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Long time existence for fully nonlinear NLS
with small Cauchy data on the circle

ROBERTO FEOLA AND FELICE IANDOLI

Abstract. In this paper we prove long time existence for a large class of fully
nonlinear, reversible and parity preserving Schrodinger equations on the one di-
mensional torus. We show that, if some non-resonance conditions are fulfilled,
for any N € N and for any initial condition, which is even in x and size ¢ in
an appropriate Sobolev space, the lifespan of the solution is of order =N After
a paralinearization of the equation we perform several para-differential changes
of variables which diagonalize the system up to a very regularizing term. Once
achieved the diagonalization, we construct modified energies for the solution by
means of Birkhoff normal forms techniques.
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1. Introduction

This paper is devoted to get lower bounds for the lifespan of small solutions of the
following fully nonlinear Schrodinger type equation

10iu + Oxxtt + Py xu+ f(u,uy,uxx) =0, u=u(x,t), xeT, (1.1)
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where T := R/27x7Z. The nonlinearity f is a polynomial of degree g > 2 defined
on C? vanishing at order 2 near the origin of the form

q
— ao=fo a1=B1 2=
9 ) o, 3 s N .
fo.z1.2) =Y Y Capzy’zy2)'7)'25°25%  CapeC (1.2)
P=2 (@.B)eA,

where
2
Ap = {(@B) = (0. fo.ar. fr.on. f2) eNOs.t D e+ fi = p} . (13)
i =0

The potential Py (x) = (+/ 2m) ! > jez p(j )el/* is a real function with real Fourier
coefficients and the term Py * u denotes the convolution between the potential

Pi(0) and u(x) = (v2m) 7' Y W)

P xu(x) = /T Pi(x — y)u(y)dy = Zﬁ(j)ﬁ(j)eijx.

JEZ

Concerning the convolution potential Py (x) we define its j-th Fourier coefficient
as follows. Fix M > 0 and set

mg

M
P ==Pal) =) G (14)

k=1

where m = (my, ..., my) is avectorin O :=[—1/2, 1/2]™ and (j) = /1 + |j|2.
We shall assume some extra structure on the polynomial nonlinearity f. Setting
z = & 4+ in in C (with & and 5 in R) we define the Wirtinger derivatives 9, =
%(85 —1i0y), 0z = %(85 + i0dy,) and we assume the following:

Hypothesis 1.1. The function f in (1.1) and in (1.2) satisfies the following:

(1) Parity-preserving: f(zo, z1,22) = f (20, —21, 22);
(2) Schrodinger-type: (9, f)(zo, 21, 22) € R;

(3) Reversibility-preserving: f(zo, z1, 22) = f (20, 21, 22),
for any (zo, z1, z2) in C3.
We shall study equation (1.1) on the Sobolev space

H* .= H*(T; C)
e SUNRTS (1.5)
= u(x) = jEZZuo)m ul s = ;mmﬁw < +00

with s to be chosen big enough.
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The goal of this article is to show that solutions of (1.1) produced by initial
data even in x of size ¢ < 1 are defined over a time interval of length cys ™ for
any N smaller than M and for a large set of parameters 2 in [—1/2, 1/2]M.

The main result of the paper is the following:

Theorem 1.2 (Long time existence). Fix M € N and consider equation (1.1). As-
sume that f satisfies Hypothesis 1.1. Then there is a zero Lebesgue measure set
N C O such that for any integer 0 < N < M and any m € O\ N there exists
so € R such that for any s > sg there are constantsro € (0, 1),cy > 0andCy > 0
such that the following holds true. For any 0 < r < rog and any even function u
in the ball of radius r of H*(T; C), the equation (1.1) with initial datum ug has a
unique solution, which is even in x € T, and

u(t, x) € c°<[—T,, T; HS(’]I‘)), with T, > eyr—V.
Moreover one has that

sup  lu(z, )llgs < Cyr.
te(=T1,.1;)

As far as we know this is the first long time existence result for a fully nonlinear
Schrodinger equation on a compact manifold. We remark that, besides the math-
ematical interest, fully nonlinear Schrodinger type equations often appear in the
description of phenomena in which the wave packet disperses in media, see for in-
stance [22]. We quote moreover the paper [20] in which fully nonlinear Schrodinger
equations (see for instance equation (8) therein) appear in the study of Kelvin waves
in the superfluid turbulence.

Comments on the hypotheses

Since the Fourier coefficients in (1.4) decay as (j) > as j goes to 0o, the potential
P;(x) is a function in H® for any s < 5/2 (in particular it is of class C'(T; R)).
In [17] (see Theorem 1.2 therein) it is shown that, if P;(x) is a function of class
C! with real Fourier coefficients, under the Hypothesis 1.1 (in such a theorem the
reversibility structure of the nonlinearity in item 3 of Hyp. 1.1 is not needed) for
any even function u( in the Sobolev space H® the Cauchy problem associated to the
equation (1.1) with initial datum u is locally in time well posed in H*(T) if s is big
enough and the Sobolev norm of ug is small enough. In order to treat more general
initial data (not even in x) one has to require a different algebraic structure on the
equation because, in general, problem (1.1) is not well posed. For more details we
refer to the introduction of [17]. An important case in which the equation (1.1) is
well-posed on the whole H*(T) is the Hamiltonian one. Therefore it is interesting
to understand whether a result similar to Theorem 1.2 holds in the Hamiltonian
case. This does not follow straightforwardly from the arguments developed in this
paper. We shall give some ideas on this in the last lines of the introduction.
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In more natural problems the convolution potential is replaced by a multiplica-
tive one. Since the convolution is a diagonal operator on the Fourier space it is
easier the study of the resonances of the equation. The particular structure of the
Fourier coefficients of the convolution potential in (1.4) is inspired by the Dirichlet
spectrum of —d,, 4+ V (x). Indeed for any p € N* it admits an asymptotic expansion
of the form

A=tV +ai(V)j 2+ 4 cp(V)j 2P+ Cp(j, V)22,

where ¢, (V) are certain multilinear functions of the Fourier coefficients of V (x),
Cy,(j, V) is a constant uniformly bounded in j depending on the derivatives of
V (x). For more details we refer to [6, Section 5.3] and the references therein. In
order to treat the case of the multiplicative potential, for instance if it is smooth
and nonnegative, one should use the basis of L>(T) given by the eigenfunctions of
the operator —dy, + V(x) instead of the Fourier basis. This would be a possible
extension of our result by adapting the ideas introduced in [5,6].

Item 1 in Hypothesis 1.1 implies that if #(x) is even in x then so is the function
f(u, uy, uyy). Since the Fourier coefficients of P;(x) in (1.4) are even in j, the
flow of the equation (1.1) leaves invariant the space of even functions.

We assume item 2 in order to avoid the presence of parabolic terms in the
nonlinearity, so that the equation (1.1) is a Schrodinger type one.

Item 3, together with the fact that the convolution potential P (x) is real val-
ued, makes the equation (1.1) reversible with respect to the involution

S:ux) = ulx), (1.6)

in the sense that it has the form d;,u = X (u) with S o X = —X o S. Since f
is assumed to be a polynomial function as in (1.2), item 3 of the hypothesis is
equivalent to requiring that the coefficients C, g are real. One of the important
dynamical consequences of the reversible structure of the equation is that if u(¢, x)
is a solution of the equation with initial condition uq then S(u(—t, x)) = u(—t, x)
solves the same equation with initial condition #g. This symmetry of the equation
is essential for our strategy and will play a fundamental role in the paper.

We have chosen to study a polynomial nonlinearity in order to avoid extra
technicalities.

Birkhoff Normal Form approach and some related literature

Equation (1.1) belongs to the following general class of problems:
u; = Lu + £(u), (1.7)

where L is an unbounded linear operator with discrete spectrum made of purely
imaginary eigenvalues A; € iR, £(u) is a non linear function having a zero of
order at least two in the origin and u belongs to some Sobolev space. In the last
years several authors investigated whether there is a stable behavior of solutions of
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small amplitude. By stable solution we mean that its Sobolev norms || - || gs are
bounded from above, up to moltiplicative constants, by the Sobolev norms of the
initial datum for long times.

This problem is non trivial when the system (1.7) does not enjoy conserva-
tion laws able to control Sobolev norms with high index s. In such a case the only
general fruitful approach seems to be the Birkhoff Normal Form (BNF) procedure.
Below we briefly describe the basic ideas and the difficulties that arise in imple-
menting such a procedure.

According to the local existence theory (at a sufficiently large order of regu-
larity), if it exists, we deduce that if the size of the initial datum is ¢ < 1 then
the corresponding solution may be extended up to a time of magnitude 1/¢. The
basic idea to prove a longer time of existence using a BNF approach is to reduce
the size of the non linearity near the origin. In other words one looks for a change
of coordinates in order to cancel out, from the non linearity, when possible, all the
monomials of homogeneity less than N for some N > 2. In this way, in the new co-
ordinate system, one has that £(u) ~ uV, and hence the lifespan is of order e =V +
In performing such changes of coordinates non trivial problems arise:

(1) Small divisors appear: the small divisors involve linear combinations of the
eigenvalues A, j € N, of the linear operator L in (1.7) of the form

Mjp bt Ay = Ay == Ay (1.8)

for0 < ¢ < N with N € N. One must impose non-resonance conditions, i.e.,
lower bounds on the quantity in (1.8) whenever possible;

(i) One has to check that the changes of coordinates are well-defined and bounded,
on sufficiently regular Sobolev spaces, even if some loss of regularity appears
due to the small divisors;

(iii) Itis not possible to cancel out all the monomials of low degree of homogeneity
from the non linearity but, starting form (1.7), one obtains a system of the form

u; = Lu+ Z(u)+ Pu),

where P(u) ~ u and the non linear term Z (which is usually called “res-
onant normal form”) commutes with the operator L. Under some algebraic
assumptions on the nonlinearity f(u) the dynamics generated by the resonant
term Z (u) is stable. The most studied models in literature are the Hamiltonian
and the reversible PDEs.

Without trying to be exhaustive we quote below some relevant contributions to this
subject.

Concerning semi-linear PDEs (i.e., when the non linearity £(«) does not con-
tain derivatives of ) the long time existence problem has been extensively studied
in literature in the case of Hamiltonian PDEs. We quote for instance the papers
by Bambusi [4], Bambusi-Grébert [6], Delort-Szeftel [13,14], and the more recent
result by Bernier-Faou-Grébert [7].
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Regarding BNF theory for reversible PDEs we mention [16] by Grébert-Faou.
The paper [5] regards long time existence of solutions for the semi-linear Klein-
Gordon equation on Zoll manifolds, here are collected all the ideas of the preceding
(and aforementioned) literature.

In the case that the non linearity £ contains derivatives of u if one would follow
the strategy used in the semilinear case, one would end up with only formal results
in the following sense: the change of coordinates would be unbounded because one
faces the well known problem of loss of derivatives. We remark that this loss of
derivatives is originated by the presence of derivatives in the nonlinearity and it is
not a small divisors problem. In this direction we quote the early paper concerning
the pure-gravity water waves (WW) equation by Craig-Worfolk [11].

In the case that £(u) in (1.7) contains derivatives of u of order strictly less than
the order of L, we quote the paper by Yuan-Zhang [21]. They studied an equa-
tion of the form (1.1) with the particular nonlinearity f(u, u,) = —(i/2n)(|u|2u) ¥
exploiting its Hamiltonian structure.

The first rigorous long time existence result concerning quasi-linear equations,
i.e., when f contains derivatives of u# of the same order of L has been obtained by
Delort. In [12] the author studied quasi-linear Hamiltonian perturbations of the
Klein-Gordon (KG) equation on the circle, and in [15] the same equation on higher
dimensional spheres. Here the author introduces some classes of multilinear maps
which defines para-differential operators (in the case of (KG) operators of order 1)
enjoying a symbolic calculus. We remark that in such papers the author deeply use
the fact that the (KG) has a linear dispersion law (i.e., the operator L in this case
has order 1).

A different approach in the case of super-linear dispersion law (i.e., L has
order > 1) has been proposed by Berti-Delort in [8] for the capillary water waves
equation. In this paper we adopt the strategy proposed in [8]. In the following we
briefly explain this approach. In the next paragraph we shall enter more in detail
introducing the appropriate notation.

The starting point is to rewrite the equation as a para-differential system which
involves a para-differential term (see Definition 2.23) and a smoothing remainder
(see Definition 2.3). This procedure is known in literature as the Bony paralin-
earization of the equation (see section 3). Consecutively the BNF procedure is
divided into two steps:

(1) Instead of reducing directly the size of the non linearity (as done in [12] for
(KG) or formally in [10] and [11] for the (WW)) we perform some para-
differential reductions in order to conjugate the para-differential term to an
other one which is diagonal with constant coefficients in x up to a remainder
which is a very regularizing term. In this procedure it is fundamental that the
symbols of positive order are purely imaginary, in such a way that the associ-
ated para-differential operator is skew self-adjoint. This condition is ensured
by Hypothesis 1.1. A related regularization procedure of the unbounded terms
of the equations has been previously developed in order to study the linearized
equation associated to a quasi-linear system in the context of a Nash-Moser
iterative scheme (see for instance [1-3,9,18,19]);
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(2) The second part of the procedure consists in two sub-steps. In the first one a
BNF procedure is used in order to reduce the size of the paradifferential term.
The loss of derivatives appearing in the BNF procedure affects only the coeffi-
cients of the equations which are low frequencies thanks to the paradifferential
structure; we may afford to loose a large number of derivatives on these co-
efficients since we are working with very smooth functions. Concerning the
reduction in size of the smoothing remainder we construct some modified en-
ergies by means of, again, a BNF-type procedure. By modified energy at order
N € N we mean a quantity E(U) such that Eg(U) ~ || U (t, -)||%I.§- and

t
Es(U(t,-)) < Es(U(0, ) + / U (z, )N de|. (1.9)
0

The loss of derivatives due to the small divisors, in this case, is compensated
by the fact that the remainder is a very smoothing operator.

For more details on this strategy we refer the reader to the introduction of [8].

We mention that in [18,19] it has been shown that a large class of fully non
linear Schrodinger type equations admits quasi-periodic in time, and hence globally
defined and stable, small amplitude solutions. Hence it would be interesting to study
whether other stability phenomena appear.

The goal of this paper is to extend the BNF theory to a class of fully non linear
Schrodinger equations by adapting the ideas of [8].

Plan of the paper

First of all it is convenient to work on product spaces and consider instead of (1.1)
the so called vector NLS. We need some further notation. We define, for s > 0, the
following Sobolev spaces

H' := H'(T, C?) := (H® x H*) NN,

_ 1.10
R = {(uiu*) € L3(T:C) x LX(T;C) : ut = u—}, (110

endowed with the product topology. We set H® := N;crH*. On H® we define the
scalar product

U, Vo ::fTU - Vdx. (1.11)
We introduce also the following subspace of even functions of x in H':
HS = H(T; C?) := (H! x HS) NHC, 0
H} = H}(T;C) := {u € H :ukx) = u(—x)}.
We define the operator A as A[u] := dyxu + Pz (x) % u. One has that

Me =20, a= G2+ PU),  JEZ, (1.13)
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where p(j) are defined in (1.4). Let us introduce the following matrices

1 0 10
E = [O _1], 1:= |:O 1] (1.14)
and we define the operator A on H* x H® as
A0
A= |:0 )J . (1.15)

With this notation equation (1.1) is equivalent to the system

U :=iE |:AU+ <M)} U= (uu) cH. (1.16)

S, ux, uyy)

From now on we will study the system (1.16) instead of equation (1.1).

We describe here the ideas of the proof of Theorem 1.2. In Section 2 we define
the classes of operators and of symbols we need and we develop some composition
theorems for classes of para-differential and smoothing operators. Such classes of
operators have been introduced and widely studied in [8].

The first step is to rewrite the system (1.16) as a para-differential system of the
form (3.1) with U = U (¢, x) = (u, u) by using the results of Section 2. This is
the content of Theorem 3.1 in Section 3. Let us describe briefly the structure of the
system obtained in Theorem 3.1. Consider a symbol a(x, &) having finite regularity
inx.Let y beaC 80 cut-off function with sufficiently small support and equal to 1
close to 0, then we set a, (x, §) = Fx ! (@, &) x (x/(€))). In other words the new
symbol a, (x, &) is a localization in the Fourier space, and therefore a regularization
in the physical space, of the symbol a(x, £). Then we can define the Bony-Weyl
quantization of the symbol a as follows

1 .
Op®" (a(x, )¢ = / 0, (T € )p(rdyde.

Theorem 3.1 ensures that the original system is equivalent to the following para-
differential one

U =iE(AU + OpPV (A(U; x, £)U + R(U)U) (1.17)

where R(U) is a 2 x 2 matrix of smoothing remainder, A(U; x, £) is a 2 x 2 matrix
of symbol with the following properties:

e The map (x, &) — A(U; x, &) depends in a non linear way on the function U
solution of (1.16);

e Forany N > 1 the matrix of symbols A(U; x, &) admits an expansion in homo-
geneous matrices of symbols up to a non homogeneous one of size O (J|U|| Zs);
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e The operator OpBY (A(U; x, &)) maps H® in H*~2 for any s, provided that U
belongs to H* for sg large enough;

e R(U) maps H* in H* 7 for s large enough and p ~ s;

e The operators OpB W(A(U; x, £)), R(U) are reversibility and parity preserving
according to Definitions 2.36 and 2.39. This structure is inherited by Hypothe-
sis 1.1.

We remark that we cannot use directly the paralinearization performed in Section 4
of [17] since we need to adapt it to symbols and operators which admit multilinear
expansions.

As first step in Subsections 4.1, 4.2 we perform several changes of coordinates
which diagonalize the matrix A(U; x, £). Since the non zero terms of the new
diagonal matrix of symbols depends on x, this system does not admit H®-energy
estimates (i.e., an estimate of the form (1.19)). Therefore Subsections 4.3,4.4,4.5
are devoted to conjugate this matrix to another one whose symbols are constant
in x. All these results are collected in Theorem 4.1, where we exhibit a nonlinear
map ®(U)U with the following properties:

(a) For any fixed U in H*, s large enough, the map ®(U)[-] is a bounded linear
map form H® to H® for any s > O;

(b) SetV := ®(U)U, then one has |V |gs ~ ||U|lus;

(c) The map ®(U) is reversibility and parity preserving;

(d) The function U solves (1.17) if and only if V = ®(U)U solves a system of
the form (see (4.2))

&V =iE(AV +OpBY(L(WU: €)V + QU)U), (1.18)

for some diagonal and constant coefficients in x matrix of symbol L(U; &)
(see (4.3)) and where Q(U) is a p-smoothing remainder for some p > N
large.

The function V solving (1.18) satisfies
VOl < CIU@ Iaso IV (Ol (1.19)

therefore, as a consequence of Theorem 4.1, we have obtained

t
IU@O|H < CIUO) I3 +C /0 IU @)l 1U (O lfedT, s > 50> 1. (1.20)

The estimate (1.19) is a consequence of the fact that the symbol my(U; t) in (4.3)
is real and that there are not symbols of order 1 in m(U; ¢). This follows from the
parity structure of the equation and the parity preserving structure of the map ® (U).

There are two key differences between this paper and the procedure followed
in [17]. In the quoted paper we are only interested in giving some energy estimates
on the solution in order to prove a local existence result. Here the situation is more
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complicated and we need further information in order to obtain a much longer time
of existence. First of all in Theorem 4.1 we take into account that our operators and
symbols admit multilinear expansions. This justify our definition of operators and
symbols in Definitions 2.3 and 2.20. On the contrary in [17] we use classes more
similar to the non homogeneous classes defined in Definitions 2.2 and 2.16. The
second fundamental difference is that the final system in (4.2) is diagonal, constant
coefficients in x € T, up to terms which are p-smoothing operators with p arbitrary
large. We remark that in [17] we only need bounded remainders.

In Section 5 we give the proof of Theorem 1.2. Notice that the right-hand side
in (1.20) is linear in [|U () |0 since both |OpBY (Im(mo(U; £, §))) Il cms w2y (see
(4.3)) and |Q(U) |l zaas ms+ey are O(||U|lgso). The aim of Sec. 5 is to prove an
estimate of the form

t
U3 < CIUO) |13 +c/0 U (0) Il 1U (O e d T,

s>so>1, N>2.

