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Almost formality of manifolds of low dimension

DOMENICO FIORENZA, KOTARO KAWAI, HÔNG VÂN LÊ
AND LORENZ SCHWACHHÖFER

Abstract. In this paper we introduce the notion of Poincaré DGCAs of Hodge
type, which is a subclass of Poincaré DGCAs encompassing the de Rham al-
gebras of closed orientable manifolds. Then we introduce the notion of the
small algebra and the small quotient algebra of a Poincaré DGCA of Hodge
type. Using these concepts, we investigate the equivalence class of (r � 1)-
connected (r > 1) Poincaré DGCAs of Hodge type. In particular, we show
that an (r � 1)-connected Poincaré DGCA of Hodge type A⇤ of dimension n 
5r � 3 is A1-quasi-isomorphic to an A3-algebra and prove that the only ob-
struction to the formality of A⇤ is a distinguished Harrison cohomology class
[µ3] 2 Harr3,�1(H⇤(A⇤), H⇤(A⇤)). Moreover, the cohomology class [µ3] and
the DGCA isomorphism class of H⇤(A⇤) determine the A1-quasi-isomorphism
class of A⇤. This can be seen as a Harrison cohomology version of the Crowley-
Nordström results [9] on rational homotopy type of (r � 1)-connected (r > 1)
closed manifolds of dimension up to 5r�3. We also derive the almost formality of
closed G2-manifolds, which have been discovered recently by Chan-Karigiannis-
Tsang in [8], from our results and the Cheeger-Gromoll splitting theorem.

Mathematics Subject Classification (2010): 57R19 (primary); 53C25, 53C29,
58A10 (secondary).

1. Introduction

By the seminal work of Sullivan [29] it is known that the equivalence class of the
de Rham algebra of a closed simply connected manifold determines its real homo-
topy type. Thus, it is desirable to obtain invariants which measure the formality
of the de Rham algebra, and more generally identify the rational homotopy type of
a manifold, and the present paper aims to describe such invariants under suitable
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highly enough connectedness assumptions. Assuming (as we shall always do) that
the underlying manifold is closed, connected and oriented, the de Rham algebra is
a Poincaré differential graded commutative algebra, meaning that there is a top ho-
mology class which induces a non-degenerate pairing on the cohomology algebra.

This work is inspired by two recent approaches to this question. The first
is the article [8] where it is shown that the de Rham algebra of a G2-manifold
(i.e., a closed 7-manifold with a torsion-free G2-structure) is almost formal, i.e.,
equivalent to a DGCA all of whose differentials vanish except in the middle de-
gree. Second, in [9] a new invariant for a Poincaré DGCA is introduced, called
the Bianchi-Massey tensor and it is shown that this tensor is the only obstruction
to formality of (r � 1)-connected (r > 1) closed manifolds in dimension at most
5r � 3. In fact, the de Rham algebra of such a manifold is equivalent to one with
non-vanishing differential in certain dimensions only, and for r = 2, [9] implies
that any simply connected closed 7-manifold is almost formal in the sense of [8],
i.e., the G2-structure is not needed in the simply connected case.

Our approach is to apply the homotopy transfer theorem to associate to an
equivalence class of Poincaré DGCAs of Hodge type an equivalence class of A1-
algebras. We show that a simply connected Poincaré DGCA of Hodge type is
equivalent to a certain finite dimensional Poincaré DGCA of Hodge type, so that
the associated A1-structure is simpler to describe. For instance, in the case of a
(r � 1)-connected (r > 1) Poincaré DGCA of Hodge type of dimension at most
5r � 3, the resulting A1-algebra is an A3-algebra and thus determined by its co-
homology algebra H⇤(A⇤) and the distinguished Hochschild cohomology class
[µ3] 2 Hoch3,�1(H⇤(A⇤), H⇤(A⇤)) ✓ Hoch2(H⇤(A⇤), H⇤(A⇤)). Moreover,
µ3 is actually a Harrison cocycle. Since in characteristic zero the natural morphism
from Harrison cohomology to Hochschild cohomology of a DGCA is injective [1],
this means that [µ3] is equivalently a Harrison cohomology class. As it is known
that two simply-connected spaces are rationally homotopy equivalent if and only
their de Rham complexes are A1-quasi-isomorphic [30, Theorem 8], [15], this
implies that the rational homotopy type of an (r � 1)-connected (r > 1) closed
manifold X of dimension at most 5r � 3 is completely determined by H⇤(X) and
[µ3] 2 Harr3,�1(H⇤(X), H⇤(X)). Relating this to the results in [9], this means
that [µ3] is the Harrison cohomology interpretation of the Bianchi-Massey ten-
sor. More precisely, the Bianchi-Massey tensor appears via the Harrison-to-André-
Quillen spectral sequence forA⇤ [1, 22].

The condition of non-simply connectedness may be weakened to the existence
of a Riemannian metric on M for which all harmonic 1-forms are parallel. This is
the case, for instance, if M carries a metric of nonnegative Ricci curvature and, in
particular, for G2-manifolds as these are necessarily Ricci flat. Namely, by a gener-
alization of the Cheeger-Gromoll splitting theorem (Theorem 5.1) it follows that in
this case, the de Rham algebra is equivalent to a polynomial algebraQ⇤[t1, . . . , tk]
with k = b1(M) |ti | = 1 where Q⇤ is a Poincaré DGCA of lower degree (Proposi-
tion 5.3). In consequence, we show 7-manifolds with nonnegative Ricci curvature
and positive b1 must be formal; in particular, this is the case for G2-manifold whose
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holonomy is properly contained in G2. Note that the question of the formality of
G2-manifolds is still open.

Our paper is organized as follows. In Section 2 we define and study Poincaré
DGCA’s admitting a Hodge type decomposition. In Section 3 we define the small
quotient algebra of such DGCA’s of Hodge type, a Poincaré DGCA equivalent to
the original one, which is finite dimensional if the DGCA is simply connected. In
Section 4 we utilize the homotopy transfer theorem and related techniques to show
that the rational homotopy type of an (r � 1)-connected Poincaré DGCAA⇤ of di-
mension n  5r�3 is determined by H⇤(A⇤) and [µ3] 2 Harr3,�1(H⇤(A⇤), H⇤(A⇤)).
In Section 5 we generalize the discussion from simply connected manifolds to those
which admit a Riemannian metric all of whose harmonic 1-forms are parallel. Fi-
nally, in Appendix A we prove a few results on higher Massey products on con-
nected Poincaré DGCAs.

Conventions and notation
- In this paper we consider only DGCAs over a fixed field F of characteristic 0.
- For a DGCA (A⇤, d) we denote by A⇤d the subspace of cocycles in A⇤ and by
H⇤(A⇤) the cohomology of (A⇤, d). The Betti numbers of A⇤ are defined as
bk(A⇤) := dimHk(A⇤) or simply by bk .

ACKNOWLEDGEMENTS. HVL and LS thank the VIASM in Hanoi and MPIMIS in
Leipzig for hospitality and excellent working conditions during their visit in 2018,
where a part of this project was discussed. KK thanks Hisashi Kasuya for explain-
ing Sullivan’s work. The authors wish to thank Diarmuid Crowley and Johannes
Nordström for discussions on [9] and Pavel Hajek for helpful comments on the
relation of this article to [11], [21, Theorem 1.1] and [5, Lemma 11.1].

2. Poincaré DGCAs of Hodge type

In this section we recall the definition of a Poincaré DGCA over F (Definition 2.1,
cf. [9, Definition 2.7]). Then we define Hodge type decompositions of Poincaré
DGCAs (Definition 2.2)A⇤, provide examples and investigate their properties.
Definition 2.1 (cf. [9, Definition 2.7]).

(1) A Poincaré-algebra of degree n is a finite dimensional graded commutative al-
gebra H⇤ =

Ln
k=0 Hk together with an element

R
2 (Hn)_, where the latter

denotes the dual space of Hn , such that the pairing

h↵k,�li :=

(R
↵k · �l if k + l = n

0 else

is non-degenerate, i.e., h↵, H⇤i = 0 if and only if ↵ = 0;



82 D. FIORENZA, K. KAWAI, H. V. LÊ AND L. SCHWACHHÖFER

(2) A Poincaré-DGCA of degree n is a DGCA (A⇤, d) withA⇤ =
Ln

k=0Ak whose
cohomology ring H⇤ := H⇤(A⇤) is a Poincaré-algebra of degree n.

Note that in [9, Definition 2.7], the degree of a Poincaré-algebra is called the di-
mension, but as later we wish to consider the dimension of A⇤ as a graded vector
space, the notion of degree seems more appropriate.

We begin our discussion by introducing some general terminology on pair-
ings on a graded vector space. A graded vector space of degree n is a vector
space of the form V ⇤ =

Ln
k=0 V k , and a bilinear pairing h�,�i on such a V is

called graded symmetric, if hV k, V li = 0 for k + l 6= n or, equivalently, if the
map h�,�i : V ⇤ ⌦ V ⇤ ! F has degree �n, and factors through Sym2(V ), i.e.,
h↵k,�li = (�1)klh�l ,↵ki for any ↵k 2 V k and any �l 2 V l . As usual, we define
the orthogonal complement of a (graded) subspace W ⇤ ✓ V ⇤ as

W ⇤? := {↵ 2 V ⇤ | h↵,W ⇤i = 0},

and call V ⇤? the null-space of V
⇤. A subspaceW ⇤ ✓ V ⇤ is called non-degenerate if

W ⇤ \W ⇤? = 0. We call the pairing non-degenerate if V ⇤ is non-degenerate, i.e., iff
V ⇤? = 0. On the quotient Q⇤ := V ⇤/V ⇤?, there is a unique non-degenerate pairing
h�,�iQ⇤ such that

h⇡(↵),⇡(�)iQ⇤ = h↵,�i, (2.1)
where ⇡ : V ⇤ ! Q⇤ is the canonical projection.

