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The vortex-wave system with gyroscopic effects

CHRISTOPHE LACAVE AND EVELYNE MIOT

Abstract. In this paper, we study the well-posedness for a coupled PDE/ODE
system describing the interaction of several massive point vortices moving within
a vorticity background in a 2D ideal incompressible fluid. The points are driven
by the velocity induced by the background vorticity, by the other vortices, and by
a Kutta-Joukowski-type lift force creating an additional gyroscopic effect. This
system reduces to the so-called vortex-wave system, introduced by Marchioro and
Pulvirenti [13,14], when the point vortices are massless.

On the one hand, we establish existence of a weak solution before the first
collision. We show moreover that the background vorticity is transported by the
flow associated to the total velocity field. On the other hand, we establish unique-
ness in the case where the vorticity is initially constant in a neighborhood of the
point vortices. When all the densities of the point vortices have the same sign, no
collision occurs in finite time and our results are then global in time. Our proofs
strongly rely on the definition of a suitable energy functional.

Mathematics Subject Classification (2010): 35Q35 (primary); 76B03 (sec-
ondary).

1. Introduction

The purpose of this article is to investigate the well-posedness of the following

PDE/ODE system:

orw + diV(va)) =0
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where
w:[0,T]xR* >R, hi:[0,T] > R*fork=1,...,N,

and where
(mg, vi) GR: xRfork=1,...,N.

We supplement (1.1) with the initial conditions

w(0,) =wg € L°°(]R2) compactly supported in some B(0, Ryp),

(hg, hk)(O) = (hk,O, Zk,O) fork=1,..., N, with hk,O distincts. (12
System (1.1) for N = 1 was derived by Glass, Lacave and Sueur [7] as an asymp-
totical system for the dynamics of a body immersed in a 2D perfect incompress-
ible fluid, when the size of the body vanishes whereas the mass is assumed to
be constant. The position of the body at time ¢ is represented by the position
h(t), the fluid is described by its divergence-free velocity u(¢, x) and vorticity
w(t, x) = curlu(z, x). Under suitable decay assumptions, the divergence free con-
dition enables to recover the velocity explicitly in terms of the vorticity by the Biot-
Savart law [14]: u = x+ / (27|x)?) * w. The quantities m and y are reminiscent of
the mass of the body and of the circulation of the velocity around the body, respec-
tively. The second order differential equation verified by # means that the body is
accelerated by a force that is orthogonal to the difference between the body speed
and the fluid velocity at this point. This gyroscopic force is similar to the well-
known Kutta-Joukowski-type lift force revealed in the case of a single body in an
irrotational unbounded flow, see for instance [10, 14,20]. Therefore, a byproduct
of [7] is the existence of a global weak solution of (1.1) when N = 1.

In the case N > 1, it is not known whether the previous convergence result
holds. The main goal of this paper is to establish the existence and the uniqueness
(under an additional assumption on the initial data, see below) of solutions for any
N > 1. In particular, we will prove that the trajectories of the points /& never collide
if all the circulations y, have the same sign. Such a result is important for example
to justify the 2D spray inviscid model established by Moussa and Sueur [16], which
was derived as a mean-field limit N — oo of (1.1). We refer to that article for a
comparison of the recent spray models introduced in the literature.

Before giving the precise statements of our theorems, we mention that (1.1)
reduces to the so-called vortex-wave system when setting m; = 0:

0w + div(vw) =0
Yy (x =)t 1 xt

VUt Lo o TR KOS REE s
i (hi —hj)*
hi = u(t, h Vi) gk =1,...,N.
k= u( kHZZn e "
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And indeed, for N = 1, Glass, Lacave and Sueur showed in [8] that the asymptoti-
cal dynamics of a small solid with vanishing mass evolving in a 2D incompressible
fluid is governed by the vortex-wave system. The vortex-wave system was previ-
ously derived by Marchioro and Pulvirenti [13,14] to describe the interaction of a
background vorticity w interacting with one or several point vortices iy with circu-
lations yy. Very recently, Nguyen and Nguyen have also justified the vortex-wave
system as the inviscid limit of the Navier-Stokes equations [17]. For System (1.3),
existence of a weak solution (according to Definition 1.1 below) is proved up to
the first collision time between the vortex trajectories. Concerning uniqueness, it is
open in general, and it holds in the particular case when the vorticity w is initially
constant near the point vortices (namely the condition appearing in Theorem 1.5
below), as suggested in [13,14] and proved in [9,15]. It is also proved in [13] that if
all the y; have the same sign then no collision occurs in finite time therefore global
existence holds.

As for the spray model, these results are the first key to get a time of existence
that is independent of NV, in order to consider the homogenized limit (or mean-field
limit) N — oo, for instance, used by Schochet [18] to justify the vortex method
in R?. The main goal of this paper is to establish the corresponding existence and
uniqueness results for the vortex-wave system with gyroscopic effects (1.1). From
now on we will refer to the points 4 in (1.1) as “massive” point vortices.

Main results

The first part of our analysis focuses on the existence issue for (1.1).

Definition 1.1. Let 7 > 0. We say that (w, {ht}1<k<n) 1s a weak solution of (1.1)
on [0, T'], with initial data given by (1.2), if:

e we L®(0,T], L' n L®(R?) N C([0, T], LX(R?) — w*), hy € C*([0, T])
fork=1,...,N;

e The PDE in (1.1) is satisfied in the sense of distributions, and the ODEs in (1.1)
are satisfied in the classical sense.

Theorem 1.2. Let wy and ({hi 0}, {€k,0)}) be as in (1.2). There exists T, > 0 such
that for any T € (0, Ty), there exists a weak solution (w, {h}) to (1.1) on [0, T].
Moreover, if we assume that yi have the same sign for all k = 1,..., N, then
Ty = +00.

Remark. The maximal time 7 such that Theorem 1.2 holds corresponds to the first
collision between some of the massive points, and we will prove that no collision
occurs in finite time if all the 4 have the same sign.

Remark. If the initial vorticity wo was only assumed to be in L (R?) for some
p > 2, then one could still prove (global if all y; have the same sign) existence of a
weak solution to (1.1) such that @ € L°°(L”). However in this case no uniqueness
result is known.
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As already said, the same existence result is known to hold for the vortex-wave
system (1.3), see [13]. The proof of Theorem 1.2, given in Section 2, follows the
same method as in [13], namely passing to the limit in an iterative scheme after
establishing uniform estimates on the solution (w,, {h« »}). To do so, we introduce
a functional H,, in (2.9). This functional is well-adapted to System (1.1) because it
controls both the minimal distance between the vortex trajectories and the veloci-
ties; moreover, it can be shown that its time derivative is uniformly bounded. Except
for the estimates we perform for this new functional H,,, the proof of Theorem 1.2
is quite straightforward and is not the main point of this paper.

