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A diffused interface whose chemical potential lies
in a Sobolev space

YOSHIHIRO TONEGAWA

Abstract. We study a singular perturbation problem arising in the scalar two-
phase field model. Given a sequence of functions with a uniform bound on the

surface energy, assume the Sobolev norms WP of the associated chemical po-

tential fields are bounded uniformly, where p > % and 7 is the dimension of the

domain. We show that the limit interface as ¢ tends to zero is an integral varifold
with a sharp integrability condition on the mean curvature.

Mathematics Subject Classification (2000): 35J60, 35B25, 35J20, 80A22.

1. Introduction

In this paper we study the asymptotic behavior of phase interfaces in the van der
Waals-Cahn-Hilliard theory of phase transitions. Letu : U C R" — R (n > 2)
be a function which, in the context of phase transitions, represents the normalized
density distribution of a two-phase fluid and let W : R — R be a double well
potential with strict minima at +1. Here W corresponds to the Helmholtz free
energy density [8]. With ¢ & 0 given, define

W (u)

E.(u) :/ vl + (1.1)
b2

Here, ¢ is a parameter giving roughly the order of thickness of phase interface
region. It is well known that { E;}.~¢ ["-converge to the interface areaas ¢ — 0 [11,
18]. That is, the interfaces of the energy minimizers converge to area minimizing
surfaces as ¢ — 0, and %Ee for small & approximates the area of U N d{u ~ 1},
where

1
0:/ VW(s)/2ds (1.2)
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is the surface energy constant. Even without the energy minimality, but with uni-
form bounds on E, and

Il = eAu+ e "W wllyinw),

it has been proved [19] that the limit interface has finite area with well-defined mean
curvature. Here, —eAu + ¢~ ' W’(u) in the limit is found to be the mean curvature
times o of the limit interface, and in the context of phase transitions, corresponds
to the chemical potential field of the two phase fluid. W' (U) is the usual Sobolev
space with L" integrable first derivatives.

In this paper, we improve the result of [19] in that one only needs to assume
uniform bounds on E, and

Il —eAu+e" "Wl (1.3)

for some p > 5 to conclude that the limit interface as & — 0 has good measure-
theoretic properties (see Theorem 2.2 for the precise statements). The result is sharp
in the sense that if (1.3) is uniformly bounded only for p < 7 but not for p > 7,
then limits of interface regions can be diffused over all U, losing the ‘“surface-
like” property. If one heuristically regards E. as the interface area and —eAu +

e~ 'W’(u) as the mean curvature field, the W!?(U) norm control for p > % gives
pi=1)
L "7 trace norm control of the mean curvature with respect to the surface measure

on the interface. Note that %}1) > n —1for p > 5. It is well-known that

(n — 1)-dimensional surface with its mean curvature in LY, ¢ > n — 1, behaves
well measure-theoretically [1]. The related results for the sharp interface case are
discussed by Schitzle [16], and one may also regard the results of this paper as the
‘e-version’ of [16].

Instead of assuming (1.3), another interesting assumption is an ¢ independent

bounds on E, and
1 W w)\?
—/ (—eAu+ (”)> . (1.4)
& Ju &

Note that (1.4) corresponds to the heuristic uniform L? bound of the mean curvature
of the interface with respect to the surface measure. The problem is motivated by
the Willmore functional and the Allen-Cahn action, and has been studied recently in
[2, 5,12, 10, 13, 15]. In [15], the limit interfaces as ¢ — 0 are shown to be integral
varifolds with L? mean curvature for dimension n = 2,3. The results obtained
there are analogous to those in this paper.

In our analysis, the key point of the proof rests on showing the energy mono-
tonicity formula, which is well known in the context of geometric measure the-
ory. In [19], to control the positive part of & = %|Vu|2 — %, which appears as
a major obstacle for establishing the monotonicity formula in our setting, we used
Aleksandrov-Bakelman-Pucci (ABP) estimate to the differential inequality satisfied
by £. There, it appears essential to have W' norm control of (1.3) to apply ABP
estimate. The improvement of the present paper rests on the observation that one
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can regularize the problem in a “sub & scale” so the estimate in [19] can be used,
where the error terms originating from the nonlinear term W can be controlled.
Once the monotonicity formula is established, the rectifiability and integrality of
the limit varifold follow, with some modifications, from the argument in [9].

2. Assumptions and main results

2.1. Assumptions and notation

We consider the problem under the following assumptions. The function W : R —
[0, 00) is C3 and W(£1) = 0. For some y € (—1,1), W < 0 on (y,1) and
W’ > 0on (-1, y). For some « € (0, |y|) and x > 0,

W’ (s) >« 2.1)

forall |s| > «. U C R" is a bounded domain with Lipschitz boundary dU. Assume

n
n=p=t (2.2)

For any sequence of W37 (U) functions {ui}fil and {&;}72, (&; > 0), define

fi:_giAu[+ W(ul) (23)

&j

Assume that lim; _, o, &; = 0 and that there exist constants cq, Ao and Eq such that

sup [u'| < co, (2.4)
U

1

. . . P
N ) = </ Lf'1P + |Vf'|p> < Ao, (2.5)

U
, . W i
f Z—’IW‘I2+ W) _ g, (2.6)
U i

forall i.

