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Analytic adjoint ideal sheaves associated
to plurisubharmonic functions. II

ZHENQIAN LI

Abstract. In this article we will introduce a coherent analytic adjoint ideal sheaf
associated to plurisubharmonic function along a divisor. As an application, we
will characterize the equivalence of canonical and rational singularities for com-
plex hypersurfaces in the analytic setting.

Mathematics Subject Classification (2010): 32C25 (primary); 32C35, 32U05
(secondary).

1. Introduction

The adjoint ideal sheaves, as a variant of the multiplier ideal sheaves, turned out to
be a powerful tool in algebraic geometry in recent years; one can refer to [12–14]
for a general exposition of the algebro-geometric side of the theory. In [9], H. Gue-
nancia generalized the notion of the adjoint ideal sheaf to the analytic setting via the
Ohsawa-Takegoshi-Manivel extension theorem, and then proved the coherence for
the locally Hölder continuous plurisubharmonic weights (see also [10]). However,
the analytic adjoint ideal sheaves defined in [9, 10] are not coherent in general and
one can find an explicit example given by Guan and the author in [6].

In order to define an analytic adjoint ideal sheaves along a divisor (maybe
singular) and establish the so-called adjunction exact sequence as in the algebraic
setting, it is important for us to construct the multiplier ideal sheaves on singular
hypersurfaces. In the present paper, we will firstly construct multiplier ideals for the
singular hypersurface case (see Section 3), by which we then obtain a version of the
definition of (coherent) analytic adjoint ideal sheaves and establish the associated
adjunction exact sequence as follows.

Let X be a complex manifold and H ⇢ X be a reduced complex hypersuface
(not necessarily smooth). Let ' 2 Psh(X) be a plurisubharmonic function on X
such that '|H 6⌘ �1 on every irreducible component of H . Then, we have:

Theorem 1.1 (Theorem 3.5). There exists an ideal sheaf

Ad jH (') ⇢ OX ,

Received August 16, 2018; accepted in revised form October 02, 2019.
Published online March 2021.



184 ZHENQIAN LI

called the analytic adjoint ideal sheaf associated to ' along H , sitting in an exact
sequence

0 �! I(') ⌦OX (�H)
◆

�! Ad jH (')
⇢

�! i⇤I('|H ) �! 0, (?)

where i : H ,! X, ◆ and ⇢ are the natural inclusion and restriction maps respec-
tively.

Remark 1.2. (1) Similar to the proof of Proposition 2.11 in [9], it follows that
Ad jH (') coincides with the algebraic adjoint ideal sheaf along a divisor whenever
' has analytic singularities.

(2) If ' is a Hölder plurisubharmonic function and H is smooth, our definition
of Ad jH (') is the same as that given by Guenancia (see Theorem 2.16 in [9]).
Similarly, we always have Ad jH (') ⇢ I('), and Ad jH (')x = I(')x if x 62 H as
well.
Remark 1.3. In fact, Theorem 1.1 also holds if H ⇢ X is locally a complete inter-
section. One can refer to Appendix A for more details.

Whereas the algebraic adjoint ideals encode much information on the singular-
ities of the divisor, as an application, we can establish the following characterization
of rationality of hypersuface singularities.

Theorem 1.4. Let ' 2 Psh(X) be a plurisubharmonic function such that the slope
⌫('|H ; x) = 0 for every x 2 H . Then, the analytic adjoint ideal sheaf Ad jH (') =
OX if and only if I('|H ) = OH if and only if H is normal and has only rational
singularities if and only if (H, x) is canonical for any x 2 H .

Remark 1.5. (1)Note that our multiplier (respectively adjoint) ideals measure both
the singularities of ' and H together. The above result also implies that if a hyper-
surface has at most rational singularities, the plurisubharmonic weights with zero
slope do not add the singularities in the sense of multiplier or adjoint ideals.

(2) If X is a smooth complex algebraic variety and ' is trivial, Theorem 1.4 is
nothing but [12, Proposition 9.3.48 (ii)], which turned out to be very useful to study
the singularities of theta divisors on principally polarized Abelian varieties.

ACKNOWLEDGEMENTS. The author would like to sincerely thank Professor Xi-
angyu Zhou for his generous encouragement and support. He is also very grateful
to Qi’an Guan for helpful discussions and comments. Finally, he is indebted to the
anonymous referee for his/her helpful suggestions.