Our next result is that any weak solution as in Theorem 1.2 is actually trans-
ported by the regular Lagrangian flow relative to the total velocity field. We refer to
the recent papers [1-4] for the subsequent definition of regular Lagrangian flow:

Definition 1.3. Let 7 > O and let v € L] ([0, T] x R?). We say that X : [0, T] x

loc
R? — R? is a regular Lagrangian flow relative to v if:

e Fora. e x € R2, the map ¢ — X (¢, x) is an absolutely continuous solution to the
ODE 4 X (t,x) = v, X(#, x)) with X(0, x) = x, i.e., a continuous function
Verlfymg X, x)=x+ fo v(s, X(s,x))ds forallt € [0, T];

e There exists a constant L > 0 independent of # such that

L2(X(t,)7"(A) < LL*(A), Vi €[0,T], VA Borel set of R?,
where £? is the Lebesgue measure on R?.

Such a definition is intended to generalize the classical notion of flow associated to
smooth vector fields. It was proved by Ambrosio [1] that such flow exists and is
unique under BV space regularity for the vector field. In [4,9], a similar result was
established for vector fields composed of a smooth part and of a part with a specific
localized singularity that is explicit. In the present setting, where the total velocity
field in (1.1) contains singularities created by the point vortices, we will rely on
those last results to establish the following general result.

Theorem 1.4. Let {hi} be any given maps belonging to W>>°([0, T1; R?) without
collision:

he(t) — h (¢ 0.
2‘22@“&“ lhe(t) —hp()] = p >

For wy € LSO(RZ), let w be a weak solution on [0, T (in the sense of Definition 1.1)
to
orw + div(vw) =0
N 1 1
vk (x — hg) 1 x (14)
v=uty " u=K=xo K(x):EW,

such that w(0, ) = wqg. Then, there exists a unique regular Lagrangian flow X
relative to the total velocity field v and w is transported by this flow:

w(t, ) = X(t, )pwo.
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Moreover, the vorticity w(t, -) is compactly supported in B(0, Rt) forallt € [0, T],
where Rt depends on T, on || hi| Lo q0,17) and on the initial data.
Furthermore, we have the additional non collision information:

forae.x e R?, X(t,x) #hi(t), Vte[0,T], Vk=1,...,N.
Finally, if we assume
wo =ar on B(hg(0),8) Ve=1,...,N (1.5)

for some o € R and 8y > 0, there exists a positive § depending only on T, &y,
llwoll oo, 1k |l yw2.00 g0, 77) @nd Ro, such that

w(t, ) =ar onBhi(),5), Vtel0,T].

We emphasize that Theorem 1.4 does not rely on the equation verified by the point
vortices and thus it holds not only for (1.1) but also for any system (1.4).
We finally turn to the uniqueness issue of (1.2).

Theorem 1.5. Let wo and ({hi 0}, {£k.0)}) be as in (1.2). Assume moreover that
wp =0a on B(hgo,8), Yk=1,...,N

for some ay € R and 8y > 0. Then for any T > 0, there exists at most one weak
solution (w, {ht}) to (1.1) on [0, T'] with this initial condition.

The proof of Theorem 1.5 is a straightforward adaptation of the uniqueness proof
given for the vortex-wave system in [9] when the vorticity is constant for all time in
the neighborhood of the point vortices. Hence the main difficulty in order to prove
uniqueness under Assumption (1.5) is to prove the last point of Theorem 1.4.

Theorem 1.5 together with Theorem 1.2 thus implies global existence and
uniqueness if all the y; have the same sign, and existence and uniqueness up to
the first collision otherwise.

The plan of this paper is as follows. In the next section, we prove Theorem 1.2
after collecting a few well-known properties. Then in Section 3 we establish Theo-
rem 1.4. Finally, in Section 4 we show how it implies Theorem 1.5 by adapting the
arguments of [9,15]. For simplicity we focus for this on the case of one point, but
the case of N > 1 points is similar. The last section is devoted to some additional
properties satisfied by solutions of System (1.1).

With respect to the above-mentioned previous works, the main novelty for the
proofs here is the use of a new local energy functional

N . .
Fe@) = Y 221X (12) = hy 0] + 9t X (1) + (X (L0 hED) - (16)
j=1

defined as long as X (¢, x) # h;(t), where ¢ is the stream function associated to u
(namely u = VJ-(p, see (2.2)). It turns out that the two last terms in the definition
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(1.6) are uniformly bounded. Hence controlling the distances between the fluid
particles and the massive point vortices (thus controlling the behavior of w (¢, -) near
those points) is made possible by proving that Fj(¢) is bounded. In the case of one
point vortex, the following formal computation on the derivative of F(¢) := Fi(¢)
shows that the most singular terms cancel, which motivates our definition (1 o)L

F/_<V X—nh

“\27 (X — 2
+ 30, X) + (X, Vo(t, X)) + (X, hT) + (X, ht)

ut, X)+yK(X —h) — iz>

v X=h o — i)+ 0. X)
=N\ ull, - )
2 X — i i

— (X, ut(r, X)) + (X, Bty + (X, k).

Since X —h

4 - oL 1

— =X t, X),

27 |X — h|? +u e, X)
we observe that the singular terms in the previous expression actually cancel. Fi-
nally, we get

F'(t) = —(ut@t, X), h) + 9,0, X) + (X, hb).

Thus it only remains to notice that this expression only involves bounded terms so
that |F'(z)] < C on [0, T], as wanted. The rigorous proof of this bound for several
points will be established in Proposition 3.3.

Notations. From now on C will refer to a constant depending only on 7', on p, on
17l W2.%([0,T1) > and on the initial data (Ro, mg, Yk, hk,0, £k.0 and ||wol| L), but not
on Jg. It will possibly changing value from one line to another.

ACKNOWLEDGEMENTS. Both authors warmly thank Olivier Glass and Franck
Sueur for interesting discussions. They also warmly thank the anonymous referee
for suggesting a simplification of the proof of Proposition 3.1, which appears in the
present paper.

2. Proof of Theorem 1.2

2.1. Some general regularity properties

We start with the following well-known property, see [14, Appendix 2.3] for in-
stance.

L We set X = X (t,x) and h = h(t) for more clarity.
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Proposition 2.1. Ler @ € L®([0, T], L' N L®[R?)). Let U = K * Q. Then we

have
1/2 172

10N~ < ClIy2 12l

Moreover, U is log-Lipschitz uniformly in time:

NUCG,x) = UG Wleeo,r) < CUSLI Looinzeey) |x — yI(1T 4 [In|x = y]]),
Y(x,y) € R? x R2.

We also have the Calderén-Zygmund inequality [19, Chapter II, Theorem 3]

Proposition 2.2. There exists C such that for all p > 2
VU@, )lir < Cpl2(#, )ller  forallt €0, T].
In particular, it follows that any such velocity field satisfies

U e L¥([0, T] x R%)) N L®([0, T1, W (R?)), div(U) =0. 2.1

2.2. Some basic properties for weak solutions of (1.1)-(1.2)

In all this paragraph, (w, {hr}) denotes a weak solution of (1.1)-(1.2) on [0, T],
so that in particular u satisfies Proposition 2.1 and the regularity property (2.1).
We assume moreover that w(t, -) is compactly supported in some B(0, R) for all
tel0,T].