Notation 2.1. We denote

the open ball in R” of radius r and center at x by B, (x),
Lebesgue measure by L",

wy = L"(B1(x)),

(n — 1)-dimensional Hausdorff measure by H" 1.

We often write B, for B, (x) or B,.(0) when no ambiguity arises.
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2.2. Immediate consequences

By the Sobolev inequality,

FHL e

< c1ho, 2.7
L gy = C1R0 (2.7)

where c¢1 depends only on n, p and U. For x € sl._lU, define i’ (x) = u'(g;x) and
Fi(x) = fi(eix). i’ and f7 satisfy

gifl = —Ai' 4+ W' @) (2.8)

on 81._1U and

~ ~ 2-2
L L e S O e )

Thus, by the standard elliptic estimates, (2.4), (2.8) and (2.9), there exists a constant
c2 depending only on c¢g, n, p, W, U and A¢ such that, for any B C el._l U,

@ .05,y < C2- (2.10)
By the Sobolev inequality and (2.10),

1811 12 ) S €3 @2.11)

Note that 0 < 2 — 2 < 1 by (2.2). For u’, (2.11) implies

P
supIVuiI 5638;1’ (2.12)
U
Vul (x) — Vu! »3
wp O ) @.13)
x,yeU, 0<|x—y|<g; lx —y|= 7

Let

D(s) = /S VW(s)/2ds
0

and define new functions ' _
w' (x) = ®(u' (x))

fori =1, .- .. The Cauchy-Schwarz inequality and (2.6) show

1 AVUlr W 1
/|Vw’|§—/ elVul® W) _1g (2.14)
U 2 U 2 & 2
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The compactness theorem for bounded variation functions, (2.4) and (2.14) show
that there exist a converging subsequence which we denote by the same notation as
{w'} and the L' (and a.e.) limit w™. Then define

u™(x) = (W™ (x)),

where ®~! is the inverse function of ®. By the a.e. convergence of w' to w™,
u' — u™ in L' and by Fatou’s lemma and (2.6), u™ = %1 a.e. on U. Moreover,

1 1 E
19{u™® = 1}]|(U) = —/ |Du™| = —/ IDw™| < =2,
2 U o U 20’

where | Dw®°| is the total variation of the vector-valued Radon measure Dw®°, and
where || A|| is the perimeter of A ([6]).

2.3. The associated varifolds

We associate to each u’ (and w') a varifold in a natural way. We refer to [1, 17] for
a comprehensive treatment of varifolds.

Let G(n, n — 1) be the Grassmann manifold of unoriented (n — 1)-dimensional
planes in R”. We say that V is an (n — 1)-dimensional varifold in U C R" if V
is a Radon measure on G,,_1(U) = U x G(n,n — 1). Let V,,_1(U) be the set of
all (n — 1)-dimensional varifolds in U. Convergence in the varifold sense means
convergence in the usual sense of measure on G,_1(U). For V € V,,_1(U), we let
the weight ||V || be the Radon measure in U defined by

[IVIIA) =V{(x,5)|x e A, SeGmn,n—-1}

for each Borel set A C U. If M is a (n — 1)-rectifiable subset ([17]) of U, we define
v(M) € Vo1 (U) by

v(M)(A) = H" ' (fx € M| (x, Tan" "' (K"~ |, x)) € A))

for each Borel set A C G,_;(U), where Tan" ! (H"~! Ly, x) is the approximate
tangent plane to M at x, which exists for H ! ae. x €M.
We associate to each function u' a varifold V' defined naturally as follows. By

Sard’s theorem, (w =t} cUisa c"* hypersurface for £' a.e. ¢. Define
Vi e V,_1(U) by

Vi(A) = / " v({w' = 1})(A) dt

—0o0

= / h H' (fw' = 1) N x| (x, (V' (x)h) € A)) dt

for each Borel set A C G,,_1(U). Here, (a)* denotes the orthogonal hyperplane to
the vector a. By the co-area formula [6], we have

Vi(A) = / |Vw!|
{x | (x,(Vwi (x))L)eA}
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for each Borel set A C G,_1(U). Note that ||V!|| is a measure concentrating
around the transition region. As a result of the present paper (Theorem 2.2 (1)), we
may define an essentially equivalent varifold by

~ E; .
7i(A) =/ % vl ?
(xeU | (x,(Vui (x))L)ea} 2

for A C G,—1(U). We prove that %Wu"l2 — |Vw!| converges L' locally to 0, and
thus L
lim (V! = V') =0.