2. Some useful results

We start by recalling some basic facts. Throughout this paper, all complex spaces
are assumed to be reduced and paracompact; we refer to [5] for main reference on
the theory of complex spaces.
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For the sake of convenience, we state the following special case of the Ohsawa-
Takegoshi-Manivel extension theorem (see [4, 7]):

Theorem 2.1 (Ohsawa-Takegoshi-Manivel). Let X ⇢ Cn be a bounded pseudo-
convex domain, E be a Hermitian holomorphic vector bundle of rank r on X and
s be a global holomorphic section of E . Assume that s is generically transverse to
the zero section and |s|  e�1 on X , and set Y={x 2 X |s(x) = 0,3r ds(x) 6= 0}.

Then, there is a constant C > 0 (depending only on E) such that for every
plurisubharmonic function ' on X and every holomorphic function f on Y withR
Y | f |2|3r (ds)|�2e�2'dVY < +1, there exists a holomorphic extension f̃ of f to
X such that

Z

X

| f̃ |2

|s|2r log2 |s|
e�2'dVX  C ·

Z

Y

| f |2

|3r (ds)|2
e�2'dVY .

In order to prove Theorem 1.4, we need the following characterization on the slope
of plurisubharmonic functions in [2, Corollary 9.3]:

Lemma 2.2. Let X be a normal complex space and ' 2 Psh(X) (6⌘ �1). If the
slope ⌫('; x) = 0 for some point x 2 X , then, for any resolution of singularities
⇡ : X̃ ! X of X , ⌫(' � ⇡; x̃) = 0 for each x̃ 2 ⇡�1(x).

Here, a plurisubharmonic function ' 2 Psh(X) means that ' is an upper semi-
continuous function on X with values in [�1,1), which extends to a plurisub-
harmonic function in some local embedding X ! CN . The slope of ' at x is
defined by

⌫('; x) := sup

(

� � 0
�
� '  � log

X

k
| fk | + O(1)

)

2 [0,+1),

where ( fk) are local generators of the maximal ideal mx ofOX,x .
Remark 2.3. If X is a complex manifold, the slope ⌫('; x) is exactly the usual
Lelong number of ' at x and ⌫('; x) < 1 implies the integrability of e�2' near x
by a result of Skoda (see [4, Lemma 5.6]).

3. Multiplier and adjoint ideal sheaves

In this section we will give the definitions of analytic multiplier and adjoint ideal
sheaves, and then discuss some properties of them.
Definition 3.1 (Multiplier ideal sheaves on singular complex hypersurfaces).
Let X be a complex manifold of dimension n and H ⇢ X a reduced complex hyper-
suface (not necessarily smooth). Let ' 2 Psh(X) be a plurisubharmonic function
such that '|H 6⌘ �1 on every irreducible component of H .
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Themultiplier ideal sheaf I('|H ) ⇢ OH on H is defined to be the ideal sheaf
of germs of holomorphic functions f 2 OH,x such that | f |2e�2'

|dh|2 is locally integrable
at x on H with respect to the Lebesgue measure, where h is the minimal defining
function of H near x .
Remark 3.2. Indeed, we can only assume that ' is well-defined on H , not neces-
sary on the whole X .

Proposition 3.3. With the same notation as above, we have the following:

(1) (Coherence). I('|H ) ⇢ OH is a coherent ideal sheaf;
(2) (Restriction formula). I('|H ) ⇢ I(')|H ;
(3) (Bimeromorphic transformation rule). Let ⇡ : H̃ ! H be a proper mod-

ification with H̃ non-singular, i.e., a generically 1:1 holomorphic mapping.
Then,

⇡⇤(O(KH̃ ) ⌦ I('|H � ⇡)) = O(KH ) ⌦ I('|H ),

whereO(KH ) := ĩ⇤O(KHreg) and ĩ : Hreg ! H is the natural inclusion;
(4) (Strong openness). I('|H ) = I+('|H ) :=

S

">0
I((1+ ")'|H ).