We introduce the stream function

1
@(t, x) = 7 / In|x — ylw(, y)dy, (2.2)
T JR2

so that
u(t,x) = VJ‘gp(t, x).

For the subsequent computations, in order to make the arguments rigorous, we in-
troduce a regularized version of the stream function: for & > 0 and In,; a smooth
function coinciding with In on [e, +00) and satisfying | In(r)| < C/e forallr > 0,
we set

1
svg(t,x):—z /hlslx—ylw(t,y)dy- (2.3)
T JR2

Note that by assumption on the support of w(z, -) the following estimate holds
for ¢g:
lge (2, x)| < CIn(2 + |x]), 24

with C also independent of ¢.
The following bound will be useful in order to establish a bound on the local
energies in Proposition 3.3:
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Proposition 2.3. There exists Cr depending only on R, |||, ||hk|l Lo, and the
initial data, such that
10:@ellLe < Cr.

Proof. Using the weak formulation for w in (1.1), we have

atwé‘(th)

1 _ N
=5 fR2 Ing (Ix — yD) y—x (u(l‘,y) + ZykK(y —hk(t))) w(t,y)dy,

|y - x| k=1
therefore

lw(t, y)I
2 |x =yl

+Cif x =) (v — b ()t
=1 /R?

lx — yI2ly — he (1) 2
By the estimates (1.39) to (1.43) in [12], there exists a constant C depending only
on R,on ||wl|/r~,and on ||ag| z, such that

19 e (1, )] <Cllull 1 / dy
R

w(t, y)’ dy.

[0: e (2, x)| < Cg.
The conclusion follows. O

In the previous computation, we needed the smoothness of In, in order to use the
weak formulation for w. This explains why we have to replace ¢ in the definition
of Fi (1.6) by ¢ (see (3.5)) when we compute the derivative.

In the following proposition we state that V¢, approaches uniformly V.

Proposition 2.4. We have
VJ_(pS =u + RSa

where R satisfies
[RellLe < eCllwllpoe.

Proof. We have
1
X —
V5 (t, x) =u(t,X)+/ %(
r2 |x =yl

=u(t,x)+ R (t, x),

lx — ylIn |x — y| — 1) (z, y) dy

where

Re(t, )] < C/ ot M dy < Cllo, )l i~e. .

ly—x|<e X — ¥l
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2.3. Proof of Theorem 1.2

The proof of Theorem 1.2 is divided into two steps.

Step 1: iterative scheme. Let p € (0, ming, |hx 0 — hpol) which will be fixed
later. We consider the following iterative scheme: for n € N*, given

wp—1 € L™([0, T, 1], L' N LY (R?)),
and given N trajectories hy ,—1 in C2([0, T,_1]) such that

min  min | ,—1() — hp 1) > 0,
ze[o,Tn,l]k;ﬁp' kn=1(1) = hpn—1(0)]

for some 7,,_1 > 0, we set
Up—1 = K * wp—1,

having in mind to solve the linear PDE

N — — \ —
- ‘}/k ( hk n l(t)) w
X s =
(‘)t(l)n b le (”n—l 2; Z]‘[ |x — ]’lk,n—l(t)| )

2.5)
wp(0) = wo,

and the non linear system of ODEs: fork =1,..., N,

h ; i (Mien —hjn N\
hk,n(t) = n)’/l_i <hk,n(t) —up—1(t, hk,n(t)) _; ;/_7{[ (|hl:¢ n((tt)) _ hJ]n((tt)))|2> (26)
K , ,

(hie,n (0), hn(0)) = (k0. Lr0),
on [0, T,,], where T,, € (0, T,,—1] will be chosen such that

in min g, (t) — hp ()] = p. 2.7
te%}l;n]ir;énp” k(1) p,n( ) =p 2.7)

For n = 0 we take wp and (o, £x,0) as data (with Tp = +00).

Proposition 2.5. For all n € N, there exist T, € (0, T,—1] and a unique weak
solution w, to (2.5) and {h ,} to (2.6) on [0, T,,] such that (2.7) is satisfied.
Moreover,

lwn(t, M piare < lwollpinpe YVt € [0, Tyl

(Lnd there exists T depending only on p, hi o, £x.0, Ro and ||wo|| o such that T,, >
T foralln.

Finally, if all the yx have the same sign, then for any T > 0, one can choose
p depending on T (and on hy o, Lx0 and ||woll Lo, Ro) such that T, = T for all
n € N.
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Proof. Given (w,—1, {hk n—1}) satisfying the bound of Proposition 2.5, we solve
the linear transport equation (2.5) with initial data wgp and velocity field given by

Vi (&6 = b1 ()"
27 |x — by uo1 ()

N
V1 (6, X) = up 1 (8, X) + Y
k=1

The existence of such a weak solution w, € L>®([0, T,—1], L' N L°(R?)) follows
from classical arguments on linear transport equation. For the uniqueness issue,
we refer to Lemma A.1 (derived from [15, Chapter 1]), which proves that any field
v,—1 given as above, with u,_ satisfying the regularity property (2.1) and with the
maps hy ,—1 Lipschitz continuous and not intersecting on [0, 7,,—1], has the renor-
malization property (see [5, Definition 1.5] for the definition of renormalization).
By the usual arguments for linear transport equations, see [6], uniqueness therefore
holds in L>([0, T,_1], L' N L (IR?)) for the linear transport equation associated
to v,—1.

Moreover, it follows from Corollary A.2 in the Appendix that the norms
llwn (2, -)||Lr are constant in time for all p, therefore we get the desired bound for
lwn |l 1~z - Recalling Proposition 2.1, it follows that |ju, ||~ < C. Furthermore,
the weak time continuity for w, established in [9, Proposition 4.1] (see also [15])
implies that u,, is uniformly continuous in space-time.

Next, in view of the almost-Lipschitz property and the time regularity for u,_,
Osgood’s lemma ensures that there exists a unique solution {/_,} to (2.6) on some
maximal open interval I, C [0, T,,—] such that

min |hy ,(t) — hp(H)] >0, Vtel,.
ks#p

We consider then 7,, < 7,1 such that [0, T;) C I, and T, is the largest time for
which (2.7) holds:

minlhk,n(t) - hp,n(t)| >p, Vtell,T,).
k#p

Taking the scalar product of (2.6) with /i ,(r) and using Proposition 2.1 and the
lower bound (2.7), we get on [0, T,]:

dlhn (1)
my———————

o < Clhgn (@) < Clhg () + 1

hence we deduce by Gronwall that
en (] < C - on [0, min(T,, DI, (2.8)

(where we emphasize that C depends on p), so

ming.p |hgo — hpol — ,0>

T, > T := min (1, C
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It remains to study the case where all y; have the same sign (say positive),
where we have to derive an inequality like (2.8) which is independent of p. We fix
T > 0 and we assume that 7,,_1 = T. We want to show that 7,, = T'. In the sequel
of this proof, C depends only on the initial data and 7'. We seek for a uniform lower
bound for the distances |hy , — hp, | and for a uniform upper bound for |h ,| on
[0, T;,). To this aim, we introduce the quantity