11— 00

The first variation of V' is given by [14, Sec. 2.1]

| T
Vi) = [ (dive— 3 ZEtel, ) Ivul

Jk=1

foreach g € C},(U; R™), and

- nowbwl & )
sViig) = [ (diveg - el ) L vl 2,
(®) /U( g— Y. & 71V

jk=1

2.4. Main results
With the above assumptions and notation, we show

Theorem 2.2. Let V' be the varifold associated with u'. On passing to a subse-
quence we can assume that

fi— £ weaklyin WhP, u' — u® ae., Vi — V.
Then
(1) Foreach ¢ € C.(U),

P . 1% i
IVIl@) = 1im/8—‘|W|2¢= lim/ @)
i—oo Jy 2 i—oo Jy &
= lim [ |Vuw'|$.
=0 JUy

(2) supp||d{u®> = 1}|| C supp||V|| and {u'} converges locally uniformly to £1 on
U \ suppl|V]].

(3) For each UccUO0<b<l, {lu'] <1-=b}nN U converges to U N supp||V|]
in the Hausdorff distance sense.
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(4) o~V isan integral varifold. Moreover, the density 0 (x) = o N (x) of V satisfies

odd, H" la.e.x € M®,

jwnz{mmuH“%axewwWW\M%

where M is the reduced boundary of {u® = 1}.
(5) The generalized mean curvature vector H of V is given by
ST )
Hx)=13 0x)
0, H" la.e.x € supp||V]|| \ M™,

©x), H" la.e.x € M™,

where v is the inward normal for M*°.

pn=1)
p

(6) The generalized mean curvature vector H belongs to Lloc

V-

with respect to

Note that pinf_pl) > n — 1 by (2.2). Various results known for integral varifolds with
the mean curvature in this class apply [1, 17]. The density function

1
0(x) = lim ———[|V[[(B(x))
r—0 r

n—1

exists for all x € supp||V|| and is upper-semicontinuous. o' is integer-valued
for H"~! a.e. on supp||V||. There exists an open dense set O C U such that

O Nsupp||V]|lisaC 1:2=% submanifold. A special but interesting case is

Corollary 2.3. Supposeoc~'6 =1 SJor H'~ Va.e. on supp|| V|| (whlch is equzvalent

in this case to H" '({o~'6 > 2}) = 0). Then supp|| V|| is a ch ~b manifold
outside a closed set with H"~ I measure 0. The mean curvature vector of supp|| V||
is given by o~ ! v,

As is pointed out in [9, Section 5], it is possible that o ~'6 > 2 has positive
measure in general.

3. Monotonicity formula

In this section, we denote u’, f', &; by u, f, e and assume all the assumptions
set in 2.1 are satisfied. We assume U is open and U cc U. Forx € U and
0 < r < dist(x, dU), define

W(u)

1
E(r,x) = e 1/B(X)EIV ul® +
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The key point of this section is show that £ is an almost monotone increasing
function of r (Proposition 3.7).

We denote W —efu by W. First we need the following Lemma. The statement
and the proof are identical to [19, Lemma 3.1], so we simply cite the result.

Lemma 3.1. For B,(x) C U, we have

d 1 € 2 w
g R ZIVul? + =
dr | r"— B, (x) 2 &

1 w e 2
S W &y —x).V (3.1)
- < 1Vul ) s /aBr(x) (v =) - Vu)

1
= (=0

By (x)

Next we need the following lemma, which we prove later in this section.

Lemma 3.2. There exist constants 0 < B1 < 1 and &1 > 0 which depend only on
co, o0, W, n, p and dist(U, 0U) such that, if ¢ < €y,

W
sup <f|w|2 . i)) < b 3.2)
0 2 &

Lemma 3.1 and 3.2 give a lower energy density ratio bound for r < O (gf1).

Lemma 3.3. There exist constants 0 < &2, c4, cs < 1 which depend only on c,
ro, W, n, p and dist(U, 0U) such that, if B, (x) C U, |u(x)| < a and ¢ < &,
then

E(r,x) > cy fore <r < csePr, (3.3)

Proof. By integrating (3.1) over [¢, r] and dropping the positive terms, we have

1 1
E(r,x)—E(s,x)—rn—l/B uf—i—gnl/B uf (3.4)

w
>_/ /T{< [Vul|? —?)Jr—i-uf-i-((y—x)-Vf)u}.

By Holder’s inequality, (2.4) and (2.7),
1
el T}
coClho p_n

1
rn—l Llf
r 1 n
<c0c1k0/ T rdt < > n ror, (3.6)

< cociroe’ 7. (3.5)

o_n
< cociror” P,

Similarly

Mf
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"d "o_n A _n
—z/ (v —x) - VFu §COX0/ 7! Pdtf;o )
e T B; e _F

By (3.2)

/ / ( |Vul|? ——) < wye Py, (3.8)
€ /4

Since |u(x)| < «, and by (2.12), [u(y)] < “H forall y € B (x) Here, we

assume c3(1 —a) > 1 (by choosing c3 large if necessary) w1th0ut loss of generality.
Let

o W)
c ——————— min
T 20— a) 2l
Note that ¢4 > 0. Since W (u(y)) > m1n|t|<1+Ta W(t)on B & )(x),
— C3 —a
1 w 1 w
E(e,x) = / —|Vu |2+—2 1/ A
et Jp . e
c3(I-a)

wWp
>————— min W(t) = 2c¢4. 3.9
(e3(1 —a))" lr|< e
We now restrict r so that terms in (3.5)-(3.8) remain smaller than c4, i.e., we choose
cs small so that r < cs5ef1 implies w,e P1r < 5 (socs = %ﬂ). Then by restricting
& depending on ¢4, 5, cg, 1, Lo, 7 and p, we have (3.5) 4 (3.6) 4+ (3.7) < %4 Then
we have the desired inequality (3.3) from (3.4). [l