(121)

After the reduction performed in Theorem 4.1, we have that the system (1.18) is
very similar to a semi-linear one. Therefore we construct modified energies (see
(1.9)) to prove the bound (1.21). In such construction we exploit the reversibil-
ity and parity preserving structures in order to prove that the resonant terms do
not contribute to the energy estimates (see Definition 5.2 and Lemma 5.3). As
explained before (below formula (1.9)) to get the (1.21) we shall face a loss of
derivatives of magnitude N - Ny, due to small divisors appearing in the BNF pro-
cedure, where Ny is a fixed quantity given by Proposition 5.5. This is the reason
for which we fix p > N at the beginning of the procedure. In the Proposition
5.5 we show that the A;’s (defined in (1.13)) satisfy the needed non resonance
conditions.

We conclude the introduction discussing briefly why this strategy does not
straightforward apply to the Hamiltonian case. As explained above we need to
exploit some algebraic structures to ensure that the resonant terms do not contribute
to energy inequality. Therefore one has to preserve such structures in performing
changes of coordinates. In the present paper it is rather simple to do it. A key point
is that after the paralinearization in (1.17) both the term OpB WAW:t, x,§&)) and
R(U) are reversibility and parity preserving. In the Hamiltonian case, among all
the difficulties, the latter terms are not Hamiltonian vector fields. For this reason it
is not trivial to build symplectic versions of the changes of coordinates used in this

paper.
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2. Para-differential calculus

In this section we develop a para-differential calculus following the ideas (and no-
tation) in [8].

In Subsections 2.1 and 2.3 we introduce, respectively, several classes of
smoothing operators and symbols depending on some extra function U . More pre-
cisely our symbols and operators are polynomials in U up to a degree of homo-
geneity N — 1 plus a non-homogeneous term which vanishes as O (||U V) as U
goes to 0 (see Definitions 2.3 and 2.20). We define a para-differential quantization,
see Definition 2.23, of such symbols and we prove, in Subsection 2.5, that they
enjoy a symbolic calculus up to smoothing operators introduced in Subsection 2.1.
In Subsection 2.2 we introduce a class of general maps (see Definition 2.9) which
will be used in some contexts where will not be important to keep track of the loss
of derivatives coming from unbounded operators. When applying this theory to the
reversible and parity preserving Schrodinger equation (1.1), we shall deal with sub-
spaces of symbols and operators defined above enjoying some algebraic properties.
These subclasses are introduced and analyzed in Subsection 2.6. The differences
between our classes and those in [8] depend only on the extra function U: in their
case it is a function of time and space (x, ¢) which is of class C*, with respect to the

variable ¢, with values in H*® =3k for any 0 < k < K (K big enough) and it has zero
mean, in our case it can have non zero mean and it is a function of class C¥, with
respect to the variable 7, with values in H*~2* for any 0 < k < K (K big enough).

We introduce some notation. If K € N, I is an interval of R containing the ori-
gin and s € R* we denote by CX (1, H* (T, C?)) (respectively CX (1, H*(T; C))),
the space of continuous functions U of ¢ € I with values in H* (T, C?) (respectively
H*(T; C)), which are K-times differentiable and such that the k—th derivative is
continuous with values in H*~2%(T, C?) (respectively H*~2*(T; C)) for any 0 <
k < K. We endow the space Cf (I, H*(T; C?)) (respectively Cf(l, H:(T; C)))
with the norm

K

sup U, )k, . where Ut Mg i= .
tel k=0

oku ., -)HHM .Q@l

We denote by CfR(I JHS (’]T,(CZ)), sometimes with CfR(l ;HY), the subspace of
CK (1, H*(T, C?)) made of the functions of # with values in H* (T; C?) (see (1.10)).
Recalling (1.12) we shall denote Cf (I;H (T;C?)) (respectively Cf (I;H}(T;C)))
the subspace of Cf (I, H*(T, C?)) (respectively Cf([; H*(T; C))) made of the
functions of ¢ with values in H?(T; C?) (respectively H:(T; C)). Analogously
CfR(I, H(T; C?)) denotes the subspace of CfR(I, H* (T; C?)) made of those func-
tions which are even in x. Moreover if r € RT we set

tel

BX(1,r) = {U e CX(1, H(T; C?) : sup |U, )Ig.s < r} . (22)
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For n € N* we denote by I1,, the orthogonal projector from L?(T; C?) (or L*(T, C))
to the subspace spanned by {¢"*, e}, i.e.,

(M) () —u<n)52_ L ")Jz_n (23)

while in the case n = 0 we define the mean Igu = ﬁu(O) = % f'ﬂ‘ u(x)dx.

Ifd = (Uy,...,Up)isa p-tuple of functions, n = (n1, ..., np) € NP we set

;U := (HnlUl,...,anUp). 2.4

For a family (n1,...,np41) € NP+ we denote by max;({n1), ..., (nps1)), the
second largest among the numbers (n1), ..., (np11).

2.1. Spaces of smoothing operators

The following is the definition of a class of multilinear smoothing operators.
Definition 2.1 (p-homogeneous smoothing operator). Let p € N, p € R with
p = 0. We denote by R;p the space of (p + 1)-linear maps from the space
(C®(T; C?))? x C°(T; C) to the space C*®°(T; C) symmetric in (Uy, ..., Up),
of the form (Uy, ..., Upy1) — R(Ui, ..., Up)Up1, that satisfy the following.
There is u > 0, C > 0 such that

||Hn0R(Hﬁu)an+1 Up+1 ||L2

1
maxa (1), .. ., (np41))? T 25 (2.5)
L H T, Ujl 2,
max((ny), ..., (np+1))”
forany U = (Uy,...,Up) € (C¥(T; C2y)P, any Up1 € C®(T; C), any n =
(n1,...,np) € N? any ng, n,41 € N. Moreover, if
[y R(Mp, Uy .., T, Up) i, Up g1 # 0, (2.6)
then there is a choice of signs oy, ..., 0,41 € {—1, 1} such that Zf:(} ojnj =0.

We shall need also a class of non-homogeneous smoothing operators.
Definition 2.2 (Non-homogeneous smoothing operators). Let K’ < K e N,N ¢
Nwith N > 1,p € Rwith p > 0and r > 0. We define the class of remain-
ders RK K. n[r] as the space of maps (V,u) > R(V)u defined on BSIS(I, r) x
Cf (I, H® (T, C)) which are linear in the variable u and such that the following
holds true. For any s > 5o there exist a constant C > 0 and r(s) €]0, r[ such
that for any V € BE(1,r) N CE (1, H*(T,C%), any u € CK (I, H*(T, C)), any
0<k<K-K and any t € I the following estimate holds true

ok kW@

< > C[ el s VIR g ko o+ Natllir o WV IR g 1V g s ]
k'+k"=k

2.7
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We will often use the following general class.
Definition 2.3 (Smoothing operator). Let p, N € N, with p < N, N > 1,
K,K' € Nwith K’ < K and p € R, p > 0. We denote by ZRZK,’p[r, N]
the space of maps (V, t, u) — R(V, t)u that may be written as

R(V; t)u :NX:qu(V,..., V)u+ Ry(V; Hu, (2.8)
q9=p
for some R, € ﬁ;p,q =p,..., N —1and Ry belongs to RIE’pK/’N[r].
Remark 24. Let R{(U) be a smoothing operator in ZRI_('? ll(/,m [r, N] and
Ry(U) in ER;{%,’W [r, N], then the operator R{(U) o R(U)[-] belongs to
ZRZKCmﬂ?z [r, N1, where p = min(p1, 02).

The following is a subclass of the previous class made of those operators which
are autonomous, i.e., they depend on the variable ¢ only through the function U'.

Definition 2.5 (Autonomous smoothing operator). We define, according to the
notation of Definition 2.2, the class of autonomous non-homogeneous smooth-
ing operator RI_("OO, y[r. aut] as the subspace of R}p 0. n[r] made of those maps
(U, V) — R(U)V satisfying estimates (2.7) with K’ = 0, the time dependence
being only through U = U (¢). In the same way, we denote by ZRI_(’? 0,pl7» N, aut]
the space of maps (U, V) — R(U, V) of the form (2.8) with K’ = 0 and where the
last term belongs to RE’O o,y aut].

Remark 2.6. We remark that if R is in Ep_p, p>N,then (V,U)— R(V,...,V)U

is in Rgp o n[r>aut]. This inclusion follows by the multi-linearity of R in each
argument, and by estimate (2.5). For further details we refer to the remark after [8,
Definition 2.2.3].

2.2. Spaces of Maps

In the following, sometimes, we shall treat operators without having to keep track
of the number of lost derivatives in a very precise way. We introduce some further
classes.

Definition 2.7 (p-homogeneous maps). Let p € N, m € R withm > 0. We
denote by M’;} the space of (p + 1)-linear maps from the space (C*®°(T; C?))? x
C®(T; C) to the space C°°(T;C) symmetric in (Uy,...,Up), of the form
Uy, ..., Upy1) — MUy, ...,Up)Upyy, that satisfy the following. There is
n >=0,C > 0,and forany Y = (Uy,...,Up) € (C(T; C?y)r, any Upy €
C®(T;C),anynn = (ny,...,np) € NP any ng, npy1 € N

Il HnoM(Hﬁu)nnp+1 Up+1 ||L2

ptl (2.9)
< C((no) + (n1) + ...+ (nppa )™ [ 1T, U5l 2

j=1
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Moreover, if
l'anM(l'In]Ul,...,l'lnpUp)H,,pMUpH #0, (2.10)

then there is a choice of signs oy, ..., op+1 € {—1, 1} such that Zfﬁ; oinj =0.
When p = 0 the conditions above mean that M is a linear map on C*°(T; C) into
itself.

Definition 2.8 (Non-homogeneous maps). Let K’ < K e NN e Nwith N > 1,
m € R withm > 0and r > 0. We define the class ./\/l”[;’K/7N[r] as the space
of maps (V,u) — M(V)u defined on BSO (I,r) x Cf(l, H* (T, C)), for some
so > 0, which are linear in the variable # and such that the following holds true.
For any s > s¢ there exist a constant C > 0 and r(s) €]0, r[ such that for any V €
BRI ryncku, H (T, C?),anyu € CX(1, H(T,C)),any 0 < k < K — K’
and any ¢ € [ the following estimate holds true

fovmwao|

< > C[ el VIR s ko g+ Natllir o WV IR E g 1V g s ]
k' +k"=k

@2.11)

Definition 2.9 (Maps). Let p, N € N, with p < N, N > 1, K, K’ € N with
K’ < Kand p € R,m > 0. We denote by XM} k' plr N1 the space of maps
(V,t,u) > M(V, t)u that may be written as

N—-1
M(Vitu="Y" My(V,....V)u+ My(V: tu, (2.12)
q=p

for some M, e./\/l g -4=P; ..., N—1and My belongs to MK g y[7]. Finally we
set./\/lp = Um>OM MK K’, p[r] - Um>0MK K'.p [r] and 2:-/‘\/ll(,l(/,p[r’ N]=
Um>OEMK K'.p [ ]

Definition 2.10 (Autonomous maps). We define, with the notation of Definition
2.8, the class of autonomous non-homogeneous smoothing operator M%,o, ylrs aut]
as the subspace of M%’O’N[r] made of those maps (U, V) — M(U)V satisfy-
ing estimates (2.7) with K’ = 0, the time dependence being only through U =
U(t). In the same way, we denote by Z./\/l"[gﬁo’ p[r, N, aut] the space of maps
(U,V) — MU, V) of the form (2.8) with K’ = 0 and where the last term be-
longs to ./\/lK o.y[r aut].

Remark 2.11. We remark that if M is in /\A/ig’ ,p>N,then (V,U)—>M(V,... VU
isin M KON [r, aut]. For further details we refer to the remark after Definition 2.2.5
in [8].
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2.3. Spaces of Symbols

We give the definition of a class of multilinear symbols.

Definition 2.12 (p-homogeneous symbols). Let m € R, p € N. We denote by
F’" the space of symmetric p-linear maps from (C*°(T; (C2))1’ to the space of C*°
functlons in(x,8&) e TxR

U— ((x, 8 = ald: x,§))
satisfying the following. There is « > 0 and for any «, 8 € N there is C > 0 such
that
p
020L a(Malts x, &) < CE@P )" P [T I, Ul (213)

j=1
for any U = (Uy,...,Up) in (C®(T;C*)?, and i = (niy,...,n,) € NP,
where (1) = \/1 + |n1|?> 4+ ...+ |np|?>. Moreover we assume that, if for some

1
(no, ...,np) € NPT

Myoa (T, Ut ... Ty Ups ) # 0, (2.14)

then there exists a choice of signs oy, ..., 0, € {—1, 1} such that Z?:o ojnj =0.
For p = 0 we denote by Fg the space of constant coefficients symbols & — a(§)
which satisfy the (2.13) with @ = 0 and the right-hand side replaced by C (£)"~#

Remark 2.13. In the sequel we shall consider functions f = (U, ..., Up) which
depends also on time ¢, so that the above definition are functions of (¢, x, &) that we
denote by a(U; ¢, x, £).

Remark 2.14. One can easﬂy note that, if a € Fm and b € Fm then ab € F?jf(;" ,
and 0ya € 1"’” while dza € Fm 1,

Remark 2.15. We have that the function p(§) := Zk | 2k+1 ,& € R, belongs to
the class F 3,
We shall need also a class of non-homogeneous nonlinear symbols.

Definition 2.16 (Non-homogeneous symbols). Letm ¢ R, p e N,p > 1, K’ <
K in N, r > 0. We denote by FK K'\p [r] the space of functions (U; ¢, x,&) +—
a(U;t,x,§&),defined for U € Bol_f) 1, r), for some large enough o, with complex
values such that forany 0 < k < K — K’,any o > og,thereare C > 0,0 < r(o) <
rand for any U € BE (1,r(0)) N CHK'(1, HO (T; C?)) and any «, B € N, with
o <0 —o0)

of 0l a(Ust.x. &) < CE™ PIUIL 0 o0 10Uk - (2.15)
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Remark 2.17. We note that if a € F% K'p [r] with K/ +1 < K, then d;a €
Fm

K.K [r] then 0,a € FK K'.p [7] and d:a €

K.K'.p
F% Kl, [r]. Finally if a € I"K Kp [Fland b € I‘K K'g [r] then ab € F?J};',’/Hq[r].

The following is a subclass of the class defined in 2.16 made of those symbols
which depend on the variable ¢ only through the function U .

+1,plr]- Moreover if a € re

Deﬁnition 2.18 (Autonomous non-homogeneous symbols). We denote by
K 0. p[r aut] the subspace of ' K.0.p [r] made of the non-homogeneous symbols

(U, x,&) — a(U; x, &) that satisfy estimate (2.15) with K’ = 0, the time depen-
dence being only through U = U (¢).
Remark 2.19. A symbol a(i/; -) of F’" defines, by restriction to the diagonal, the
symbola(U, ..., U; ) for '} K.0.p [r, aut] for any r > 0. For further details we refer
the reader to the ﬁrst remark after [8, Definition 2.1.3].

The following is the general class of symbols we shall deal with.
Definition 2.20 (Symbols). Letm € R, p e N, K, K’ €e Nwith K’ < K,r >0
and N € N with p < N. One denotes by XI'%} K.K'.p [r, N] the space of functions
U,t,x,&) > a(U,; t, x, &) such that there are homogeneous symbols a, € F;" for
g = p,..., N —1and anon-homogeneous symbol ay € I'¢ ., \[r] such that

N—
aU;t,x,§) = Zaq(U,..., U;x,8) +anWU;t, x,§). (2.16)

We setEFKoz, [r, N] = meRZF% Kp [r, N].
We define the subclasses of autonomous symbols X' KK p [r, N, aut] by
(2.16) where ay is in the class '} o, y1r, aut] of Definition 2.18. Finally we set

ST I Noautl = NperST% o, [, N, aut].

We also introduce the following class of “functions”, i.e., those bounded sym-
bols which are independent of the variable &.

Definition 2.21 (Functions). Fix N € N, p € Nwith p < N, K,K' € N
with K" < K,r > 0. We denote by F, (respectively Fg g’ plr], respectively
Fk. k', plr, aut], respectively 2.7:;1 [r,N],respectively X Fg g+ ,[r,N, aut]) the sub-
space of f:g (respectively Fg[r], respectively Fg[r, aut], respectively ZFg’q[r,N 1,
respectively Zl"g[r, N, aut]) made of those symbols which are independent of &.

2.4. Quantization of symbols

Given a smooth symbol (x, &) — a(x, &), we define, for any o € [0, 1], the quan-
tization of the symbol a as the operator acting on functions u as

Op, (a(x, €))u = — / M a(ox + (1= o)y, Ouydyde.  (2.17)
27 JrxR
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This definition is meaningful in particular if u € C°°(T) (identifying u to a 27 -peri-
odic function). By decomposing u in Fourier series as u = _ jez w(j)(1/2m)elx,
we may calculate the oscillatory integral in (2.17) obtaining

Op, (@)u
ek (2.18)
Jj. (L = o)k +0j)u()) , Y oelol],
,; J; N2

where a(k, &) is the k'"—Fourier coefficient of the 27 —periodic function x
a(x, ). For convenience in the paper we shall use two particular quantizations:

Standard quantization. We define the standard quantization by specifying formula
(2.18) foro = 1:

ikx
Op(a)u := Op,(a)u = — j. j)u(j) ; (2.19)

Weyl quantization. We define the Weyl quantization by specifying formula (2.18)
foro = 1:
2

k+]A eikx
Op" (@)u := Op, (@)u = (j) . (220)
p" (a)u péau ]2 J; ) )u] N

Moreover the above formulas allow to transform the symbols between different
quantizations, in particular we have

Op(a) = 0p" (),  where b(j,£) = a(,;g - %) . (221)

We want to define a para-differential quantization. First we give the following
definition.

Definition 2.22 (Admissible cut-off functions). Fix p € N with p > 1. We say
that x, € C*°(R? xR; R) and x € C*°(R xR; R) are admissible cut-off functions
if they are even with respect to each of their arguments and there exists § > 0 such
that

supp xp C {(€',6) e RP x R; |§') < 8(6)},  xp(8',8) =1 for |&'] < S (8),

I\JIOOI\) Sg)

supp x C {(€',6) e R x R; [&'] < 8(£)], X&', &) =1 for [&'] < S(§).
We assume moreover that for any derivation indices « and 8
0205 xp . 6)] < Capl&) ™!, Va e N, p e NP,

9205 x (&', £)] < Capl€) P, Vo, p eN.
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An example of function satisfying the condition above, and that will be exten-
sively used in the rest of the paper, is x (&', §) := X (§'/(§)), where ¥ is a function
in C§°(R; R) having a small enough support and equal to one in a neighborhood of
zero. For any a € C*°(T) we shall use the following notation

(x(D)a)(x) =Y x(Hja. (222)

JEZ

Definition 2.23 (The Bony quantization). Let x be an admissible cut-off function
according to Definition 2.22. If a is a symbol in Fg and b is in F% K’ p[r], we set,

using notation (2.4),

ayU; x, &) = Y xp (i, &) a(iUs x, £),

zele (2.23)
by(Ust, x, &) = —/ X, &)bU;t,n,&)e™dn.
2 T

We define the Bony quantization as

OpPaU; ) = Opla, U; ), OpP(b(U;t,) =Oplby(Ust,)).  (224)
and the Bony-Weyl quantization as
Op" (a@U: ) =0p" (@, W: ). Op"" (b(U:1,)=0p" (b, (Us1.)). (225)

Finally, if a is a symbol in the class I ., p[r, N1, that we decompose as in
(2.16), we define its Bony quantization as

N—-1
OpP(a(Us1,-) = Y OpPag(U, ..., U; ) +OpP(an(U; 1, ),  (2.26)
q=p

and its Bony-Weyl quantization as

N-—1
0pP"(aW:t,)) =Y 0p®V (U, ....U: )+ 0pPY (an(U:t. ). (227)
q=p

m

% 0.p[r: N, aut] we shall not

For symbols belonging to the autonomous subclass XTI
write the time dependence in (2.26) and (2.27).