ViVk
Ha0) =3 =0k jn(®) = hin(®)] —Zmuhkn(m (29)
J#k
defined on [0, 7,,]. As we shall see below, bounding |H,,| uniformly with respect

to n allows to obtain the desired bounds on |fzk, n|land on |hy , — hp »|. In order to
obtain a suitable estimate on |H,|, we compute the time derivative:

. YiYk  : hi.n h]l’l
Hn = —(hk,n_ ]n) ﬁ_zzmkhkn'h k,n
o ien — B jnl
—Zihk . sz . o = hjn — myhy
- s N/
k=1 j#k 2 |hkn_h] n|2

where we have exchanged j and k in order to pass from the first line to the second
one. Thus by (2.6), it only remains:

N
Ha(t) =2 yihicn(t) - un—1(t, b n ()"
k=1

Using the bound ||u,,—1]lcc < C we get

Ha ()] < C thk a(@)]. (2.10)

k=1

On the other hand, we notice that for all k, for all # € [0, T,,], using that In |x — y| <

|x| + |y| we have
1/2
y]|hj n(t)|)

>

; 1/2
<CIH, ()] +C Z |h]n(0>|+Zyjf |h,n<r>|dr)

i

V()] <CIHu (0] + C

<CIH, 0?4+ C

12
|hJO|+maxmaX |hkn|> s
[0,T,]
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hence

max max |hk,n| <C max |H,|"/? + C\/l + max max |fzk,,,|
k 0,T,] k [0,T,]

[5’1] »4n

maxy max h
<C max Ho |1/ + C 4+ —2F ;&ml k,n|’

where we have used that C+/1 4+ a < Cv/2 4+ C2? + a/2 for a > 0. Therefore

172
m]?x mz}x |hk 2l <C max |H |"/“ 4+ C. 2.11)

sdn

Inserting (2.11) in (2.10) we also obtain

max |H,| <C (1 + max |H,,|1/2> :
(0,71 [0,7,]
therefore we get .
max [Hn| < and max |[H,| <C
[0,T] [0,7,]

Coming back to (2.11), it follows that

max max lhial <C, (2.12)

sdn

so that
max max |h ,| < C
k [0,7,]
Finally, by the definition of H,,(¢) and by the previous bounds, using again that
In|x — y| < |x| + [y| we have for all j # k:

N
yiven|hja(t) = hia] = =22 Ha @ = > vpve (Ihpa @] + 1hea()])
p.l=1

> _Ca

which means that there exists p > 0 depending only on 7 and the initial data such
that

min 1j,0(6) = hin (O] > p > 0, Vr € [0, min(Ty, T).

J

Choosing this p from the beginning, we conclude that 7,, = T, and that the propo-
sition is proved. O

Step 2: Passing to the limit. We only sketch the subsequent arguments. By the
previous estimates, extracting if necessary, we find that {w; },en converges to some
w in L™ weak-% on [0, T] x R%. Moreover, setting u = K * w, we infer that
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{un}nen converges to u locally uniformly on [0, T] x R? (see for instance [7, Sect.
6.1]). On the other hand, the bounds (2.7)-(2.8) (or (2.12)) imply that each sequence
{hk.n}nen is uniformly bounded on [0, T']. By Ascoli’s theorem, extracting again
if necessary, we_ obtain that each {(hk », ik n)}nen converges uniformly to some
(hg, fzk) on [0, T'], and passing to the limit in (2.6), we see that the points {h;}
satisfy the desired system of ODE in (1.1). Note that in particular that they satisfy

maxmax |hy| < C, minmin|h; —hg| =2 p >0 (2.13)
k10,T] J#k [0,T]
and )
max max || < C. (2.14)
k 10.1]

Finally, coming back to (2.5), we can pass to the limit exploiting the previous types
of convergence to show that w is a weak solution of the first PDE in (1.1) on [0, T'].

Iterating this construction we reach existence up to the first time of collisions.
It all the circulations have the same sign, we take T > 0, and we can replace
T by T in all the arguments above since for all n we have a solution w, and {h; ,}
on [0, T, = T]. This shows that no collision occurs in finite time.

3. Proof of Theorem 1.4

In all this section, w denotes any weak solution of (1.4) on [0, T'], where {h} are
given trajectories belonging in W2°([0, T']). We assume the analog initial condi-
tion as (1.2):

w(0,) =wy € LOO(RZ) compactly supported in some B(0, Ryp). 3.1
‘We assume that no collision occurs, i.e.,

i in|hg(t) — h,(t)] > 32
tef?ol,f}]g2|k() O =p (3.2)

for some p > 0. The purpose of this section is to show Theorem 1.4. We emphasize
that the proof does not use the dynamics of {/y}.
3.1. Regular Lagrangian flow

We show here that there exists a unique regular Lagrangian flow as defined in Defi-
nition 1.1.

Recall the general following abstract result by Ambrosio [1, Theorems 3.3 and
3.5]. Given a vector field v in Llloc([O, T] x Rd), if existence and uniqueness for
the continuity equation

o+ divivw) =0, ®(0,)=wpe L' NL>®
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hold in L>°([0, T, L' N L*°) then the regular Lagrangian flow X for v exists and
is unique, and the unique solution is then given by w (¢, -) = X (¢, -)gwo.

In order to apply this result to the present setting, we introduce the divergence-

free field
N

v(t, x) = u(t,x) + Y yKx —hj@)). (3.3)
j=1

By Corollary A.2 in the Appendix, the transport equation associated to v admits a
unique solution (which is renormalized by Lemma A.1: for any continuous function
B growing not too fast at infinity, the function S(w) is also a solution). Therefore
Ambrosio’s result yields the existence and uniqueness of the regular Lagrangian
flow X associated to v, and we have w(¢, ) = X(¢, -)#gwp. This proves the first
claim of Theorem 1 4.

Again by Corollary A.2, the renormalization property ensures that
@, Hier = llwollLr, 1< p < o0 (3.4)
We first derive the following property:

Proposition 3.1. There exists C depending only on T, on ||h¢| L (j0,1]) and on the
initial data such that

sup |X(t,x)| < |x|+C, forae. xeR%
tel0,T]

Proof. Let us introduce the set of tubular neighborhoods

N
= J Usm,n,

t€l0,T] k=1

which is bounded set, let say included in a ball B(0, C1). Outside X, the velocity v
is uniformly bounded by C; (see Proposition 2.1).

Therefore, for any x € R2 such that X (-, x) is absolutely continuous on [0, T],
the map + — X (¢, x) starts from x, has a Lipschitz variation outside X and can
evolve with a diverging velocity inside X, but remaining bounded.

Thus, setting C = C1 4 C2T proves the proposition. O

The following corollary gives the second point in Theorem 1.4.