Proof. (1) As the statement is local, without loss of generality, we may assume that
X ⇢ Cn (n � 2) is a bounded Stein domain and h is the minimal defining function
of H on X . Let I be the ideal sheaf generated by the global sections of I('|H ).
It follows from the strong Noetherian property of coherent analytic sheaves that
I ⇢ OH is a coherent ideal sheaf. Since OH,x is a Noetherian local ring with
maximal ideal mH,x for any x 2 H , by the Krull’s intersection theorem, it suffices
to prove

Ix + I('|H )x \ mk
H,x = I('|H )x

for every k 2 N.
Let f 2 I('|H )x be defined on a neighborhood V ⇢⇢ H of x , and � a cut-off

function with support in V such that � = 1 near x . Let v := @̄(� · f ^ � ), where
� = dz1 ^ · · · ^ dzn�1

�
@h
@zn is a nowhere vanishing holomorphic (n � 1)-form on

Hreg. Then, v is a @̄-closed (n � 1, 1)-form on Hreg, and for some constant C > 0,
Z

H
|v|2e�2'|z � x |�2(n+k)  C ·

Z

V
(
p

�1)(n�1)
2
| f |2e�2'� ^ �̄ < +1.

Since [3, Theorem 8.5] amounts to solvability and L2-estimates for (n�1, q)-forms
on the regular part of an analytic variety with codimension one in pseudoconvex
domain X (see [3, Appendix B]), by solving the equation @̄u = v with the strictly
plurisubharmonic function weight '̂(z) = '(z) + (n + k) log |z � x | + |z|2, we
obtain a solution u such that

Z

H
(
p

�1)(n�1)
2
e�2'|z � x |�2(n+k)u ^ ū < +1.
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On the other hand, there is a smooth function g on Hreg such that u = g ·� because
� is nowhere vanishing on Hreg. Then, we infer from @̄u = v that F := � · f � g is
holomorphic on Hreg with

Z

Hreg
(
p

�1)(n�1)
2
|F |2e�2'� ^ �̄ < +1,

and there is some Stein neighborhood � ⇢⇢ X of x with g 2 OH (�\Hreg). Thus,
by a standard application of Ohsawa-Takegoshi-Manivel extension theorem, there
exists a holomorphic function F̃ 2 OX (X) with F̃ |Hreg = F , and g̃ 2 OX (�)

such that g̃|�\Hreg = g|�\Hreg and g̃x 2 mk+1
X,x , which implies that F and g have

natural extension to H and Hreg [ (�\H) respectively, still denoted by F and g,
with F = F̃ |H and g|�\H = g̃|�\H . Therefore, F 2 0(H,I('|H )) and

fx � Fx = (g̃|�\H )x 2 I('|H )x \ mk+1
H,x ,

which concludes the proof.
(2) It is a direct consequence of Ohsawa-Takegoshi-Manivel extension theorem,
just by extending locally a germ of holomorphic function on H near x 2 H to a
holomorphic function on a Stein neighborhood of x in X .
(3) Let S $ H be an analytic set such that ⇡ : H̃\⇡�1(S) ! H\S is a biholo-
morphism. Since | f |2e�2'

|dh|2 dVH is equal to (
p

�1)(n�1)2e�2'( f � ) ^ ( f � ) up to a
constant multiple, then, for an open set U ⇢ H ,O(KH ) ⌦ I(')(U) consists of all
holomorphic (n�1)-forms ↵ onUreg with (

p
�1)(n�1)2e�2'↵^↵̄ 2 L1loc(U). Since

the holomorphic forms in L2loc(Ureg) which are only defined onUreg\S have unique
holomorphic extension to the whole Ureg, due to the change of variable formula

Z

U\S
(
p

�1)(n�1)
2
e�2'↵^↵̄ =

Z

⇡�1(U\S)
(
p

�1)(n�1)
2
e�2'�⇡⇡⇤↵^⇡⇤↵,

it follows that ↵20(U,O(KH )⌦I(')) if and only if ⇡⇤↵ 2 0(⇡�1(U),O(KH̃ )⌦
I(' � ⇡)), i.e.,

⇡⇤(O(KH̃ ) ⌦ I(' � ⇡)) = O(KH ) ⌦ I(').

(4) The desired result immediately follows from (3) and the strong openness prop-
erty of multiplier ideal sheaves established by Guan and Zhou in [8].