Let us now apply all of this to a Poincaré-DGCA A⇤ of degree n. The pairing
h�,�i on H⇤(A⇤) induces a graded pairing, denoted by the same symbol, defined
as

h↵k,�li =

(R
[↵k · �l ] if k + l = n
0 else,

(2.2)

where [·] stands for the projection An = An
d ! Hn(A⇤). It immediately follows

that h�,�i satisfies

h↵k,�li = (�1)klh�l ,↵ki,
h↵k · �l , � r i = h↵k,�l · � r i,
hd↵k,�li = (�1)k+1h↵k, d�li.

(2.3)

Poincaré-DGCAs are examples of cyclic A1-algebras that have been introduced by
Kontsevich [17]. The cyclic DGCA (�⇤(M), d), H⇤dR(M) have been considered in
other papers, e.g. [11].
Definition 2.2. Let (A⇤, h�,�i) be a Poincaré-DGCA.

(1) We callA⇤ non-degenerate if the pairing h�,�i from (2.2) is non-degenerate;
(2) A harmonic subspace is a subspaceH⇤ ✓ A⇤d complementary to dA⇤;
(3) A splitting map of A⇤ is a splitting ı : H⇤ ! A⇤d which splits the short exact

sequence

0 // dA⇤�1 // A⇤d pr
// H⇤

ı
yy

// 0 ;
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(4) A Hodge type decomposition is a direct sum decomposition of the form

A⇤ = dA⇤�1 �H⇤ � B⇤, (2.4)

whereH⇤ is a harmonic subspace and such that

hH⇤ � B⇤,B⇤i = 0; (2.5)

(5) If A⇤ admits a Hodge type decomposition, then we call A⇤ a Poincaré DGCA
of Hodge type.

Remark 2.3. Evidently there is a one-to-one correspondence of harmonic sub-
spaces H⇤ ✓ A⇤d and splitting maps of A⇤, as the image of a splitting map is a
harmonic subspace. As ı : H⇤ ! H⇤ preserves the pairing h�,�i, it follows that
the graded subspaceH⇤ ✓ A⇤ is non-degenerate.
Remark 2.4. By (2.3), A⇤? ✓ A⇤ is a d-invariant ideal, whence there is an exact
sequence of DGCA

0 �! A⇤? �! A⇤ �! Q⇤ �! 0, (2.6)

whereQ⇤ is by definition the quotientA⇤/A⇤?.
Example 2.5. The prototypical example of a Poincaré algebra of degree n of Hodge
type (which motivates our terminology) is the de Rham algebra (�⇤(M), d) of a
closed smooth oriented manifold M , with

R
given by the integration of n-forms.

The Hodge decomposition w.r.t. some Riemannian metric g on M

�⇤(M) = d�⇤�1(M)�H⇤(M)� d⇤�⇤+1(M) (2.7)

yields a Hodge type decomposition in the sense of Definition 2.2, and the space
H⇤(M) of 4g-harmonic forms is a harmonic subspace in the above sense. As we
shall see in Remark 2.6 below, any other harmonic subspace H⇤ ✓ �⇤d(M) will
give rise to a Hodge type decomposition as well.
Remark 2.6. If (A⇤, d) is a Poincaré-DGCA admitting a Hodge-type decomposi-
tion, then every harmonic subspaceH⇤ ✓ A⇤d may occur as summand of a Hodge-
type decomposition (2.4). Namely, given a Hodge type decomposition (2.4) and a
harmonic subspace Ĥ⇤ ✓ A⇤d , from the identity H⇤ � dA⇤�1 = Ĥ⇤ � dA⇤�1 it
follows that there is a linear map ↵ : H⇤ ! dA⇤�1 such that

Ĥ⇤ = {v + ↵(v) | v 2 H⇤}.

Letting B̂⇤ := {x � ↵†(x) � 1
2↵↵

†(x) | x 2 B⇤}, where ↵† : B⇤ ! H⇤ is
the unique map satisfying h↵†(x), vi = hx,↵(v)i for all x 2 B⇤, v 2 H⇤, the de-
compositionA⇤ = Ĥ⇤ � dA⇤�1 � B̂⇤ is a Hodge type decomposition.
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Given a Hodge-type decomposition (2.4), it follows that the restriction d :
B⇤ ! dA⇤ is both injective and surjective and hence has an inverse d� : dA⇤ !
B⇤. We may extend d� to all of A⇤ by defining d�|H⇤�B⇤ = 0. Thus, (d�)2 = 0,
and

dd�d = d, d�dd� = d�. (2.8)
It follows that the projections in (2.4) are given by

prH⇤ = 1� [d, d�], prdA⇤�1 = dd�, prB⇤=d�A⇤+1 = d�d, (2.9)

where [d, d�] = dd� + d�d is the super-commutator. Therefore, (2.4) may be
written as

A⇤ = dA⇤�1 �H⇤ � d�A⇤+1 = dd�A⇤ �H⇤ � d�dA⇤, (2.10)

and settingA⇤d� := ker d� = H⇤ � d�A⇤, (2.5) implies

hA⇤d , dA⇤�1i = hA⇤d�, d
�A⇤+1i = 0. (2.11)

We shall call elements inA⇤d� and d
�A⇤+1 d�-closed and d�-exact, respectively.

Recall that a DGA over F is called connected if H0(A⇤) ⇠= F and r-connected
if it is connected and Hk(A⇤) = 0 for k = 1, . . . , r . A 1-connected DGA is also
called simply connected.
Remark 2.7.

(1) For A⇤ = (�⇤(M), d) for a closed oriented manifold M with its Hodge de-
composition w.r.t. a Riemannian metric g (cf. Example 2.5) the map d� in
(2.10) is not the codifferential d⇤ in (2.7). In particular, the supercommutator
4g = [d, d⇤] is not a projector. Rather, it is not hard to see that d� and d⇤ are
related by the formula d⇤ = 4gd�.

(2) Note that (�⇤(M), d) is connected iff M is connected. However, the r-connect-
edness of (�⇤(M), d), i.e., the vanishing of bk(M), 1  k  r , is a weaker
notion than the r-connectedness of M , as the latter means that the homotopy
groups ⇡k(M) are trivial for k  r (which is stronger than the vanishing of
bk(M), 1  k  r).

(3) If the harmonic subspaceH⇤ happens to be a subalgebra ofA⇤, i.e., if the prod-
uct of two harmonic elements is harmonic, then (A⇤, d) is a formal DGCA.

(4) A Riemannian manifold (M, g) for which the product of 4g-harmonic forms is
4g-harmonic is called geometrically formal. It is known that compact symmet-
ric spaces are geometrically formal [28], but in general, there are strong topo-
logical obstructions for M to admit a geometrically formal Riemannian metric,
see [19] for details and classification results of low dimensional geometrically
formal Riemannian manifolds. The relation between the Hodge decomposition
of the de Rham complex on a closed Riemannian manifold M and the minimal
model of M in the case b1(M) = 0 has been proposed by Sullivan [28,29]. The
Hodge decomposition is also important in the proof of the formality of closed
Kähler manifolds by Deligne-Griffiths-Morgan-Sullivan [10].
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(5) We will be only interested in connected Poincaré DGCAs. In this case the prod-
uct in cohomology H0(A⇤) ⌦ Hk(A⇤) ! Hk(A⇤) is easily seen to be multi-
plication by scalars on the F-vector space Hk(A⇤).

Lemma 2.8. If the Poincaré DGCA A⇤ admits a Hodge type decomposition, then
the differential idealA⇤? is invariant under d�, and has the decomposition

A⇤? = dd�A⇤? � d�dA⇤?. (2.12)

In particular, (A⇤?, d) has trivial cohomology.

Proof. We begin by showing that the restriction of the harmonic projector prH⇤ to
A⇤?is zero. To see this, let ↵k 2 Ak

? and write

↵k = prH⇤(↵k) + dd�↵k + d�d↵k .

Then, for any �n�k 2 Hn�k , we have

0 = h↵k,�n�ki = hprH⇤(↵k),�n�ki,

asHn�k ✓ An�k and by the orthogonality relations (2.5)-(2.11). Since the pairing
h�,�i is nondegenerate onH⇤ (Remark 2.3), this implies prH⇤(↵k) = 0. Now we
can show that A⇤? is stable with respect to both projections dd� and d�d. As we
have shown that

↵k = dd�↵k + d�d↵k

for any ↵k 2 Ak
?, it will suffice to show that d�d↵k 2 Ak

?. By the orthogo-
nality relations (2.5) and by the decomposition (2.4), we only need to show that
hd�d↵k, dd��n�ki = 0. We compute

hd�d↵k, dd��n�ki = (�1)k+1hdd�d↵k, d��n�ki
= (�1)k+1hd↵k, d��n�ki
= h↵k, dd��n�ki = 0,

where we used dd�d = d and the fact that dd��n�k 2 An�k by (2.8-2.9). This
shows that we have the direct sum decomposition

A⇤? = dd�A⇤? � d�dA⇤?.

Finally, we show that d�Ak
? ✓ A

k�1
? . To see this, let ↵k 2 Ak

?. As d
�Ak
? =

d�dd�Ak
?, we want to show that hd�dd�↵k,�n�k+1i = 0 for any �n�k+1 2

An�k+1. As d�dd�↵k 2 d�Ak�1, by the orthogonality relations (2.5) and from the
direct sum decomposition (2.4) we see that it is not restrictive to assume �n�k+1 =
dd�� n�k+1, with � n�k+1 2 An�k+1. We have

hd�dd�↵k, dd�� n�k+1i = (�1)khdd�dd�↵k, d�� n�k+1i = 0,

where we used that A⇤? is stable with respect to dd�. As IdA⇤? = [d, d�] with d�
a degree -1 endomorphism ofA⇤?, we see that the identity ofA⇤? is null-homotopic
and so (A⇤?, d) is an acyclic complex.



