector fields with constant coefficients. This is the purpose of
the next two sections.

2. The associated linear connection

Given a local basis f = (Xy,..., X,) of the bundle of linear frames F (M), or
equivalently, (X1, ..., X,) is a local basis of the module X(M), let VI denote the
only linear connection on M parallelizing f, i.e., ngi X;=0,Vvi,j=1,...,n. If
u= (ul, ..., u") is a coordinate system on M, we write V" = Vi, with X; = %,
1 <i < n. The curvature of Vf vanishes (ie., viis flat) and its torsion vanishes if
and only if there exist coordinates such that Vf = v,

Proposition 2.1. A p-form w), (respectively a q-vector field V,;) has constant co-
efficients on the coordinate system w = (u', ..., u") if and only if: Viw, =0
(respectively V'V, = 0).
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In other words, w, (respectively V,) has constant coefficients if and only if
there exists a symmetric linear connection V on M such that RY =0, Vo, =0
(respectively VVy =0).

Proof. The condition V'», = 0 means VRw, = 0, VX € X(M). We have
V¥(du’) =0, as

(7% 005 = s (40 () ) =o' (7 ) =0

Consequently, if w, = Z,dn Frdu! on the system u = (u!, ..., u"), then the
P

equation Vyw, = 0 is equivalent to saying X (Fy) = 0 for all X € X(M) and all
multi-indices 1 € 7 Z; in other words, all the coefficients of w,, are constant.
The proof for the contravariant case is analogous. O

Lemma 2.2. If V" <—) = F ih then l"l.b- = vft o2l , where (v ) denotes the
i

dxidxJ

ox

inverse matrix of the Jacobian matrix ( ) b,h,i,j=1,

d 31,4
9xJ — oxJ 3uh ’

vu d _ Zulh 9 +8uhvu 9
L \oxd ) T axioxi out ' ooxi 3w \ouh )

As the second term in the rlght -hand side vanishes, taking the formulas 2 5P vb =84,

Proof. From == it follows:

b o _ ou' b 3 _ sa _ 3
Vo 5eF = 58 V¢ Fua 5¢ 5T = e into account, we have
u [0 ul 9 , 2ul 9
V P = _— =V —
2 i9xJ guh haxigx) 9xb’
Py axJ ax'oxJ du dx'ox/ dx
thus concluding. O

3. The associated partial differential system

In Proposition 2.1 we have proved that a p-form or a g-vector field have constant
coefficients if and only if there exists a linear connection of vanishing curvature
parallelizing them. Below, this condition is proved to be equivalent to the existence
of solution to a partial differential system of equations, which we describe explicitly.

Theorem 3.1. Let n = dim M and let 0,2‘,1 C J2(M, R") be the open subbundle of
2-jets jf(ul, .., u") such that (du' A - Adu™), #0.
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Given a differential p-form and q-vector field,

wp = Z FIdxl, Vy = Z F,ax’,

IGIZ IeI};

on M, let ®; j (respectively o j,J) be the functions defined by the following formu-
las:

Zqu,de] :ZZp:Zn:F?}F}dxi‘A"'ALﬂA"-Adxiﬂ,

JeT) 1€Tl h=1 i=1 (in
_ B .0 i = . . . 3.1
Yjern Pjoxt = ZZZFHFﬁ)x”/\~-~/\8x’/\---/\8x’fJ,
q ’ Jt -
1€Tl h=1 i=1 (in
1<j<n,

where Iy . are the functions introduced in Lemma 2.2 and the notation dx' and 9x'
(in (in
mean that the 1-form dx' and the vector field dx' must be inserted in the iy,-th place
of the exterior product.
The form w, (respectively the vector field V,;) has constant coefficients on a
neighbourhood of x € M if and only if the following second-order partial differen-
tial system defined on J*(M, R"):

(i) =0;,, VeIl

dx/
l<j=n, (3.2)
dF -
(i) —’ =—&,, VeIl
admits a local solution (u', . .., u™) defined on a neighbourhood of x in 0,%,,.