Remark 2.24. Leta € XT'Y 4, p[r, N]. We note that

OpB(a(U; 1, x, &)[v] = OpP @V (U 1, x, £))[7],

(2.28)
O0pPY (a(U; 1, x, £)[v] = OpPY @V (U; 1, x, £))[7],
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where
a’(U;t,x, &) :=a(U;t,x,—&). (2.29)

Moreover if we define the operator A(U, t)[-] := OpBW(a(U; t,x,&))[-]1 we have
that A*(U, t), its adjoint operator with respect to the L?(T; C) scalar product, can
be written as

AU, 1)[v] = OpBY (a(U; I E))[v]. (2.30)

Remark 2.25. Recalling Remark 2.15 we define the symbol 1(§) := (i§ )2+ p(§)
which belongs to Fg. Moreover we note that the operator A defined in (1.13) can be
written as A[-] = Op(1(§))[-]-

Remark 2.26. By formula (2.30) one has that a para-differential operator
OpB W (a(U; t, x, &))[] is self-adjoint, with respect to the L2(']T; C) scalar product,
if and only if the symbol a(U; ¢, x, &) is real valued for any x € T, & € R.

Proposition 2.27 (Action of para-differential operator). One has the following.

(1) Let m € R, p € N. There is o > 0 such that for any symbol a € '™ the map
(Ui, ..., Ups1) = OpPW(a(Uy, ..., Up; NDUp11, (2.31)

extends, for any s € R, as a continuous (p + 1)-linear map (H" (T; Cz))p X
H*(T; C) - H*™(T; C). Moreover, there is a constant C > 0, depending only
ons and on (2.13) with« = = 0, such that

P
1005Y @@ NUpsillgs—n < C [T N0 luo 1Upsillms, (232)
j=1

where U = (Uy, ..., Up). In the case that p = 0 the right-hand side of (2.32) is
replaced by C||U 11| gs . Finally, if for some (ng, ..., npy1) € NP+2,

M, 0p%Y (a(TU; NI, Upy1 #0, (2.33)

with n = (ny, .. ., np) € NP, then there is a choice of signs o; e {—=1,1}, j =
0,..., p+1,such that Zi’:& ojn; = 0 and the indices satisfy

ng~npy1, nj<Céng, n;<Cénpy, j=1,...,p. (2.34)

(i) Letr >0,meR, peN,p>1,K' <K ecN,ace F%’K/’p[r]. There is

o > 0 such that for any U € Bf(l, r), the operator OpBW(a(U; t,-)) extends, for
any s € R, as a bounded linear operator

cE M B (T 0)) —» cE7K (1 B (T O)). (235
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Moreover, there is a constant C > 0, depending only on s,r and (2.15) with 0 <
a <2, B=0,such that, foranyt € I,any0 <k < K — K/,

10p®" @ aUs t, Nl cas . ms-my < CIUNY g1 o (236)

so that
10pPY (a(Us t, DV Ol k& 5-m < CIUNG LNV Ik k5. (237)
Proof. See [8, Proposition 2.2.4]. O

Remark 2.28. We have the following inclusions:

e Leta e EF%,KC
V,U) —> OpBW(a(V; t,-))U defined by (2.27) is in EM"Ié K’ p[r, N] for
some m’' > m;

o Ifa e Zl"’[g K/p[r, N]withm < 0 and p > 1, then the map (V,U) —

OpPY (a(V; 1, DU isin ERY 4, [, NI;
—p

e Any smoothing operator R € X R, »
EMYE ¢ p[r, N1 for some m > 0.

p[r, N]for p > 1. By Proposition 2.27 we have that the map

[r, N] defines an element of

In the following we shall deal with operators defined on the product space H® x H*.

Remark 2.29. From Proposition 2.27 we deduce that the Bony-Weyl quantization

of a symbol is unique up to smoothing remainders. More precisely consider two

admissible cut off functions x 1(,1) and x 1(72) according to Definition 2.22 with §; > 0

and 8, > 0. Define x, := X,(,l) — XI(,Z) and for a in Fl’;’ set

R =0p" (Y xp(n. a(ls ). (2.38)

neNP
Then, applying (2.32) with s = m, we get

p+l
[Ty RO, Upi | 2 < Crf o onny [T, U2
j=1

The left-hand side of the equation above is non zero only if §; (n p+1> < |n|] <
&2 <n p+1). As a consequence we deduce the equivalence maxa(ny, ..., np41) ~
max(ny, ..., npy1) and hence the operator R belongs to ﬁ;p .

A similar statement holds for the non homogeneous case.

We have the following:
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Definition 2.30 (Matrices of operators). Let p,m € R, p > 0, K’ < K € N,
r>0,NeN,pe Nwith p > 1. We denote by EREPK,p[r, Nl ® M,(©)
the space of 2 x 2 matrices whose entries are smoothing operators in the class
ZRI_('?K/’p[r, N1]. Analogously we denote by EM’;(”K,’p[r, N1® M>(C) the space
of 2 x 2 matrices whose entries are maps in the class E/\/l’,’é K’ p[r, N]. We also set
S Mg g plr. N1® Ma(C) = Uper EM ¢, [r. N1® M (C).

Definition 2.31 (Matrices of symbols). Letm ¢ R, K’ < K e N, p, N € N. We
denote by EF% K’ p[r, N1 ® Mj(C) the space 2 x 2 matrices whose entries are
symbols in the class EF%’K,’p[r, NJ.

We have the following result:

Lemma232. Letp,m e R, p>0,m>0,K'<KeN,r>0NeN,peN,
p > 1 and consider R € ERI_('OK, p[r, N1 ® My(C), M € TMR ., p[r, N ®

M>(C) and A € EF%’K,,p[r, N1 ® My(C). There is o > 0 such that
R:BE(,r) x CEK (1, H (T; C?)) — CK=K'(1, HS*/(T; €?);  (2.39)
M :BE(, r) x K=K (1, H*(T; C%) — cX=K'(1, H~™(T; C?)), (2.40)

and
OopPY (AU; 1, ) :BE(1,r) x CE=K'(1, HS(T; C?))
— CK=K'(1, H¥=™(T; C?)).

Proof. The (2.39) follows by Definition 2.3 (see bound (2.7)). The (2.40) follows
by Definition 2.9 (see bound (2.11)). The (2.41) follows by Proposition 2.27. [

(2.41)

2.5. Symbolic calculus and composition theorems

We define the following differential operator
o0(Dy, D¢, Dy, Dy) = D¢ Dy — D, Dy, (2.42)
where D, := %Bx and D¢, Dy, D, are similarly defined. N
Let K/ < K,p,p,gbeinN, m,m" € R,r > 0 and consider a € F;’f and
beTM. Set
U=U U, U:=W,....,Up, U :=Upsi,....Upt1),
Uje H(T;C%», j=1,....,p+q.

We define the asymptotic expansion (up to order p) of the composition symbol as

follows:
(a#b),(U; x, &)

(2.43)

L 1 1 k ! 17

= E — <—U(Dx,DéaDy7Dn)) [a(U;x,é)b(U ;y,n)] (244
k! \2 |§:y

=n

m+m’'—p

modulo symbols in ",/
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Considera € T'?

% g plrlandb e T, [r]. For U in BX(1,r) we define,

K. K',
for p < o — oy,

(a#b),(U; t, x,8)

L1 (i g 245
:=I;E<EG(DX,DE,DWD,7)> [a(U;t,x,g)b(U;t,y,n)] . @45

m+m'—p
KK prgll]-

Remark 2.33. By Remark 2.14 one can note that the symbol (a#b), in (2.44) be-

longs to the class FZT(;", (with the exponent w in (2.13) large as function of p).
Similarly by Remark 2.17 one can note that the symbol (a#b), in (2.45) belongs to

modulo symbols in I"

the class F;’,’If/[r] (with og in Definition 2.16 large as function of p).

We need a result which ensures that (a#b), is the symbol of the composition
up to smoothing remainders.
We have the following:

Proposition 2.34 (Composition of Bony-Weyl operators). Letr K' < K, p, p,q
beinN,m,m" e R, r > 0.

(i) Consider a € F’;} and b € F?/. Then (recalling the notation in (2.43)) one has
that

op®Y (aU; x,£)) 0 OpP" (bU"; x, §)) — OpPY ((a#b),(U: x,8))  (2.46)

ﬁ—p-‘,—m-ﬁ-m/

belongs to the class of smoothing remainder R\,

(ii) Consider a € F’I?’K,’p[r] andb € F%zK,’q[r]. Then one has that

0p®Y (a(U; t,x,8)) 0 OpPY (b(U;: 1, x,£)) — OpP" ((a#h) (U3 1, x,£)) (247)

_ 4
belongs to the class of non-homogeneous smoothing remainders R K'f) ;,’?1;_"; [r].

If a and b are symbols in the autonomous classes of Definition 2.18 then
(a#b),(Us t,x, &) belongs to F%TK”f’pﬂ[r, aut] and (247) is an autonomous
R—)O—H"l-i-m/

K.K'.p+q [, aut].

smoothing remainder in

Proof. See the proof of [8, Proposition 2.3.2]. O
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Consider now symbols a € EF%’K/’p[r, N1, b e EF%:K,’q[r, N]. By defini-
tion (see Definition 2.20) we have

N-1
aU; t;x,6) =Y ax(U,...,U; x, ) +an(U; 1, x, ),
k=p

N—1
(2.48)
bU;t;x,8) =Y bu(U,...,U; x, &) +by(Ust,x,8),
k'=p
ar €T, ay e Ty pnlrl, br e FZ}/’ by € F%iK’,N[r]'
We also set
oUix, &)=Y (atb),Usx.§). K'=p+gq,....N—1,
ke k' =k (2.49)
en(Ust,x, &)= Y (awhby)p(Us 1, %, ),
k+k'>N

where the factors ay and by, for k, k¥’ < N — 1, have to be considered as elements
of F%,o, (L] and F% o [r] respectively according to Remark 2.19. We define the

composition symbol (a#b), n € EF%TK”?J) g [r, N] as

(a#b)y N(U;t, x,&) == (a#b),(U; t, x,§)
N—1

= Y ... .Uix. &) +cyUit, x,§).
k"=p+q

(2.50)

The following proposition collects the results contained in [8, Section 2.4] concern-
ing compositions between Bony-Weyl operators, smoothing remainders and maps.

/

Proposition 2.35 (Compositions). Let m,m’,m"” € R, K, K', N, p1, p2, p3, p4,
peNwithK' <K,pi+p><N,p>0andr > 0. Leta € ZF%K,pl[r,N],
be ST [Nl R € SRy, [r,Nland M € SMY ., [r,N]. Then
the following holds:

(i) There exists a smoothing operator Ry in the class ERI_(/) K’ [r, N] such that

,P1+p2
0PV (a(U; 1, x,£)) 0 OpBY (b(U; 1, x, £))

2.51
= 0p®V ((a#b)p N (U: 1. x.8)) + Ry(U: 1) @20

(i) One has that the compositions operators R(U;t) o OpB W(a(U; t,x,8)),

OpB W(a (U;t,x,£))oR(U;t), are smoothing operators in the class ERI;’I);Z’] +p3[r,N];

(ii1) One has that the compositions operators R(U; t)oM(U;t), M(U; t)oR(U; t),

. . —,0+m” .
are smoothing operators in the class TRy, [r, N1,



132 ROBERTO FEOLA AND FELICE IANDOLI

(iv) Let Ry(U, W; t)[-] be a smoothing operator of E’RZ) K ps [r, N] depending
linearly on W, i.e.,

N—-1
q=D3

where R, € ﬁq_ P and Ry satisfies for any 0 < k < K — K’ (instead of (2.7)) the
following

105 Ry (U, W D)V (2, ) || s—2x

<C Z (IUIIHK/ IWllskra IV Ilers + NU IS ke o IW ek sV 1o
k//

HIUIY %0 N ek s Wl 7o | V“k”,a) :

Then one has that R(U, M(U; t)W; t) belongs to X'R ,, pm” [r, N1,

K.,K',p3+pa
(v) Let ¢ be in Fl’f, p € N. Then
U—cU,....,U MU;tU;t, x,§&) (2.52)
isin ZFK K’ ptps [r, N]. If the symbol c is independent of & (i.e., c is in .%p), 50 is

the symbol in (2.52) (thus it is a function in X Fg k' pyp,[r, N1). Moreover if c is
a symbol in FK . n[r] then the symbol in (2.52) is in F’Ig x nlrl

All the statements of the proposition have their counterpart for autonomous
classes.

We omit the proof of the proposition above. We refer the reader to Propositions
2.4.1,2.4.2,2.4.3in [8, Section 2.4].
2.6. Parity and reversibility properties

In this section we analyse the parity and the reversibility structure for para-differ-
ential and smoothing operators.
Denote by S the linear involution, i.e., §2 = 1,

S:C2—>(C2, S::[

—_o

. (2.53)

For any U € BX(1,r) we set Us(t) := (SU)(—t).
Note that U € L*(T; C?) belongs to the subspace 2 (see (1.10)) if and only if

(SU)(x) = U(x). (2.54)
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We have the following:
Definition 2.36. Let p, N, K, K’ €¢ Nwith p < N, K’ < Kandr > 0, p > 0.
Let M € Mg g7, plr, N1 ® M2 (C) (or ZR;{JK,’p[r, N]® M>(C) respectively)
with U satisfying (2.54).
e Reality preserving maps. We say that the map M (U t) is reality preserving if
MU;H[V]=SMU;H[SV]. (2.55)

e Anti-reality condition. We say that the map M (U ¢) satisfies the anti-reality
condition if o
MU;)[V]l=-SMU;n[SV]. (2.56)

e Reversible maps. We say that the map M (U; t) is reversible with respect to the
involution (2.53) if one has

—SMU; —t) = M(Us; t)S. (2.57)

e Reversibility preserving maps. We say that the map M (U t) is reversibility
preserving if

SMWU; —t) = M(Us; t)S. (2.58)
e Parity preserving maps. We say that M (U; t) is parity preserving if
MU;t)yot=t0oM(U,;1t), (2.59)

where 7 is the map acting on functions TV (x) = V(—x).

e (R,R,P)-maps/ operators. We say that M(U;¢) is an (R,R,P)-map (respec-
tively (R,R,P)-operator) if it is a reality, reversibility and parity preserving map
(respectively operator).

Remark 2.37. Given a smoothing operator R € ZR}? X', p[r, N] ® M(C) (re-
spectively a map in X Mg g p[r, N] ® M2(C)) then the following holds true.
If R(U; 1) is reality preserving, i.e., satisfies (2.55), then it maps H*(T; C?) into
H'*+P(T; C?) (respectively H*(T; C?) into H*~"(T; C?) for some m > 0). More-
over, forany V € Cf_K,(I, H*(T; C)) and any smoothing remainder Q(U; t) €

ZR;{JKCp[r, N] (respectively any map in EMg g ,[r, N]), we set

OWU;nIV]:= QW;[V]. (2.60)

One can easily check that a matrix of smoothing operators R(U;t) e ERI;/;(/ » [r,NI®

M3 (C) (respectively a matrix of maps in X Mg g p[r, N] ® M2(C)) is reality
preserving according to Definition 2.36 if and only if can be written as

Ri(U; )[-] Ro(U; r)[-])

— — (2.61)
Ry(U: )] Ri(U; D[]

RWU; 0[] := (

for suitable smoothing operators R1(U;t) and Ry (U;t) in the class ERI_(p X’ p[r, N]
(respectively X Mg g p[r, N1).
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We have the following:

Lemma 2.38. Let p, N, K,K' € Nwithp < N,K' < Kandr >0, p > 0. Let
M e EMK,K/,p[r, N1. If M is decomposed as in (2.12) as a sum

N—-1
MViU =" My(V.....V)U + My(V: U, (2.62)
q=p
in terms of homogeneous operators My,q = p, ..., N — 1, and if M satisfies the

reversibility condition (2.57), respectively reversibility preserving (2.58), we may
assume that My, g = p, ..., N — 1 satisfy the reversibility property

My;(SUy, ..., 8U)S =—-=SMy(Uy, ..., Uy), (2.63)
respectively the reversibility preserving property

My(SUy, ..., 8Uy)S = SM,(Uy, ..., Uy). (2.64)
Proof. See [8, Lemma 3.1.5]. ]

We gave the definitions of reality, parity and reversibility preserving and re-
versible map in the case of M belonging to the class XM g’ ,[r, N]. An impor-
tant subclass of maps we shall use in the following have the form

MU: [ :=0pBY (AW 1. x, )], A€ BT 4 [r. N1® Ma(C),

for some m € R. In this case we give the properties of being reality preserving,
parity preserving or reversible, directly on the matrix of symbols A.

Definition 2.39. Letm € R, p, N, K, K’ e Nwith p < N, K’ < K andr > 0,
p > 0 and consider a matrix A(U; ¢, x,§) € XTI ., p[r, N] ® M3 (C) where U
satisfies (2.54).

e Reality preserving matrices of symbols. We say that a matrix A(U; ¢, x, &) is
reality preserving if

AWU;t,x,—§)=SAWU;t,x,§)S. (2.65)

e Anti-reality preserving matrices of symbols. We say that a matrix A(U; t,x,&)
is anti-reality preserving if

AWU;t,x,—§)=—-SAWU;t,x,§8)S. (2.66)

e Reversible and reversibility preserving matrices of symbols. We say that
A(U;t, x, &) is reversible if

—SAWU; —t,x,8§) = A(Us; 1, x,8)S. (2.67)
We say that A(U; ¢, x, §) is reversibility preserving if
SAU; —t,x,8) = A(Us; 1, x, §)S. (2.68)
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e Parity preserving matrices of symbols. We say that A(U; ¢, x, &) is parity
preserving if
AWU;t,x,§) =AU t, —x, —§). (2.69)

e (R,R,P)-matrices. We say that A(U; ¢, x, &) is an (R,R,P)-matrix if it is a real-
ity, reversibility and parity preserving matrix of symbols.

Remark 2.40. Consider A(U; ¢, x,£&) € EF’K"’K,’p[r, NIQM>(C)and R(U; t) €

ERI_(T)K/’p[r, N1 ® My(C). If A(U;¢t, x, &) is reality preserving, i.e., satisfies
(2.65), then it has the form

U;t, x, blU;t,x,
A(U;t):A(U;t,x,é)::(a( L, 5) ( tXS)). (2.70)

bU;t,x,—§) alU;t,x,—§)
We note also the following facts:

e If A(U;1t, x, &) satisfy one among the properties (2.67), (2.68), (2.69) and it is
invertible, then A(U; ¢, x, & )~ ! satisfies the same property;

e If the matrix A(U; ¢, x, &) is reversibility preserving (respectively if R(U; ¢t) is
reversibility preserving) then the matrix iE A(U; ¢, x, &) (respectively the oper-
ator iER(U; 1)) is reversible;

o If the matrix A(U; t, x, &) is reality preserving (respectively if R(U; t) is reality
preserving) then the matrix of symbols i1A(U; ¢, x, &) (respectively the operator
iR(U; t)) is anti-reality;

o If A(U;t,x,£) is a reality, reversibility and parity preserving (respectively re-
versible, reality and parity preserving) matrix of symbols, then the operator
OpB WAWU;t,x,€)[]is a reality, reversibility and parity preserving (respec-
tively reversible, reality and parity preserving) map;

e The matrix A(U;t, x, &) is reversibility preserving if and only if its symbols
verify the following

b(U7 —t,X,é‘_) = b(USa t’x’%_)a a(U’ _tv-xs"s) :a(US; t,X,S); (271)

furthermore note that in the case that the symbols are autonomous (i.e., when the
dependence of time is through the function U (z, x)) the conditions above reads

b(U;x,&) =b(SU; x,§), alU;x, &) =a(SU; x,&). (2.72)
Remark 2.41. Recalling (1.15) and Remark 2.25 we write
1. (oMl 0 )
A= ( 0o opPae)r) @73

In particular, since the symbol 1(£) is real and even in £ one has that the operator
A is reality, parity and reversibility preserving.
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Definition 2.42. Fix p > 0,m € R, p € Nandlet A, € T ® M,(C) and let U,

with j =1, ..., p, be functions satisfying SU; = Uj (see (2.53)). We say that A,
is reversibility preserving if

Ap(SUY, ..., SUp; x,6)S =SA,(Uy, ..., Up; x,8). (2.74)
We say that A, is reversible if
Ap(SUY, ..., SUp; x,6)S = =SA,(Uy, ..., Up; x,8). (2.75)
We have the following:

Lemma 2.43. Let A € ZF%’K/’p[r, N1 ® M»(C) and write

N—1
AU t,x,8) =Y AgWU, ..., Usx, &)+ AN(U; 1, x, £),
q=p

with Ag € T, q = p,....N — Land Ay € ST ., J[r, N1® My(C). (i) If A,

satisfies (2.74) (respectively (2.75)), forq = p, ..., N — 1 and Ay satisfies (2.68)
(respectively (2.67)), then A satisfies (2.68) (respectively (2.67)).