86 D. FIORENZA, K. KAWAI, H. V. LÊ AND L. SCHWACHHÖFER

Corollary 2.9. If A⇤ is of Hodge type, then the projection ⇡ : A⇤ ! Q⇤, where
Q⇤ = A⇤/A⇤?, is a quasi-isomorphism.
Remark 2.10. As the induced pairing on Q⇤ is nondegenerate by construction,
Corollary 2.9 implies that every Hodge type Poincaré DGCA is equivalent to a non-
degenerate one. This is actually true even without the assumption that the Poincaré-
DGCAA⇤ is of Hodge type, but the general proof is much more involved: see [21,
Theorem 1.1].
Example 2.11. We conclude this section with an example of a Poincaré DGCA
admitting no Hodge type decomposition. Let A⇤ be the graded vector space on
linear generators {x0, x2, x3, x4} with deg(xi ) = i . That is Ak is 1-dimensional for
k 2 {0, 2, 3, 4} and 0-dimensional for any other value of k. Introduce a DGCA
structure on A⇤ by declaring the product and the differential on the generators as
follows:

• The only non-zero products are x0 · xi = xi · x0 = xi and x2 · x2 = x4;
• The only non-zero differential is dx2 = x3.

The cohomology ofA⇤ is the graded algebra on linear generators [x0] and [x4] with
the products [x0] · [x0] = [x0], [x0] · [x4] = [x4] · [x0] = [x4] and [x4] · [x4] = 0.
Therefore, the only harmonic subspace isH⇤ = span(x0, x4). The linear functionalR

: H4(A⇤) ! F given by
R
[x4] = 1 makes A⇤ a degree 4 Poincaré DGCA. The

d-invariant ideal (A⇤?, d) consists of A3 in degree 3 with the zero differential and
so it is manifestly not acyclic. Therefore, (A⇤, h�,�i) cannot have a Hodge type
decompositions by Lemma 2.8.
Remark 2.12. Observe that in Example 2.11H⇤ is a subalgebra ofA⇤, whence the
inclusion H⇤ ,! A⇤ is a quasi-isomorphism, and evidently H⇤ is of Hodge type.
That is, being of Hodge type is a property not preserved by quasi-isomorphisms.
Remark 2.13. In [5, Lemma 11.1] Cieliebak-Fukaya-Latschev proved that a finite
dimensional non-degenerate Poincaré DGCA always admits a Hodge type decom-
position.

3. Small quotient algebras of Poincaré DGCAs of Hodge type

In this section we define the small algebra of a Poincaré DGCA of Hodge type A⇤
and the small quotient algebra of A⇤ (Definition 3.2). These algebras are DGCAs
equivalent to A⇤. As a result we show that any simply connected Poincaré-DGCA
of Hodge type is equivalent to a non-degenerate finite dimensional Poincaré-DGCA
(Corollary 3.5). We investigate the equivalence class of an (r�1)-connected (r > 1)
Poincaré DGCA (Theorem 3.10, Corollary 3.11) and compare our results with some
known results (Remark 3.12).
Definition 3.1. Let A⇤ be a Poincaré DGCA with a Hodge-type decomposition
(2.10). A H⇤-subalgebra is a DG-subalgebra of A⇤ which is d�-invariant and
containsH⇤.
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For anyH⇤-subalgebra C⇤ of A⇤, the restriction of the inner product of A⇤ to
C⇤ makes C⇤ a degree n Poincaré DGCA and the Hodge-type decomposition ofA⇤
induces a Hodge-type decomposition

C⇤ = H⇤ � dC⇤ � d�C⇤ (3.1)

as C⇤ containsH⇤ and is invariant under the projections (2.9). In particular, the in-
clusion (C⇤, d) ,! (A⇤, d) is a quasi-isomorphism. Taking the quotientQ⇤(C⇤) :=
C⇤/C⇤?, Corollary 2.9 and Lemma 2.8 imply that Q⇤(C⇤) is a non-degenerate
Poincaré algebra of Hodge type, and the inclusion and projection maps

A⇤  � C⇤ �! Q⇤(C⇤)
are quasi-isomorphisms, so thatA⇤ is equivalent toQ⇤(C⇤).
Definition 3.2. Let A⇤ = dA⇤ �H � d�A⇤ be a Poincaré DGCA with a Hodge
type decomposition. The small algebra of A⇤, denoted by A⇤small or A⇤small(H⇤) is
the (unique) smallest H⇤-subalgebra of A⇤. The small quotient algebra of A⇤ is
the quotient DGCAQ⇤small(H⇤) orQ⇤small := Q⇤(A⇤small) = A⇤small/(A⇤small)?.

Clearly, the smallest algebra is well defined asA⇤ is aH⇤-subalgebras and the
intersection of an arbitrary family of H⇤-subalgebras is a H⇤-subalgebra, so that
A⇤small is the intersection of all H⇤-subalgebras of A⇤. We shall, however, give a
more accessible description ofA⇤small.

For a H⇤-subalgebra C⇤ of A⇤ we denote by Ci, j ✓ Ci+ j the image of the
multiplication Ci ⌦ C j ! Ci+ j .

Proposition 3.3. Let A⇤ be a simply connected Poincaré DGCA endowed with a
Hodge type decomposition. Then its small algebraA⇤small is defined by the recursive
formula

8
>>><

>>>:

A0small = F · 1A
A1small = 0
Ak
small = Hk � dd�span{Al1,l2

small, l1, l2 � 2, l1 + l2 = k}
� d�span{Al1,l2

small, l1, l2 � 2, l1 + l2 = k + 1} k � 2.

(3.2)

In particularA⇤small is finite dimensional.
Proof. Let us denote by C⇤ the algebra defined by the recursion (3.2). Thus, our
aim is to show that C⇤ = A⇤small.

It is immediate from the definition of C⇤ and from the identity d�dd� = d�
that H⇤ ✓ C⇤ and dCk ✓ Ck+1 and d�Ck ✓ Ck�1. To see that C⇤ is closed under
multiplication, we need to show that, if ↵k 2 Ck and �l 2 Cl , then ↵k · �l 2 Ck+l .
If k  1 or l  1 there is nothing to be proven. So let us assume k, l � 2. By
equations (3.1), (2.9) we have

↵k · �l = prH⇤(↵k · �l) + dd�(↵k · �l) + d�(d↵k · �l) + (�1)kd�(↵k · d�l),

and the right-hand side manifestly belongs to Ck+l , as C⇤ is d-closed so that
d↵k, d�l 2C⇤.
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Conversely, it follows by induction of k that Ck ✓ Ak
small. Indeed, for k = 0, 1

this is obvious, and if k � 2, then it is evident that any H⇤-subalgebra containing
Cl for l < k also must contain Ck by (3.2).

Remark 3.4. It is worth noticing that the proof of Proposition 3.3 does not use
the existence of a pairing on A⇤ (and so in particular the existence of a Hodge-
type decomposition) nor the graded commutativity of the multiplication. That is,
Proposition 3.3 actually shows that a simply connected DGA A⇤ concentrated in
degrees [0, n] and with finite dimensional cohomology is always equivalent to a
finite-dimensional DGAA⇤small.

AsQsmall is equivalent toA⇤, we have thus shown the following.

Corollary 3.5. Let A⇤ be a simply connected Poincaré-DGCA of degree n and of
Hodge type. ThenA⇤ is equivalent to a finite dimensional non-degenerate Poincaré-
DGCA of degree n and of Hodge type.

Remark 3.6. The result of Corollary 3.5 holds more generally without the assump-
tion that the Poincaré-DGCAA⇤ is of Hodge type. Namely, one can apply Theorem
1.1 from [21] to the small algebraA⇤small to get a finite dimensional non-degenerate
Poincaré-DGCA Â⇤small of degree n. By Remark 2.13, this algebra will admit a
Hodge type decomposition.

Given a connected Poincaré DGCA of degree n A⇤, with cohomology algebra
H⇤ := H⇤(A⇤), let H⇤+ :=

Ln
k=1 Hk .

Definition 3.7. A generating subspace is a graded subspace H⇤gen ✓ H⇤+ comple-
mentary to H⇤+ · H⇤+, i.e., there is a direct sum decomposition

H⇤+ = H⇤gen � (H⇤+ · H⇤+). (3.3)

As H⇤ is finite dimensional, H⇤gen always exists and H1 ✓ H⇤gen. Moreover, if
A⇤ is (r � 1)-connected, so that Hk = 0 for k = 1, . . . , r � 1, then Hk ✓ H⇤gen
for 0 < k  2r � 1. Induction on the degree easily implies that each element in
H⇤+ · H⇤+ is spanned by products of elements in H⇤gen. That is, H⇤gen generates H⇤+
as an algebra.

Let S⇤(H⇤gen) be the graded symmetric tensor algebra of elements of H⇤gen.
Multiplication induces a morphism of graded algebras S⇤(H⇤gen)

·
�! H⇤, which

is surjective, as H⇤gen generates H⇤ and H0 = F is spanned by the image of the
identity in S⇤(H⇤gen). Therefore, we obtain the exact sequence

0 �! K ⇤ �! S⇤(H⇤gen)
·

����! H⇤ �! 0 (3.4)

where the kernel of the multiplication K ⇤ ✓ S⇤(H⇤gen) is an ideal. In fact, decom-
posing S⇤(H⇤gen) = F� H⇤gen� S⇤�2(H

⇤
gen), where S⇤�k(H

⇤) ✓ S⇤(H⇤) denotes the
ideal of graded polynomials of degree at least k, multiplication maps the first two
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summands isomorphically to H0 and H⇤gen, respectively, and S⇤�2(H
⇤
gen) to H+ ·H+.

Therefore, we may restrict (3.4) to a subsequence

0 �! K ⇤ �! S⇤�2(H
⇤
gen)

·
����! H⇤+ · H⇤+ �! 0. (3.5)

A linear map ı0 : H⇤gen ! A⇤d will be called a partial splitting map if pr � ı0 is the
inclusion of H⇤gen into H⇤(A⇤) with pr : A⇤d ! H⇤ from Definition 2.2. As H⇤gen
is finite dimensional, a partial splitting map always exists, and we denote its image
by H⇤gen ✓ A⇤d . Then ı0 induces an algebra morphism S⇤(H⇤gen) ! A⇤d which by
abuse of notation we also denote by ı0, and pr �ı0 : S⇤(H⇤gen)! H⇤ coincides with
the multiplication map “ · ” from above. Observe that ı0(S⇤(H⇤gen)) is the algebra
generated byH⇤gen ✓ A⇤d .
Definition 3.8. Let H⇤gen ✓ H⇤+ be a generating subspace and ı0 : H⇤gen ! A⇤d be
a partial splitting map. We call a splitting map ı : H⇤(A⇤) ! A⇤d an extension
of ı0 if ı|H⇤gen = ı0 and ı(H⇤(A⇤)) ✓ ı0(S⇤(H⇤gen)). In this case, we say that the
harmonic subspace H⇤ = ı(H⇤(A⇤)) is ı0-adapted; we call H⇤gen a generating
harmonic space, andH⇤ = ı(H⇤) an extension ofH⇤gen.