Proof. According to Proposition 2.1 we must impose V'w, =0, i.e.,

oF . .
Vll“’l’: Z (8 J’d +ZF1dx”/\ /\V“i (dx’h>/\~--/\dx’1’),

axJ/

where I = (i, ..., ip). Moreover, we have

. ] ad : a ; a ;
Vua <dx”’> — | = — dx”’ — — dx”’ Vua — | = —Flh
T dx! dx/J ax! 5.7 0x Jt

Hence V", (dxih) = —I‘;’;dxi, and thus

axJ
0=V" o
ax/
e (m"“ =D Tt A A A d) ,
lh

which allows one to conclude.
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The proof of the contravariant case is analogous, replacing the formulas

h h ] a | 0
VY, (dx") = —Thdxl by V% (k) =T, 5k O

kN
axJ/ axJ/
The right-hand side of (3.1) can be computed in order to obtain the function ®; ;
explicitely, by simply applying the rules of calculation in the exterior algebra.

Example 3.2. As stated in Remark 1.9, the first case not included in the examples
in Section 1.1 is obtained for the values p = 3,n = 5. In this case, we have

w3 = F123dx1 Adx? Adxd + F124dx1 Adx? A dx* + F125dx1 Adx? A dx?
+Fi3adx' Adx® Adx* + Fiasdx! Adx® Adx® + Fuasdx' A dx* A dx®
+Fasadx® Adx® Adx* + Fazsdx® Adx® Adx® + Faasdx® Adx* Adx®
—{—F345dx3 A dx4 A de.

For simplicity’s sake we write Fj;; = 0 if there is a repeated index in (h, i, j);
otherwise Fj;jj = eFupe, Witha < b < c and ¢ is the sign of the permutation
a+> h,b+i,c+ j.Expanding on the first formula of item (1) in Theorem 3.1,
we have

@ 13dx! Adx? Adxd 4 @ 1oadx! Adx® Adx* + @ 1osdx! Adx? Adx®
+ @ 13adx! AdxP Adxt + @ 13sdx! Adx® Adx® 4+ @ asdx! Adxt A dx®
+ @ o3adx® Adx? Adxt + @ o3sdx? A dx® Adx® 4+ @ oasdx® Adxt A dx®
+ ¢j,345dx3 Adx* A dx?

5 5
= Z Z F;‘iFili2i3dxl Adx2 Adx" + Z Z F;ziFjlizi3dxll Adx' Adx"
161—3S i=1 [Ezg i=1

5
+ Z Z F;SiFilizi3dx1] Adx'? ANdx'.
Ielg i=l1
Hence

D123 =F§’1 (Fnos — Fanz + Faz) + F?Z(Fm — Fpi3 — Fi3n)

+ F?3(Fh12 — Fin2 + Fion),

D124 =F§’1(Fh24 — Fi4 + Faan) + F72(F1h4 — Fp1a — Fian)
+ F?4(Fh12 — Fina + Fion),

D125 =F?1(Fh25 — Fpos + Fasy) + F?Z(Fth — Fpis — Fisn)
+ F%(Fhlz — Fin2 + Fion),

and thus analogously for the remaining components.
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Moreover, the cases studied in Section 1.2 (the contravariant case) are: g = 1
(Example 1.13), ¢ = 2 and V; being of maximum rank (Corollary 1.15), ¢ = n—1
(Proposition 1.16), and ¢ = n (Example 1.19) with arbitrary n. Therefore, the first
case not included in the examples in Sectlon 1.1 is also obtained for the values
g = 3,n = 5. Consequently, replacing F by I n in the previous formulas, the

corresponding values for CID‘,,abC, 1<a< b < ¢ < 5, are also obtained.

Corollary 33. Let ¥, ;, J € I” ( respectively W; j, J € 1;) be the function ob-
avy

a __
coxd DY Teq = =34

where V = (v ) is the inverse matrix of the Jacobian matrix (

tained by replacing I'l , = vy, === ax (V_l)b in the formulas above,

o ]) The systems
(3.2)-(i) and (3.2)-(ii) of PDS of second order of Theorem 3.1, defined in 02, are
respectively equivalent to the following systems of first order in the variables vj.,
i,j=1,...,n, bothdefined on J'(M,GL(n,R)):

oF, " .
m:qjj’], VJEIP,IS_]SI’I,
33
j O avf, G-
’"ﬁ:axi’ l1<k<n,1<l<m<n,
aF " .
. 8Uk 9 k (34)
Urjna—l] av": vil<k<n1<l<m<n.
X X
Proof. By taking derivatives on vj, g”ﬁ = 64 with respect to x4 it follows: % gﬁﬁ +
Zailgxd = 0. According to Lemma 2.2: T'¢ , = v}, aafa <% hence
a _ _% oub _ 8vb (V’l)b
cd axd 9xc — axd ¢’