Proposition 3.4. There exist constants 0 < By < 1, 0 < c¢ and 0 < &3 which
depend only on ¢y, ho, W, n, p and dist(U, dU) such that if By(x) C U, cseP1 <
r <1ande < &3, then

1 w
— (f|vu|2 — —) <0 0. (3.10)
rh B (x) 2 & )4 ri=p
Proof. Firstset B, = -+ and B3 = 1+2;3 L. B> and B3 are chosen so that
B1B2 = B3 — Bi, 3.11)
0<pBa<l, 0<pB1 <pB3<l. 3.12)

Here, we re-define 81 such that | > %, if necessary, so that 8, < 1 is satisfied. We
estimate the integral of (3.10) by separating B, (x) into three disjoint sets. Set

={xeB\B,_ )
={x € B,_p |dist({lu] < a}, x) < &P},

= {x € B,_p, | dist({Ju| < o}, x) = /).

Note that r > ¢sef1 > ¢P3 for all small & by (3.12).



496 YOSHIHIRO TONEGAWA

Estimate on A
Since L (A) < nw,r" &3, with (3.2),

—Bi
L (ewvup = X)) <y < 20, (3.13)
n - n -
r Ja\2 e/, r r
Since r > c¢5¢P1 and by (3.11),
! < ! = ! (3.14)
B2 = Prepip N Prepipr’ '
Thus (3.13) and (3.14) show
1 € , W nwy
— —|Vu|” — — S5 (3.15)
" Ja\2 € /4 c5ri=h

Estimate on 3

We estimate £ (B) first. Apply the Vitali covering lemma [6] to the family of balls
{B_83 (X))} xe{ju|<a)nB SO that {B s, (xi)}f\’:1 is a disjoint family of balls and so that
B C UN| Bs,; (x;). Then

L"(B) < 0,5""N. (3.16)

Since x; € {lu| < a}and ¢ < &M < c5¢P1, (3.3) gives E(e3, x;) > ¢4 for
i=1,---, N, thatis,

W
cie= DBy < / <§|W|2 + _) , (3.17)
B gy () \2 €

Since they are disjoint balls, by summing (3.17) over i,

Nege™ DB < / (f|w|2+ E)
UM B gy (1) \2 €

5/ <E|W|Z+K>:r"—lls(r,x). (3.18)
r 2 8

Using (3.16) and (3.18), we obtain

wp S eP3rn—1

L'(B) < ——E(r, x). (3.19)
C4
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We now estimate the integral on B using (3.2), (3.14) and (3.19),

1 w —Bi 5n gB3=hi
r (;vulz——) < LB < P E( )
B & + C4

rh r

E(r, x). (3.20)

Estimate on C
Define a Lipschitz function ¢ as follows:

¢ (x) = min{1, e~ Pdist({]y| = r} U {lu| < a}, x)}.

¢ is 0 on the set {|u| < a}U{|y| = r}, 1 onC and |V¢| < ¢~ F3. Using this ¢, we
estimate %qul2 which is larger than %qul2 — % Differentiate (2.3) with respect

to xj, multiply it by u,,¢* and sum over j. Then
n W//
j=1

Integrate by parts the left-hand side of (3.21) as well as the second term of the
right-hand side to obtain

/e|v2u|2¢2 + W7|Vu|2¢2
_ / =3 2euy g b — [(Dud? +26Vu- V). (3.22)

i, j=1

We estimate the right-hand side of (3.22) by the Cauchy-Schwarz inequality,
< 5 [e1V3uPe 4 [ EIvuPITaR + s
Since |u| > a on the support of ¢, W” > «k by (2.1). Thus
/§|v2u|2¢2 + VUl < c7/<e|W|2|V¢>|2 + /2%, (3.23)
Since |[V¢| < ¢ 53, and using (2.7) and Holder’s inequality,

K — _ np=2(n—p)
fg|w|2¢25c7 (e ”3/ elVul> + ¢ lllflli w (L"(B) )
B, n=

_2(n=p)
<cg (8_253/ squ|2 + s_lc%)\(z)r" I ) . (3.24)
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Since ¢ = 1 on C, multiplying (3.24) by £

Kr” 9

1 2-283 2n
— %Wulz < f{—g (8 E(r, x) +sc%)» T ) . (3.25)
C

Using the definition of 81, B>, B3 and r > ¢s5eP1, one can check that

£272B3 ghib2
< , (3.26)
r rl_ﬁ2c§2
and using ¢ <r,
2_2n 1
er” P < ——r, 3.27)
n_3
re
where — 3 < 1 by (2.2). Thus (3.25), (3.26) and (3.27) show
1 2 o 8 ehh CZAZ
— —|V | ﬂiE(r X) + —; (3.28)
rm Je 2 Kk \cfrri-p L3