(i1) If A satisfies (2.68) (respectively (2.67)) then there are symbols A/q € F(’I” satis-
fying (2.74) (respectively (2.75)), and a matrix A/N(U; t,x,€)in F?,K’,N satisfying
(2.68) (respectively (2.67)), such that for any U we have

N—-1
AU t,x,8) =Y AU, ..., Usx, &)+ AN(U: 1, x, £).
q=pr

Proof. See [8, Lemma 3.1.3]. O
The following lemma is the counterpart of [8, Lemma 3.1.6].

Lemma 2.44. Composition of an operator satisfying the anti-reality property
(2.56) (respectively the reversibility property (2.57)) with one or several operators
satisfying the reality property (2.55) (respectively the reversibility preserving prop-
erty (2.58)) still satisfies the anti-reality property (2.56) (respectively reversibil-
ity property (2.57)). Composition of operators which are parity preserving is as
well the parity preserving. Composition of operators satisfying the reality property
(2.55) satisfy the reality property (2.55) as well.

Lemma 245. Let C(U;t,-) € XTI} 4/ p[r, N1 ® My (C) for somem € R, K’ <
K — 1,0 < p < N and assume that U is a solution of an equation

U =iEMU; 1)U, (2.76)
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for some M e EMk 1.0lr, N1 ® Mo(C). Then the following hold:

(1) The symbol 3;C (U t, -) belongs to EF’,?’K,H’p[r, N1 ® M(C);

(i) If M(U; t) is an (R,R,P) map (see Definition 2.36) and C(U;t,x,&) is an
(R,R,P) symbol (see Definition 2.39) then the symbol 9,C (U t, -) is reality preserv-

ing, parity preserving and reversible, i.e., satisfies respectively the (2.65), (2.69)
and (2.67).

Proof. Ttem (i) follows by [8, Lemma 2.2.6]. Let us check item (ii). Assume that
C(U;t, x, &) is a non-homogeneous symbol in F’gy K,’p[r]. By differentiating in ¢
the relation

SCWU; —t,x,6) =C(Us; t,x,§)

one gets that (9;C)(U; ¢, x, §) is reversible. Assume now that C € FZ’ Since
C(U; x, &) is reversibility preserving then

CUs,...,Us;t,x,5)S=SCU,...,U; —t,x,§). .77)

Hence differentiating in r we get

p

§ C(Us,,—(8;U)S,,U5,I,X,S)S
p N e’

J=1 j—th

) (2.78)
=—) SCWU.....iEMU. U, ..., U: —1,x,£).

j—th
Using that M (U; t) is reversibility preserving we have
@ U)s = SGEM(U; YU) (1) = =i ESMU; =)U (—1) = —iEM (Us; HUs (1),

which implies, together with (2.78) the (2.67) for (3;C)(U; ¢, x, §). The (2.65) and
(2.69) follows by using the definitions. O

We prove a lemma which asserts that an (R,R,P) operator which is the sum of a
para-differential operator and a smoothing remainder may be rewritten as the sum
of an (R,R,P) para-differential operator and an (R,R,P) smoothing remainder.

Lemma246. Fixp,r >0, K > K' >0inN,m',m" inN. Let A({U;t,x,§) =
Z;”:._m/ A;jU;t,x,&) be a matrix of symbols such that Aj(U;t, x,&) is in
ZF;(’K,’p[r, N1 ® My(C) for any j = —m’,...,m" and R(U;t) a matrix of
operators in EREPK, p[r, N1Q My (C). If the sum OpBY (AU t, x, €))+ R(U:; 1)
is an (R,R,P) operator, then there exist (R,R,P) matrices Zj(U; t,x, &) in
ZF;(yK,’p[r;N] ® My(C) for any j = —m/,...,m"” and an (R,R,P) smoothing
remainder R(U; t) such that the following facts hold true:
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(1) One has that
OBV (AU; 1,x,8) + R(U; 1) = OpBY (AU 1, x, €)) + R(U; 1)

with AU t,x,6) = Y Aj(Us1,x,6);

(i) If one component of a matrix A;(U;t, x,§) is real valued, then the corre-
sponding component in the matrix Z jW;t,x,§&) is real valued;

(iit) If, for j = 0, the matrix A;(U; t, x, &) has the form B;(U; t, x)(ié)j,for some
B;(U; t;x) in the class X Fg g, E[r, Nl ® Mz('(C), thenNthe corresponding
matrix Aj(U;t,x,§) is equal to Bj(U;t, x)(i§)/ where B;(U; t, x) belongs
to Ef[(,](/’p[r, NI® MZ(C)

Proof. We show how to construct the reversibility preserving operator associated to
the one of the hypothesis, the parity and reality preserving construction is similar.
Since the sum OpBW(A(U; t,x,&))+ R(U;t) is an (R,R,P) operator we obtain

OpPY(A(U; 1,x,£) + RWU; 1)

_ L opBw . N BW L B .

=2 ( pBY (AU;t,x,8)+R(U; 1)—OpBY (SA(Ug; —t, x, €))S— SR(Us: r)s)
~ 2.79)

therefore it is sufficient to define A(U;z,x,£):= %(A(U; t,x,E)—SAUs;—t,x,£))S

and %(ﬁ(U; t) == R(U;t) — SR(Us; t)). Consequently each term Z{;(U; t,x,§)

may be chosen equal to %(Aj(U; t,x,8)—SA;(Us;—t,x,&)) for j=—m', ..., m".

Items (ii),(iii) can be deduced by (2.79). ]

3. Paralinearization of NLS

The main result of this section is the following.

Theorem 3.1 (Para-linearization of NLS). Consider the system (1.16) under the
Hypothesis 1.1. For any N € N, K € N, r > 0 and any p > 0 there ex-
ists a (R,R,P)-matrix of symbols (see Definition 2.39) A(U; t, x, £) belonging to
ZF%{’O’ \[r, N, aut]@ M3 (C) and an (R,R,P)-operator (see Definition 2.36) R(U)|[-]
belonging to ERE? 0.1l N, aut] ® My (C) such that the system (1.16) can be writ-
ten as

U = iE[AU +opBY (AU 1, x, £)[U] + R(U)[U]], G.1)

where E and A are defined respectively in (1.14) and (1.15). Moreover A(U;t,x,&)
has the form

AU; t,x,8) = Ay (U3 t, x)(i)* + A1 (U; 1, x)(i&) + Ao(U; 1, x),
a;(U;t,x) bj(U; t,x)) (3.2)

Ai(U;t, x) =
bi(U;t,x) a;(U;t, x)
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where aj(U;t,x),bj(U;st,x) € XFko,1lr, N,aut] for j =0,1,2; ax(U;t,x) is
real for any x € T.

Theorem 3.1 is a consequence of the para-product formula of Bony which we prove
below in our multilinear setting.
For fixed p e N, p > 2 forany uy, ..., u, in C*(T; C), define the map M as

)4

p
M : (uy,...,up) > M(uy, ..., up) ::l_[uiz Z HI‘Iniui. (3.3)
i=1 i=1

Nlyenns npeNi=

Notice that we can also write

My, ...oup)= > Y MyMIyu,....Myup).  (34)

noeNny,....npeN

We remark that the term IT,, M (I, uy, ..., I, U p) is different from zero only if
there exists a choice of signs o; € {&1} such that

p
Y ojnj =0, (3.5)
j=0

since the map M is just a product of functions.

Fix 0 < § < 1 and consider an admissible cut-off function x,_; : R? xR —
R (see Definition 2.22). We define a new cut-off function ® : N” — [0, 1] in the

following way: given any 7 := (ny, ..., np) € N? we set
L @) @)
O, ...onp)i=1=Y x G,  x, 10 = xp-1(E, n),
i=1 3.6)
%_/ =MLy e B, ]y e e s np).
We use the following notation: for any uy, ..., u, € C*(T; C) we shall write
Uiy oo Uiy ey ttp) = (U1, oo Uit Ui 1, .. Up), T=1,...,p,  (37)
similarly for any Uy, ..., U, € C*°(T; C?) we shall write

Wi, Uiy Up) =Wy, Uisy, Uigry .. Up). i=1,...,p. (38)
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Using the splitting in (3.6) we write

P
Mu, ... up) =Y MiQui,....up)+ MO, ... up),
i=1

Mi(uy, ..o up) = Ay, o i, up) ]
. 14
= ¥ X]()tll(ﬁ)<l_[1'[,,juj)l'lniui, 39)
ni,..., npeN j=1 ’
Jj#i
MO uy, ... up) =A%y, ... up_1)lup]
p
= Z @(nl,...,np)l_[l'lnjuj.
ni,...npeN j=1

In Lemma 3.2 we prove that the multilinear operator A® in (3.9) is a smoothing
remainder, in Lemma 3.3 we show that A®¥) in (3.9) is a paradifferential operator
acting on the function u; foranyi =1, ..., p.

Lemma 3.2 (Remainders). Let A® be the operator defined in (3.9). There is Q in
R;fl,for any p > 0, such that for any U; € C®(T; C?), Up € C®(T; C), for
i=1,...,p—1,we have

QW ..., Up- DUl = A®(uy, ..., up 1)IU), (3.10)
where U; = (u;, z;)T,zi € C®(T; C),fori =1,...,p — 1.

Proof. Let U; € C*®(T; C?) be of the form U; = (u;, z;)T fori =1,...,p—1,
consider also U, € C*°(T; C). In order to obtain (3.10) it is enough to choose

Pl us
QWi,....,Up_ U, = Z Oy, ...,np) [(é)(%f_‘ln fzfﬂ M, Up.
j=1 1t

Nlyenny np eN
(3.11)
The “autonomous” condition in (2.6) for Q follows from the following fact: from
(3.9) we have

Hng Q(Hnth cees an,lUp—l)[anUp] = Hn0M®(Hn|uls cees anup)7

which is different from zero only if (3.5) holds true for a suitable choice of signs
oj € {£1}. In order to prove (2.5) we need estimate, for any no € N, the term

“ HnoQ(nnl Ur,..os Hn,,,l Up—l)[nnpUp]“ 2
L

(3.12)
= |y A® (M1, ., T,y up- DI, Uyl
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for 25’:1 ojnj = 0 for some choice of signs o; € {£1}. We note that, if there

exists i = 1,..., p such that X 1 =1,ie., Z/;«éz nj < (6/2)n;, then we have
O(ny,...,np) =0. Hence we have the following inclusion:

{(n1,....np) eNP 1 O(ny,....np) #0]

P 3.13
gﬂ (ni,...,np) e NP : —n,<2n] ( )
i=1 JFE

This implies that there exists constants 0 < ¢ < C such that
cmax{(ni), ..., (np)} < maxa{(ny),..., (np)} < max{(ny), ..., (np)}. (3.14)

There exists a constant K > 0, depending on p, such that we can bound (3.12) by

01 maxa((n). ... ()} L
Kjl_[”Hn/M]”LZ S K ]1:[1||r1,,juj||Lz, (3.15)

for any u > 0. This is the (2.5). O
Lemma 3.3 (Para-differential operators). Let AY) the e operators defined in (3.9)

fgr i = 1,...,p. There are functions b")(Uy, ..., U .. Up; x) belonging to
Fp—1 such that (recalling Definition 2.23)

AD(uy, . Lup)ui1=0pP (U1, ...,ﬁi,...,Up;x))[<(])> . U,} , (3.16)

where U; = (uj,zj),zj eC®(T;Cyforj=1,...,p

Proof. We introduce the function

a(i)(ul,...,E,...,up;x) ::Huj. (3.17)
J#

By (3.9) and Definition 2.23 we can note that
AD Gy, T, up)lu] = OpP @D @y o T, g )l (3.18)

Fori =1,..., p we set

»® Uy, Ui Up: x) = |:<(1)> . (Hii Z;)i| . (3.19)
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We show that @) belongs to the class F p—1. Let us check condition (2.13). By
symmetry we study the case i = p. We have that

1026 (T, Uy, ... Ty, Up_1; ¥)|
(3.19),(3.17)
= |8?a(p)(nnlul,---,an_]up71§x)|
(3.17) p—l ,
< Cep) Y. [,y (3.20)
s;jeN, j=1
S1+.sp_1=a
p—1
< Cla, Bymax{(n1), ... (np )} [ 1700l 2 O
j=1

Proof of Theorem 3.1. Let us consider a single monomial of the non linearity f in
1.2),ie.,

Cap2’ 70222520, Cap € R,

with (@, B) := (o0, fo. 1. B1. @2, f2) € N0 and Y7 o + Bi = p for a fixed
2 < p < gq. Recall that the coefficients Cy g of the polynomial in (1.2) are real
thanks to item 3 of Hypothesis 1.1. We start by proving that we can write

ap=Po,,1=P1 a2 —Bo
(Ca,ﬂu Ou'Boux Ux UxxUxx

0 oy, Ploay B2
Co g™ uPou® u" w2 ul

) = opBB*F(U; x, )IUT + 0P (W)U, (B321)

where B*#(U; x, £) is a matrix of symbols and Q?’ﬁ (U) a matrix of smoothing
operator. For any (a, B) € A, (see (1.3)) let M be the multilinear operator defined
in (3.3) and write

a077B0,,%177P1,,22 7762
Ca,ﬂu u ux ux ”xxuxx

=Co M, ..., u, U, ... U, Uy, . Uy, Uy, ooy Uy, Uy, ooty Uyxy ooy Uxy).
—_—— ———
ag—times Po—times oj—times Bi1—times ar—times Ba—times
3.22)

Lemmata 3.2, 3.3 guarantee that there are multilinear functions 5‘;”3 , E‘}{”s € Fp-1,

Jj =0, 1, 2 and a multilinear remainder Q%P ¢ ﬁ;f | such that the right-hand side
of (3.22) is equal to

2 2
Y opP (P (Wi x)6) )u+ Y 0pP (P W 1)) )i+ 04 P W)l (3.23)
j=0 j=0
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where b%F (U1 x) = B3P (... Ux). P Wix) = &PW.... Uix) and
%P (U)[]:= QP (U, ..., U)[-]. We set

BYPU; x, ) 1= BS (U1 x)(i6) + By (U x)(8) + By (Us ),

bWy SPwin) (3.24)
, j=0,1,2.

B;‘”g(U; X) =
cj.[’ﬂ(U;x) b(;"g(U;x)

The matrix of symbols B*#(U; x, £) belongs to EF%(’O’I[r, N, aut] ® M»(C),

therefore the (3.21) follows for some Q‘f’ﬂ € ERE? 0.1lr: N, aut] ® M;(C) for
any N > 0 and p > 0. Notice that, by construction, (see equations (3.17), (3.19) in
Lemma 3.3) we have

B3P (U x) = anCo pumPou w8 sy 2. (3.25)
Using equations (1.2) and (3.21), we deduce that
S, ux, uxy)
C V) — 0pPBWUx, NIV QIOIUL. (3:26)
S, ux, uyy)

where B(U; x, §) := By(U; x)(i§)* 4 B (U; x)(i€) + Bo(U: x) with

::i Y B, j=0.1.2,

p=2a,B€A,

BA(U ) e biU;x) c;j(U;x)
jU0 = ¢;U;x) bj(U; x)

and Q(U) is in ER;{JO’I[r, N, aut] ® M»,(C). Notice that

N p (325)
boy(Usx) =Y Y by U 0) = Buy )y, ),

p=2a,B€A,

hence b,(U; x) is real thanks to item 2 of Hypothesis 1.1. We now pass to the
Weyl quantization. By using the formula (2.21) one constructs a matrix of symbols
AU; x,8) € Er%,o,l[”’ N, aut] ® M5 (C) such that

OpPY(A(U; x, )1 = Op® (B(U; x, )L,

up to smoothing remainders in ERI_(/’ o1l N,aut] ® M5 (C). Hence we have ob-
tained o

S, uy, uxy)

(f (e, “”)) = 0op"V (AU x, NI+ RAIIUL,  (3.27)
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for some R € ERK 0.1l N, aut] ® M5 (C). The matrix A(U; x, &) has the form
(3.2), in particular a>(U; x) is real valued since a(U; x) = by(U; x). This is a
consequence of the fact that the Weyl and the standard quantizations coincide at the
principal order (see (2.21)).

It remains to show the reality, parity and reversibility properties of the matrices
AU; x,&)and R(U).

Since the function f satisfies Hypothesis 1.1, we can write the left-hand side
of (3.27) as M(U)[U] for some (R,R,P)-map M € Z Mg o.1[r, N, aut] ® M>(C)
(see Remark 2.28). Therefore by Lemma 2.46 we may assume that both A(U; x, &)
and R(U) are respectively (R,R,P)-matrix of symbols and (R,R,P)-matrix of op-
erators. Lemma 2.46 guarantees also that the new matrix A(U; x, §) has still
the form (3.2). U

4. Regularization

We proved in Theorem 3.1 that for any N € N and any p > 0 the equation (1.1) is
equivalent to the system (3.1).
The key result of this section is the following.

Theorem 4.1 (Regularization). Fix N > 0, p > N and K > p . There exist
so > 0 and ro > 0 such that for any s > 59,0 <r < rgandany U € BSK(I,r)
solution even in x € T of (3.1) the following holds.
There exist two (R,R,P)-maps ®(U)[-], W(U)[] : CE K (1, B (T; C?)) —
CfR_K/(I, H!(T; C?)), with K' :==2p + 4 satisfying the following:
(1) There exists a constant C depending on s, r and K such that
IP@IVIk-grss IWODVIk-grs < IVIk-grs (1 +ClUIk5) @D
foranyV in CfR_K/(I, HY);
(i) ®(U)[-H and ¥ (U)[-11 belong to the class EMK’K/’I[r,N](X)Mz((C) - more-
over V(U)[®(U)[-]] — 1 is a smoothing operator in the class X' R X, K/ [rN]®

M1 (C);
(iii) The function V.= ®(U)U solves the system

3V =1iE(AV +OpPY(LWU;1,6)V + Q1 (U)V + Q2(U)U),  (4.2)

where A is defined in (1.15), the operators O1(U)[-1and Q>(U)[-] are (R,R,P)
smoothing operators in the class TR ;" K. K/ " [r, N] ® M1 (C) for some m > 0

depending on N, L(U; t, &) is an (R,R,P)-matrix in EFK . [ N1® M, (C)
and has the form

. _ (U6 0
L(U,t,§)~—< 0 m(U;t,—é))

mU; 1, &) =m(U; 1)(i£)* +mp(U; 1, £),

(4.3)
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where my(U;t) is a real symbol in EFk g 1[r, N], mo(U;¢t, &) is in
EF(I)(’K,’ ([r, Nl and both of them are constant in x € T.
In this section we shall use the following notation.

Definition 4.2. We define the commutator between the operators A and B as
[A, B]l- = Ao B — B o A and the anti-commutator as [A, Bl = Ao B+ Bo A.
4.1. Diagonalization of the second order operator

The goal of this subsection is to transform the matrix of symbols
E(l + A2(U; 1, x))(i§)?
(where Az (U; t, x) is defined in (3.2)) into a diagonal one up to a smoothing term.