Thus, we have the following commuting diagrams of short exact sequences

0 // K ⇤

ı0
✏✏

// S⇤(H⇤gen)

ı0
✏✏

·
// H⇤ // 0

0 // K⇤ // ı0(S⇤(H⇤gen)) pr // H⇤
ı

uu

// 0

(3.6)

0 // K ⇤

ı0
✏✏

// S⇤�2(H
⇤
gen)

ı0
✏✏

·
// H⇤+ · H⇤+ // 0

0 // K⇤ // ı0(S⇤�2(H
⇤
gen)) pr

// H⇤+ · H⇤+

ı1
tt

// 0

(3.7)

where the top rows are the sequence (3.4) and (3.5), respectively, and the vertical
maps are surjective, and where K⇤ := ı0(K ⇤) ✓ A⇤.
Lemma 3.9. There is a one-to-one correspondence between ı0-adapted splitting
maps ı : H⇤ ! A⇤d and splitting maps ı1 : H⇤+ · H⇤+! ı0(S⇤�2(H

⇤
gen)) of the exact

sequence in the bottom row of (3.7). In particular, such a splitting map always
exists.

Proof. Given a splitting map ı1 : H⇤+ · H⇤+ ! ı0(S⇤�2(H
⇤
gen)) of (3.5), it follows

that ı := ı0 � ı1 : H⇤ = H⇤gen � H⇤+ · H⇤+ ! A⇤d (using the decomposition (3.3))
is a splitting of (3.4) whose image is contained in ı0(S⇤(H⇤gen)). Conversely, given
a splitting ı : H⇤ ! ı0(S⇤(H⇤gen)) of (3.4), its restriction to H⇤+ · H⇤+ maps to
ı0(S⇤�2(H

⇤
gen)) and hence yields a splitting map of (3.5). The existence of such a

splitting follows as H⇤+ · H⇤+ is finite dimensional.
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By definition, if A⇤ is (r � 1)-connected, then H⇤+ ✓ H⇤�r and hence, H⇤+ ·
H⇤+ ✓ H⇤�2r . Thus, if H⇤ ✓ A⇤d is an ı0-adapted harmonic subspace then by (3.3)
it immediately follows that

Hk = Hk
gen for 1  k  2r � 1, H2r = H2rgen � Hr · Hr ,

Hk = Hk
gen for 1  k  2r � 1, H2r ✓ H2r

gen � µ(Hr �Hr ),
(3.8)

where µ is the multiplication map inA⇤. In particular, asA⇤ is (r � 1)-connected,
it follows that both Hk

gen and Hk
gen vanish for 1  k  r � 1. Moreover, most of

the spaces of degree  2r in (3.7) vanish because of (3.8), whence we immediately
conclude

Kk = Kk = 0 for 1  k  2r � 1
K 2r = ker(· : Hr � Hr ! H2r )
K2r = µ(Hr �Hr ) \ dA2r�1.

(3.9)

Note that any subalgebra of A⇤ which contains H⇤ and hence H⇤gen = ı0(H⇤gen)
must also contain ı0(S⇤(H⇤gen)) = H⇤ �K⇤, using the splitting of the bottom exact
sequence in (3.7). This holds, in particular, for the small algebraA⇤small. Comparing
this with the recursive description ofA⇤small in (3.2), this together with (3.9) yields

8
>>>>><

>>>>>:

A0small = H0 = F · 1A
Ak
small = Hk = 0 1  k  r � 1

Ak
small = Hk r  k  2r � 2

A2r�1small = H2r�1 � d�K2r
A2rsmall = H2r �K2r � d�Ar,r+1

small .

(3.10)

Thus, when passing to the quotient algebra Qk
small, we can summarize our discus-

sion so far as follows.

Theorem 3.10. LetA⇤ be an (r �1)-connected (r > 1) Poincaré-DGCA of degree
n of Hodge type. Then A⇤ is equivalent to a finite dimensional non-degenerate
Poincaré-DGCAQ⇤small of Hodge type, satisfying

• Qk
small = Hk for 0  k  2r � 2 and for n � 2r + 2  k  n;

• If the multiplication map · : Hr � Hr ! H2r is injective, then Qk
small = Hk

also for k = 2r � 1 and n � 2r + 1.

Proof. This is an immediate consequence of (3.10) as Hk ✓ Qk
small and, as it is a

quotient, dimQk
small  dimAk

small. Also, dimQk
small = dimQn�k

small as Q⇤small is a
non-degenerate Poincaré DGCA.

The last statement follows as the injectivity of this multiplication map implies
that K 2r = 0 by (3.9), whence K2r = ı0(K 2r ) = 0, so that A2r�1small = H2r�1

by (3.10).
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Corollary 3.11. LetA⇤ be an (r�1)-connected (r > 1) Poincaré-DGCA of Hodge
type. ThenA⇤ is equivalent to a finite dimensional non-degenerate Poincaré DGCA
Q⇤
small for which the differential d : Qk�1

small ! Qk
small is possibly nonzero only for

2r  k  n � 2r + 1. In particular

(1) If n  4r � 2, thenA⇤ is formal;
(2) If n = 4r � 1, then d : Qk�1

small ! Qk
small vanishes for k 6= 2r .

Of course, this applies to A⇤ = �⇤(M) where M is a closed oriented connected
n-dimensional manifold with bk(M) = 0, 1  k  r � 1.
Remark 3.12.

(1) Corollary 3.11 (1) for DGCAs associated with closed (orientable) manifolds has
been first proved by Miller in [27] using Quillen’s functor, including the state-
ment that any closed simply connected manifold of dimension  6 is formal. It
can be also derived from Crowley-Nordström’s result [9, Theorem 1.3] based on
their invented Bianchi-Massey tensor.

(2) If M is a simply connected 7-manifold, then Corollary 3.11 implies that M is
almost formal in the sense of [8]. That is, �⇤(M) is equivalent to a DGCA
Q⇤ whose only possibly non-vanishing differential is d : Q3 ! Q4. This
almost-formality was shown in [8] for G2-manifolds, but as our result shows,
the G2-structure is not needed.

4. A1-quasi-isomorphism type of
highly connected Poincaré DGCAs of Hodge type

In this section, using a homotopy transfer theorem and related techniques, we prove
that an (r�1)-connected Poincaré DGCAA⇤ of Hodge type of dimension n  5r�
3 is A1-quasi-isomorphic to an A3-algebra (Theorem 4.1), that the only obstruction
to the formality of A⇤ is the cohomology class [µ3] 2 Hoch2(H⇤(A⇤), H⇤(A⇤)),
where µ3 is the class of the ternary multiplication in the A3-algebra (Theorem 4.6),
and that the cohomology class [µ3] and the DGCA isomorphism class of H⇤(A⇤)
determine the A1-quasi-isomorphism class of A⇤ (Theorem 4.7). Then we show
the relation between µ3 and the Massey product (Remark 4.8, Corollary 4.13)
and compare our result with a closely related result by Crowley-Nordström (Re-
mark 4.12).

Theorem 4.1. Let A⇤ be an (r � 1)-connected (r > 1) Poincaré DGCA of de-
gree n, endowed with a Hodge-type decomposition whose harmonic subspace H⇤

is adapted to a generating subspace H⇤
gen. If n  5r � 3 then H⇤ carries an A3-

algebra structure1 (with trivial differential) making it A1-quasi-isomorphic toA⇤.
Moreover, if n  4r�2 then the ternary multiplication of this A3-algebra vanishes,
so in particularA⇤ is formal.

1 I.e., an A1 algebra structure with vanishing multiplications mk for k � 4
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Proof. Let us therefore focus on the case 4r � 1  n  5r � 3. As we know that
the smallest H⇤-quotient Q⇤small of A⇤ is equivalent to A⇤ by Corollary 3.11, we
only need to prove that H⇤ carries an A3-algebra structure with trivial differential
making it quasi-isomorphic toQ⇤small. We can show this by means of the homotopy
transfer theorem [13,25].

By Poincaré duality and equation (3.10)Q⇤small is given by
8
>>>>>>>>>><

>>>>>>>>>>:

Q0small = H0 ⇠= F
Qk
small = Hk = 0 1  k  r � 1

Qk
small = Hk r  k  2r � 2

Qk
small = Hk � Lk 2r � 1  k  n � 2r + 1

Qk
small = Hk n � 2r + 2  k  n � r

Qk
small = Hk = 0 n � r + 1  k  n � 1

Qn
small = Hn ⇠= F,

(4.1)

where Lk = dd�Qk
small � d

�dQk
small for every k and, in particular

L2k�1 = d�µ(Hk �Hk).

Notice that d� identically vanishes onQk
small for k  2r�1 and for k � n�2r+2.

By the homotopy transfer theorem, H⇤ carries an A1-algebra structure making it
A1-quasi-isomorphic toQ⇤small. To prove the statement in the theorem we therefore
only need to show that this A1-algebra structure is actually an A3- algebra struc-
ture, i.e., that all the multiplications mk vanish for k � 4. One has a convenient tree
summation formula to express the higher multiplications mk obtained by homotopy
transfer, see [18]. Namely, mk can be expressed as a sum over rooted trivalent trees
with k leaves. Each tail edge of such a tree is decorated by inclusion j : H⇤ ,!
Q⇤small, each internal edge is decorated by the operator d� : Q⇤small ! Q⇤�1small and
the root edge is decorated by the operator ⇡H⇤ : Q⇤small! H⇤; every internal vertex
is decorated by the multiplication µ inQ⇤small.