Finally, re-defining 8, = min{S,, 4 — 27”} and (3.15), (3.20) and (3.28), we obtain
(3.10) with an appropriate choice of cg. O

Proposition 3.5. There exist constants 0 < cg, 0 < ro < 1 depending only on
co, Ao, W, n, panddlst(U oU) such that, ife <r <rg, € < &3, B.(x) C U and
lu(x)| < «, then

E(r,x) > c9. (3.29)

Proof. The idea of the proof is to use (3.1), (3.3) and (3.10), and show that E(r, x)
can not decrease much as r increases from r > ¢5¢P1. Note (3.29) is already proved
in Lemma 3.3 with ¢ = ¢4 and ¢ < r < ¢5¢P1, so we assume c5eP! < r < 1. First
note that the terms coming from f, such as the second term of

LHS of 3.1) = %E(r, x) — % (r”%‘/;; uf) , (3.30)

can be estimated by (2.4), Holder’s inequality and (2.7) as

;ir(,,nl_lfBr“fN co/ |f|+,,n1/ ¥i

-2 o
cior P+ / [fl. (3.31)
JB,

IA

IA

Yn—1
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Integrating the second term of (3.31) over [r, r2] (which we need to do later),

"2 codr co 2 "2 co(n — Ddr
< Al
o /wrm < 0 /B,'f' r=”+/rl - /B,'f'

T
o_n

< cury 7 (3:32)

where c11 depends only on cg, c¢1, Ao, n and p. Similarly, as in (3.5) and (3.7),

1 1

o[ ) RCERR Y
r N r B,

Combining (3.1), (3.30), (3.31), (3.33) as well as (3.10), we obtain

d _n c 1 |/
E(r,x) = —cppr' 7 — 81/ |f|+—/ — — | Vul?
dr r’ B, rmJp \ € 2 n

— S (B0 + 1), (3.34)

< coCMor]_%, < Cokorl_%. (3.33)

Define ro < min{1, dist(x, U )} as the supremum such that
c4
E(rx)z = for r € [c5eP1, ro] (3.35)

holds. By (3.10), we know r¢ > csebr Dividing both sides of (3.34) by E(r, x) for
r € [c5eP1, 1], and using (3.35), we have

d 2 » co(l + &
CMECx) > == (crr'™F 4+ -2 / PG 2 B
dr c4 r 9B, rl=p2

n—1
Integrating (3.36) over [csePr, ro] gives, with (3.32),
E(ro, x) -3 B
n <E(658I31 , X)> = (ro o) &30
where c13 depends only on cg, c1, Ao, n, p and dist((}, o).

If ro = min{1, dist(x, 8(7)} then we are done. If not, we have E(rg, x) = %4 while
E(csePr x) > ¢4 by (3.3). Thus, (3.37) shows

p 1
—C13 (ro r —I—rgz) <In (5) ,

rg DAl = — (3.38)

or

(3.38) gives a lower bound for r¢ independent of ¢, and we have proved (3.29)
with cg = 2 and a small r( chosen so that a reverse inequality holds in (3.38), for

2 n
example r, " + rgz = —;123 O
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Proposition 3.6. There exist constants c14 depending only on co, c1, o, W, n, p
and dlst(U oU) such that, ife < e3, B, (x) C U, lu(x)| <aande <r <ry, then

E(r,x) < cia(Eg + 1). (3.39)

Proof. Integrate (3.36) for [r, ro], r > ¢5eP1. Then we obtain the same inequality

E (ro, _n
1n< E((’ro ;‘)’) - e (r§ Z +r52) . (3.40)

Since By, (x) C U, by (2.6),

E(rg, x) =

I W\ _E
1 / <5|W|2+ —) < (3.41)
r(r)’_ By (x) 2 3 rg_

Then (3.40) and (3.41) show
_n
E(r,x) < Eor{ ™ exp <—c13 (ro Pyl )) . (3.42)

For ¢ < r < c5¢P1, in (3.4), replace r there by csef! and ¢ by r. One checks using
similar estimates to (3.5), (3.6) and (3.8) that

E(cseP', x) = E(r, x) — cq. (3.43)
Then (3.42) and (3.43) with an appropriate choice of c14 show (3.39). [

Proposition 3.7. There exists a constant c\s depending only on c, c1, ro, Won, p
anddlst(U dU) such that, if ¢ < €3, B, (x) C U, lu(x)| < o and c5eP' <s <r <
ro, then

E(r,x)— E(s,x)

_n "d w
> _cis <r2 v +Eorﬁ2) +/ l/ (— - f|W|2> . (3.44)
s " B (x) & 2 +

Proof. In the range csePt < r < rg, (3.34) is valid. Thus, using (3.32) and (3.39)
and integrating (3.34) over [s, r], we immediately obtain (3.44) with an appropriate
choice of cy5s. ]

For the rest of this section, we prove Lemma 3.2. First, it is not hard to show the
following, as in [19, Proposition 3.7]. The proof is omitted.