Corollary 3.2. The vorticity w(t, -) is compactly supported for all t € [0, T], with
supp(w(t,-)) C B(0, Rt) for some Rt depending only on the initial data, on
lakll Lo 0,77 and on T .

Proof. We have w(t,-) = X (¢, -)#wo and wyg is compactly supported in B(0, Ryp),
so it follows from Proposition 3.1 that w(z, -) is compactly supported for all 1 €
[0, T'], with supp(w(Z, -)) C B(0, Rt) for Rt = Rg + C (with C given in Propo-
sition 3.1) O
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3.2. Vorticity trajectories

For the third point in Theorem 1.4, we have to show that for almost every x € R2,
we have X (¢, x) % hi(t) forallz € [0, T]and forallk =1,..., N.

For almost every x € R?\ U j{hjo} such that X (-, x) is an absolutely continu-
ous solution on [0, T'] to the ODE with field v defined in (3.3), by time continuity,
there exists 7*(x) such that

min  min |[X(#,x) —hj(t)] > 0.
j tel0.T*(x)] ‘

We may then consider the local microscopic energies near the points hi(¢) on
[0, T*(x)]:

N i .
Fe@) = Y 22X (12) = hy 0] + 9ot X (1)) + (X0 hEDO), (35)
=1

where we recall that ¢, denotes the regularization of the stream function, see (2.3).

On the other hand, the result in [9, Proposition 4.1] states the continuity of u
on [0, T] x RZ2. Therefore, the field v(-, X (-, x)) is continuous on [0, T*(x)]. So
we infer that X (-, x) is differentiable on [0, T*(x)] with j—tX(t, x) =v(, X(t,x)).
This enables to perform the following estimate on the local energies.

Proposition 3.3. We have fort € [0, T*(x)] and forallk =1, ..., N,

FO1 < C(1+ ]+ 61X (0 = ke ™+ D0 1X @2 = By 7).
Jj#k
In the previous statement, C is independent of &, whereas F; depends on ¢.
Proof. In the subsequent proof we set for clarity:
X:X(t7x)v M:M(t,X(t,x)), (pé‘:@é‘(tvx(tvx))7 hk:hk([)v

and we compute on [0, T*(x)]
N N
’_ Vj X_hj -
Jj=1 m=1
+ dpe + (X, Vo) + <X hE) + (X, )

Ny X=hi Spm X —ha)t\ & :
= Z 2’ 2 + 2, —hj
2 |X — hj2’ 4= 27 |X — By y= 271|X h|

+8z<pa (X, Vo) + (X, hib) + (X, ki)
Yk X — hg . Vi X — h .
=\~ _h —7 _h
<27[|X—hk|2 " ">+Z<2n X — 12 i
J#k
+ 3pe + (X, V) + (X, hib) + (X, hib).
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Next, using again that X satisfies the ODE with field v defined in (3.3), we have

X—h . i X—hj
D i e S S (3.6)
27 |X — hy)? S 21X —hyl?

hence we get

. . P X —h; .
F| =(—X* Lou— k) — ﬁij, —h
= +u—,u— hy) ;<27T|X—hj|2 u — hy

vj X —h; . . o )
+Z<ZJJTW _hf>+at¢s+(X,V¢s)+(X,hf;)—{-(x,hkl)
J#k

=(X*, —u+ vi«m — (u™, )

+Z< X h|2,hk—hj>+8,gog+(X,hk).

Hence, plugging the equality V+¢. = u + R, with R, defined in Proposition 2.4,
we have

Fl=(X* Re) — () +

hy — >+ dpe + (X, h).
J#k

<271 X — |2’

By Proposition 2.4 together with (3.4) and (3.6), we have on the one hand

N
< Céllaxll e (Z X — 7"+ ||u||Loo) :

(X4 Re)
j=1

On the other hand, as i € W2, we obtain by Proposition 3.1

|-t hk+z<2n|x h|2,hk—h,->+<x,iié>\

C (Nl + D 1X =y 1™+ 1x] + 1))
J#k

Finally, recalling that ||0;¢.||zo < C by Proposition 2.3 and that ||u]|~ < C by
Proposition 2.1, the conclusion follows. O

Corollary 3.4. For almost every x in R* we can take T*(x) = T, more precisely

min min |X(t,x) —h;(t)| >0, forae xe R2.
j tel0,T]
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Proof. We argue by contradiction, assuming that 7*(x) = T is impossible for some
x € R2\ {hx,0} where the flow exists, so that there existk € {1, ..., N} and T<T
such that liminf, 7 |X (¢, x) —hy(¢)| = 0 and min; minse(o, 7+ | X (¢, x) —h ;i (t)] >
0 forany T* < T. We further set X (1) = X (¢, x). Lett, — T such that | X (1,) —
hi ()| = 0asn — +oo. We recall that p is defined by (3.2). For n sufficiently
large we have |X (t,) — hr(ty)| < p/K, with K > 3 large to be determined later
on. We take ¢, maximal such that on [z,, 7;,) we have |X (1) — hx(t)| < p/3. In
particular, by (3.2), for j # k we have |X(¢) — h;(t)| = 2p/3 on [t,, ). We
assume first that 7, < T then we have |X(t)) — hi(t))| = p/3. We fix n € N. For
all & > 0, by the definition of Fj, we write

e (1X@) = hGDI N v (1X @) = Ryl
(i) = 22 1“(|X(r DG, 5) / File)dr
(3.7)
+ @e(ty, X (1)) — 908(1‘”, X(tn))
+ (X (1), hy () — (X (1), i (1),
so by (2.4), Proposition 3.3 and the previous estimates we get
A
%m (g) <C<l+|x|+e/tn |X(r)—hk(r)|*1df). (3.8)

Letting & — O for fixed n, we find

| K <C
n\ - X )
3

which is a contradiction for K_sufficiently large (depending on x and on the initial
conditions). So we have 7, = T', hence

[ X (@, x) —he(2)| < g and [X(t,x) —h;j()| =2 — on [2, T) 3.9

We have therefore localized the fluid trajectory X (¢) in the neighborhood of one
point vortex trajectory h(t), namely we have proved that if the trajectory goes too
close to A, it stays in a neighborhood of radius p/3. We fix ngp € N sufficiently
large so Lhat |X (tny) — hi(ty,)| < p/K. We come back to (3.7), replacing 7, by any
t € [ty, T), and we apply again Proposition 3.3:

t
10X (1) = B(D)] > 01X (o) — (1) = C 1+ 131 e [ 1X (@) = he(o) ).

Letting ¢ — 0 we find
IX (1) — hic(0)] = 1X (tng) — i (tag)|e=CHD on [2,, T),

which contradicts the fact that liminf, _ # |X (7, x) — hi ()| = 0.
Hence we conclude that 7*(x) = T is possible. O
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Corollary 3.5. For a.e. x € R?, the map X (-, x) is the unique differentiable solu-
tion on [0, T] of the ODE

d N
T =ult,y@) + ) v KO —hj@), v =x,

j=1
such that min; ming 77|y (t) — hj(#)| > 0.