Remark 3.4. If H is a normal complex hypersurface and ' has analytic singu-
larities, it follows from the bimeromorphic transformation rule that our definition
coincides with the algebraic counterpart given by Lazarsfeld (see [12, Definition
9.3.55]). One can refer to [4, Remark 5.9] for the smooth H case.
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Specifically, let ' = c
2 log(| f1|

2+· · ·+| f j |2)+O(1)withI := ( f1, . . . , f j ) ·
OH on H , ⇡ : H̃ ! H a log resolution of H such that ⇡⇤I = OH̃ (�1) with
1 =

P
bk1k a simple normal crossing divisor on H̃ and KH̃ = ⇡⇤KH +

P
ak1k .

Then, we have
I(') = ⇡⇤OH̃

⇣X
(ak � bcbkc)1k

⌘
.

Theorem 3.5 (Theorem 1.1). With hypotheses as in Definition 3.1, there exists an
ideal sheaf

Ad jH (') ⇢ OX ,

called the analytic adjoint ideal sheaf associated to ' along H , sitting in an exact
sequence

0 �! I(') ⌦OX (�H)
◆

�! Ad jH (')
⇢

�! i⇤I('|H ) �! 0, (?)

where i : H ,! X, ◆ and ⇢ are the natural inclusion and restriction maps respec-
tively.

Proof. Without loss of generality, we may assume that X is still a bounded Stein
domain in Cn (n � 2), h is the minimal defining function of H andJ ⇢ OX is an
ideal sheaf such thatJ|H = I('|H ), which implies thatJ + IH is independent
of the choice ofJ.

Let
Ad jH (') :=

[

">0
Ad j0H ((1+ ")') \ (J + IH ),

whereIH is the ideal sheaf of the hypersurface H and Ad j0H (') ⇢ OX is an ideal
sheaf of germs of holomorphic functions f 2 OX,x such that

| f |2e�2'

|h|2 log2 |h|

is locally integrable with respect to the Lebesgue measure near x on X . By the
definition, Ad jH (') is independent of the choices ofJ and h. Then, the restriction
map ⇢ is well-defined and the surjectivity of ⇢ follows from the strong openness
(4) in Proposition 3.3 and a local version of Ohsawa-Takegoshi-Manivel extension
theorem, with the weight (1 + ")'. In addition, the inclusion map ◆ is also well-
defined by the strong openness property of multiplier ideal sheaves.

Now we only need to prove Ker ⇢ = Im ◆ for exactness of the sequence
(?). It is clear thatIm ◆ ⇢ Ker ⇢. Without loss of generality, we assume that f 2
Ad jH (')x 6= OX,x and ⇢( f ) 2 IH,x with x 2 H , then there exists a neighborhood
U of x and g 2 OX (U) such that f = g · h, '(z) < 0 on U and for some
0 < "0 < 1, Z

U

|g|2e�2(1+"0)'

log2 |h|
d�n < +1.
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On the other hand, for any � > 0, we have
Z

U\{'� log |h|}
|g|2e�2(1+"0/2)'d�n

=
Z

U\{'� log |h|}
(e"0' log2 |h|)

|g|2e�2(1+"0)'

log2 |h|
d�n


Z

U\{'� log |h|}
(|h|"0� log2 |h|)

|g|2e�2(1+"0)'

log2 |h|
d�n

 sup
z2U

(|h(z)|"0�/2 log |h(z)|)2 ·
Z

U\{'� log |h|}

|g|2e�2(1+"0)'

log2 |h|
d�n < +1

and
Z

U\{'>� log |h|}
|g|2e�2(1+"0/2)'d�n  sup

z2U
|g(z)|2 ·

Z

U
|h|�2(1+"0/2)�d�n.

Therefore, for small enough � > 0, we obtain that
Z

U
|g|2e�2(1+"0/2)'d�n

=
Z

U\{'� log |h|}
|g|2e�2(1+"0/2)'d�n+

Z

U\{'>� log |h|}
|g|2e�2(1+"0/2)'d�n <+1,

by shrinking U if necessary. Thus, it follows that g 2 I(')x , which implies
Ker r ⇢ Im ◆, and the proof is thereby concluded.

Remark 3.6. The exact sequence (?) yields the coherence of Ad jH ('), and

Ad jH (') ·OH = I('|H )

after twisting through by OH . Moreover, we can infer from the strong openness
property of multiplier ideal sheaves that

Ad jH (') ⇢ I(' + � log |h|)

for any 0  � < 1.