Lemma 3:8. There exist constants €4 and 11 > 0 depending only on Aq, co, n, p, W
and dist(U, oU) such that
sup lu| <1+ ¢" (3.45)
U

fore < e4.
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It is convenient to rescale the problem by x +— % We define u(x) = u(ex),

f(x) = f(ex), and subsequently drop - for simplicity. We have
—Au+ W) =sf
on ¢~ U and we need to prove
1
sup <—|Vu|2 — W(u)) <gl™h (3.46)
e~ lU 2

for some 0 < B < 1 for all sufficiently small €. To do so, we need the following
lemma [19, Lemma 3.9]. The statement is changed slightly for the purpose of
application here.

Lemma 3.9. Suppose 0 < n, Bs < 1, n < Ba, c16 are given. Then there exist e5 >
0, c17 > 0 depending only on n, Ba, c16, n and W with the following properties:
Suppose v € CS(Bgfm), g€ Cl(Bgffu), & = é&s,

—Av+ W (v) =eg

on B, and

1
sup |v] < 1+¢", sup <—|Vv|2—W(v)) < cr6.
Bg—ﬁ4 Bg—ﬂ4 2
Then

sup (L1902 — W) < =P gl + e (3.47)
5 p 2 v v =C17\¢€ g Wl’"(BS,/fM) & . .
e Pa
2

Now we prove (3.46). The idea is to regularize u so that we have suitable con-
trol of W' norm for the regularized problem. Let ¢ € C*(R") be a non-
negative, radially symmetric function with support in B;(0) and |, B,(0) ¢ = 1.

Define ¢5(x) = SITqS (f) for s > 0, so that lims_, ¢ ¢s is the delta function. For
1 > Bs > 0 to be chosen depending only on n and p later, define for x € ™! U

v(x) = (u * Pyps)(x) = /u(x — VP85 (y) dy. (3.48)
Using (2.11), we see from the definition (3.48) that
sup [v —u| < e3efs, (3.49)
e~lU
sup |V — Vu| < e3P, (3.50)

e~10
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Next we define g to be
g=fxdps +e H{W W) — (W) * ). (3.51)

Note that v and g satisfy
—Av+ W (v) = eg. (3.52)

We next estimate the W'+ norm of g on B,-5, C ¢~'U. Here, Ba is not fixed, but
we will choose 0 < B4 < 1 later depending only on n and p. The first term of
(3.51) can be estimated as

Lf o bessllwin g = (1 8_ﬁ5c18)||f||L”(Bzg,54)» (3.53)

where c13 depends only on ¢ and n, which are fixed. By Holder’s inequality and
(2.7) (note the scaling is different),

np—n+p
n n 7'64 n np

11l (B, g, = ||f||L%(3257ﬂ4) {wn(2e7P4)"}

n np—n+ np—n+
< crhoe TP @) T (3.54)

(3.35) and (3.54) show

1= _g,w=ntp

1 % Getsllwings,_p,) < croe' 707, (3.55)

where c19 depends only on n, c¢1, Ag and ¢. To estimate the second term of (3.51),
use

W' () = (W) * g o5 = (W) = Ww) + {W'w) — (W) * ¢}
and note using (3.49) and (3.50) that
sup | W' (v) — W' ()| < sup |W"|-sup |u — v| < ca06™, (3.56)

sup [V(W'(v) — W (u))| < sup|W"|-sup Vv — Vu|
+sup |Vu| - sup |W”| - sup |u — v|

< 2P, (3.57)
sup | W/ (u) — (W' (u)) * ¢ 5] < coes, (3.58)
sup |V{W () — (W' () * s }| < ca3eP 0, (3.59)

where cp-c23 depend only on ¢3 and W. Thus, (3.56)-(3.59) show

6™ (W) = (W'@) * s lwins_,,) < coae™ 7077 (3.60)
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Thus (3.51), (3.55) and (3.60) show that

_n_pgmp=ndp
p—Ba=——=Ps

/35(2—%)—1—/34' (361)

1
||g||wl,n(3 gy = C19¢ + crqe
&

Here we apply Lemma 3.9 to v and g. With 84 > n and c¢16 =sup (% |Vv|?— W(v))
which is bounded independent of ¢, we obtain with (3.47) and (3.61) that

sup (%WUF — W(v))

Bopa
2
n np—n+2 n
<ci7 <01982_F_ﬂ4¥_ﬁ5 + e 8’7) : (3.62)
Choose 0 < B4, B5 < 1 small so that (note 2 — % > 0)
n np—n+2 n
2- - p P pis0, ps2- =20 (363

Basically, choose B4 and Bs small so the first inequality holds, and then choose
Ba even smaller so the second inequality holds. Such choices of B4 and fs can be
made depending only on n and p. Now the right-hand side of (3.62) is bounded by
e!=P1 by further restricting ¢ if necessary and choosing appropriate 81 close to 1.
Finally, note that the difference between |Vu| and |Vv| as well as W («) and W (v)

are 0(8/35(2_%)). Thus we obtain the estimate (3.46) for %|Vu|2 — W(u).