Proof. We gather the already mentioned time continuity of u, the log-Lipschitz
space regularity for u stated in Proposition 2.1, the no collision property of Corol-
lary 3.4, and the fact that K is Lipschitz away from the origin. Invoking Osgood’s
Lemma, we can then conclude. O

We finish this paragraph with an additional estimate on the Lagrangian trajec-
tories, which can be derived easily from the proof of Corollary 3.4.

Proposition 3.6. Let w be any weak solution of (1.4) on [0, T] with initial datum
(3.1), where {hy} are given trajectories in WZ([0, T]) satisfying the no collision
property (3.2). There exist 0 < § < min(p/3,1),0 < §; < 1and0 < §; < 1,
depending only on T, ||h|ly2.00(0.77)> P> Ro and ||woll oo, satisfying the following
property:

Let x € supp(wo) such that min; min,epo, 77 | X (¢, x) — h ()| > 0.

If | X (tg, x) — hi(tg)| < 8 for some ty € [0, T]and k € {1, ..., N}, then

81lx — he(0)] < |X (1, x) — he(1)] < g v € [0, T1.

Ifmin; | X (t9, x) — h(to)| > 8 for some ty € [0, T, then

8y <min|X(t,x) —h;(1)], Viel0,T].
J

Proof. We start with the first estimate. We come back to the proof of Corollary 3.4
above, with 7, replaced by 1, 7, replaced by T. With K > 3 a sufficiently large
number to be chosen, we set § = p/K. By (3.8) we obtain, using that [x| < Ry
since x belongs to supp(wp):

K T
%m <?> < c<1 +e/t0 1X (1) —hk(t)|_1dr>.

Letting ¢ — 0, we find a contradiction if K is sufficiently large (depending only

on 7', ||Akllw2eoqo.77)> Ro and [lapl[z). Hence by the same arguments as those
leading to (3.9) we obtain:

2
X () = O] < £, 1X(0.x) = ()] > 5 for j # ko [10, T1.
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We can invoke the same arguments to obtain the estimates above on [0, 7g]. There-
fore, by Proposition 3.3, this yields:

T
lim/ |F{(t)|dt < C,
e—=0Jo

so that, using again (3.7) with 7, replaced by 0 and 7, by 7, we get

In|X (¢, x) — hig(¢)| 2 In|x — hx(0)] — C on [0, T],
for a constant C, so the first part is proved by setting §; = e €.

We turn now to the second part. Let K > 1 be a number to be determined later
on. Let (71, tz) C (0, T) containing #p and be maximal such that min; | X (, x) —
hj(t)] > 3/1( on (11, tz) If (t1,10) # (0, 7), let k € {1,..., N} such that
|X(tl x) — hig(t))| = 8/K (or | X(t2, x) — hx ()| = 8/K) Repeatmg the first
part C of the proof of Corollary 3.4 with 1, = 1y and th =t (or t, = tp), we find
| In K | < C which is a contradiction provided K is sufficiently large (depending
only on T, ||y lw2.(0.77)> Ro and [Jwo||L>). So, setting 6, = §/K , the conclusion
follows. -

3.3. Decomposition of the vorticity and
reduction to the case of one point vortex

In all this subsection we assume moreover that g is constant in a neighborhood of
{h(0)}, namely that (1.5) holds. The purpose here is to show the last property of
Theorem 1.4: the vorticity remains constant in a neighborhood of each point vortex.
To this aim, we will first reduce the problem to the case of one single point vortex.
In the next subsection, we will then establish the desired property.

Let §, 81 and 6; be the constants introduced in Proposition 3.6. We decompose
wp as

N
wo = Zwo,k + wo,r,
k=1
where
wok = wol pny0),8, k=1,...,N
and

wo, is supported in R? \ U?’:lB(hj(O), ).

By uniqueness of the weak solution to the linear transport equation associated to
the field

N
v(t,x) = u(t,x) + Y y;Kx —hj),

j=1
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(see the Appendix and the beginning of Subsection 3.1), w may then be decomposed
as

N N
o(t,) =) X1, ook + X (1, Vg0, = Yok (t, ) + o0, ).
k=1 k=1

Let Ks = 1/(27) V= Ing, where In, is defined in Subsection 2.2. So Ky is a smooth,
divergence-free map coinciding with K on R?\ B(0, 8) such that || K|z < C5 L.

Letk = 1,..., N. By the first part of Proposition 3.6, by definition of §, we
have

| X (t,x) —hi()| < g vVt €[0,T], forae.x € supp(woi)- (3.10)
Therefore,
. 20
m;lkllX(t,x) —h;(®)| = 3 >§8, Vtel0,T] forae.x € supp(wor)-
j

So by Corollary 3.5, we have
X(t,x) = Xp(t,x), forae.x € supp(wo), (3.11)
where X} is the unique regular Lagrangian flow associated to the field

Vet x) = ut. x) + Y yiKs(x — hj(0) + K (x — he(1)). (3.12)
7k

In particular, ~
wi(t, ) = X(t, Ypwor = Xi(t, )pwo k- (3.13)

We observe here for later use that the same argument applied to w? (noting that it is
also a distributional solution of (1.4) with initial datum a)%) yields

WP (t, ) = X(t, )yl = Xit, Il k=1,...,N. (3.14)

So we are left with the case of a linear transport equation with field v given by the
superposition (3.12) of a regular part

w(t,x) = u(t, x) + Y _yiKs(x —hj(t) (3.15)
j#k

and a singular part generared by only one point vortex:
ViK (x — hi(2)).

The analysis of this case was performed in [4]. It was proved in particular that for all
t € [0, T, the regular Lagrangian flow X} associated to Uy is the limit in LlloC (R?)
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of the sequence )?; n(t, -), where )?; n 1s the flow associated to any regularization
of ?)Jki

1
~ e (= (D)

Ve n(t,x) = ug ,(t, x) + — s

n(t: %) D+ o Ix — he (D)2 +n=2

with uy , a smooth and divergence-free approximation of uy. By Liouville’s theo-
rem, Xy ,(t, -) thus preserves Lebesgue’s measure. Moreover, Proposition 3.1 also
applies to X , (with a constant independent of n). Therefore, passing to the limit,
we conclude that X (¢, -) preserves Lebesgue’s measure:

Xi(t, )pdx = dx, Vi e[0,T]. (3.16)
We next derive a localization property for 5(7< (t,-).

Proposition 3.7. For all R > 0, there exists Cr depending only on R, T,
17l w20 (0,71 P> Ro and ||wo|| 1>, but not on &y, such that
Crlx — he(0)] < |Xi(t, x) — hi (1),
Vit €[0,T), forallx e BO,R)\ {h(©0)}, k=1,...,N.

Remark 3.8. By (3.11) and by Proposition 3.6, we already know that this holds for
a.e. x in supp(wo k).