Proposition 4.3. Fix N >0, p> N and K > p, then there exist so >0,rq> 0, such
that for any s > sg,any0 <r <rgandany U € BSK (1, r) solution of (3.1) the fol-
lowing holds. There exist two (R,R,P)-maps ©1(U)[-], Y1 (U)[] : Cfﬂgl (I, HS) —
CfR_l (1, H?), satisfying the following:

(i) There exists a constant C depending on s, r and K such that

121UV llk-1,5> N1 VIg_1s < IVIg-1s (1+C 0Nk ) 44

forany V in Cﬁ{l(l, H*);

(ii) @1 (U)[-1—1 and Y1 (U)[-1—1 belong to the class Mg 1.1[r, NI M2(C);
Uy (U)[P(U)[-1]1 — 1 is a smoothing operator in the class ERI_('?I’l[r, NI ®
Mo (C);

(iii) The function Vi = ®1(U)U solves the system

8 Vi =iE(AVi+OpBY (AV W 1, x, O Vi+R W) Vi + R (U)U), (4.5)
where A is defined in (1.15),

AW, x,6) = AV WU 1,08 + AV WU 1, 0)8) + AV (U 1, x, )
is an (R,R,P) matrix in the class EF%(’M[r, N1Q M, (C) with A;I)(U; t,x)in

SFxalr N1® Ma(C) for j = 1,2, A (Us 1, x, §) is a matrix of symbols
in EF(I){’LI[r, N1 ® M(C) and

(1)
U;t,x) 0
AV, x) = (2 Ui , 46
2 ) 0o aW;nx @0

with aél)(U; t, x) real valued, the operators Rgl)(U)[-] and Rél)(U)[-] are

(R,R,P) smoothing operators in the class ER;T) 1+12 [r, N]® M, (©C).
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Proof. The matrix E(1 + A2(U; t, x)) in (3.1) and (3.2) has eigenvalues

WEW: 10 = 21+ a(Us 1,00)? = (U 1, 0P,

which are real and well defined since U is, by assumption, in BSK (1, r) with r small
enough. The matrix of eigenfunctions is

MU 1.2 = L (1T L)+ U, x) ~by(U: 1, x)
=5 ~by(U; t, x) 14 ay(U:t,x) + AT (U 1,x))°
it is invertible with inverse
MU;t, x)~!
. 1 1+a2(Uj,x)+k+(U;t,X) by(U;t,x)
~ det(M(U:t,x)) by(U; t, x) 14+ ay(Ust,x)+ AT (U; 1, x)
1 by(U; t,x)
AT (U;t,x) AT Ust,x)(AT(U;t,x)+ax(Ust,x))
=2 -
by (Us;t,x) 1
AUt x) (AT (Ust,x)+ax(Us t, x)) A (Ust,x)

Therefore one has

MU,;t, x)_lE(ll + Ay(U; t,x))M(U; t, x)

(AUt x) 0 _E AHU;t, x) 0 4.7
- 0 AUt x)) 0 AHU;t,x) )

By using the last item in Remark 2.40, since the matrix E(ll + A>(U; x)) is re-
versibility preserving, we have that the matrix M (U ; t, x) (and therefore the matrix
M~ (U; t, x) by the first item in Remark 2.40) is reversibility preserving. Arguing
in the same way one deduces that both the matrices are (R,R,P). In particular the
matrix in (4.7) is (R,R,P).

Note that by Taylor expanding the function +/1 4+ x at x = 0 one can prove
that the matrices M(U;t,x) — 1, M(U;t,x)~! — 1 and M(U; ¢, x)" E(1 +
Ay(U;t,x))M(U; t, x) — E belong to the space XFg o.1[r, N] @ M2(C). We
set

(U 1, )] 1= OpPY (MU 1,07 1),
W (U; 1, 0[] :=0pP" (MU; 1, %)) [,

these are (R,R,P) maps according Definition 2.36, moreover by using Proposi-
tions 2.35, 2.27 and the discussion above one proves items (i) and (ii) of the state-
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ment. The function V| := ®1(U)U solves the equation

3 Vi =0pPY @, (MU; t, x) " Y)U +0pPY M U; 1, )" 1o, U

D opBY (8, (M(U; 1, x) " )U

+0pP (M3 1,07 )iE (AU +0pPY (AW; 1,3, 6)U + RUHV)) .
(4.8)
We know by prev10us discussions that U = ¥ (U)V; + R(U)U for an (R,R,P)
smoothing operator RWU) belonging to ET\’,K 0.1l N1 ® M>(C); plugging this
identity in the equation (4.8) we get

8 Vi=0p"Y (8, (MU;t.x)~)0pPY (MUt x) i
+OpBY (MU:t,x) " ViE ((A+opBW(A(U;z,x,s))opBW(M(U;z,x))Vl)

+RU)U
4.9)
where 3, (M (U; t, x)~!) is a reversible, reality and parity preserving matrix of sym-
bols in EF(}(’ Ll N1® M5 (C) thanks to Lemma 2 .45 and

ROOW1=(0p™ 0 M (U3t )™
+0p5Y (MU, ™) 0 OpPY (IE(A+AU;1,x.6) ) [RW)HU]
+0pP"(MW; t, )™ iERWU)U

is a reality, parity preserving and reversible smoothing operator (according to Def-

inition 2.36) in the class R K'O 1+ ([ N1® M (C) thanks to Proposition 2.35 and
Remark 2.40. Owing to Proposition 2.35, the first summand in the right-hand side
of (4.9) is equal to

opPY (8, (MU; 1, x) " HYMU; 1,)) Vi + Q1(U) V1,

where Q1(U)[-] is a reversible, parity and reality preserving smoothing opera-
tor in the class EREPI ([r, N1 ® M2(C) and 9,(M(U; t, X) " HWMU;t,x) is in

EFO 1. ([r, N1® M>(C). Recalling that A(U; ¢, x, §) has the form (3.2), A has the
form (1.15) (see also Remark 2.41), using Proposition 2.35 and (4.7) we expand the
second summand in the right-hand side of (4.9) as follows

. ) aw (AT (U;t,x)—1 0 o
1IEAV, +1E0p (( 0 )\+(U; £, x) — 1> (lé) ) Vi
+iEOp®Y (A (WU 1, 0)(6)) V)
+IEOPPY (A (U: 1, x, £))Vi + 02(U)Vy
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where Q2(U)[-] is a smoothing operator in the class ERE)M[r, N1 ® My(C),
Z(()l) (U;t,x,&) and Ail) (U; t,x) are matrices of symbols respectively in
ZF(I)“’ ([r, N1® M2 (C) and in £ Fk 1,1[r, N]® M>(C). Moreover, by Lemmata
2.46 and 2.44, each matrix A (U 1, x, §), AV (U; 1, x)(i&) and A" (U; 1, x) (i)
is (R,R,P) according to Definition 2.39 and the operator Q,(U) is reversible, reality
and parity preserving according to Definition 2.36. Therefore the theorem is proved
by setting

aél)(U; t,x) = A+(U; t,x)—1,
AP WU, x,8) = AU 1,x,6) —E@MU: 1, x)"HYMU; 1, x)),

ROW) == —ERWU.,  ROW) = —EQ1(U) + 02(U)). 1

4.2, Diagonalization of lower order operators

Proposition 4.4. There exist s9 > 0, ro > 0, such that for any s > sg, any

O0<r <rgandany U € BSK (1, r) solution of (3.1) the following holds. There
exist two (R,R,P)-maps ®2(U)[-], Wa(U)[-] : CX7P 721, BY) — CK7P72(1, W),

satisfying the following:

(1) There exists a constant C depending on s, r and K such that

P2V Ik —p—2,s» 2V lIk—p—2,s <IVIIk—p-2,5s (1+C IUlIx )
(4.10)
forany V in CR7°72 (1, W),

(ii) 2(U)[-]1 — 1 and Vo (U)[-] — 1 belong to the class EMg p42.1[r, N] @
Mo(C); W (U)[P2(U)[]] — 1 is a smoothing operator in the class
SR 101 [r N1 ® Ma(C);

(iii) The function Vy = ®o(U)V; (where Vi is the solution of (4.5)) solves the
system

3 Va=iE(AVAHOpBY (AP (U 1, x, ) Va+RP (U)Vet-RP (U)YU), (4.11)

where A is defined in (1.15), A (U t, x, £) = Z?:—(p—l) A§~2)(U; t,x,§)is
an (R,R,P) matrix in the class EF%(,pH,l [r, NI M (C) with AE-Z)(U; t,x,§)
diagonal matrices in EF{(,/H»Z,I[F’ NIQML(C)for j = —(p—1),...,2and
(2) sen2
a,  (U;t, x)(@1 0
APW: .z gy = (@ VT ).
0 a,” (U; t,x)(i&)

aSP(U;t,x) € £Fk prailr, N
@ -
a,”(U;t,x)1&) 0
A(12)(U;t7x7§)= ! g Q) . 4
0 a,”(U;t,x)3i&)
aPW:t,x) € SFk prailr, N

(4.12)
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with a, )(U t,x) equals to a, )(U t, x) in (4.6) real valued, the operators
Riz)(U)[] and Réz)(U)[] are (R,R,P) smoothing operators in the class
SR N1® My(C).

Proof. Consider the matrix

(4.13)

| (0 aUstxE)
Di(U;t,x,&) = (dl(U;t,x,—S) 0 )

where the symbol d;(U; ¢, x, &) is in the class EFK 1. 1[r, N]. Note that (1 +
Di(U;t,x, S))(]l — D1(U; t,x,£)) is equal to the 1dent1ty modulo a matrix of
symbols in X X 1 \[r, N1 ® M3 (C). Define the following matrices of symbols

Gi(U;t,x,8)
—(14+D1(Us1,%,6)8(1 = D1 (U;1,x,6))) € T | [r, N1® Mo (C)
01(U3 1, x,8) @19
= (1 =Dy + ((1 = DDEG1) , +...+ (1 = DDEG1F...8G1) ,
p—times

where in the right hand side of the latter equation we omitted, with abuse of nota-
tion, the dependence on U, x and &. Then one has

(L +DpEQ1), = (L + DpE(l — D)) +
+ (M + Dl — DG, + ...
+((1 + Dl — DEG1E...£G1),
=1 -G+ (M -GnEGy), +...
+ ((1 — Gl)ﬂGlﬁ---ﬁGl)p
=1—(Gif...1G1),,

(4.15)

moreover the matrix of symbols (Glﬁ .#G1), is in the class XI" K. 1 1[r, Nl ®
My (C). We set

@1 (U)[] := OpBY (1 + Dy (U; 1, x, €))[],

(4.16)
Wy 1 (U)[]:= OpBY(01(U; 1, x, £)).

The previous discussion proves that the maps @, 1(U) and W5 1 (U) satisfy the es-
timates (4.10) with p = 0, moreover thanks to Proposition 2. 35 and Remark 2.28
there exists a smoothing remainder R(U) in the class ¥R K 1. 1[r, N1 ® M»(C)
such that (W 1 (U) o @2 1(U))V =V + R(U)U.
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The function V, 1 := &2, 1(U)V; solves the equation

Va1 = OpPW (9, D1(U; 1,x,8) Vo
+ B2, (W) iEOpPY (AV W3 1, %, )W, 1 (U) Va
FIEAW, | (U) Vo +1ERD U)Wy (U) Vo + iER;l)(U)U] @.17)
—{op™ @ D1 (s 1, x, £)

+ c1>2,1(U)[iE(A +OpBW(A(‘>(U;t,x,s))+R§“(U))] }R(U)U.

Owing to Lemma 2.45 the matrix of symbols 9, D (U; ¢, x, &) is in the class
EFE}zyl[r, N] ® M3(C). The last summand in the right-hand side of (4.17) is

an (R,R,P) smoothing remainder in the class ZR}?; Tz[r, N]® M3 (C) thanks to
Lemmata 2.45, 2.44, 2.46 and Proposition 2.35. Recalling that AD(U; ¢, x, &) =
Aél)(U; 1, x)(i&)% + Agl)(U; t,x)(1€) + A(()l)(U; t, x, &), we have, up to an (R,R,P)
smoothing operator in the class ERE) 2.1 [r, N1 ® M, (C), that

02,1 ()0pY (E(1+ AL (U3 1, ) (i6)?) W21 (U)
= iop" (E(1 + A (W1, 0)?)
n i[OpBW(Dl(U; t,x,8),0p"W (E(1 + AP W 1, x))(ig)z)]_
+0pPY (M (U 1, x, 8)),
where M| (U; t, x, &) is an (R,R,P) matrix of symbols in ZF(I)(’Z’l[r, N1 ® M, (©),
here the commutator [-, -]— is defined in Definition 4.2 (actually M (U; t, x, €) be-

longs to EF(,)( L 1lr, N1 ® M>(C), but we preferred to embed it in the above larger
class in order to simplify the notation; we shall do this simplification systemati-

cally). The conjugation of AEI) (U; t, x)(1€) is, up to an (R ,R,P) smoothing operator
in IR, ([, N1® Ma(C),

02,1 (0P (EAL W 1, )(i8) )21 (1)

= iop®" (EA(II)(U; 1, x)(is)) +0p®Y (Mz(U; f,x, é))

for an (R,R,P) matrix of symbols M, (U ¢, x, &) in EF(}( 51, NJ@ M2 (C). There-
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fore the matrix of operators of order one is given by

i[OpBW(Dl(U; t,x,8)), 0ptY (E(1 + AP W 1, x))(ig)z)]

+iEAY (U; 1, x)(8)
. opBY (a{V (U 1, x)(i8)) M,
- M, opBY (a§1>(U; 1, x)(ig:))

where

My = 0pPY (b (U3 1, x)(i8))
— [0p®" @ Wi 1.2, 09" (1 + 0 Wi r. 1)(i6))]

thus our aim is to choose the symbol d;(U; t, x, £) in such a way that M at the
principal order is 0. Developing the compositions by means of Proposition 2.35 we
obtain that, at the level of principal symbol, we need to solve the equation

2, (Us t, %, 8)(A + a8 (U; 1, ))(i6)* = bV (U; 1, %) (i§).

We choose the symbol di (U ¢, x, §) as follows

bV (U1, x)
di(U;t,x,§) = D v (8),
201 +aP(U; 1, x))

| (4.18)
= &1 = 1/2

i§
odd continuation of class C* |&| € [0, 1/2).

y(§) =

Note that by Taylor expanding the function x — (14x)~! one gets that d; (U;#,x,&)
in (4.18) is a symbol in the class ZFI}}Z ([r, N1, therefore by symbolic calculus
( Proposition 2.35) one has that M is equal to OpBY (by(U; 1, x, &)) + R(U)
for a symbol bo(U; ¢, x, &) in ZF([)( 2’1[;’, N] and a smoothing operator R(U) in
SRl NI

The symbol dy(U;t,x,£) defined in (4.18) satisfies the equation d (U; —t,x,&) =
d1(Us; t, x, &) since both the symbols aél)(U; t, x) and bgl)(U; t, x) fulfil the same
condition, therefore by Remark 2.40 (see the last item) we deduce that the matrix
D1 (U;t,x,§) is reversibility preserving. By hypothesis the symbol bil)(U;t,x) is
oddinx, aél) (U;t,x) is even and then, since y (£) is odd in &, we have d; (U;t,x,£) =
d1(U; t, —x, —&), which means that the matrix D1 (U; ¢, x, ) is parity preserving.
Furthermore D (U ¢, x, &) is reality preserving by construction, therefore we can
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deduce that such a matrix is an (R,R,P) matrix of symbols. Therefore the function
V2.1 solves the system

3 Va1 =iE(AVy1 +OpPY (ACD (WU 1, x, £) V2
+ REV@)Va + RSV U)U)

Q)
U;t, x) 0 )
ACD@Wr x ) = (%2 !
( 5) 0 aél)(U; [, X) ( %_)

a}l)(U;t,x) 0 )
+ o) T
0 a; " (Ust, x)

a* VWit x, &) bEVW; x,8)

b Wit x5 a1 x, )

Suppose now that there exist j > 1 (R,R,P) maps @, 1(U), ..., & ;(U) such that
Vaji=®21(U)o...ody ;(U)[Vi] solves the problem

. j 2’ / 2’ .
0, Vo, =iE(A Vs, +0pPY (ACD W 1, x, £)Va j+RED () Vi, 14+ RED W)D),

where R{*(U) and R (U) are in the class ERE”;, 1[r. N1® Ma(C) and

2
AP x 8= Y AT Wi x.6),
j==i

af’j)(U;t,x,S) 0
0 I Witr -8

AGD Wi, x,8) =

./

€ EF{(,jH,l[r, NI@ Mo(©). j=—j+1.....2
aéz,j)(U; tx, &) = aél)(U; t.x)(i£)* e R

» a®P Wit x5 b WU x8)
AZP Wit x,6) =

&I Wit w8 a8 Wit x -8

€ BT/, N1@ Ma(O).
We now explain how to construct a map ®;;(U) which diagonalize the matrix

A(_z}j)(U; t, x, &) up to lower order terms. Define

@y j11(U) := 1 +0pPY (D11 (U; 1, x, 8));

0 dj1(U:t,x,8)
Dj+l(U;t’x1€) = ! ’
dj-‘rl(U;t’-xﬁ_%_) 0
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with d;11(U;t,x,&) a symbol in ZFI;’];_ZJ.’ [r, N]. An approximate inverse

¥y i1 (U) = OpBW(Qj+1(U)) can be constructed exactly as done in (4.14)
and (4.15). Reasoning as done above one can prove that the function V5 j;1 :=
@, j+1(U)V,,j solves the problem

2
. 2.j
Vo jr1 = 1E(AV2,j+1 + Z OPBW(A;/ MWt x, ENVajti
j==j+1

+RPVWV, 1+ Réz’j+l)(U)U) (4.19)
+i[0pP" (Dj1 (Us £.x,8)), EOPY (14477 (W 1.x,6) |
+iEOpPY (A% (U1 1. x. 8)).

Developing the commutator above one obtains that the sum of the last two terms in
(4.19) is equal to

OpBW(a(_Z}j)(U; t,x,8)) Mj +
1E ’

s

2,j
where
2,j
Mj 4= 0pPY (6% Wit x,6)

— [0p®" @y s 1.x.£)). 00 (1 + 0 Wi 1.0 i6)Y)]

therefore, repeating the same argument used in the case of the symbol of order one,
one has to choose

b(_z’,-j)(U; 1, x,8)
2(1 + aél)(U; t, x))

1

odd continuation of class C*® |&] € [0, 1/2).

djy1(Ust,x,8) =

-y (),

Therefore we obtain the thesis of the theorem by setting ®2(U) := &2 1(U)o...0
D) ,—1(U)and Wo(U) := V2 p—1(U)o...0o W, 1(U). ]

4.3. Reduction to constant coefficients: paracomposition

In this section we shall reduce the operator OpB W(Agz) (U;t, x,£)), given in terms
of the diagonal matrix (4.12), to a constant coefficients one up to smoothing re-
mainders. We shall conjugate the system (4.11) under the paracomposition operator
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@7, := Qp) - 1 defined in Section 2.5 of [8], induced by a diffeomorphism of T!,
Oy x> x4+ B(U; t, x), for a small periodic real valued function 8(U; t, x) to be
chosen. Indeed in Lemma 2.5.2 of [8] it is shown that if 8(U; t, x) is a real valued
function in X Fg g’ 1[r, N] with r small enough, then for any K’ < K the map
dy is a diffeomorphism of the torus into itself, whose inverse may be written as
@;1 :y > y+ y(U;t,y) for some small and real valued function y (U; t, y) in
X Fk k,1lr, N1. We recall below the alternative construction of @7, given in [8].
Set B(t, x) := B(U; t, x) and we define the following quantities

B(t;t,x,&) = B(t,U;t,x,&) := —ib(1; t, x) (i),
B(t, x) (4.20)
(1+2B:(1, %))

Then one defines the paracomposition operator associated to the diffeomorphism
®y as @, :=Qp)(1)-1, where Qpv)(t) is the flow of the linear para-differential
equation

b(t;t,x):=

4 awy(®) = 10pBY (B(x: 1, x, )0 (0)
dt BW)\T) =1Up T,1,X, BT

QB(U) (0) =id.

The well-posedness issues of the problem (4.21) are studied in Lemma 2.5.3 of [8].

The goal is to conjugate the system (4.11) under the paracomposition operator
®7,. Therefore it is necessary to study the conjugate of the differential operator
d;. This has been already done in Proposition 2.5.9 in [8], we restate below such a
proposition being slightly more precise on the thesis. In other words we emphasize
an algebraic property that could be deduced from the proof therein. Such a property
was not crucial in their context, however will be very useful for our purposes.