In order to get a nonzero operation, we cannot have a subgraph of the form

d�
t

t

t

d�
µ

t

t

t

::

µ

?
J

J

J

?
J

J

J

J

$$

d�
J

J

J

d�
µ

J

J

$$

where ? can be either d� or ⇡H⇤ . Namely, in order to get a possibly nonzero con-
tribution from this graph, its homogeneous entries ak1 and bk2 should be in Q

k1
small

and Qk2
small with k1, k2 � 2r . The term d�ak1 · d�bk2 will then be in Qk

small with
k � 4r �2, where k = k1+ k2�2. As n  5r �3 we have 4r �2 � n� r +1, and
so k � n � r + 1. Therefore, d�ak1 · d�bk2 is surely zero unless k1 + k2 � 2 = n.
For k1 + k2 � 2 = n we can compute

Z
d�ak1 · d�bk2 = hd�ak1, d

�bk2i = 0,
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by the orthogonality relation (2.11). As
R

: Qn
small ! R is an isomorphism, this

gives d�ak1 · d�bk2 = 0.
Also, we cannot have a subgraph of the form

j
t

t

t

j

µ
t

t

t

t

::

µ

d�
J

J

d�
J

J

J

$$

d�
J

J

J

d�
µ

J

J

$$

Namely, if its homogeneous entries are ak1 and bk2 (from top to bottom), then we
need to have k1 � 2r and k1 + k2 � 1  n � 2r + 1 in order to have a possibly
nonzero contribution. The two inequalities together give k2  n � 4r + 2  r � 1.
So the only possibility for having a nonzero contribution is k2 = 0. As Q0small = F
acting as scalars onQ⇤small via the multiplication µ, we have

d�(d�ak1 · b0) = b0(d�)2ak1 = 0.

In conclusion, the only two graphs actually appearing in the tree summation formula
are (absorbing the permutations of the tree branches in the graded commutativity of
the multiplication) are

j
t

t

t

j

µ
t

t

t

t

::

j
J

J

J

J

j
µ

J

J

J

$$ µ ⇡H⇤⇡H⇤ // ;
j

t

t

t

j

µ
t

t

t

t

::

j
t

t

t

j

µ
t

t

t

t

::

µ

d�
J

J

d�
µ

J

J

$$

j
J

J

J

J

j
µ

J

J

J

$$

µ ⇡H⇤⇡H⇤ //,

defining the multiplications m2 : Hk1 ⌦ Hk2 ! Hk1+k2 and m3 : Hk1 ⌦ Hk2 ⌦
Hk3 ! Hk1+k2+k2�1, respectively.

If n  4r � 2, we can verbatim repeat the above argument, but now all the
Lk ;s are zero so also the multiplication m3 vanishes. The A3-algebra structure on
H⇤ therefore becomes a DGCA structure with trivial differential, and we recover
the formality ofA⇤ in this case (Corollary 3.11).

Remark 4.2. The multiplications m2 and m3 of the A3 algebra structure on H⇤
described in the proof of Theorem 4.1 are explicitly given by

m2(↵,�) = ⇡H⇤(↵ · �) (4.2)
m3(↵,�, � ) = ⇡H⇤(d�(↵ · �) · � � (�1)deg↵↵ · d�(� · � )), (4.3)

see [25, Theorem 3.4]. Moreover, as the pairing h�,�i on H⇤ is nondegenerate,
the ternary multiplication m3 is completely encoded in the tensor

⌧ (↵,�, � , �) = hm3(↵,�, � ), �i.
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Remark 4.3. It is immediate to see that

m3(↵,�, � ) = 0 if min{deg↵, deg�, deg � } = 0.

Indeed, the operator d� vanishes on H⇤, the projection ⇡H⇤ vanishes on the im-
age of d� and the elements in H0 ✓ A0 act as scalars via the multiplication in
A⇤. From this one sees that the expression for m3 given in Remark 4.2 identically
vanishes when one of the arguments of m3 has degree zero.

Corollary 4.4. LetA⇤ be an (r � 1)-connected (r > 1) Poincaré DGCA of degree
n of Hodge type with an adapted choice ı : H⇤(A⇤) ,! A⇤d of harmonic forms. If
n  5r � 3, then H⇤(A⇤) carries an A3-algebra structure with zero differential,
whose binary multiplication is the multiplication induced by A⇤, while the ternary
multiplication is

µ3([↵], [�], [� ]) = [m3(ı[↵], ı[�], ı[� ])]

making it A1-quasi-isomorphic toA⇤. Moreover, if n  4r � 2 then µ3 vanishes.

Proof. The isomorphism ı : H⇤(A⇤) ⇠�! H⇤ with inverse ⇡H⇤ : H⇤
⇠
�! H⇤(A⇤)

transfers the A3-algebra structure onH⇤ from Theorem 4.1 to an A3-algebra struc-
ture with the same properties on H⇤(A⇤). So the only thing we need to prove is the
identity

[m2(ı[↵], ı[�])] = [↵] · [�].

This is straightforward, as

[↵] · [�] = [(ı[↵]) · (ı[�])] = [⇡H⇤((ı[↵]) · (ı[�]))] = [m2(ı[↵], ı[�])].

Lemma 4.5. The degree -1 trilinear map µ3 : Hk1(A⇤)⌦Hk2(A⇤))⌦Hk3(A⇤)!
Hk1+k2+k3�1(A⇤) from Corollary 4.4 is a cocycle in the Hochschild complex
of the DGCA H⇤(A⇤), and so it defines a Hochschild cohomology class
[µ3] 2 Hoch3,�1(H⇤(A⇤), H⇤(A⇤)) ✓ Hoch2(H⇤(A⇤), H⇤(A⇤)).

Proof. Immediate from Corollary 4.4 see, e.g., [24] for details.

Theorem 4.6. Let A⇤ be an (r � 1)-connected (r > 1) Poincaré DGCA of degree
n of Hodge type with n  5r � 3. The Hochschild cohomology class [µ3] is inde-
pendent of the choice of the adapted harmonic forms and of the associated Hodge
decomposition, and so it defines a distinguished element

[µA
⇤

3 ] 2 Hoch2(H⇤(A⇤), H⇤(A⇤))

depending only on the Poincaré DGCA A⇤. Moreover the class [µA
⇤

3 ] is the only
obstruction to the formality ofA⇤.
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Proof. It follows by a general result by Kadeishvili [14] and Kaledin [16] that the
only obstruction to the formality of an A3-algebra with trivial differential is the
Hochschild cohomology class of the trilinear multiplication, see [24, Corollary 5.7].
Therefore, as (H⇤(A⇤), 0, ·, µ3) and (A⇤, d, ·) are A1-quasi-isomorphic, [µ3] is
the only obstruction to the formality of A⇤. To conclude, we need to show that the
class [µ3] is actually independent of the choice of adapted harmonic forms and of
associated Hodge decomposition. To see this, let ◆̃ and d̃� be the operators occur-
ring in a different choice, and let µ̃3 be the associated the trilinear multiplication.
Then we will have A1-quasi-isomorphism

ı1 : (H⇤(A⇤), 0, ·, µ3)! (A⇤, d, ·); ı̃1 : (H⇤(A⇤), 0, ·, µ̃3)! (A⇤, d, ·)

extending the linear morphisms ı and ı̃ , respectively. By considering an A1-up
to homotopy inverse quasi-isomorphism ⇡̃1 : (A⇤, d, ·)! (H⇤(A⇤), 0, ·, µ̃3) we
therefore get a homotopy commutative triangle of A1-quasiisomorphisms

(A⇤, d, ·)

(H⇤(A⇤), 0, ·, µ3)

ı1
66

m

m

m

m

m

m

m

m

m

m

m

m �1
// (H⇤(A⇤), 0, ·, µ̃3)

ı̃1
hhQ

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

Q

for some A1-quasi-isomorphism �1. Passing to cohomology we get the commu-
tative diagram

H⇤(A⇤)

H⇤(A⇤)

H⇤(ı)=id
99

r

r

r

r

r

r

r

r

r

r H⇤(�1)
// H⇤(A⇤)

H⇤(ı̃)=id
eeL

L

L

L

L

L

L

L

L

L

,

where �1 is the linear component of �1. But then �1 = id : H⇤(A⇤)! H⇤(A⇤),
and so

�1 : (H⇤(A⇤), 0, ·, µ3)! (H⇤(A⇤), 0, ·, µ̃3)
is an A1-quasi-isomorphism whose linear component is the identity. Spelling out
the trilinear component in the definition of A1-morphism, i.e.,
X

r+s+t=3
r,t�0,s�1

(�1)rs+t�r+1+t (id⌦r ⌦ µs ⌦ id⌦t ) =
X

j2{1,2,3}
i1+···+i j=3
i1,...,i j�1

(�1)uµ̃ j (�i1 ⌦ · · ·⌦ �i j ),

where u =
P j�1

k=1( j � k)(ik � 1), and using the fact �1 = id, and that on both sides
the differentials µ1 and µ̃1 are zero and the binary multiplications µ2 and µ̃2 are
the multiplication m in H⇤(A⇤), one finds

µ3 � �2(m ⌦ id) + �2(id⌦ m) = m(id⌦ �2)� m(�2 ⌦ id) + µ̃3,
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i.e., precisely,
µ̃3 = µ3 + dHoch�2,

and so [µ̃3] = [µ3].

The same argument used in the proof of Theorem 4.6 shows that the Hochschild
class [µA

⇤

3 ] detects the A1-quasi-isomorphism class of an highly connected
Poincaré DGCAA⇤. The precise statement is the following.

Theorem 4.7. Let A⇤ be an (r � 1)-connected (r > 1) Poincaré DGCA of Hodge
type of degree n with n  5r � 3. The A1-quasi-isomorphism class of A⇤ is com-
pletely encoded into the DGCA (H⇤(A⇤), ·) and in the Hochschild class [µA

⇤

3 ] 2

Hoch2(H⇤(A⇤), H⇤(A⇤)).