4. Singularities of complex hypersurfaces

As an application, in the present section we will characterize the singularities of hy-
persurfaces via our multiplier and adjoint ideals. Firstly, let us recall some concepts
on the singularities of complex spaces, which are defined exactly as in the algebraic
context; we refer to [11].
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Definition 4.1. Let X be a complex space, x 2 X a point and n = dimx X . Let
⇡ : X̃ ! X be a resolution of singularities of X . x is called a weakly rational
singularity of X if (Rn�1⇡⇤OX̃ )x = 0.

Additionally, if X is normal, x is called a rational singularity of X if
(Rq⇡⇤OX̃ )x = 0 for all q > 0.
Remark 4.2 (see [1]). (1) The above definition is independent of the resolution ⇡
and every smooth point of X is a weakly rational singularity.

(2) If x is a weakly rational singularity, then x is rational if and only ifOX,x is
a Cohen-Macaulay local ring.

(3) If X is a normal complex space of dimension n, then x is a weakly rational
singularity if and only if every holomorphic n-form defined on the regular points
of a neighborhood of x is locally square integrable around x with respect to the
Lebesgue measure of X .
Definition 4.3. Let X be a normal complex space and x 2 X a point. (X, x) is
called an (analytically) canonical singularity if there exists an open neighborhood
U of x such that:

(1) the canonical class KX is Q-Cartier on U ;
(2) if ⇡ : Ũ ! U is any resolution of singularities of U with exceptional

divisors E1, . . . , Em , and we write

KŨ = ⇡⇤KU +
mX

k=1
ak Ek,

then ak � 0 holds for every k.

Proof of Theorem 1.4. (1st “if and only if”) By Remark 3.6, it follows that
Ad jH (') = OX if and only ifI('|H ) = OH .
(2nd “if and only if”) IfI('|H )x = OH,x , 8x 2 H , then there exists an arbitrarily
small Stein neighborhood � ⇢ X of x such that

Z

�\Hreg
(
p

�1)(n�1)
2
e�2'� ^ �̄ < +1,

where � = dz1^· · ·^dzn�1
�

@h
@zn is a nowhere vanishing holomorphic (n�1)-form

on Hreg. Thus, for any bounded holomorphic function f on � \ Hreg, we have
Z

�\Hreg

| f |2e�2'

|dh|2
dVH  C ·

Z

�\Hreg
(
p

�1)(n�1)
2
e�2'� ^ �̄ < +1.

As a consequence of the Ohsawa-Takegoshi-Manivel extension theorem, we have
a holomorphic function f̃ on � such that f̃ |Hreg = f , which implies that f has a
holomorphic extension f̃ |H to � \ H , i.e., x is a normal point of H . Moreover, the
local integrability of (

p
�1)(n�1)2�^�̄ implies that every holomorphic (n�1)-form



ANALYTIC ADJOINT IDEAL SHEAVES 191

defined on the regular points near x 2 H is locally square integrable, i.e., H has
weakly rational singularities. Then, we infer from the Cohen-Macaulay property of
complex hypersuface that H has only rational singularities (see Remark 4.2).

Conversely, if H has only rational singularities, then H is normal and any
holomorphic (n� 1)-form defined on Hreg is locally square integrable on H . Thus,
it follows from Lemma 2.2 and Remark 2.3 that

Z

�\Hreg
(
p

�1)(n�1)
2
e�2'� ^ �̄ < +1

(shrinking � if necessary), i.e.,I('|H ) = OH .
(3rd “if and only if”) Let ⇡ : Ṽ ! V be a desingularization of V ⇢ H near x such
that

⇡�1(Vsing) =
X

ak1k

is the exceptional divisor. Write KṼ = ⇡⇤KV +
P
ak1k . Then, by (3) of Proposi-

tion 3.3, we infer from Lemma 2.2 and Remark 2.3 that

I('|V ) = ⇡⇤

⇣
OṼ

⇣X
ak1k

⌘
⌦ I('|V � ⇡)

⌘
= ⇡⇤OṼ

⇣X
ak1k

⌘
.

Since H has only rational singularities, it follows that I('|H ) = OH , which im-
plies ak � 0, i.e., (H, x) is canonical.