421)

Proposition4.5. Let p > 0, K > p, r < 1 and a symbol B(U;t,x) in
Y Fk, p42,1lr, N1. If, according to notation (4.20), Qpw)(t) is the flow of (4.21),
then

Q) () 0 0 0 Lyl = 0 + Law)(T) 0 (B Qp(yy (1)

(4.22)
= 3+ 0p®W (e(U: 1, x, 8)) + R 1),

where

e(Ust,x,§) =e1(Ust,x)(i§) + eo(Us 1, x, §), (4.23)
with ey(U;t,x) € ZFg pi3,1lr, N1, eo(U;t,x,§) is in ZFE}/)H’I[}’, N] and
R(U;t) is a smoothing remainder belonging to ERE’? P 431l N1. Moreover

Re(e) € EF,;}erm[r, NJ.

Proof. The difference between our thesis and the one of Proposition 2.5.9 in [8]
is that we have the additional information that, at the highest order, the symbol
e(U; t, x, &) is homogeneous in the variable £. This properties follows by equa-
tions (2.5.49), (2.5.50) in [8] and the fact that the symbol B(U; t, x, &) in (4.20) is
homogeneous in &. O
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Proposition 4.6. In the notation of Proposition 4.5 there exists a real valued func-
tion B(U;t,x) € XFk py2,1lr, N1 such that the function V3 := &, V, (where V
is a solution of (4.11)) solves the following problem

3 Vs =iE(AVs +0pBY (AP W; 1, x, £)Vs + RP (W) Vs + RO (W)U), (4.24)

where AUz 1, x,8) = Y 5__, ) AP Ui 1. x, &) is an (R.R,P) matrix in the
class EFK o3l Nl ® My (C) with A5.3)(U;t,x,§‘) diagonal matrices in

EI’Kva’l[r N1 My(C) for j=—(p—1),...,2and

B 17 612
A(3) U:t, — a, (U7 t)(lg) 0 ,
2 (Uit 8) ( 0 a (U; 1) (i)

a(WU; 1) € SFk pysalr, N
3) .
a,” (U; t, x)(i&) 0
0 a;” (U;t, x)(i&)
aP(U;t,x) € SFk piaalr, N1

(4.25)

with a, )(U t) real valued and independent of x, the operators R( )(U )1 and

R(3)(U)[ ] are (R,R,P) smoothing operators in the class ZRK p+3 [, NJ@ M3 (C)
for some m = m(N) > 0.

Proof. The function V3 := @7, V; solves the following problem

V3 =003 (@) Vst o (IE(A+0p (AP W31,.60)) (@) 'V a6

@ GERY (U))(®}) ™' V3 + & GERY (U)U).

Our aim is to choose B(U; t, x) in such a way that the coefficient in front of (i§ )2
in the new symbol is constant in x € T. Recalling that A®) (U; 1, x, £) has the form
(4.12), we have, by Theorem 2.5.8 in [8], that the term

@} <1E(A+OpBW(A(2)(U t,x, g))))(cb )'vs 4.27)
in (4.26) is equal to
. sw (r(U; 1, x)(i§)? 0
" [A o ( 0 r(U;t, x)(i§)2> " (4.28)

+0pPW (AT (U; 1, %)) Vs + OpPY (A (U3 1, x, s))vg]
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up to smoothing remainders in ERZ’ p43.1 [r, N1 ® M>(C), where

r(Ust,%) = (1+a5” (Us £, )L+ 8,y (Us 1, 1))},

=x+p(U;t,x) - 1’

Af(Ust,x) € £Fk p13.1lr, N1® Ma(C) and AJ (Ust,x,6) € Ty 5[N] ®
M5 (C) are diagonal matrices of symbols.

We define
1+a(3) U;t
yU;t,y) =" % —1], (4.29)
l+a,”"(Ust,y)
where
72
G (77 ) !
ay (U;t) = |2m dy — 1. (4.30)
T1+a Wit y)

Thanks to this choice we have
rUst,x) = al(Us 1),

moreover the paracomposition operator ®7; is parity and reversibility preserving,
satisfies the anti-reality condition for the following reasons. The real valued func-
tion y(U;t, x) in (4.29) satisfies y(U; —t,x) = y(Us; t, x) since aéz)(U; t,x)
satisfies the same equation, moreover y (U ¢, x) is an odd function since is defined
as a primitive of the even function aéz)(U i1, x). It follows that also the function
B(U; t, x) satisfies the same properties, therefore the matrix of symbols

BWU; 1, x)

is an (R,R,P) matrix in EF}< o3 ([r, N1 ® M3 (C). Therefore Qpy)(1) - 1 gener-
ated by OpB W(GB(U; t, x, £)-1) is parity and reversibility preserving and it satisfies
the anti-reality condition (2.56) by Lemma 4.2.2 in [8]. Thanks to this the term in
(4.27) is a parity and reality preserving and reversible vector field, therefore owing

to Lemma 2.46 each term of the equation (4.28) (together with the omitted smooth-
ing remainder) is a parity and reality preserving and reversible vector field.

The term @}, GER\” (U))(®%)~'V3 + @ GERS (U)U) in (4.26) is anal-
ysed as follows. First of all both the operators ®7,(GiE Rgz) u ))(CDZ,)_l and
@, GE Rf) (U) are reversible, parity and reality preserving thanks to Lemma 2.44.
Moreover we remark that the paracomposition operator may be written as

N—-1
o} = Qpuy(D=U+ Y MyU,....U)U + My(U: 1)U, (4.32)
p=2
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where M), € M’Z}, MyU;t) € M%,p’N[r] for some m > 0 depending only on
N. This is a consequence of Theorem 2.5.8 in [8]. Therefore as a consequence of
Proposition 2.35 the operators @7, i E R%Z) ) (@;])_1 and @7, (iE R;z) (U) belong
to the class ER}'?;fg"’l [r, N]® M>(C).

We are left to study the term (8,@;])(d>z])*1 V3 in (4.26). This is nothing but
— @7, (0 dJ’l‘])_l Vs, therefore by Proposition 4.5 it is equal to OpBW (e(U; t,x,&)-
]1) + R(U;t) -1 withe(U; t, x, &) and R(U; t) given by Proposition 4.5. Since the
map &7, satisfies the reality condition (2.55) its derivative d; 7, = 9;Qp)(1)-1is
reality preserving, this follows by taking the derivative with respect to ¢ to both side
of the equation (4.21) and by using the fact that the fact that 9, B(U; ¢, x, t, §)-1 still
satisfies the anti-reality condition (2.56). We deduce, by using Lemma 2.44, that
the maps —®7, (atCD;])*l is reality preserving. Since the map ®7; is reversibility
preserving and parity preserving, one reasons in the same way as above to prove that
its derivative with respect to ¢ is parity preserving and reversible. Therefore thanks
to Lemma 2.46 we can also assume that both the matrix of symbols e(U; ¢, x, &) - 1
and the operator R(U; t) above are reality and parity preserving and reversible. [

4.4. Reduction to constant coefficients: elimination of the term of order one

In this section we shall eliminate the matrix of order one by conjugating the system
through a multiplication operator.

Proposition 4.7. There exist so > 0, ro > 0 such that for any s > so, r < ro and
any U € BSK (1, r) solution of (3.1) the following holds. There exist two (R,R,P)

maps d4(U), Wa(U) : CE-CH (1, 05 (T)) — X7 (1, W3 () such thar:

(1) There exists a constant C depending on s, r and K such that

1P4(U)V Ik —(p+4),5 » 1Wa(U)V Ik (p14).s

(4.33)
< IWVilk—prays (1 +C Uk )

forany V in CfR_(p+4)(l, H%);

(ii) ®4(U) — 1, W4(U) — 1 belong to Mk piailr, N1 @ Mo(C), moreover
Wy (U)o ®y(U) =1+ RWU)U with R(U) is in ERE)pH,l[r’ N]1® M (C)
and it is reversible, parity and reality preserving;

(iii) The function V4 = ®4(U) V3 (where V3 solves (4.24)) solves the problem

8 Va=iE (AVa+OpPY (AD (U;1,x,6) Vat+ R W) Va+ RSP (U)U), (4.34)
where A (U; 1, x, §) is an (R,R,P) matrix of symbols in T pralr N1 ®
M5 (C) and it has the form

0
AVW: 1, x,8) = AP WG+ Yy APWinxE @39
Jj=—(p—1)
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where the diagonal matrix A(23)(U ;1) is x-independent and it is defined
in (4.25), A5.4)(U i t,x, &) are diagonal matrices belonging to the class

EI‘}(’pH’l[r, N1® My(C) for j = —(p — 1), ..., 0. The operators RY‘)(U)

and R£4)(U) are (R,R,P) and belong to the class ZRZ}::ZH [r, N]® Mj>(C)
for some m € N depending on N .

Proof. Let s(U; t, x) be a function in £ Fk ,431[r, N] to be chosen later, define
the map

Bw es(U;t,x) 0
®4(U)[]:=0p ( 0 m) [-]. (4.36)

Suppose moreover that ®4(U) in (4.36) is an (R,R,P) map. Since s(U; ¢, x) is in
Y Fk,p+3,1[r, N1 then by Taylor expanding the exponential function one gets that
the symbol SWUitY) _1isin Y Fk,p+3,1[r, N1,in particular the map ®4(U) satisfies
items (i) and (ii) in the statement. The matrix in (4.36) is invertible, therefore the
map
—s(U;t,x) 0

)[-] 437)

e
wr=op™(* s

is an approximate inverse W4 (U) for the map ®4(U) (i.e., satisfying the conditions
in the items (i) and (ii) of the statement). To prove this last claim one has to argue
exactly as done in the proof of Proposition 4.3.

The function V4 := ®4(U) V3 solves the equation

8 Vi = (8, 4(U)[Wa(U) V4] + RWHU
+ c1>4<U)iE[A\IJ4<U>v4 +OpPV (AW, x, NWAUIVa (438)

+ R U)W Vs + RY U,

where ﬁ(U)U is equal to
(3 24(U)) R(U)HU + d>4(U)iE<[A +0pPV (AP (WU 1, x, &) ]RWUHU
- R?)(U)R(U)U),

where R(U) is the (R,R,P) smoothing operator in ERZ ora1lr N1 ® Mo (C)
such that W4(U) o ®4(U)V4 = V4 + R(U)U and the matrix A®(U; ¢, x,&) =
Z?:—( o—1) A§3)(U ;t, x, £) is defined in the statement of Proposition 4.6. There-
fore §(U ) is an (R,R,P) smoothing remainder in the class ERZ) ;ﬁ’][r, NI ®
M5 (C) thanks to Lemma 2.44, Proposition 2.35 and to the fact that R(U) is an

(R,R,P) smoothing remainder.
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The term (9; ®4(U))W4(U) is of order O thanks to Lemma 2.45, and Proposi-
tion 2.35; moreover it is reversible, parity and reality preserving thanks to Lemma
2.44 since W4(U) is (R,R,P) and (9; P4(U)) is reversible, parity and reality preserv-
ing.

The term 4 (U)IE RS) (U)U is reversible, reality and parity preserving thanks
to Lemma 2.44.

Using symbolic calculus ( Proposition 2.35) one can prove that the term of
order one in (4.38) is the following

(25 (U; 1, x)(1 +a$”(U; ) +aP(U; 1, 1)) i6), (4.39)
therefore we have to choose the function s(U; ¢, x) as

s(Ust,x) = _g-! a?)(U' £, x)
o Y \2a+dPw; )

Note that the the function s(U; ¢, x) is well defined since a, S (U;t,x) is an odd
function in x (therefore its mean is zero) and the denominator stays far away from
zero since rq is small enough. With this choice the map ®4(U) defined in (4.36)
is (R,R,P) and therefore the ansatz made at the beginning of the proof is correct.
Furthermore the term ®4(U)iE[AW4(U)Vs 4+ OpPY (AP (U 1, x, £))W4(U) V4]
in (4.38) is equal to iE[A V4 + OpBW(Z(U t,x,E))Va+ Q(U)Vy], where Q(U)
is an (R ,R,P) smoothing remainder in ¥R .” K.pid, ([, N1 ® M>2(C) and

0
AUt x,8) = AP WU DG+ Y AUt x,8),
j==(p=1)

is an (R,R,P) diagonal matrix of symbols such that A jW;t,x,&) is in
ZFé ) [ NI® M (C) thanks to Proposition 2.35 and Lemma 2 46. L]

4.5. Reduction to constant coefficients: lower order terms

Here we reduce to constant coefficients all the symbols from the order O to the order
p — 1 of the matrix A® (U; 1, x, &) in (4.35).

Proposition 4.8. There exist s9 > 0, ro > 0, such that for any s > sg, any 0 <
r <rogandany U € B, K(1,r) solution of (3.1) the following holds. There exist

two (R.R,P)-maps ®s(U)[-], Ws(U)[-] : C W) — ¢, m),
satisfying the following:

(1) There exists a constant C depending on s, r and K such that
[PV gk —2p-a.5> IWs(U)VIIKk-2p-1.5
< IWVilk—2p-4,5 (L +C MUk s )

forany V in CfR_Zp_4(I, H®);

(4.40)
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(ii) ®5(U)[-] — 1 and Ws(U)[-]1 — 1 belong to the class EMxk 2p+4,1[r, N1 ®
My(C); Ys(U)[Ps(U)[-]] — 1 is a smoothing operator in the class
SR s pralr N1® Mo (C);

(iii) the function Vs = ®s(U) Vs (where Vg4 is the solution of (4.34)) solves the
system

8 Vs = iE(AVs+0pBY (AD (U 1, £) Vs+ R (U) Vs +RS (U)U), (441)

where A is defined in (1.15), AS) (U t, £) is an (R,R,P) diagonal and constant
coefficient in x matrix in 2F%(,2p+4,1[r’ N]1® My (C) of the form

AOW; 1,8 = ADW; () + ADW; 1, 8),

with A?)(U; t) of Proposition 4.6 and A(()S)(U; t,€) in EF(}(’sz’l[r, NI ®
My (C); the operators Ris)(U) and Rés)(U) are (R,R,P) smoothing remain-
ders in the class ERIZ} ;;'LJU, N1 ® M3(C) for some m in N depending
on N.

Proof. We first construct a map which conjugates to constant coefficient the term
of order 0 in (4.34) and (4.35). Consider a symbol no(U; x, £) in EFE,]/)+4,1 [r, N]
to be determined later and define

®s0(U) =1 +0pPY (No(U; 1, x, £))

. Bw (noU;t,x,§) 0
=1+0p ( 0 no(Us;t,x,—§))"

Suppose moreover that the map @5 o(U) defined above is (R,R,P). It is possible to
construct an approximate inverse of the map above (i.e., satisfying items (i) and (ii)
of the statement) of the form

Wso(U) =1 —0pPY (No(U: 1, x, £))
+OpBY ((No(U; 1, x,6)?) + OpBY (No(Us 1, x, )

proceeding as done in the proof of Proposition 4.4 by choosing a suitable matrix

of symbols ﬁo(U; t,x, &) in the class ZFg3p+4’1[r, N1 ® M»(C). Let R(U) in

ZRE) p 44l N1 ® M3 (C) be the smoothing remainder such that one has

Ws o(U)[Ps5,0(U)[-]]—1 = R(U). Then the function V5 o = ®5,o(U) V4 solves the
following problem

0:Vo,5 = (0, P5,0(U))W¥s,0Vs,0
+ @50 (U)E(A +OpPY (AP (U; 1, x, £))) Ws,0(U) Vs 0
+ 5.0 (U)IERY (U)Ws 0(U) Vs 0
+ @5 0(UIERY (UYU + R(U)HU,

(4.42)
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where A®(U: t, x, £), Ri4) (U) and R§4)(U ) are the ones of equation (4.34), while
R(U) is the operator

[0 ®s.0(U))+@50(UIE(A+Op5Y (AD WU31,%,6)+ s, 0WIE R W RW).

The operator R(U ) belongs to the class ERKp pi"; [r, N1 ® M3(C) for some

m’ € N thanks to Proposition 2.35, moreover it is reversible, parity and reality
preserving l?/ Lemma 2.44. The first summand in the right-hand side of (4.42) is
equal to OpPW (8, No(U: 1, x, £)) 0 OpPW (I — No(U; 1, x, ) + No(U; 1, x, &) +
No(U; t, x, &)) therefore by Lemmata 2.45, 2.46 and Proposition 2.35 can be de-
composed as the sum of a para-differential operator of order —1 and a smoothing
remainder, both of them reversible, parity and reality preserving. The third and the

fourth summands in (4.42) are (R R P) remainders in the class ¥R " K. 2 o + 41 [r, N1®

M5 (C) by Lemma 2.44 and Proposition 2.35.
The remaining term ®5o(U)iE (A + OpBW(A(4)(U t,x, S)))\I-’s o(U) Vs is
equal to

iE(A +0pPY (A5 (W 1)(i)P) Vs
+ [0pY (N (s 1, x, ), iIEOPPY (1 + A2(U: 1) (&) | Vo.s

+iEOpPY (A (U 1, x,£) Vo 5
— OB (N (U52,x,)) 0 OpBYGE (114 Ay (U 1)) (i8)%) 0 OpBY(No (Us2,x,6)) Vo 5

+OpPWGE( + A2 (U: 1))(€)%) 0 OpPY (No(U: £, x, ) Vo 5

(4.43)
up to operators of order—1 coming from the compositions with OpB W(N (U;t,x,8)).
Every operator here can be assumed to be reversible, parity and reality preserving
thanks to Lemmata 2.44 and 2.46. The last two summands in (4.43) cancel out up
to an (R,R,P) operator of order —1 thanks to Proposition 2.35. In order to reduce to
constant coefficient the term of order O in (4.43) we develop the commutator [-, -]—
and we choose ng(U; t, x, §) in such a way that the following equation is satisfied

2n0(Us 1, x, ) (1 + a8 (U; 0(8) +al’ (U 1, x, €)

1 @
= E/Ta() U;t,x,8)dx;

proceeding as done in the proof of Proposition 4.4 we choose the symbol
no(U; t, x, &) as follows:

0 (o5 frag Wit x, ©)dx —a U3 1,x,9))
no(U: 1.x,8) = > Y (©);
21 +aP (U 1)

1
= 151 =1/2,

3
odd continuation of class C* [&] € [0, 1/2).

(4.44)

v =
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The symbol above is well defined since the denominator stays far away from zero
since the function U is small, the numerator is well defined too since it is the pe-
riodic primitive of a zero mean function; moreover it is parity preserving and re-
versibility preserving, therefore the ansatz made at the beginning of the proof is
satisfied. Therefore we have reduced the system to the following

3 Vs =iE (A +0pPV(ACOW; 1, x,€) V50 + ROV WU) Vs 0 + RS’O)(U)U) ,

where Ris’o)(U ) and Rés’o)(U ) are (R,R,P) smoothing remainder in the class
ZRI_gi:ﬁil[r, N] ® M>(C), the matrix of symbols ACO(U;¢, x,&) is in
ZF%{ p+5 1[’3 N]1® M3 (C) and it has the form

ACOW; 1,x,6) = AD W06 + ATV Wi 1,6) + A5V WU 1,x, 8),

with ASY(Us 1) givenin Proposition 4.6, AS(Us 1,&) equal to (5 [ AS (Us 1,x,€)dx)-
y(€) and A(_Sio)(U; t, x, &) a matrix of symbols in EFI;,IerS,l [r, N1 ® M,(C).