Proof. As long as E((t, x) # hi(t), we introduce the new energy
Fi(t) = 2—1ank(t,X) — hi ()]
g

+ e (t, Xi (1, X)) + Us (1, Xp(t, %)) + (Xp(t, x), h(0)),

where Vi
J
Ys(t,x) =) oL g lx —hj (o),
J#k
so that
Vst x) =Y yiKs(x — hj()).
Jj#k
Exactly as in the proof of Proposition 3.3, we compute, recalling the definition
(3.15) of uy,

B0 = = (i 0, R, 00, i) + 010 1, Kt 00) + 00951, Kt )
+ (X0, Rett, e, x0) + (X, 0, T 0).

Using the uniform bounds on uy, d; s, h, l%j and Ej for j =1,..., N,and using
the previous bounds for 9;¢, and R, we therefore get for all ¢ > 0

1B ()] < C(1x| + el Xa(t, x) — g™ + 1),
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We may now conclude exactly as in the proof of the first part of Proposition 3.6:
as long as X (¢, x) # hi(t), letting € tend to zero after integrating the inequality
above on [0, t], we get

o (e 2 = )
n
lx — Aol

where C depends on 6, T, ||hk||Wz,OO([O’TD, p and on the initial data. So, setting

S CA A+ [x)),

Cr = e €U+R) the conclusion follows. O

Proposition 3.9. We have
x — hi(0)] < C(IXk(t, x) — hi(D] + 1),
where C depends only on T, ||hi|lw2.c0.77)> £» Ro and |lwol| L, but not on &.

Proof.

DRt x) — )P

dt
= 2(Xk(t, x) — he(0), ug(t, Xe(t, ) + v K (Xe(t, x) = he(0) — hi ()
= 2(Xk(t, %) — he(t), ur(t, Xi (2, %)) — (1))
> 21X (t, x) — b (il Lo + lugllzo),

hence
— | Xr(t,x) — hi(t)] = —C,
”| k(, x) k(@]

so the conclusion follows. O

3.4. The vorticity remains constant in the neighborhood of the point vortices

We finally establish that the vorticity remains constant in a neighborhood of the
point vortices. Let C be the constant of Proposition 3.9. We set

R =2C + |hi (0)],

and we consider the corresponding constant Cg of Proposition 3.7. We may de-
crease g so that
. 2p
max(8g, Crdp) < min (8, 62,1, ?> ,
where we recall § and 6, were found in Proposition 3.6.
We fix ¢t € [0, T]. We claim that

wj(t,y)=0, forae.ye B(hi(t),Crdp), Vj#k. 3.17)
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Indeed, by (3.14), considering the L' function ¢x = 1 g (r).Crsy)» We find

f @5 (t, V)i (y) dy = f wp (e (X (1, X)) dx.
R2 R2

On the other hand, for x € supp(wy, j), we have by (3.10) | X (¢,x) — h;(t)| < p/3
and therefore | X (¢, x) — hi(¢)| > 2p/3 > Cpgrdp. So the right hand side above
vanishes, which establishes (3.17).

Using that 5 > Cgép, by the same arguments as above, the second part of
Proposition 3.6 yields that

N

w(t,y) =0, forae.ye | JBUu(),Crdo). (3.18)
k=1

Finally, we show that
wi(t,y) =ai, forae.y e B(hi(t), Crdop). (3.19)

Indeed, since w; (7, -) = Xi(t, )pwo.k, 0 (t, ) = Xi(t, 4] 1 and Xy (¢, pdx =
dx by (3.13), (3.14) and (3.16), we compute

/ (i (t, y) — )’ (v) dy
RZ
=/ w(t, ) 0 (y) dy—ZOtk/ w2, y)or(y) dy+0t;f/ or(y)dy
R2 R2 R2
= / W () (Xi (1, 1)) dx — 2 / w0,k (V)@ (Xi (1, 1)) dx
R2 R2
+ o} / ok (Xx (2, x)) dx
]R2
_ /R @0k~ o (Ritt, 1) dx

_ /~ (@0, (x) — )? dx.

Xi(t,) ™1 (B(hi (1),CR0))

Now we observe that since Crdp < 1, by Proposition 3.9, we get
X, )7 (B, Crd0)) € Bhi(0),2€) C B, R).

Thus, we are allowed to use Proposition 3.7, and we have for x e)?;( (¢, ) "B (),
CRré0)): -
Crlx — hi(0)| < Xk (7, x) — hie(1)] < CrOo.

We get therefore

/ (@(t,y) — o) o () dy < / (wo(x) — ag)?dx =0,
R2 B(h(0),80)

and the conclusion follows.
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In view of (3.17), (3.18) and (3.19), we finally conclude that

w(t,) =ak, ae.on B(hi(t), Crdp). (3.20)

4. Proof of Theorem 1.5.

Step 1: uniqueness in the case of one point vortex.
We start with the case N = 1. Let (w, h) and (@, h) two solutions of (1.1) with ini-
tial datum (wo, ho, £o) satisfying the assumption of Theorem 1.5. So Theorem 1.4
holds for both solutions: @ and @ remain constant in a neighborhood of the trajec-
tories of 4 and h.

Noting that u — & = K * (w — @) with [(w — @) = 0 and w, @ compactly
supported, we have u —u € L?(R?) (see [11, Proposition 3.3]) and we may consider
the quantity

D(&) = llu(t, ) = @(t, )2 + (D) = ROP + 1h@) =K@, 1 €[0,T).

In what follows we establish a Gronwall inequality for D(¢).

We remark that the only difference between (1.1) and the vortex-wave system
(1.3) is the ODE for the point vortex, since the PDE for the vorticity is the same.
Thus we may directly use the estimates derived for (1.3) in [9, Subsection 3.4] for
the quantity |lu(z, ) — u(z, ~)||iz. More precisely, by the estimate (3.9) in [9] we
have for ¢t € [0, T*) and for all p > 2

t
luete, ) =i, )2, < € /0 (r@ + Vr@fWr@) + pro)' ) d,
where ~
r) = lut, ) =i )2, + ho) = o,
and where

f(@)=rt|Int|.

Here, T* € [0, T] is the largest time such that |h(z) — E(t)l < min(l1, §/2) on
[0, T*). So using that r (1) < D(¢), and the inequalities 7/ (t) < f(@d, 1 < f(v)
fort < land f(7) < ptl_l/p (for all p > 2), we get for ¢t € [0, T*) and for all
p=2

t
lu(t, ) =, )7, <Cp /O D(r)' VP d. (4.1)

We emphasize that the property obtained in Theorem 1.4 is crucial in order to ob-
tain the previous estimate, by implying in particular that # — # is harmonic in the
neighborhood of 4 and A.
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We turn next to the estimate for the point vortices. We compute

d — d .
—|h = >+ —|h — h)?
dt| |+dt| |
=2h—h =y —2X = hou ' — e
m

<D@) + 2% /D(O)|u(t, h) — u(t, h)| + 2%\/D(t)|(u — ). h).