The system (3.2) of Theorem 3.1 1s thus of first order with respect to the variables
] and hence, it is defined on J!(M, GL(n, R)); but this is not enough to solve

it by taking the functions v’ ;as unknowns, since it is not ensured that the inverse

matrix V! is a Jacobian matrix. For this, the following equations must also be
av-h _ a(v ‘>”

verified: =3 L h,i,j=1,...,n,orequivalently,
(v=h (V he = (vht aUgw—l)b hii,j=1,....n (3.5)
aa ] a a i jv LS ] - CEEECIRR) ) .
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as follows by taking derivatives in the equality vZ(V‘l)? = 8¢ with respect to x¢
av—he

axd . X
. . 9 - 3
by summing up over A, it follows: Wv’;(V l)f = 3—;[5

both sides by vfn and summing up over i, we thus obtain

and solving it for . Finally, by multiplying the two sides of (3.5) by vlg and

(V=1%, and by multiplying

Bvlk av’,j
dxJ  xi

(V= Hh.

Furthermore, by multiplying both sides by v,J,.l and summing up over j, we con-
clude. O

Corollary 3.4. The integrability conditions of the system (3.2)-(i) (respectively
(3.2)-(i1)) with respect to the unknowns Fj (respectively Fj) hold identically.
Accordingly, if M is of class C®, given a point xo € M, scalars Ay (respectively
)_\.J), 1 < j < n, and a coordinate system (ul, ..., u™) of class C® on M, there
exists a unique differential p-form w, (respectively a q-vector field V,;) on M with
constant coefficients in the system (u', ..., u") suchthat Fj(xo) = Ay (respectively

Fj(xo) = Ay).

Proof. From the equations (3.2)-(i) it follows:

*F; 9P IF; 9Py
axioxl — axl oxlox/ — oxJ

Hence, integrability conditions of the system (3.2)-(i) with respect to the functions

8<I>j1_[ _ 09,
8ng 3cm —

ox! oxJ °
As V“.is flat, we have 5t — 74 = ry.Ig, — .I‘ZdF.fe, and as a calculation
shows, the integrability conditions written above hold identically.

The proof in the contravariant case is analogous. O

Fjare 0 =

Remark 3.5. Certainly a p-form ), or a g-vector field V, have constant coeffi-
cients in an open subset U if there exists a coordinate system (ui)f‘: | defined on U
such that L 2 wp =0orL 2 Vy = 0, respectively, for 1 < i < n. By directly
imposing these conditions, S)L/tstems of equations equivalent to (3.2) are obtained.
However, we prefer the torsion-free flat linear connection method because it reveals
the geometry underlying the problem considered and is closer to the classical for-
mulations given in Geometry; for example, a pseudo-Riemannian metric has con-
stant coefficients if and only if the curvature of its associated Levi-Civita connection
vanishes.
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4. Computational aspects

Remark 4.1. Foralln > 7,3 < p < n — 3, the system (3.3) has n(}) + n(})

equations in the n? + n> variables vy, ngZv and we have n(Z) + n(;) > n? 4+ nd.
In fact, only for 3 < p < 4, n = 7 the inequality above turns into an equality, i.e.,
7(;) + 7(;) = 7% 4+ 73. Accordingly, from dimension 8 there are more equations

than unknowns and the system (3.3) is generically compatible and determined, so
that the connection V", if exists, is unique.

Remark 4.2. The systems (i) and (ii) in (3.2) can be viewed as two linear systems
in the 7> unknowns I'¢_ each with n(;) equations.

Moreover, as a computation shows, we have

n<”) <3 if2<n<7and2<p<n-—2,
P

n<”) <3, ifn=8and p=2,3,5,6,
p

n<”) > 13, ifn=8and p = 4,
p

n<n> <n3, ifn>9andn -2 < p <n,
p

n<n> 2n3, ifn>9and3 < p <n-—3.

Remark 4.3. Let M (x) be the coefficient matrix of (3.2)-(i) at a point x € M, and
let M’(x) be its augmented matrix.