Suppose now that there exist j+1, j > 0, (R,R,P) maps &5 o(V), ..., @5 ;(U)
maps such that the function Vs ; := ®59(U) o--- o &5 ;(U) V4 solves the problem

3, Vs j=iE(AVs j+0pPY (ACD (U:1,x,6) Vs j+ R (U) Vs j+ RS (U)U)
_ _ (4.45)
where RgS’J)(U), RéS’] )(U ) are (R,R,P) smoothing remainders in the class

ZRI?,O;F—:;/-H,I[F, N] ® M;(C) and where A (U1, x,§) is an (R.R.P) diago-

nal matrix of symbols in EF%{,erSH,l[r’ N1 ® M5 (C) of the form

0 . .
ACDW:t,x,8) = AP WG + Y AT Wi 6) + A% (Ui x,8),

t=—j
with A?’j)(U; t,&) in. 2F§(,p+5+j,l[r’ Nl ® Mg((C) and constant in x for £ =
—j,...,0, while ASS}QI(U; t,x,&)is in EF[;’];J:SHJ[r, N1 and may depend on
x. We explain how to construct a map ®s_ ;1 1(U) which put to coefficient in x the
. . —j=2
term of order —j — 1. Let njr1(U;t, x, &) be asymbol in EFK"'erSH’l[r, N] and
consider the map

@5 11 (U) := 1 +O0pPY (N1 (U; 1, x, )

ir1(Ust, x, &) 0
— 1 0 BW n]-H( )
P ( 0 njp(Ust, x,—§)

Arguing as done in the proof of Proposition 4.4 one obtains the approximate in-
verse of the map above W5 ;(U) = 1 — OpBW(Nj+1(U; t, x, &)) modulo lower
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order terms. The same discussion made at the beginning of the proof, concern-
ing the conjugation through the map ®5(U), shows that the function Vs j 1 :=
@5, j+1(U) Vs, j solves the problem

0 Vs 1 = 1E(AVs a1 + 0PV (ASTD W 1,0, ) Vs,
(5.j+1) (5.j+1) (440)
+ RV @)V o + RS 0)D),

where R(5 D (U) and R2(5’j +h (U) are smoothing remainders in the class

ERKp;_+5+J ,[r, N1 ® M3(C) and where ASITD (U ¢, x, £) has the form

O .
AP WG+ Y AP W)
t==j
+ AP (Uit x.8) + 2N (Ui 1, x,8),) (1 + AP (U: 1)(i8)).

The equation we need to solve is

2nj1 (Ut x, ) (140 WU () + a7 (U1, x, 8)

1 5.J)
ZZ/ al (U1, x, §)dx,

which has the same structure of (4.44) and hence one can define the symbol
nj11(U;t, x, &) as done above.

To conclude the proof we define the maps ®5(U) := ®5(U)o---0®P5 ,_1(U)
andlI/5(U) = \If5vp_1(U)o~-o\IJ5,Q(U). O

At this point we can prove Theorem 4.1.

proof of Theorem 4.1. It is enough to define ®(U) := ®5(U) o ®4(U) o @, o
®2(U) o @1 (U) and W(U) := V1 (U) o W2 (U) o ($7))~ Lowy (U)o Ws(U). O

5. Proof of the main theorem

The aim of this section is to prove the following theorem which, together with
Theorem 3.1, implies Theorem 1.2.

Theorem 5.1. Fix N > 0 and assume M > N (see (14)), K € N, p € N such that
K > p > N and consider system (3.1). There is a zero measure set N' € O such
that for any m outside the set N and if p > 0 is large enough there is so > 0 such
that for any s > sqg there are ro, ¢, C > 0 such that for any 0 < r < rq the following
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holds. For all Uy € H; with ||Ug||lms < r, there is a unique solution U (t, x) of (3.1)
with

K
Ue () CHI-T; T, By 2K(T; C?y), (5.
k=0

with T, > cr~N . Moreover one has

sup  8FU(t, Y lgs—x < Cr, 0 <k <K. (5.2)
te[-T,,T/]

In order to prove the Theorem above, the first step is to apply to system (3.1) the
Theorem 4.1 obtaining the system (4.2). At this point it is not evident that the solu-
tion V of (4.2) satisfies (5.1) and (5.2) because ||OpBW(Im(mo(U; t, 5))) | coas,ms)
and | Q; (U) || zaas ms+ey> i = 1,2 are of size O(||U |lgs). Therefore we need to re-
duce the size of the latter two quantities by applying a normal form procedure. As
already explained in the introduction we shall face a small divisors problem. We
impose some non-resonance conditions on the linear frequencies, by using the con-
volution potential in the equation (1.1), in Subsection 5.1. The Birkhoff procedures
for the latter two terms are substantially different.

Concerning the term Im(my(U'; ¢, £)), we shall prove, in Theorem 5.4, that we
may conjugate system (4.2) to (5.14) whose symbol is given in (5.15). The symbol
[[m(()l)]](U ; 1, &) in (5.15) admits an expansion in homogeneity whose firsts N — 1
terms do not contribute to the growth of Sobolev norms. This is a consequence of
the reversibility and parity preserving structure of the equation and we check this
fact in Lemma 5.3 (see Definition 5.2). This is the content of Subsection 5.2.

At this point we have obtained system (5.14). In Lemma 5.9 we prove that the
solution W of (5.14) satisfies the energy estimate (5.50), where L, are multilinear
forms defined in Definition 5.7. As last step we construct modified energies (in the
sense of (1.9)) in order to cancel out the terms L, in (5.50). This is the content of
Subsection 5.3.

We now enter in detail and we introduce some further notation. For any n € N,
we define
=00, 0O, =[59]0, (5.3)

n n

the composition of the spectral projector IT,, defined in (2.3) with the projector
from C? to C x {0} (respectively {0} x C). For a function U satisfying (2.54),
ie., of the form U = (u,u)’, the projectors H,jf act as follows. Let ¢,(x) =
1/4/7 cos(nx) be the Hilbert basis of the space of even L2(T; C) functions, then,
if w(n) = [ u(x)@,(x)dx, one has

n,U = (%) Pn(x), TFU =uamesp,(x), T, U =u(n)e_g,(x),
er =[5

We now give the following:

54)
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Definition 5.2 (Kernel of the adjoint action). Fix p € N*, p > 0 and consider a
symbol a € FI%.

(i) We denote by [[a]](U; t, x, €) the symbol in Ff, defined, forny, ..., n, € N,as

[MH(HLU“”,HLU}H_ U ”,H@U;LLS>

LAY I

=a(TU. .. MU T, U, T Ut 2, 6),

LA B

foreven p,¢ = p/2 and

{n1,....,ne} ={ng1,....,np}, 5.5)

while for poddand 0 < ¢ < p,or pevenand 0 < ¢ < p with £ # p/2 we set

LA B

(e (T U, MU T, U, T Ustx, €) =0,

(i) Leta € ST ., [r, N] of the form

N—-1
aUs;t,x,8)=)_ ax(U;t,x.§) + ay(Ust,x.£), arely, aye ST . y[rN],
k=1

we define the symbol [[a]](U; ¢, x, &) as

N—-1

[[all(Us £, x, &) =Y [lax]lU; t, x, &) + any (U t, x, §).
k=1

(iii) For a diagonal matrix of symbols A € EF(I)( « 111 N1® M2 (C) of the form

' _ (aU;1,x,8) 0
Awmma—( 0 mwnmﬁﬁ’

we define

) _ (lall(U;¢t,x,8) 0
AN 1, %, £) .—( ; [[a]]w;r,x,—s))- (56)

In the following lemma we consider the problem

{ 07 =iE(AZ-+ 0pP" (a7 +0p™ (LANU: 1. 6)121)

Z(0,x) =Zp € H

with my(U) in (4.3), A being a diagonal (R,R,P) matrix of bounded symbols inde-
pendent of x in the class EF(I){’K,’l[r, N1®@ Mr(C)and U € CﬁR(I, HS(T; C?) N
leg (I,r). We prove that the (R,R,P) structure of the matrix A(U; ¢, &) (together
with the fact that it is constant in x) guarantees a symmetry which produces a key
cancellation in the energy estimates for the problem (5.7), more precisely we show
that the multilinear part of the matrix [[A]](U; ¢, &) does not contribute to the en-
ergy estimates.
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Lemma 53. Let N € N,r > 0, K’ < K € N. Using the notation above consider
Z = Z(t, x) the solution of the problem (5.7). Then one has

d
hza, s < CNUE I NZE ) - (5.8)
Proof. Consider the Fourier multipliers (D)* := Op({£)*). We have that
4z
dr'
= (t0y’[iE A Z+0pY ma(U) ()% + OpBY (LAINW:1.6)1ZD)]. (D) Z)

+((Dy Z.(D)[iE(AZ+0p"" (ma(U) (i) +0p5Y (LANW:r.EDIZD))

(5.9
where (-, )go isdefined in (1.11). The contribution given by A and OpB W(mg O[]
is zero since they are independent of x (therefore they commute with (D?®)) and their
symbols are real valued (hence they are self-adjoint on HY thanks to Remark 2.26).
Let us consider the symbol [[A]](U; t, §). By definition we have that

N-1
(LANW;t,8) = ) AW, ..., U;t,§) + An(U;1,8)
p=1

HO

with A, € Fg,p =1,...,N—1,and Ay € ZF(I){,K,’N[r, N]. The contribution of

OpB W(ANU; 1, €)[Z] in the right-hand side of (5.9) is bounded by the right-hand
side of (5.8). We show that [[A]] are real valued for p =1, ..., N —1, this implies
that, since they do not depend on x, they do not contribute to the sum in (5.9). By
hypothesis the matrix of symbols A(U; ¢, §) is reversibility preserving, i.e., satisfies
(2.68), therefore, by Lemma 2.43, we may assume that A, satisfy condition (2.74)
forany p = 1,..., N — 1. Since A, is reality preserving then we can write (see

Remark 2.40)
apU;t,§) 0
0 apy(U;t,-§))"
for some symbol a, € I~“l”,’ independent of x. Recalling Definition 5.2, since A, is

a symmetric function of its arguments, we have, for £, p, ny, ..., n, satisfying the
conditions in (5.5), that

Ap(Ust, &) = ( (5.10)

[[Ap]](n,j1 Su,....mfsu,n, SU,.... 1, SU;t, g)s
(5.11)
= SUAN(M U, . U TG U, T U ).

We recall that [T} SU = IT; U using (5.4). On the component [[a pl] the condition
(5.11) reads

(Mg Vs T U T U, T U3 )

(5.12)
= 1@, U, ... LU, U, . T, U —g).
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The condition (2.69) (which holds since A, is parity preserving) implies that

ap(U,...,U;t, &) is even in £ since it does not depend on x. Therefore by sym-
metry we deduce that [[Zzp]]<l'[f{1 u,..., I'I,J{ZU, n,u,.. nm,urs, 5) is real val-
ued. This concludes the proof. O

The first important result is the following:

Theorem 5.4 (Normal form 1). Let N, p, K > 0 as in Theorem 4.1. There exists
N C O with zero measure such that for any m € O \ N the following holds.
There exist K” > 0 such that K' .= 2p +4 < K" < K,s0 > 0,r9g > 0
(possibly different from the ones given by Theorem 4.1) such that, for any s > s,
0<r <rgandany U € BSK (I, r) solution even in x € T of (3.1) the following

holds. There is an invertible (R.R,P)-map ©(U)[-] : CK~X"(1, H(T; C?)) -
CfRfK” (I, H (T; C?)), satisfying the following:

(i) There exists a constant C depending n s, r and K such that

IO@)IV1lik—&7s 1OWN TVIIk—k7s
(5.13)
< Willk-g7s(L+CllUlIk.5)

foranyV € CfR_K”(I, H’ (T; C%));
(i) OU)—1 and (©(U))~! —1 belong to the class Mg g 1[r, N]®@ Ma(C);
(iii) The function W = @ (U)[V], where V solves (4.2), satisfies

0, W =iE (AW +0pPY (L (U:.6) W1+ 0\ (U:in W] + 05" (WU n[U))
(5.14)
where le), Qél) € ERE?;T; [r, N] ® M»(C), for some m; > 0 depending
on N (larger than m in Theorem 4.1), are (R,R,P)-operators and L1(U; t, &)
is an (R,R,P)-matrix in ZF%( k1l NI ® My (C) with constant coefficients
in x € T and which has the form (recalling Definition 5.2)

n'D(U; 1, €) 0 )

LI(U"’S):( 0 nOT; -8

(5.15)
nD(U; 1, 8) = m(U)(i6)? + [[m) " NN(U; 1, £),

where my(U) is given in (4.3) and m(()l)(U; t,&) e ZF(I)( g lrs N1
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5.1. Non-resonance conditions

For M e Nandm = (my,...,my) € O = [—1/2, 1/2]M we define, recalling
(1.4),(1.13),forany N < M and 0 < £ < N the function

1)//[{](’/71712)=)"i’l| + + ny _}\‘n(;+1 _...—}\.nN
—Z(m]) - Z (mj)
j=t+1 (5.16)
1 al 1
+ka Z )2k ) 2+ ]
" j=e+1
where 1 = (n1,...,ny) € NV with the convention that Z’]";m a;j = 0 when

m > m'. We have the following:

Proposition 5.5 (Non resonance condition). There exists N C O with zero
Lebesgue measure such that, for any m € O \ N, there exist y, Ny > 0 such
that the inequality

Wy, ] = y max((n1), ..., (an) ™™, (5.17)
holds true for any i = (ny, ...,nyn) € NN if N is odd. In the case that N is even

the (5.17) holds true if £ # N /2 for any n € NV, if £ = N /2 the condition (5.17)
holds true for any i in NV such that

{ny,...,ne} # {ngs1, ..., 08} (5.18)

Proof. First of all we show that, if N, £, 71 are as in the statement of the proposition,
the function wl‘{, (m, n) is not identically zero as function of m. We can write

M
Y (i) = ag” (i) +kaa,§ i+ mea (),

k=1 k=N+1

where

a3 (i) : —Z(m» - Z (inj)%;

Jj=t+1

¢ N
1 1
() =y
a(n) = Z< B > (n )P k=1

j=1 j=t+1

(5.19)

for0 < £ < N. We show that there exists at least one non zero coefficient a; )(n)
forl <k <N.
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Let g in N* such that there are Ny, ..., N, in N* satisfying Ny +...+N; = N
and

{ny,...,nN} = {nl,l,...,nl,Nl,...,nq,l ...,nq,Nq}

where
njin=njp Vi, ire{l,...,N;},Vjefl,...,q}
nji1 #FniiVi#j.

Note that, since (x) = +/1 +x2 for x € R, then (nj,l) + <n,',1) for any i # j.
According to this notation the element in (5.19) can be rewritten as

Z 1
a i) = W(N}L —N7), (5.20)

j=1\1j,1

where N;.L, respectively Nj_ ,1s the number of times that the term (n i )2k+1 appears
in the sum in equation (5.19) with sign 4, respectively with sign —, and hence
N;r + N]_ = N,. Note that if Nj.' — Nj_ =0 forany j = 1,...,q, then the
condition (5.18) is violated.

Define the (N x g)-matrix

(n,0)> "7 (ng.1)’
A, () : (np)? 7T (ng1)
q =
(n 1)2N+l """ (n 1>2N-H
‘We have
N
> el = (A4 @50)
k=1 5.21)
T
(0= (V= N (N =N
where my = (mq,...,my) and “-” denotes the standard scalar product on RN,

By the above reasoning the vector 3,1(@ is different from 0.
We claim that the vector v := A, (ﬁ)c?q(e) has at least one component different
from zero. Denote by Az (1) the (g x g)-sub-matrix of Ag (n) made of its firsts ¢

rows. The matrix AZ (n) is, up to rescaling the k-th column by the factor (nl,k)3, a
Vandermonde matrix, therefore

q 1 1 1
det(Al (7)) = < N —> "
A <11:[1 (nj,1)3) 151‘11541 (ni)*  (nea)? 2
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which is different from zero since n; | # ng,; forany 1 <i < k < g; this implies

that Rank (A, (1)) = q, hence the claim follows since oéz) * 0.
Fixy >0,N <M e N, Ny € Nand 0 < ¢ < N; we introduce the following
“bad” set

Bu.no (i 7 E)::{n_% e O« [y o, i) < ymax ((m), ..., <nN))_N0} . (5.23)

We give an estimate of the sub-levels of the function 1//15;, (m, n). By the discussion
above there exists 1 < k’ < g such that ag)(ﬁ) # 0,setks € {1, ---, g} the index
such that |a,”) ()| = |(AG1)G®), | = |ALG)5¢], > 0. We start by proving
that there exist constants ¢ < 1 and b > 1, both depending only on g (and hence
only on N), such that

- - c
|, Wiy Gt 7] = 5 (524
max ((n1), ..., (nn))
We have
L L (52D o -
O Ui G, )| = lafl) D] P 1(AG D5, i | = K (det AT, (525)

where 1 > K = K(N) > 0 depends only on N. The last inequality in (5.25)
follows by the fact that AZ (n) is invertible, hence

L= (A5G~ A 50| < et Afi) T N Oy | Af a0 .

with Cy > 0 and we have used ¢ < N. By formula (5.22) one can deduce that

~

| det AZ ()| >
1 max((nl),...,(nN>)b

where b and K depend only on N. The latter inequality, together with (5.25),
implies the (5.24). Estimate (5.24) implies that

- 14
meas (B, (i, 7, 0)) < Wb
cmax ((n1), ..., (nn))

Hence, for Ny > b + 2 + N, one obtains

R .y 1

meas( ﬂ U BN,NO(n,J/,Z)) < lim — Z Nob = O-
V>0 e VeocﬁeNN max((nl),...,(nN>) 0

By setting

N = U ﬂ U By Ny (1, v, 0),

0<N=M y>0jieNN
one gets the thesis. O
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5.2. Normal forms

In this section we prove Theorem 5.4. The proof will be based on an iterative use
of the following:

Lemma 5.6. lep,KNeN rnp>01<p<N-1land K' < K. For
U e BK(I r)ﬂC rU; HY) be a solution of (3.1) consider the system

8,V =iE(AV+OpBY (LP (U;1,6)[VIHG P (U; nIVIHGY (U; IU]), (5.26)

where G(p)(U 1), G(p)(U t) € ZRK X', ([, N1 ® M>(C) are (R,R,P)-operator

and LV (U;t,&) isa diagonal and constant coefficients in x (R,R,P)-matrix of the
form

mP(U;t, &) 0 )
0 ) (U; 1, —£)

n?(U;1,8) =m(U; 1)(€)* + ) (U; 1, ),

wheremy (U ;t) is the real symbol in ¥ Fg g1 [r,N] given in (4.3), while m(()p)(U; t,§)e
ZI’(I)( k' 11> N1is such that (recalling Definition 5.2)

LPW:n ) = < (5.27)

mg (Us 1, &) = Zm“)(U LU E) +my (U1, 6),

- N-1 (5.28)
me” (U3 1,8) = Z[[mj.")]]w, LU e+ Y mPW, U E)
Jj=1 ji=r
+m{WUirE), 2<p<N-1,
where
mP el j=1....N—1 m{ esry Nl (5.29)

For r small enough and m outside the subset N given by Proposition 5.5 the follow-
ing holds. There is so > 0 such that for s > sq, there is an invertible (R,R,P)-map

O[] = CTF (L (T C©)) — 7K (1T ), (5.30)
satisfying the following:
(1) There exist C depending on s, r, K such that
1O,V Ik—ks: |
= IVlk-k,s(A+ClUllk,s5)

~1
@O

forany V e CE-K (1, B (T; C?));
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(i) ®,U)—1 and (@1,(U))_1 —1 belong to the class TMg gr.1[r, NI M3 (C);
(iii) the function W = ©,(U)[V] satisfies

oW =iE(AW +OpPV (LD Ws 1, )W)
1 1 (5.32)
+ GV nwl+ 680w t)[U]),

where V satisfies (5.26). The ope rators Gng)(U; 1), Gng)(U; t) are
(R,R,P)-operators in the class EREPIJ{F,VT’H \[r, N1 ®@ My (C) for some m > 0,
LPtD(U:t,€) is an (R,R,P)-matrix in EF;{ k1.1 N1® Mo (C) with con-

stant coefficients in x € T and it has the form
Pt (U; 1, §) 0

0 n®D(U;r, —£)) (5.33)
n? W1, 8) = mU; 0§ +mf V(WU 1, 8),

Z(IH-I)(U; 1, €)= (

wheremy(U:t) is given in (4.3), the symbolm’ " (Us1,€) is in £TQ ., | | [r.N]
and it has the form

p
m" VW 8) =Y lmPNW, .. Ui, 8)
=1

J

Vot (5.34)
1 1
+ 3 W, Ui +my W),
Jj=p+1
where m(]_p) € f"?, j=1,..., paregivenin (5.29) and
mP™ el j=p+1. N—1 m{"™ery oyl (539

Proof. Let f(U;t, &) be a symbol in f‘g which has constant coefficients in x € T.
Consider the system

0. W(r) =O0pPW (FP(W: 1, ENIW (), FP(U;1,8)
fWU;t,8) 0 (5.36)
S\ o JT=9)
Suppose moreover that the matrix F (P)(U;t, &) is an (R,R,P)-matrix of symbols.
By standard theory of ODEs on Banach spaces the flow ®;(U )[-] of (5.36) is well

defined for 7 € [0, 1]. We set © ,(U)[-] := ®Z(U)[']Iz=| . Estimates (5.31) hold by
direct computation. Item (ii) follows by Taylor expanding @;(U )-]1in T = 0 and
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by using Remark 2.28 and item (i) of Proposition 2.35. The same argument implies
the following further properties of the map ®,(U)[-]:

O[] =1+0pP" (FP(W;1,8) + 0pP" (CH(WU; 1, )1+ RT(WU; 0],
(5.37)
©,UN'1=1-0p°V (FP W 1,8)+0p"Y (C~(WU; 1, ENLI+R™(WU; DL,
(5.38)
for some (R,R,P)-matrices of symbols C*(U;t,£), C~ (U;t,&) independent of x in
ZF?{,K’,p-H [r, N]® M5 (C) and some (R,R ,P)-operators R (U; t)[-], R~ (U; t)[-]
belonging to ER;’O « 111 N1® M3 (C) (actually the homogeneity of these remain-
ders is bigger than p but, at this level, we do not emphasize this property and we
embed them in the remainders of homogeneity 1).
Finally, since F (p)(U ,...,U;t, &) is an (R,R,P)-matrix of symbols then the
flow ©7,(U)[] is reversibility preserving. Indeed, by setting G* = SO}, (U; —1) —
®;(US; t)S, one can note that

39:G* = OpBW (FP(sU; 1)G™,

with GO = 0, where we used that SEP)(U; —t) = FP)(Us; t) (which is (2.58)).
This implies that G* = 0 for T = [0, 1], which means that ® , (U; 1) is reversibility
preserving.