Proof. We need to show that two (r � 1)-connected Poincaré DGCA’s of Hodge
type of degree at most 5r � 3, A⇤1 and A⇤2 are A1-quasi-isomorphic if and only
if there exists a DGCA isomorphism � : H⇤(A⇤1) ! H⇤(A⇤2) such that [��1 �

(µ
A⇤2
3 (� ⌦ � ⌦ �))] = [µ

A⇤1
3 ]. In one direction, if �1 : A⇤1 ! A⇤2 is an A1-quasi-

isomorphism, then the morphism � : H⇤(A⇤1) ! H⇤(A⇤2) induced by the linear
part �1 of �1 is an isomorphism of DGCA’s (with trivial differential). The fact that
�1 is an A1-morphism then gives, in particular, the identity

�
⇣
µ
A⇤1
3

⌘
= µ

A⇤2
3 (� ⌦ � ⌦ �) + �2

⇣
µ
A⇤1
2 ⌦ id

⌘
� �2

⇣
id⌦ µ

A⇤1
2

⌘

+ µ
A⇤2
2 (� ⌦ �2)� µ

A⇤2
2 (�2 ⌦ �),

where µ
A⇤i
2 is the multiplication in H⇤(A⇤i ). By applying ��1 on both sides and

using that � is a DGCA isomorphism, we find

µ
A⇤1
3 =��1

⇣
µ
A⇤2
3 (� ⌦ � ⌦ �)

⌘
+(��1 � �2)

⇣
µ
A⇤1
2 ⌦ id

⌘
� (��1 � �2)

⇣
id⌦ µ

A⇤1
2

⌘

+ µ
A⇤1
2

�
id⌦ (��1 � �2)

�
� µ

A⇤1
2

�
(��1 � �2)⌦ id

�
,

and so [µ
A⇤1
3 ] = [��1�(µ

A⇤2
3 (�⌦�⌦�))]. Viceversa, assume we are given a DGCA

isomorphism � : H⇤(A⇤1)! H⇤(A⇤2) such that [��1�(µ
A⇤2
3 (�⌦�⌦�))] = [µ

A⇤1
3 ].

Then, by definition of Hochschild cohomology, there exists a bilinear morphism

 : H⇤(A⇤1)⌦ H⇤(A⇤1)! H⇤�1(A⇤1)

such that

µ
A⇤1
3 = ��1

⇣
µ
A⇤2
3 (� ⌦ � ⌦ �)

⌘
+  

⇣
µ
A⇤1
2 ⌦ id

⌘
�  

⇣
id⌦ µ

A⇤1
2

⌘

+ µ
A⇤1
2 (id⌦  )� µ

A⇤1
2 ( ⌦ id).
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Setting �1 = � and �2 = � �  , the above identity precisely says that

(�1,�2) :
⇣
H⇤(A⇤1), µ

A⇤1
2 , µ

A⇤1
3

⌘
!

⇣
H⇤(A⇤2), µ

A⇤2
2 , µ

A⇤3
3

⌘

is an A1-isomorphism of A3-algebras with trivial differential. As we have A1-
quasi-isomorphisms A⇤1 ⇠= (H⇤(A⇤1), µ

A⇤1
2 , µ

A⇤1
3 ) and A⇤2 ⇠= (H⇤(A⇤2), µ

A⇤2
2 , µ

A⇤2
3 ),

this concludes the proof.

Remark 4.8 (Massey products). The ternary multiplication µ3([↵], [�], [� ]) is
particularly interesting when both the products [↵] · [�] and [�] · [� ] vanish. Indeed,
in this case we have (

◆[↵] · ◆[�] = d⌘
◆[↵] · ◆[�] = d✓

for suitable elements ⌘, ✓ 2 d�A⇤ and so

µ3([↵], [�], [� ]) = [⇡H⇤(⌘ · ◆[� ]� (�1)deg↵◆[↵] · ✓)]

= [⌘ · ◆[� ]� (�1)deg↵◆[↵] · ✓],

as ⌘ · ◆[� ] � (�1)deg↵◆[↵] · ✓ is d-closed. This equation precisely states that
µ3([↵], [�], [� ]) is a representative for the triple Massey product of [↵], [�] and
[� ]. In particular, we see that if µ3 vanishes, then all triple Massey products vanish.
One should however be warned that the converse is not true: there are examples
of non-formal algebras with vanishing Massey products. See [3, 30] for a detailed
description of the relation between the A1-algebra structure on H⇤(A⇤) obtained
by homotopy transfer from the DGCA structure on a DGCAA⇤ and the (triple and
higher) Massey products on H⇤(A⇤).
Remark 4.9. Although an A3-algebra can generally have nontrivial quadruple
Massey products (see [3, Theorem D]), simple degree considerations show that if
A⇤ is an (r � 1)-connected (r > 1) Poincaré DGCA of degree n  5r � 3 then all
of the l-th order Massey products are trivial for l � 4. We show this in Appendix
A.

Lemma 4.10. The degree -1 trilinear mapµ3 : Hk1(A⇤)⌦Hk2(A⇤)⌦Hk3(A⇤)!
Hk1+k2+k3�1(A⇤) from Corollary 4.4 is a 2-cocycle in the Harrison subcomplex
Harr⇤(H⇤(A⇤), H⇤(A⇤)) ✓ Hoch⇤(H⇤(A⇤), H⇤(A⇤)). In particular it defines an
element in Harr3,�1(H⇤(A⇤), H⇤(A⇤)) ✓ Harr2(H⇤(A⇤), H⇤(A⇤)).

Proof. By definition of the Harrison complex [12], we have to show that

µ3([↵], [�], [� ])� (�1)[↵]·[�]µ3([�], [↵], [� ]) + µ3([�], [� ], [↵]) = 0



98 D. FIORENZA, K. KAWAI, H. V. LÊ AND L. SCHWACHHÖFER

for any [↵], [�], [� ] in H⇤(A⇤), where we have written [x] for the degree of the
homogeneous element [x] 2 H⇤(A⇤). We compute

µ3([↵], [�], [� ])�(�1)[↵]·[�]µ3([�], [↵], [� ])+(�1)[↵]·([�]+[� ])µ3([�], [� ], [↵])

= [m3(ı[↵], ı[�], ı[� ])]� (�1)[↵]·[�][m3(ı[�], ı[↵], ı[� ])]

+ (�1)[↵]·([�]+[� ])[m3(ı[�], ı[� ], ı[↵])]

= ⇡H⇤
⇣
d�(ı[↵] · ı[�]) · ı[� ]� (�1)[↵]ı[↵] · d�(ı[�] · ı[� ])

⌘

+ ⇡H⇤
⇣
�(�1)[↵]·[�]d�(ı[�] · ı[↵]) · ı[� ]+(�1)([↵]+1)[�]ı[�] · d�(ı[↵] · ı[� ])

⌘

+ ⇡H⇤
⇣
(�1)[↵]·([�]+[� ])d�(ı[�] · ı[� ]) · ı[↵]

�(�1)([↵]+1)[�]+[↵]·[� ]ı[�] · d�(ı[� ] · ı[↵])
⌘

= 0,

as the multiplication inA⇤ is graded commutative.

Since in characteristic zero the Harrison cohomology of a DGCA injects into
the Hochschild cohomology [1], we have this immediate corollary of Theorems 4.6
and 4.7.

Corollary 4.11. Let A⇤ an (r � 1)-connected (r > 1) Poincaré DGCA of degree
n of Hodge type with n  5r � 3. The Comm1-quasi-isomorphism class of A⇤ is
completely encoded into the DGCA (H⇤(A⇤), ·) and in the Harrison cohomology
class [µA

⇤

3 ] 2 Harr2(H⇤(A⇤), H⇤(A⇤)). In particular, the Harrison class [µA
⇤

3 ] is
the only obstruction to the formality ofA⇤.

Remark 4.12 (The Bianchi-Massey tensor). Via the spectral sequence relating
Harrison to André-Quillen cohomology [1, 22], the Harrison cohomology class
[µA

⇤

3 ] 2 Harr3,�1(H⇤(A⇤), H⇤(A⇤)) is equally represented by an element �A⇤ 2
Hom�1(S2(SH⇤(A⇤)), H⇤(A⇤)). This latter element is the Bianchi-Massey tensor
introduced in [9] and therein identified as the only obstruction to the formality of an
r-connected (r > 1) Poincaré DGCA A⇤ of degree n with n  5r � 3, as well as
a complete invariant of the quasi-isomorphism class of such an A⇤, together with
the cohomology algebra H⇤(A⇤). In other words, Corollary 4.11 precisely repro-
duces the main results from [9], and could be obtained from them by translating
the Bianchi-Massey tensor into the corresponding Harrison cohomology class. It
should however be remarked that our derivation of Corollary 4.11 is independent
of [9] and can therefore be read as a confirmation of their results.

From a computational point of view, it seems that the vanishing of the Bianchi-
Massey tensor is easier to be checked than the vanishing of the corresponding Har-
rison cohomology class, so that the [9] approach appears to be more suitable in
investigating formality of a given highly connected manifold. The approach via ho-
motopy transfer and Hochschild/Harrison cohomology, on the other hand, appears
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to be more fitting for the investigation of Massey products. We give an example in
Corollaries 4.13-4.14 below.

Corollary 4.13. Let A⇤ be a simply connected Poincaré DGCA of degree n of
Hodge type.

(1) If n  6, then the Massey product of any Massey triple2 vanishes;
(2) If n = 7, then the Massey product vanishes for every Massey triple of degree
6= (2, 2, 2);

(3) If n = 8, then the Massey product vanishes for every Massey triple of degree
/2 {(2, 2, 2), (2, 2, 3), (2, 3, 2), (3, 2, 2)}.