We have rank M (x) < rank M’(x) < n>, and from Rouché-Capelli theorem
it follows:

e If rank M (x) < rank M’ (x), then rank M (x") < rank M’(x") for every x’ in a
neighbourhood of x, and the p-formw, = ) IeTy Fydx! does not have constant

coefficients on a neighbourhood of x
A similar result also holds for a g-vector field;

e If rank M (x") = rank M’(x’) for every x’ in a neighbourhood of x, then the
system (3.2)-(i) admits at least a solution I'y ., a, b,c = 1, ..., n; but we need
to impose that the curvature and torsion fields of the linear connection V given

by the formula V o % = FZC a)acu should vanish, or equivalently, such that
ax

V = V" for some coordinate system u = (ul, oo uM).
In other words, on the solution to (3.2)-(i) we must impose the following condi-
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tions: - -
bd b
© 3¢ - Bxdc = Fleycrde der
(T) Fcb - FZC’
a,b,c,d,e=1,...,n

ce’

Remark 4.4. If n(g) > n3, 3 < p < n— 3, as in Remark 4.2 and furthermore

we have rank M (x") = rank M’(x’) = n>, then the solution to the system (3.2)-(i)
can be written in the form I'y . = Q} ., a,b,c = 1,...,n, where the functions

he are rational fractions of the functions F, 35 L J e I" 1 < j < n. The
contravariant case is completely similar. Hence, in this case, there exist two second-
order differential operators

D:OC APQMRY — CPMRMH, D: O c ANER"Y) — CPRMf,

for some integers k and 12, where @ and O are dense open subsets, such that a
differential p-form w, € O and a g-vector field V;, € O have constant coefficients
if and only if D(w),) =0 and D( Vy4) = 0, respectively.

Although the operators D and D can be computed feasibly, since their compu-
tation is reduced to Linear Algebra operations, their expressions become increas-
ingly longer when the value of n increases.

If rank M (x") = rank M'(x") does not reach its maximum value, the order of
the operators D and D may be higher than 2, if they exist.

Remark 4.5. The case of a (n — 1)-vector field

d B 0
Vot =) Figgn A A g A A g

is exceptional because from Remark 4.2 we know that the system (ii) in (3.2) is a
linear system in the n* unknowns Iy, with n(nfl) = n? equations. In fact, taking
the symmetry Iy, =T¢ into account, it follows that the number of unknowns in
this case is 5 2(n + 1) > n?. Hence the system (ii)-(3.2) is underdetermined and
the a55001ated torsion-free ﬁat linear connection is not unique.

With the previous notation, the system (ii)-(3.2) can be written as follows:

F, -1
ﬁz(&,l—l)zr‘?hﬂ + (810 — 1) Z rF
h=1 h=Il+1
n
+ (1=8i1) (1= 8a) Y (=D'TEF; 4.1)

i=l+1

-1
+(1=8i) (1=81) Z(-l)"ﬂ,ﬂ, jl=1,....n.
i=l1
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As a computation shows, on the dense open subset defined by Fj --- F;,, # 0 the
rank of the n? x %nz(n + 1) coefficient matrix of (4.1) is n?, i.e., the rank is maxi-
mum. Hence n? of the unknowns Iy.,a,b,c=1,...,n,b < c,can be written in
terms of the %nz(n +1)—n?= n(’;) remaining unknowns.

We can also compute the first prolongation P! of (4.1).

Furthemore, we must impose the vanishing of the curvature, i.e., the equations
(C) in Remark 4.3.

Therefore, by joining the systems (4.1), its first prolongation and the indepen-
dent components of the curvature, a system is obtained, which has n? + %nz(n +

D)+ 1n?(n?—1) = tn®(3n+2n> +7) equations in the 1n’(n+ 1)+ 30’ (n+1) =

h

%nz(n + 1)? unknowns Flhj o —#. 1 <i<j<n,h k=1,...,n. Wecannot write
down the formulas that solve this system because they are very 1nv01ved for exam-
ple, for n = 3,9 unknown Gammas I'}’,, 1 < h < 3 1 <i < j <3, can be written
as functions of the 9 remaining Gammas, Fj, and W’ Jj.1=1,...,3in the system
(4.1), whereas in the system Plu {Ri. W= 0:1<k<j<nl<k<l<n}

arh

ary,
36 unknowns a_k’ h,k =1,2,3,1 <i < j < 3, can be written as functions

of the 15 remaining derivatives of Gamma’s, F, gFf , an d 3 ,,J, k,l=1,2,3,
k < [, but in addition there appear 3 constraints that must be Yfulfilled identically
Cy =0,Cy = 0,C3 = 0. They can be written as functions of the coefficient

C= —%dx1 A dx? A dx3([Va, V2]), namely

Ci— F a (C
1= 28x3 F2 ’
a (C
=g (1)
FF
C; =— 2

5 (Fily = Forh + B0y ) € + (R0, + B ) C
3

5 0 C F1 0F3 0F3 0F,
_F1C2+F281 —2 Fa3—F3@—F3W C,

and we can conclude that the constraints vanish by simply applying Corollary 1.15.