On the one hand, since u is log-Lipschitz we have |u(t, h) — u(t, E)l < Cf(lh —
le) < Cf(V/D(t)). On the other hand, exactly as in Step 2 in the proof of [9,
Proposition 3.10], we rely on [9, Lemma 3.9]: using the analyticity of u — i near
and /1, that lemma enables to obtain

lu(t, h) —u(t, h)| < Cllu(t, ) —u(t, )2

Hence we get finally that for all p > 2,
d ~o  d oy 1-1/ *
Elh—hl +E|h_h| <Cf(D@®) <CpD@®) ~ /P, Vtel[0, T"). (4.2)

Finally, gathering (4.1) and (4.2), we find
t
D(1) < Cpf D@)'"VPdr, Vp>2.
0

So we conclude by usual arguments (see [11, Chapter 8]) that D = 0 on [0, T*).
Thus by definition of 7* we get T* = T and uniqueness follows on [0, T'].

Step 2: Proof of Theorem 1.5 completed

Once the case of one point is settled, the conclusion of Theorem 1.5 follows easily
by adapting the proof above to the case of several points, using (3.20), (2.13) and
(2.14). We refer also to the proof of uniqueness in [15, Theorem 2.1, Chapter 2]
dealing with several points.

5. Some additional properties

We prove in this section some additional properties for System (1.1) in the case
where the circulations and the vorticity have positive sign.

Proposition 5.1. Let wg and ({hi0}, {€r.0}) be as in (1.2) and let (w, {hi}) be any
corresponding weak solution to (1.1) on [0, T]. The following quantities are con-
served.:
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e The energy,

1
Hoz_f / In|x — ylo(t, y)o(t, x)dx dy
2 Jr2 JR2

1 N
+ —Zyk/ In|x — hr(D)|w(r, x) dx
T =1 R2

N
YkVj ; 2
—In|h(t) —h; ()] — hi(H)|%;
+jE;ék o n|hg () — hj(t)] kEZImkI k()]

o The momentum,

N N
— 2 2 1.7
Io—fRz x| w(r,x)dx+];yk|hk(t)| —2];mkhk(t> i),

Proof (sketch). For ¢ < %minj;,gk min,cpo,7 | (t) — hi(2)|, we replace In by the

smooth function In, defined in the first section and we set ¢, = % Ing *w as in
(2.3), so that, setting

N
He = /R @e(t. Do, ) dx +2 ) yege (. hi (D))
k=1

N
+ 3 2 ine I 0) = i)l = Y melg )2
j#k k=1

we have supjy 7 [Ho — H.| < Ce, with the quantity C depending only on || e,
Akllzoo, mi, i ete.

It suffices then to compute the time derivative of H, using the weak formula-
tion for @ and the ODE for the /s, which yields supyy 71 |He| < Ce. Letting ¢
tend to zero, the conclusion follows.

For Zy we compute directly the time derivative using the weak formulation for
w and the ODE for the h;cs and we show that it vanishes, which yields the result. [

With these conservations, we can prove that the massive point vortices are
confined if w and {yx} have the same sign.

Corollary 5.2. Assume moreover that
wo =0, a.e.onR?, >0, k=1,...,N.

Let (w, {hy}) be any corresponding weak solution to (1.1) on [0, T]. Then there
exists C > 0 and d > 0, depending only on Ho, Lo, my, yx and ||ag| L~ and Ry,
but not on T, such that

sup (1) + k() <
t€l0,T]
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and
inf m1n|h () —hx(®)| =
tel0,T] j#k
Proof. Since w is transported by the flow, we have w (¢, -) > 0 almost everywhere
for ¢t € [0, T']. Similarly to the proof of Proposition 2.5, picking m # n, we have,
using that In(|x — y]) < |x| + [yl,

Ym¥n

In|hp () — hp(1)]

Ho — —/ / (1% + Yot Yo, x) dx dy

- = Zykf el + Ot 30 dx = Y B (1) + 1 0)1)
J#k

therefore by the Cauchy-Schwartz inequality:
YmVn

0 Ay () — hy(2)]

N 1/2 (5.1)
>Ho—C (/ |x|2w<r,x)dx+Zyk|hk(z>|2) :
R2

k=1

where C depends only on [|w (%, -)|[;1 = |lwoll ;1 and on y.
By the same estimates we also obtain

k=1

N N 1/2
> milh @) < =Ho + C (/R x[Pe(t, x) dx + memﬂ) . (2
k=1

On the other hand, by the Cauchy-Schwartz inequality:

N
/ xPotx)dx + Y ylhe()
R? k=1

N 12 /N 1/2
<Th+C <Z mk|hk<r>|2) (Z mhk(rnz)
k=1

k=1
172

N 1/2
<Zo+C|-Ho+C (/2 IxPw(t, x) dx + Zyklhk(t)|2)
R k=1

N 1/2
X (Z mhk(z)F)
k=1

3/4
Io+c< /|x|2w<rx)dx+2yk|hk(z)|2) :

k=1
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where we have used (5.2). We conclude that

N
[ ot o dx+ Y wibo < ¢
k=1

with C depending only Zy, Ho and |lwo||; 1. Coming back to (5.1) and (5.2), the

conclusion follows.

Appendix

A. Some results included in [15]

O

In this Appendix we gather several results from [15, Chapter 1]. Since that reference
is in French we provide here the statements in English and refer to [15] for the
proofs. Similar results and proofs in the case of one point vortex are also to be

found in [9].

Lemma A.1. Let {hy} be N Lipschitz trajectories on [0, T'| without collisions:

min min | (t) — h,()| =
te[O,T]k;ép| k@) —hp@)| = p

for some p > 0. Let w be a weak solution of the PDE
orw + div(vw) =0 on [0, T],
where v is the divergence-free velocity field given by

N
v(t, x) = u(t,x)+ Yy K(x—hj(t)
j=1

with u a divergence-free vector field satisfying
ueL®(0,T] xR andu(,-)is log-Lipschitz uniformly in time.
Let B : R — R be C' such that
1B/ ()] < C(1+[z|P), vz e R,

or some p > 0. Then for all test function ¥ € C°([0, T] x R2), we have
C

i/ wﬂ(w)dx:f B(w)(0:¥ +v-Vy)dx inLl([O, T).
dt R2 R2

(A1)

(A2)

(A3)
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This lemma is stated in [15, Chapitre 1, Lemme 1.5] in the case where (w, {h})
is a weak solution of the vortex-wave system. However a straightforward adapta-
tion of the proof shows that this holds for the linear transport equation (A.1) with
any vector field v given by the decomposition (A.2), where u satisfies the regular-
ity properties (A.3) and where the 4 ; are Lipschitz continuous on [0, 7] and do
not intersect. We emphasize that their precise dynamics is not used to show the
renormalization property.

As a consequence of Lemma A.1 it is observed in [15, Chapter 1, Remarque
1.3] (or in [9, Lemma 3.2] for the case of one point) that

Corollary A.2. Under the same assumption as in Lemma Al for the {hi}, let w be a
weak solution of the PDE (A.1). Then for all 1 < p < +0o we have ||w(t, )|y =
lw (O, )|Lr. In particular, uniqueness of the weak solution holds.
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