Remark 3.10. In the last part of the proof, the requirement for f is that || f||r4 is
controlled suitably for some ¢ > n, as in (3.54). On the other hand, the gradient
bound ||V f||» is essential in the proof for the mean curvature of the limit varifold
as in Section 4.

4. Rectifiability and integrality of the limit varifold

Define _
. ) W (i
w = lim <8—1|Vu’|2 + ﬂ) dx.
i—o00 \ 2 i

i

Proposition 4.1. There exist constants 0 < Dy < Dy < 00 which depend only on
co, Ao, 1, p, Eo, dist(U, 0U) and W such that

D" < w(B,(x)) < Dyr"! .1

forall0 <r < rg, x € suppu N U and B, (x) Cc U.
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Proof. For any x € suppu N U, if we show that there exists a subsequence {x;; }}’O: |

such that |u'J (xij)l < a and lim;_, Xi; = X, then (3.29) and (3.39) prove (4.1)
immediately, since

1 €ij oo W
c9g < E(r,xi;)) = —— —|Vu7|"+ — | <ca(Eo + 1)
o e \ 2 i

Ly

and

. 1 g o0 W 1
lim —— VU 4 = | = (B, (x)
j—oor Br(xij) 2 &i; r

for0 < r < rg a.e. L. To show the above claim, assume the contrary. This means
that there exists some r > 0 such that |u’| > o on B, (x) for all large i. Without
loss of generality, assume u’ > « on B,(x). Then one can repeat the argument
leading to (3.23) with ¢ there replaced by Cg (B;(x)). Then one can show that
limi—oo [ §|Vu'|?¢? = 0. Multiplying u’ — 1 to the equation (2.3) and using
W) — 1) > 5@’ — 1)% one can derive that 0 = 1iml-%of@¢2 -

lim; o0 f g—uj¢2. This contradicts x € suppu. Thus we proved the claim. O
The immediate consequence of Proposition 4.1 and its proof is

Proposition 4.2. Either u' — 41 or —1 uniformly on each compact subset of
U \ supp||V||. In particular, supp||d{u® = 1}|| C suppl||V||.

The vanishing of the so-called discrepancy
gl = ﬁ|Vui|2 — M
2 &

follows by the same proof as in [9, Proposition 4.3].

(U). Moreover, both %|Vu'|*—|Vw'| and %@—

|Vw!| also converge to zero in Llloc(U).

Proposition 4.3. &/ — 0in L!

loc

The information on the mean curvature of the limit varifold is obtained similarly.

Proposition 4.4. The limit varifold satisfies ||V || = %/L and is rectifiable. The first
variation of V is given by

for any g € CCI (U; R™), where M C suppl||V|| is the reduced boundary of
(u® = 1} and f> on M™ is the trace of f>* € WP (U) which is well-defined.
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The generalized mean curvature vector H is given by

£ )
H(x)=1{ 0x)
0, H" la.e.x € supp||V]| \ M,

VX (x), H" la.e.x € M™,

where 0 is the density function for ||V || which exist everywhere on supp||V ||. More-
over,
pn—1)

F®lpm~e L7 (U, H"™.

loc

Proof. The proof is identical to [19, Proposition 4.4], except for the part that

pn—=1)
f®ly~e Lo " (U, H"~). This is due to f* € W!P(U) instead of W!"(U),
and the modification is straightforward. O

The proof of integrality requires some non-trivial modifications from [9, Section
5] for one of the three propositions. Since it may be more confusing to sketch the
proof, we more or less write out the details on this point. It is the first proposition
which states that the energy is uniformly small in ¢ in the region {|u| ~ 1}. Since
integrality is a local question, for simplicity we assume that U = B3 and U = B
in the following.

Proposition 4.5. Given s > 0, there exist positive constants b < 1 and g¢ depend-
ing only on Aq, co, Eo, W and s such that

€ , W
SIVul"+ — | <s
BiN{lul=1-b} \2 €

To prove this, we use three lemmata. Define

whenever ¢ < gg.

Zy ={x € B3|lulx) € [—a, a]}.

Lemma 4.6. Given0 < B¢ < 2— %, there exist positive constants cp5 and &7 which
depend only on Lo, W and Bg such that, if x € By and |u(x)| < 1 — 2¢P for some
B with

——— < f <min{fs, ————},
cos5|Inég| crs5e|Ineg|

then
dist(x, Zy) < c25P¢|Inel,

provided 0 < & < ¢e7.
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Proof. Without loss of generality, assume x = 0. Rescale x by ¢ and write i (x) =
u(ex). We use a radially symmetric function which solves

Ay = Zw on R,
Y(0) =1,

4.2)

which exists uniquely and also satisfies ¥+ > 1 on R”. The function i grows
exponentially as |x| — o0, so there exists a constant ¢p5 depending only on « and
n such that

¥(x) > exp(lxl/cas)  for x| > 1. (4.3)