Since U solves (3.1), there is an (R.R,P)-map M € S My | [r, NJ® M(C),
for some m > 0, such that

U =1iEAU +1EMU; t)[U]. (5.39)

Hence, by taking the derivative with respect to the variable ¢ in (5.37), we have

p
3@, =Y op®"(FP W, .. S AU UL U )

j=l j—th

BW o . + 77 .
+pop @, CT(U; 1, N[+ @ RT(U; 1)[] (5.40)

BW 7 (p) : .
Oop”" (F\W(U,...,iEAU,U,...,U;t,§))
j=1 j—th
+O0pBY(B(U; 1, £)[-1+ RT(U: )],

for some B(U;t,£) € EF(I){’K,Jrl’pH[r, N] ® My(C), and RT(U:t) €

2731_('0 ;’i 11l N1 ® M (C), where we used Proposition 2.35 (in particular items
(iv),(v)) and 1 is the loss given by M in (5.39). We fix 0 < p’ = p — @ which is
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possible since p > 1. Now if W = ®,(U)[V] one has that

oW =0, (U)[IE(A+0p™ (L (U:1,6) + G (Vi) (@, )" W]

FIE® ()G (U; U + (3,0 ,(U))(©,U)) ' [W]

. BW (7 (p)([]-
- 1E(;\W+Op (LPU:1,6)IW]) (5.41)
+ZOpBW(1?(P)(U,.-.,iEAU, U,....U;t,E)[W]+
j=1 j=th
+iEOpPY (C1(U; 1, )W +1EG3(U; )[W] +iEG4(U; 1)[U],

for some (R,R,P)-matrix of symbols C(U; ¢, £) independent of x belonging to
ZFK K'+1.p 1[r N]®M2((C) and some (R,R,P)-operators G3(U; t)[-], Ga(U;1)[]

belonging to YR " Kkl N ® M>(C). In the previous computation we used
Proposition 2.35, the (5 37), (5.38) and (5.40). In particular we used also the fact
that the matrix L") (U t, £), together with the matrices of symbols appearing in
(5.37) and (5.38) do not depend on x. In the notation of item (iii) of the statement
we look for FP)(U, ..., U; t, ) such that

)4
Y fW.....iEAU,U.....Uit,§) +im’ (U.....U;1,8)
: R (5.42)

=ilmPNW; ..., U;1,).

Recalling the definition of the operator A in (1.15) (see also (1.13), (1.4), and
(5.16)), we have that, passing to Fourier series, the equation (5.42) is equivalent
to

Yo, ) f(TLLU, . T U T, U T, Us e, 6)

ne+1

_ (p)(H+U l‘[+U . U,. ,H;pU;t,%')

ng+1

in the following cases:

e pisodd,0 < ¢ < pandforanyn = (ni,...,n,) € NP;

e piseven,0 < ¢ < p with€ # p/2 and forany n = (n1,...,np) € NP;

e piseven,{ = p/2and forany n = (ny,...,n,) € N? such that
{n1,....,ne} #{negr, ... nph

By estimate (5.17) on w;;(rﬁ, n), we get that f(U,...,U;t,&) is a symbol in Fg

and does not depend on x since so does m(pp ). Furthermore, since L in 527 is
an (R,R P)-matrix of symbols, one has that FP) (U,...,U;t &) in(5.36)isevenin
&, and reality preserving (i.e., satisfies respectively (2.69) and (2.70)). Finally, since

(p) (U, ..., U;t, &) satisfies (2.74) and the function Wf; (m, n) in (5.16) is real and
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even in each component of 72, one has that the symbol FP) (U, ..., U;t, &) satisfies
(2.74). Thanks to the choice of f above the equation (5.41) has the form (5.32) for
a suitable (R,R,P)-matrix of symbols L+ of the form (5.33). [

Proof of Theorem 5.4. Let N be the set of parameters m € [—1/2,1/2]M given
in Proposition 5.5. We apply Lemma 5.6 to the system (4.2) since it has the form
(526) with p = 1, LD ~ Lin 4.3),G", GV ~ 01, 02,and p ~» p —m (with
m given by Theorem 4.1). The lemma guarantees the existence of a map ®1(U)[-]
(see (5.30)) such that the function W; = @(U)[V] satisfies a system of the form
(5.32) with L@ given in (5.33) with p = 1 and where G(z), G§2) are some oper-

ators in ZRI_("OI(;,)H,I[r, N1 ® M>(C). Here p") = p — m — i where m is the
loss of derivatives produced by the map M (U;t) given in (5.39). This new sys-
tem still satisfies the hypotheses of Lemma 5.6, hence we may apply it iteratively.
We obtain a sequence of maps ®;(U)[-] for j = 1,..., N — 1 such that W; :=
©;(U)[W;_1] satisfies a system of the form (5.32) for suitable matrices of symbols
LUTD given in (5.33) with p = j and where the remainders ngH), ngH) be-
long to ER}’pI({j,)Jrj’l[r, N1® M (C) where p) ~ p —m — ji, which is positive
since p > N in Theorem 4.1. We set ®@(U)[-] := On_1(U) o --- 0o O1(U)["]
which satisfies items (i), (ii) because each map ®;, j = 1,..., N — 1 has simi-
lar properties by Lemma 5.6. With this choice, the constant coefficients in x ma-
trix of symbols Li(U;t, &) in (5.14) is equal to LN =D (U; ¢, &) (given in (5.33),
(4.3) and (5.34) with p = N — 1), which satisfies (5.15). The smoothing remain-
ders le)(U; 1), Q;Z)(U; t) belong to the class ER;’(TI'?,}’I[r, N1 ® M, (C) where
K'~K +Nandm; =m+ (N — Dm. O

5.3. Modified energies

In this subsection we give the proof of Theorem 5.1. We introduce the classes of
multilinear forms which will be used to construct modified energies for a system of
the form (5.14). The following definition is [8, Definition 4.4.1].

Definition 5.7. Let p,s € R with p,s > 0 and p € N. One denotes by Z;j;p
the space of symmetric (p + 2)-linear forms (U, ..., Upy1) — LUy, ..., Upy1)
defined on C*°(T; C?) and satisfying for some . € R, and any (n, ..., Npt1) €
NP+2 and any (Up, ..., Ups1) € (C®(T; C)P+2,

|IL(T,,Up, - .., T, Upi1)| < Cmax((no), . .., (npp1)) >

> pt]
ptl (543)
x max({no), ... ()P T, Ul 2
j=0

where max3({no), ..., {np41)) is the third largest value among (no), ..., (np41),
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and such that

p+l1
LMy U, ... Ty, Ups1) #0= > ajng =0, (5.44)
j=0
for some choice of the signs o; € {+1, -1} for j = 0,..., p + 1, and for any
Vo, ..., Upy satistying (2.54),
L(SUy,...,SUpt1) = £L(Uo, ..., Upty). (5.45)

The following lemma collects some properties of the class Z;’;p which are
proved in [8, Section 4.4].

Lemma 5.8. The following facts hold true.
(i) Fix p > 0, p € N* and consider R € Rp_p satisfying (2.64) (respectively (2.63)).
One has that the L(Uy, . .., Upy1) defined as the symmetrization of

o, ..., Upt1) — /T((D)SSUO)((D)SR(UL L UpUpyy)dx (5.46)

belongs to E;;_p (respectively Z;’,__p );

(i) Let L € ,Ci,’;p. Then for any m > 0 such that p > m + 1/2 and any s >

o+ w4+ m+1/2, L extends as a continuous (p + 2)-linear form on H* (T; C?) x
- x HS(T; C?) x HS~™(T:; C?%) x HS(T (32) x -+ x H5(T; C?);

(iii) Let p =28 with £ e N* and L € ,C . For U even in x satisfying (2.54) one

has, for ng, ..., n; € N¥,

LALL U, ... . N U O, U,...., U)=0; (5.47)

(iv) Let r?z be outside the subset N and Ny given by Proposition 5.5. Then for any
Le ,C P there is L € ,C p+N° such that

p+1
ZL(U,...,EA}IZJ,...,U) =iL,...,U), (5.48)
j—t

where E and A are defined in (1.14) and (1.15) respectively;
(V) Let L € E o P and M e EMK kgl N1® M5 (C) (see Definition 2.9) which

is reality preservmg and reversible ( respectively reversibility preserving) according
to Definition 2.36. Then U — LU, ..., U, M(U t)U U,...,U) can be written

1
asthesumZNpq Ly forsomeL/GE prm ),

( respectlvely [,p gt
plus a term that at any tlme t,is

p+q+q

oU . I NU )IIK/p+IIU(t AR )IIK/pIIU(t Mxrs) (549)

ifs >0 > pandif |U(t, )|k .o is bounded.
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Lemma 5.9 (First energy inequality). Let U(¢, x) € BSK (I, r) be the solution of
(3.1) with r small enough. If p > 0 is large enough there are constants s > so >

K > p > p" > N and multilinear forms L, € E‘Yp”__p”, p=1,...,N—1,such
that for s > sg the following holds.

Consider the functions V = ®(U)[U], given by Theorem 4.1, and W =
O (U)[V] given by Theorem 5 4. Then, for any s > sqg, one has

d s 2 _N_l N+2
E/Tl(D) W, x)|"dx = ;Lp(U,---,U)—i-O(IlU(l, Mg ) (5.50)

fort € 1. Moreover
T Wllgs < U llws < CollW 1w, (5.51)
for some constant Cs > 0.

Before giving the proof of Lemma 5.9 we need to prove the following:

Lemma 5.10. Let U(t, -) be the solution of (3.1) defined on some interval I C R
and belonging to cOr; H(T; C?)). For any 0 < k < K there is a constant Cy,
such that, as long as U (¢, -)|lps < 1 with s > K, one has

195U (¢, g2 < CellU @, ) s (5.52)

Proof. We argue by induction. Clearly (5.52) holds for k = 0. Assume (5.52) holds
fork =0,...,k" < K — 1. Since by assumption | U (¢, -)||gs < 1, then

k/
> 167U, )2 < Cr,
k=0

for some Cy uniformly for + € I. In order to get (5.52) it is enough to show
185 LU (t, )llgs—2w+1) < CIIU(, )llms . Using (3.1) we have that
U =iENaF U + 8F (0pPY (AU; 1, x, €)[U]) + 8F (RWU; DIU]))

—iEAFU+IE Y €} 5005 (0] AU 1, x, )13V
=k (5.53)
HiE Y Cjy ) RWH)I V),
it =k

where Cj, j, are some binomial coefficients. By (2.36) in Proposition 2.27, (2.7)
with K’ = 0 (recalling Remark 2.6), the inductive hypothesis and using that
IU @, )llms = 1, we get

18K U, Y lgs—2wn < CIU, )l (5.54)

This concludes the proof. O
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Proof of Lemma 5.9. Since the maps @, ® are (R,R,P)-maps, then the function W =
OU)[P(U)[U]] is even in x and satisfies (2.54). In particular, by items (ii) of The-
orems 4.1 and 5.4, we have that
N—1
W=U-+ MyWU,...,0)[Ul+ Myn(U; H[U], (5.55)
p=1

for some (R,R,P) maps M, ¢ M, @ Ma(C), p =1,...,N —1and My €
EMg g nlr, N1®@ Mz (C).

We remark also that, by Lemma 5.10 and (2.1), we have ||U(¢, )|lks <
Cs x U2, -)|lms for some Cg g > 0. According to system (5.14), recalling (5.15),
Remark 2.41 and Definition 5.2, we get

%fTHmSW(r,x)de
= 2Re i | QDFWIOp™ (16) + ma(Us 1)) E (D) W
2R /T DFW[0p™Y (M (U 1, £) E(D) Wdx (5.56)
4+ 2Rei /T WOFWI(DY EQ W: n[Wdx
+2Rei /T ADFWH(D)Y EQY (U: U Ddx,

where

)] U: 0
" N 1,8) = ([[mo Woes o )
0 [[my 11U £, —§)

The contribution of the first integral is zero since the symbol 1(£) 4+ my(U; t)(i&)?
is real. By using Lemmata 5.3 and 5.10 we have that the contribution of the second
integral is bounded by

OUIU @, )l W llgs)-

Let us consider the fourth integral term in (5.56). By definition we have that

N—1
o winwl=Y o W.....nUI+ 0\ WU: U]
p=1

where 051 € R,” ® Ma(©), p = 1,...,N — 1 and Q) € R’y \[r] ®
M, (C) are (R,R,P)-operators and with p > p’ > N, p’ := p — m; given in
Theorem 5.4. The contribution given by the term leﬁv (U; t) is bounded by

oU @, ).
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Furthermore the operators le)p(U , ..., U) satisfy (2.64) by Lemma 2.38 (i E Qg;
satisfies (2.63) by Remark 2.40). Hence the contribution to the fourth integral in
(5.56) coming from the terms le)y(U , ..., U) can be written as in (5.46). By item
(i) of Lemma 5.8 such contributions can be written as L, (U, ..., U) for some mul-
tilinear form L pUo, ..., Upt1) belonging to Zi,’;p /. Consider now the operator

QEI)(U; t) in the third integral in (5.56). If p’ > p” is large enough, then, by
(5.55) and item (iii) of Proposition 2.35, we get

N—-1
0P WinWl= > 0,U.....DUT+ On(U: DIV,
p=1

for some 0 € R,” ® Ma(C), p = 1,....N — Land Oy € R’y yIr1 ®
M5 (C) which are (R,R,P)-operators. Hence the contribution of the third integral

can be studied as done for the term coming from le)(U ; t). This concludes the
proof. O

Proof of Theorem 5.1. Let s > 0 large and r > 0 small enough. By Theorem
1.2 in [17] for any even function ug € H*(T; C) with ||ug|lgs < 7, there is a
unique solution u (¢, x) of (1.1) with initial condition u(0, x) = ug(x) belonging to
cl(I; H=%(T; C)) nCc°(I; H*(T; C)) with I = (-7}, T;), T, > 0.

By Theorem 3.1 the function U = (u, u) solves the problem (3.1) with initial
condition Uy = (ug, Uog), furthermore by Lemma 5.10 such a solution belongs to
the ball BX(1,r).

We now prove that 7, > ¢~V for some ¢ > 0 depending on s. By applying to
the system (3.1) Theorems 4.1 and 5.4 we have that U (¢, x) solves (3.1) if and only
if the function W (¢, x) given in Theorem 5.4 solves (5.14). By Lemma 5.9 we have
that

Ul ~ IWllas, (5.57)

and that (5.50) holds. i
We claim that there are multilinear forms F), € LI‘;”__’) *P for p=1,...,N—1,
for some p < p” (the constant p” is given in Lemma 5.9), such that, by setting

N—-1
GU, W) := / (DY W(t, x)|%dx + Y Fp(U.....U), (5.58)
T P

the following conditions hold:

NU I ~ W3 ~ GU, W), (5.59)

d
9WU. W) < KU, M2 tel=T, T, (5.60)
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for some K; > 0 depending on s, N. To prove this fact we reason as follows. Note
that system (3.1) can be written, by Remark 2.28, as

U =iEAU + M(U; t)[U], (5.61)

for some M € TMY o1l N1® M3(C), m > 0. We show that it is possible to
find recursively multlhnear forms

Lp c E;;ﬂ +(No+m)(pfl)+No’ l<p<N-1, 562
L e Ly orma, g+1=p=N-1, |
such that, forg =1,..., N — 1,
d ) 4. .
T /T (DY W(t, x)Pdx + Y LU, ), ..., U, )
=1
P (5.63)

N-1
= Y LYW )., U )+ 0UE ).
p=q+1
Here m > 2 is the loss coming form M (U t) in (5.61), the constant Ny is in (5.17)
of Proposition 5.5. This loss is compensated by the fact that p > 0 in Theorem 4.1 is
arbitrary large, and hence also p” can be taken large enough. We argue by induction
on q. For g = 0 the (5. 63) follows by (5.50). Assume inductively that (5.63) holds
for g — 1. Let us define L, € L:=p"+Notm)@=D+No 4 the multilinear form given

by item (iv) of Lemma 5.8 applied to L = Lg’ D we get

d -
ELq(U(t,-),...,U(t, )
_IZL (U LU,EAU,U,...,U)

j— tzmes

(5.64)

+iy LjU.....U MU:DIULU,.... ).

j—times

Using items (iv) and (v) of Lemma 5.8 we have that

d - _
LU, Ut =-L""w,..., U)

dt

N—q-3 (5.65)

/ N +2

+ Y LjU.....0)+ o(Ulg.

J=0
for some L € £p+§+j(_1v°+m)(q_l)+m+]\j°. Thus we get (5.63) at rank g. We
conclude by setting F, in (5.58) equals to L ,. Since r is small enough, then, thanks
to item (ii) of Lemma 5.8, equation (5.57) and Lemma 5.10, we get



LONG TIME EXISTENCE FOR FULLY NONLINEAR NLS oN T 181

GU, W) < Cs(NU, Iz + 1U 135,

as long as |U(z, -)|lgs < Cr, therefore (5.59) holds. The (5.60) follows by (5.63)
forg =N — 1.

The thesis follows by using the following bootstrap argument. The integral
form of (5.60) is

t
GW(t, ), W(t, ) <GWO,), WO, ")) + K, /O U (z, )llgst2dT,  (5.66)

and by (5.59) we have that G(U ©,-),w(Q,) < cor?, for some cp depending on
s. Fix Ky = K2(s, N) > 1 and let T the supremum of those T such that

sup G(U(t, ), W(t, ) < Kar?. (5.67)
te[—T,T]

Assume, by contradiction, that T < ¢r~V. Then, if K is the constant appearing in
the right-hand side of (5.66), we have

t
Gt ), W(t, ) < cor2+1<1/ K242
0

< cor’ + K1 Ky VAN TT

(5.68)
< cor2 + KlKé\UFZrNEr_Nr2 < r2(c0 + KlKéVJrzE)

3
< Kr?Z,
= 27’4

for ¢ > 0 small enough and K> >> ¢ large enough hence the contradiction. By
(5.59) the reasoning above implies also that

sup U@, Yms <Cr, T >ér v,

te[-T,T]

for some fixed C > 0 depending on s, N. This is (5.2) for k = 0. Moreover by
Lemma 5.10 we also obtain that 8tkU(t, ) satisfies sup,c(_7 7 ||8tkU(t, IMigs-2¢ <

Cr, T > &N, ifrissmall,s > K and where C is a large enough constant
depending on K . O
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