Proof. The statement is trivial if n  6 as in this case A⇤ is formal by Corol-
lary 3.11. When the degree of A⇤ is 7, we show that µ3([↵], [�], [� ]) is possibly
nonzero only when deg([↵], [�], [� ]) = (2, 2, 2). The conclusion then follows by
Remark 4.8. By Corollary 4.4, we are reduced to show that µ3(↵,�, � ) = 0 for
any three harmonic elements ↵,�, � with deg(↵,�, � ) 6= (2, 2, 2). By (4.1) we see
that for a degree-7 algebraA⇤ the operator d� : Qk

small! Qk�1
small is identically zero

unless k = 4. From the explicit formula for m3 given in Remark 4.2, we therefore
see that µ3(↵,�, � ) = 0 unless deg↵ + deg� = 4 or deg� + deg � = 4. As
A⇤ is simply connected, and by Remark 4.3, µ3(↵,�, � ) is zero if one of the ele-
ments ↵,�, � has degree 0 or 1. So the only possible nonvanishing triple products
come form triples with degrees (2, 2, k) or (k, 2, 2). If (↵,�, � ) is such a triple,
then µ3(↵,�, � ) 2 Hk+3. So having a possibly nonzero result restricts to the two
possibilities k = 2 or k = 4. To rule out the k = 4 possibility, notice that if
deg(↵,�, � ) = (2, 2, 4), then
Z
m3(↵,�, � )=

Z
⇡H⇤(d�(↵ · �) · � )=

Z
d�(↵ · �) · � = hd�(↵ · �), � i = 0,

by the orthogonality relation (2.5). As A⇤ is connected,
R

: H7 ! R is an isomor-
phism and so m3(↵,�, � ) = 0. The same argument shows that m3(↵,�, � ) = 0
if deg(↵,�, � ) = (4, 2, 2). The proof for the degree-8 case is completely analo-
gous.

The above corollary can be easily generalized to non-simply connected algebras of
a simple kind.

Corollary 4.14. LetA⇤ be a connected Poincaré DGCA of degree n. AssumeA⇤ =
A⇤sc[t1, . . . , tk], with A⇤sc a simply connected Poincaré DGCA of degree (n � k) of
Hodge type, where t1, . . . , tk are variables in degree 1 with dti = 0.

(1) If n  6, then the Massey product of any Massey triple vanishes;
(2) If n = 7, then the Massey product vanishes for every Massey triple of degree
6= (2, 2, 2);

2 The definition of a Massey l-ple in a DGCA A⇤ is recalled in Definition A.2.
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(3) If n = 8, then the Massey product vanishes for every Massey triple of degree
/2 {(2, 2, 2), (2, 2, 3), (2, 3, 2), (3, 2, 2)}.

Proof. For k = 0 we are back to Corollary 4.13, so let us assume k � 1. If n  7 or
if n = 8 and k � 2, thenA⇤sc is formal by Corollary 3.11, and so alsoA⇤ is formal.
Namely, as A⇤sc is formal we have a zig-zag of quasi-isomorphisms of DGCAs
A⇤sc  D⇤1 ! D⇤2  · · ·! H⇤(A⇤sc). As the variables ti are closed, this induces
a zig-zag of quasi-isomorphisms of DGCAs A⇤sc[t1, . . . , tk]  D⇤1[t1, . . . , tk] !
D⇤2[t1, . . . , tk]  · · · ! H⇤(A⇤sc)[t1, . . . , tk] = H⇤(A⇤sc[t1, . . . , tk]). So we are
reduced to considering the caseA⇤ = A⇤sc[t] withA⇤sc a degree-7 simply connected
Poincaré DGCA. As dt = 0, we have H⇤(A⇤) = H⇤(A⇤sc)[t] and the A1-algebra
structure on H⇤(A⇤) induced by the Kadeishvili-Merkulov construction is just the
F[t]-linear extension of the A1-algebra structure on H⇤(A⇤sc). In particular, it is a
A3-algebra structure and

µ3([↵], [�], [� ]) = µsc3 ([↵0], [�0], [�0])

+ (�1)deg[�]·[� ]µsc3 ([↵�1], [�0], [�0])t

+ (�1)deg[� ]µsc3 ([↵0], [��1], [�0])t
+ µsc3 ([↵0], [�0], [��1])t,

where we have written [x] = [x0] + [x�1]t for an homogeneous element [x] in
H⇤(A⇤). As deg[x0] = deg[x] and deg[x�1] = deg[x] � 1, by Corollary 4.13 we
see thatµ3([↵], [�], [� ])will vanish unless deg([↵], [�], [� ]) /2 {(2, 2, 2), (2, 2, 3),
(2, 3, 2), (3, 2, 2)}.

5. Splitting off parallel 1-forms

In this section we generalize the Cheeger-Gromoll splitting theorem to the class of
closed Riemannian manifolds whose harmonic 1-forms are parallel (Theorem 5.1,
Remark 5.2). Using this result we extend results in the previous section that con-
cern Massey triple products to the class of closed orientable Riemannian manifolds
satisfying the condition of Theorem 5.1 (Corollary 5.5) and derive the almost for-
mality of compact G2-manifolds, obtained by Chan-Karigiannis-Tsang in [8], from
our results (Remark 5.6).

Theorem 5.1 (Cheeger-Gromoll-type splitting). Let (Mn, g) be a closed Rieman-
nian manifold, and suppose that all harmonic 1-forms are parallel. Then there is a
Riemannian fibration

Fn�k ,! Mn �! T k,

over a flat k-torus, where k = b1(Mn), and Fn�k is closed. In fact, Mn can be
written as

Mn = (Rk ⇥ Fn�k)/3, (5.1)
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where 3 ⇠= Zk acts isometrically on Fn�k and by translations on Rk . Moreover,
Mn is diffeomorphic (but not necessarily isometric) to a quotient of (T k⇥Fn�k)/0,
where 0 ✓ Transl(T k)⇥ Diffeo(Fn�k) is a finite Abelian group.

Proof. Let "1, . . . , "k be the parallel 1-forms with dual vector fields Xi := ("i )#.
Since the distribution spanned by the (Xi ) is parallel, so is its orthogonal comple-
ment, and the de Rham splitting theorem implies that the universal cover of (M, g)
is a Riemannian product

M̃n = Rk ⇥ F̃n�k,

and the lifts X̃i of Xi must be tangent to Rk and parallel, whence constant. As the
deck transformations of the covering M̃n ! M must preserve X̃i , they must act by
translation on Rk , whence the deck group5 ⇠= ⇡1(Mn) must be contained in

5 ✓ TranslRk ⇥ Isom(F̃n�k).

Let 50 ✓ 5 be the normal subgroup which acts trivially on Rk , and let Fn�k :=
F̃n�k/50. Then we may write

(Mn, g) = (Rk ⇥ F̃n�k)/5 = (Rk ⇥ Fn�k)/3,

with a faithful map 3 := 5/50 ,! TranslRk , so that 3 is Abelian and torsion
free, i.e., 3 ⇠= Zl for some l. Therefore, 50 contains the commutator
group [5,5], so that there is a surjection H1(Mn) = 5/[5,5] ! 3, and as
H1(Mn)/Tor(H1(Mn)) ⇠= Zk this means that k � l.

On the other hand, projection onto the first factor of Rk ⇥ Fn�k implies that
Rk/3 is compact, whence l = k, and the image of the inclusion 3 ,! TranslRk ⇠=
Rk must be a full lattice, so that Rk/3 is a flat k-torus, and this projection yields
the asserted fiber bundle structure.

Consider the homomorphism ⇢ : 3 ⇠= Zk ! Isom(Fn�k) from (5.1). The
closure G := ⇢(3) ✓ Isom(Fn�k) is a compact Abelian Lie group, as Isom(Fn�k)
is a compact Lie group [26]. In particular, G has finitely many components. Thus,
30 := ⇢�1(G0) ✓ 3 is a subgroup of finite index, where G0 ✓ G denotes the
identity component, and we have a Riemannian covering map

M̂n := (Rk ⇥ Fn�k)/30 �! Mn = (Rk ⇥ Fn�k)/3

which is the quotient by a free action of the finite Abelian group 0 := 3/30
on M̂n .

We finally have to show that M̂n is diffeomorphic to T k ⇥ Fn�k . As G0
is a compact connected Abelian Lie group, it is isomorphic to the torus. Then
⇢|30 : 30! G0 extends to a Lie group homomorphism ⇢̄ : Rk ⇠= 30 ⌦R! G0.
Then

T k ⇥ Fn�k ⇠= (Rk/30)⇥ Fn�k ! (Rk ⇥ F)/30, ([v], f ) 7! [(v, ⇢̄(v) f )]

gives a diffeomorphism.
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Remark 5.2. By Bochner’s theorem [2], all harmonic 1-forms on a Riemannian
manifold with nonnegative Ricci curvature are parallel, so that Theorem 5.1 ap-
plies. In fact, the conclusion of Theorem 5.1 in the case of nonnegative Ricci cur-
vature is also known as the Cheeger-Gromoll splitting theorem [6,7]. This holds, in
particular, for G2- and Spin(7)-manifolds as these are Ricci flat.

Proposition 5.3. Let (Mn, g) be as in Theorem 5.1, and orientable. Then �⇤(M)
is equivalent to (3⇤H1(Mn)) ⌦ Q⇤ = Q⇤[t1, . . . , tk] with k = b1(Mn), where
Q⇤ is a simply connected non-degenerate Poincaré DGCA of Hodge type of degree
(n � k).

Proof. By Theorem 5.1, Mn is diffeomorphic to (T k ⇥ Fn�k)/0, where 0 ✓
Transl(T k) ⇥ Diffeo(Fn�k) is a finite Abelian group. Let 00 ✓ Diffeo(Fn�k) be
the projection of 0 to the second factor, and choose a product metric g̃ := g0 � g1
on T k ⇥ Fn�k such that g0 is flat and g1 is 00-invariant. Then 0 acts by isometries
so that ⇡ : (T k ⇥ Fn�k, g̃)! (Mn, g) is a Riemannian covering for some metric
g on M . Clearly, the translation invariant fields on T k induce parallel vector fields
on Mn , so that (Mn, g) has k = b1(Mn) parallel vector fields. Thus, all harmonic
1-forms on (Mn, g) are parallel.

As 0 is a finite group, there is a projection map

⇡0 : �⇤(T k ⇥ Fn�k) �! �⇤(T k ⇥ Fn�k)0, ↵ 7�!
1

|0|

X

�20

� ⇤(↵),

and since 0 acts by isometries, it follows that ⇡0 commutes with d, d⇤ and 4. In
particular, applying ⇡0 to the components of the Hodge decomposition of�⇤(T k⇥
Fn�k) induces a Hodge decomposition

�⇤(T k ⇥ Fn�k)0 = d�⇤�1(T k ⇥ Fn�k)0 �H⇤(T k ⇥ Fn�k)0
� d⇤�⇤+1(T k ⇥ Fn�k)0.