On the contrary, if (H, x) is a canonical singularity, then there exists a desin-
gularization ⇡ : Ṽ ! V of V near x such that KṼ = ⇡⇤KV +

P
ak1k, ak � 0,

and

I('|V ) = ⇡⇤

⇣
OṼ

⇣X
ak1k

⌘
⌦ I('|V � ⇡)

⌘
= ⇡⇤OṼ

⇣X
ak1k

⌘

as above. Since Vsing has codimension at least two, then it follows from ⇡⇤MṼ =
MV thatI('|V ) = OV . Therefore, x 2 H is a rational singularity.

Remark 4.4. With the same assumption on ' as above, we can also get the follow-
ing short exact sequence by a similar discussion as in [12, Proposition 9.3.48]:

0 �! OX (KX ) �! OX (KX + H) ⌦ Ad jH (') �! ⇡⇤OH̃ (KH̃ ) �! 0,

where ⇡ : X̃ ! X is an embedded resolution of (X, H) such that the proper
transform H̃ ⇢ X̃ of H is non-singular.

A. Appendix

In [14], Takagi introduced the notion of (algebraic) adjoint ideal sheaves along
closed subvarieties of higher codimension and studied its local properties by char-
acteristic p methods. Thanks to the Ohsawa-Takegoshi-Manivel extension theorem,
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we will be able to generalize the analytic adjoint ideal sheaves to a higher codimen-
sion case as follows.

Let X be an (n + r)-dimensional complex manifold and Y ⇢ X a closed
complex subspace of codimension r , which is locally a complete intersection with
s = (s1, . . . , sr ) a system of generators of IY near x 2 X . Let ' 2 Psh(X) such
that '|Y 6⌘ �1 on every irreducible component of Y .

Definition A.1 (Multiplier ideal sheaves on locally complete intersection).
The multiplier ideal sheaf I('|Y ) ⇢ OY on Y is defined to be the ideal sheaf
of germs of holomorphic functions f 2 OY,x such that | f |2

|3r (ds)|2 e
�2' is locally

integrable at x on Y with respect to the Lebesgue measure.

Note that � := dz1 ^ · · · ^ dzn
� @(s1,...,sr )

@(zn+1,...,zn+r ) is a nowhere vanishing holo-
morphic n-form on Yreg near x . By a similar discussion of Proposition 3.3, we have
the following

Proposition A.2. Proposition 3.3 still holds if we replace the hypersurface H by a
locally complete intersection subvariety Y ⇢ X .

Furthermore, similar to Theorem 1.1, we can obtain:

Theorem A.3. There exists an ideal sheaf

Ad jY (') ⇢ OX ,

called the analytic adjoint ideal sheaf associated to ' along Y , sitting in an exact
sequence

0 �! I(' + r log |IY |)
◆

�! Ad jY (')
⇢

�! i⇤I('|Y ) �! 0 (??)

where i : Y ,! X, ◆ and ⇢ are the natural inclusion and restriction maps re-
spectively, and log |IY | := log |s| = 1

2 log(|s1|
2 + · · · + |sr |2) near every point

x 2 X .

Proof. We may still assume that X is still a bounded Stein domain in Cn (n � 2),
s = (s1, . . . , sr ) is the system of generators of IY and J ⇢ OX is an ideal sheaf
such thatJ|Y = I('|Y ), which implies thatJ+IY is independent of the choice
ofJ.

Let
Ad jY (') :=

[

">0
Ad j0Y ((1+ ")') \ (J + IY ),

where IY is the ideal sheaf of the locally complete intersection Y and Ad j0Y (') ⇢
OX is an ideal sheaf of germs of holomorphic functions f 2 OX,x such that

| f |2e�2'

|s|2r log2 |s|
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is locally integrable with respect to the Lebesgue measure near x on X . Besides,
Ad jY (') is independent of the choices of J and s. By a similar discussion to the
proof of Theorem 1.1, it follows that the mapping ◆ and ⇢ are well-defined, and the
sequence (??) is exact.

Remark A.4. By the same argument, it follows that Ad jY (') ⇢ OX is a coherent
sheaf of ideals and

Ad jY (') ·OY = I('|Y ).

Moreover, we can also infer that

Ad jH (') ⇢ I(' + (r � �) log |s|)

for any 0 < �  r .
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