5. Some applications

1. Two 2-forms w>, a/Z on a manifold M have constant coefficients if there exist
linear connections V, V/ with vanishing torsion and curvature tensors such that
Vw, = 0, V', = 0. Furthermore, to say that w, ), have constant coeffi-
cients “simultaneously” means that V.= V’. As V parallelizes w,, we have
X(@n(Y,2Z2) = wo(VxY,Z) + wr (Y, VxZ). If w, is of maximum rank, i.e.,
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rank wy = 2n = dim M, then we can define an endomorphism J: TM — T M
by setting w2 (X, J(Y)) = w’z(X, Y),VX,Y € T, M, and as a calculation shows,
we have (Vxw)) (Y, Z) = wy (Y, (VxJ)Z),VX, Y, Z € X(M).

Hence V also parallelizes o) if and only if it parallelizes J, i.e., VJ = 0. The
previous result can be applied to the study of complex valued 2-forms wr+iw), €
Q%(M) ®r C with constant coefficients.

2. An almost Hermitian manifold (M, g, J) is Kéhler if and only if its fundamental
2-form & is closed. The manifold M is Kihler if and only if d® = 0. As &
is defined by ®(X, Y) = g(X, JY) it follows that ® is of maximum rank, and
we can conclude from Example 1.7 above. Moreover, if there exists an analytic
coordinate system z = (zj);le ,n=dimM,suchthat ® =Y " _, dx* Ady® =

—% he1 dz% Adz%, withx* = Rez%, y* =Imz%, 1 < a < n, then g is flat,

as @ =i) g 5 g,pd2* NdZP = — - Y h_ 1 dz% AdZ®. Hence the coefficients
8, are constant.

3. Let wpyq be a form of degree p + g and type (p, g) on a complex manifold
M. Ifz = (¢ )’Jl.:l, n = dimc M, is an analytic coordinate system on an open
domain U C M such that

Opra= O Aipins @ DAZT AL ALY NAEY AL AE,
i1<..<ip,i|<.<ip

with Ay iy iy € C, then the real and imaginary parts of w,, have con-
stant coefficients, as writing x/ = Rez, yj =Imz/,1 < Jj < n, we deduce
dz' Ao N2 =Y 114 =r 1= €10 (dX)T A(dy)” where | and J are multi-
indices I = (i1, ...,ix) e NC,0<k <r,J = (i, ..., 1) e N, k+I=r,and
g1y € {£l, i}. Hence Rew);4 and Imw,, are constant coefficients when
written in the real coordinate system (x/, y/ );?:1. The converse however is not
true as shows the case of the fundamental 2-form & (which is the type (1, 1))
of a Kihler manifold with non-flat Riemannian metric as proved in the previous
item.

4. If (o', ..., ®") is basis of Maurer-Cartan forms on a connected Lie group G,
then G is Abelian if and only if each of these forms o', 1 <i < n,have constant
coefficients. In fact, let (X1, ..., X,) be the dual basis to (!, ..., »") of left-
invariant vector fields. If the forms o', 1 < i < n, have constant coefficients,
then they are closed, hence 0 = (dw') (X, Xi) = —'([X;, Xk]), Vi, j.k =
I,...,n. Therefore [X;, X;] = 0, thus proving that the Lie algebra of G is
Abelian and consequently so is G, because it is connected. Conversely, if G
is Abelian, then the torsion and curvature tensors of the linear connection V¥
parallelizing the linear frame f = (X1, ..., X;) vanish; hence v = V" for
some coordinate system u = (ui)lf’zl, and we have Vfa)i, 1 <i<n.

5.LetV =R, letr € T,?(V) = (®PV*) ® (1V) be a given tensor and let
G C GL(n, R) be the isotropy subgroup of ¢; namely, G = {A € GL(n, R) :
A -t = A}, where the dot denotes the natural action of GL(n, R) on T;,’ V).
If M is an n-dimensional C* manifold and 7: P — M is a G-structure,
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then a tensor field 7 of type (p,g) on M can be defined as follows: A lin-
ear frame u € 7w~ !(x) determines an isomorphism u: V — T, M, which in-
duces a G L(n, R)-equivariant isomorphism ug : T;,I V —> T;,] (TyM), and we set
T(x) = uf; (x). This formula does not depend on u because of the definition
of G. Then P is integrable if and only if each point of M has a coordinate
neigbourhood (U xb x") with respect to which the components of 7 are
constant functions on U; e.g., see [4].