(5.2)

In the same way, we obtain the Hodge decomposition ofQ⇤ := �(Fn�k)00

Q⇤ = dQ⇤�1 �H⇤(Fn�k)00 � d⇤Q⇤+1. (5.3)

Furthermore, since all ↵k 2 3⇤H1(T k) are parallel, we have for �l 2 Q⇤: ⇤(↵k ^
�l) = ±(⇤T k↵

k) ^ (⇤Fn�k�
l) 2 A⇤, whence d(↵k ^ �l) = ±↵k ^ d�l and

d⇤(↵k ^ �l) = ±↵k ^ d⇤�l . Thus, (5.3) induces a Hodge decomposition of
A⇤ := 3⇤H1(T k) ^Q⇤ ⇠= Q⇤[t1, . . . , tk]

A⇤ = dA⇤�1 � (3⇤H1(T k) ^H⇤(Fn�k)00)� d⇤A⇤+1, (5.4)

and the 0-invariant harmonic forms of the product metric on T k ⇥ Fn�k decom-
pose as

H⇤(T k ⇥ Fn�k)0 =
⇣
H⇤(T k) ^H⇤(Fn�k)

⌘0
= 3⇤H1(T k) ^H⇤(Fn�k)00,
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which thus coincides with the space of harmonic forms in A⇤ by (5.4). There-
fore, the inclusion A⇤ ,! �⇤(T k ⇥ Fn�k)0 is a quasi-isomorphism, and
⇡⇤ : �⇤(Mn) ! �⇤(T k ⇥ Fn�k)0 is an isomorphism, whence �⇤(Mn) is quasi-
isomorphic toA⇤ as claimed.

By the Künneth formula, dim H1(A⇤)=k+dim H1(Q⇤), and as dim H1(A⇤) =
b1(Mn) = k, it follows that H1(Q⇤) = 0, i.e., Q⇤ is a simply connected (n � k)-
dimensional Poincaré algebra as asserted.

If n � b1(M)  6, then Q⇤ in Proposition 5.3 is formal by Corollary 3.11,
whence so isQ⇤[t1, . . . , tk] by the same argument as in the proof of Corollary 4.14.
Since this in turn is equivalent to �⇤(Mn) by Proposition 5.3, we immediately
obtain the following.

Corollary 5.4. Let (Mn, g) be a closed orientable Riemannian manifold, and sup-
pose that all harmonic 1-forms are parallel. If n� b1(Mn)  6, then Mn is formal.
In particular, any G2-manifold with b1(M) > 0 (i.e., with holonomy strictly con-
tained in G2) and any Spin(7)-manifold with b1(M) > 1 is formal.

Corollary 5.5. Let (Mn, g) be a closed oriented n-dimensional Riemannian man-
ifold such that all harmonic 1-forms are parallel. Consider cohomology group
H⇤(M, R).

(1) If n  6, then the Massey product of any Massey triple vanishes;
(2) If n = 7, then the Massey product vanishes for every Massey triple of degree

6= (2, 2, 2);
(3) If n = 8, then the Massey product vanishes for every Massey triple of degree

/2 {(2, 2, 2), (2, 2, 3), (2, 3, 2), (3, 2, 2)}.

Proof. Assume that (Mn, g) satisfies the condition of Corollary 5.5. By Proposi-
tion 5.3 the DGCA�⇤(M) is equivalent toQ⇤[t1, . . . , tk], k = b1(M), for a simply
connected Poincaré DGCAQ⇤ of Hodge type. Then apply Corollary 4.14.

Remark 5.6. Corollary 5.5 covers G2- and Spin(7)-manifolds as these are Ricci-
flat and hence have parallel harmonic 1-forms. Corollary 5.5 (2) for G2-manifolds
was first proved by [8, Theorem 4.15].

Appendix A. Massey products

Let A⇤ be a DGCA and set H⇤ = H⇤(A⇤). For x1, · · · , xl 2 H⇤, define the lth
order Massey product hx1, · · · xli, which is a subset of H

Pl
i=1 |xi |+2�l , for l � 3 as

follows.
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Definition A.1. A set {ai j }1i jl,(i, j)6=(1,l) ✓ A⇤ is called a defining system for
the lth order Massey product hx1, · · · xli if

• For 1  i  l, aii represents xi ;
• For 1  i < j  l with (i, j) 6= (1, l),

d(ai j ) =
j�1X

k=i
āikak+1, j , (A.1)

where āik = (�1)|aik |aik . Then we have the cocycle

↵{ai j } =
l�1X

k=1
ā1kak+1,l .

The l-th order Massey product hx1, · · · xli is defined by

hx1, · · · xli =
�⇥
↵{ai j }

⇤
| {ai j } is a defining system

 
✓ H

Pl
i=1 |xi |+2�l .

The Massey product hx1, · · · , xli is said to be trivial if it contains 0.
Definition A.2. A Massey l-tuple (of A⇤) is an l-tuple (x1, · · · , xl) of cohomol-
ogy classes such that hx1, · · · , xli 6= ;. We call (|x1|, · · · , |xl |) the degree of
(x1, · · · , xl).

Lemma A.3. Let (x1, · · · , xl) be a Massey l-tuple for l � 3. Then the lth order
Massey product hx1, · · · , xli is trivial if one of the following holds:

(1) We have xp = 0 for some p;
(2) A DGCAA⇤ is connected and |xp| = 0 for some p;

(3) ADGCAA⇤ is a connected Poincaré DGCA of degree n and
lP

i=1
|xi |+2�l=n.

Proof. By [20, (2.3)], we have chx1, · · · , xli⇢hx1, · · · , cxp, · · · , xli for any c2F.
Then (1) is immediate.

Next, we show (2). AsA⇤ is connected, the product in cohomology H0(A⇤)⌦
Hk(A⇤) ! Hk(A⇤) is the multiplication by scalars on Hk(A⇤) by Remark 2.7.
We also have xp�1 · xp = xp · xp+1 = 0 by (A.1). Then we see that xp = 0 or
xp�1 = xp+1 = 0. Hence (2) follows from (1).

Finally, we prove (3). Fix a defining system {ai j }. As a2l does not appear in
the right hand side of (A.1), {ai j + �i2� jl� } for any cocycle � 2 A|a2l | is also a
defining system. As [a11] = x1, we see that

hx1, · · · , xli � ↵{ai j } + x1 · H
Pl

i=2 |xi |+2�l = ↵{ai j } + x1 · Hn�|x1|.

When x1 = 0, hx1, · · · , xli is trivial by (1). When x1 6= 0, we have x1 ·Hn�|x1| 6= 0
by the non-degeneracy of h�,�i defined in Definition 2.1 (1). This implies that
x1 · Hn�|x1| = Hn as dim Hn = 1, and hence hx1, · · · , xli = Hn 3 0.
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Proposition A.4. Let A⇤ be an (r � 1)-connected (r > 1) Poincaré DGCA of
degree n. For l � 3, the following holds:

(1) If n  r(l+1)+ (1� l), the l 0 th order Massey product of any Massey l 0-tuple
is trivial for any l 0 � l;

(2) If n = r(l + 1) + (2 � l) + q for q � 0, then the lth order Massey product
is trivial for every Massey l-tuple of degree 62 {(r + a1, · · · , r + al) | ai �
0, 0 

Pl
i=1 ai  q}.

Proof. Let (x1, · · · .xl) be a Massey l-tuple. By Lemma A.3, we must have

|xi | � r for any i, and
lX

i=1
|xi | + 2� l  n � r (A.2)

so that hx1, · · · , xli is nontrivial because Hk = 0 for 1  k  r � 1, n � r + 1 
k  n � 1 and k � n + 1. In particular, we must have

rl + 2� l  n � r () n � r(l + 1) + (2� l),

which proves (1). Next, we prove (2). By the first equation of (A.2), we must have
|xi | = r + ai for ai � 0. Then the second equation becomes

rl +
lX

i=1
ai + 2� l  rl + (2� l) + q () 0 

lX

i=1
ai  q,

which proves (2).

The following is immediate from Proposition A.4.

Corollary A.5. LetA⇤ be an (r �1)-connected (r > 1) Poincaré DGCA of degree
n. If n  4r � 2, all of the Massey products are trivial. If n  5r � 3, all of the l th
order Massey products are trivial for l � 4.

Note that we obtain Corollary 4.13 also from Proposition A.4.
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[9] D. CROWLEY and J. NORDSTRÖM, The rational homotopy type of (n�1)-connected man-
ifolds of dimension up to 5n � 3, J. Topol. 13 (2020), 539–575.

[10] P. DELIGNE, P. GRIFFITHS, J. MORGAN and D. SULLIVAN, Real homotopy theory of
Kähler manifolds, Invent. Math. 29 (1975), 245–274.

[11] P. HAJEK, Twisted IBL1-algebra and string topology: First look and examples,
arXiv:1811.0528.

[12] D. K. HARRISON, Commutative algebras and cohomology, Trans. Amer. Math. Soc. 104
(1962), 191–204.

[13] T. V. KADEISHVILI, On the theory of homology of fiber spaces, In: “International Topology
Conference” (Moscow State Univ., Moscow, 1979), Uspekhi Mat. Nauk 35 (1980), 183–
188.

[14] T. V. KADEISHVILI, Structure of A(1)-algebra and Hochschild and Harrison cohomol-
ogy, Trudy Tbiliss. Mat. Inst. Razmadze Akad. Nauk Gruzin. SSR 91 (1988), 19–27.

[15] T. V. KADEISHVILI, Cohomology C1-algebra and rational homotopy type, In: “Algebraic
Topology, Old and New”, Banach Center Publ., Vol. 85, Polish Acad. Sci. Inst. Math.,
Warsaw, 2009, 225-240.

[16] D. KALEDIN, Some remarks on formality in families, Mosc. Math. J. 7 (2007), 643–652.
[17] M. KONTSEVICH, Feynman diagrams and low dimensional topology, In: “First European

Congr. Math.”, Vol. II (Paris 1992), Progr. Math., Vol. 120, Birkhäuser, Basel, 1994, 97–121.
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