. There is a close relationship between the group of symmetries of a p-form and

the set of torsion-free flat linear connections that parallelize it. For every w,, €
QP (M), we set Sym(w)) = {¢p € Diff M : ¢*w, = w,} and let P(w),) be the
set of coordinate systems whose associated linear connection parallelizes w);
namely P(w),) = {u = !, ... u": Viw, =0}.

To say that w,, has constant coefficients is equivalent to saying that P(w))
is non-empty. When making a linear change of coordinates u’ = oz;xj , the ma-
trix A = (aj.)ﬁ =1 in GL(n, R), a form with constant coefficients w,.
Consequently, GL(n, R) acts on the left on P(w;,) by composition, namely
(A,x) > A-x=Ao(x!,...,x"),VA € GL(n,R),Vx € P(w,).

Once a point xg € M and a coordinate system X = (x',...,x™) have been

fixed, every coordinate system u = (u!, ..., u") defined on an open neighbour-
hood U of xp can be written as follows: u = A o u’, where the matrix A is

i ot au't el s
as above, and o) = W(XO)’ W(XO) = Sj,l,J = 1,...,n. Therefore, the

quotient set P(wp)/GL(n, R) can be identified to the subset Po(a)p) C P(wp)
of the coordinate systems whose Jacobian matrix at xo with respect to x is the
identity map.

In summary: Once a point xo € M and a coordinate system x have been
fixed, there exists a one-to-one correspondence between the group Sym(w,,) and
the set Po(a)p).

The treatment for a g-vector field is entirely analogous.

References

(1]
(2]

(3]

(4]
(5]

J. DIEUDONNE, “Eléments d’Analyse”, Tome IV, Cahiers Scientifiques, Fasc. 34, Gauther-
Villars, Paris, 1971.

1310

C. GODBILLON, “Géométrie Différentielle et Mécanique Analytique”, Hermann, Paris,
1969.

V. GUILLEMIN and I. M. SINGER, Differential equations and G-structures,1310

In: “Proc. U.S.-Japan Seminar in Differential Geometry”, Kyoto, 1965, Nippon Hyoronsha,
Tokyo, 1966, 34-36.

S. KOBAYASHI, “Transformation Groups in Differential Geometry”, Classics in Mathemat-
ics, Springer-Verlag, Berlin, 1995.

J.-L. KOSzUL, Crochet de Schouten-Nijenhuis et cohomologie, In: “The mathematical her-
itage of Elie Cartan (Lyon, 1984)”, Astérisque, 1985, Numéro Hors Série, 257-271.



304 J. MuN0zZ MASQUE, L. M. P0zo CORONADO AND M. E. ROSADO MARfA

[6] P. LIBERMANN and CH.-M. MARLE, “Symplectic Geometry and Analytical Mechanics”,
Translated from the French by B. E. Schwarzbach, Mathematics and its Applications, Vol. 35,
D. Reidel Publishing Co., Dordrecht, 1987.

[7] A.LICHNEROWICZ, Les variétés de Poisson et leurs algébres de Lie associées, J. Differential
Geom. 12 (1977), 253-300.

[8] P. W. MICHOR, Remarks on the Schouten-Nijenhuis bracket, In: “Proceedings of the Winter
School on Geometry and Physics” (Srni, 1987), Rend. Circ. Mat. Palermo (2), Vol. 16, 1987,
207-215.

Instituto de Tecnologias Fisicas y de la Informacion
CSIC

C/ Serrano 144

28006-Madrid, Spain

jaime@iec.csic.es

Departamento de Matemaética Aplicada a las T.I.C.
E.T.S. de Ing. de Sistemas Informaticos
Universidad Politécnica de Madrid

C/ Alan Turing s/n

28031-Madrid, Spain

Im.pozo@upm.es

Departamento de Matematica Aplicada
Escuela Técnica Superior de Arquitectura
Universidad Politécnica de Madrid

Avda. Juan de Herrera 4

28040-Madrid, Spain
eugenia.rosado@upm.es