Letr = cp58|Ine|. We choose r so that 1 — e exp(r/ca5) = 0, and by the assump-
tion imposed on B, 1 < r < ¢~!'. We are given the assumption that |i7(0)| < 1 —2¢”
and without loss, assume ii(0) < 1 — 2¢#. Suppose for a contradiction that

infi > a. 4.4)
B,

Define ¢p(x) = 1 — 8ﬂw(x). Then ¢ satisfies A¢p = %((j) — 1) by (4.2). By (4.3)
and (4.4),p(x) < 1 — e exp(r/cys) < a < infp it on |x| = r. Hence

$—ii<0 on|x| =r. (4.5)
Since 1(0) < 1 —2¢P and ¢(0) = 1 — &P,

sup(¢ — it) > &P. (4.6)
Br

On B,, we apply the Aleksandrov-Bakelman-Pucci estimate [7, Lemma 9.3] to (¢ —
i)y. By (4.2) and (2.8),

Ap — i) = —%(1 — ) — W) +&f. 4.7)

Since we use (4.7) only on {¢p > u} and ¢ < 1, by (4.4), we have o < u < 1 on
{¢ > u}. Thus by (2.1)

—W'@) > k(1 —it) > k(1 — ) (4.8)

on {¢ > ii}. (4.8) and (4.7) show that on {¢ > ii}

Alp —it) > Zx(l —¢)+ef >ef. (4.9)

Thus _
sup(¢p — )+ =< cos(m)rile fllLn(B,)- (4.10)

By



DIFFUSED INTERFACE WITH SOBOLEV CHEMICAL POTENTIAL SPACE 507

By (2.7) we have

~ -2
||f||L%(B)§8 ey (4.11)

and Holder’s inequality applied to (4.10) and (4.11) shows

2p—n ~
su — )y < coer(wur™) np_
p(¢ )+ < coper(wpr™) Hf”L"—P(B,)

”

n n

<y ey, 4.12)

where ¢»7 depends only on n, p, ¢; and Ag. By (4.6) and (4.12) and the definition
of r,

&P < crr(casBling])> e b (4.13)
Since B < Bg <2 — %, (4.13) leads to

1 < ear(casBol ey’ re® nFo, 4.14)

This is impossible if ¢ is restricted small enough depending only on ¢35, ¢27, 86, 1
and p. Thus we derive a contradiction to (4.4), and we only need to re-scale back
to conclude the proof. O

Lemma 4.7. There exist positive constants cag and eg depending only on Ag, co,
Eo, W, nand p such thatife <r <1, then

L"'({x € By |dist(x, Zy) < r}) < cogr,
provided that ¢ < &g.

The proof of Lemma 4.7 is exactly the same as [9, Lemma 5.3], so we omit the
proof.

Lemma4.8. Given 0 < B < 1 and 0 < s, there exists a positive constant &g
depending only on co, Lo, Eo, W, B, s, n and p such that

€ , W
=|Vul"+—) <s,
Bin(lul>1-¢f) \2 &

Proof. Since {|u| > 1—&f} C {ju| = 1—¢&P"} for B > B/, without loss of generality
we may choose smaller 8 > 0 so that 1 — 8 — B > 0 if necessary. We estimate the
integral on three disjoint sets. Define

provided that € < g9.

A ={x e By|dist(x, Zy) < &' B, 1> Jux)| > 1—¢P},
B={x € B |dist(x, Zy) > &' 7P, 1> [u(x)| > 1 — &P},

C={xeBllux)| =1}
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By Lemma 4.7, for ¢ < g

W W
/ W) el =P sup L. (4.15)
A & A €

Since W (u) < ¢(1 — |u|)? for a suitable ¢ > 0 depending only on W, W (u) < ce?f
on A. (4.15) then shows

W < ereb, (4.16)
A £
By (3.2), w
f ivup < / e P 4 2 < oge! BB L hosl 4.17)
A2 A €

(4.16) and (4.17) show that the contribution from the integral on A can be made
small for ¢ small. Next, define the Lipschitz function ¢ by

¢ (x) = min{l, e~ Pdist(x, Zy U (R" \ By ,1-5))}.

Then ¢ = 1 on B, ¢ = 0on Z,, and |Vp| < ¢~ '+P. In particular, |u| > o on the
support of ¢. Then, by (3.24) where we use the ¢ above,

/ E|Vu|2¢>2 <cg (5_2”/3/ squI2 + s_lcw) .

&€ B>

Since ¢ = 1 on B,
/ e|Vul* < csk ™12 Eg + ec3). (4.18)
B

By Proposition 4.3 and (4.18), for ¢ sufficiently small

w 3 5
— < + | =IVul
B € B B2

< f—l +esk 1 2eP Ey + £c3o). (4.19)

W ¢ 2
— — =|Vu|
& 2

(4.18) and (4.19) show that the integral on B can be made smaller than % for all

small ¢. Finally, for the integral on C, multiply (u — 1)+¢2 to (2.3) and integrate
by parts, where ¢ € Cg(Bz), |[Vep| < 2and ¢ = 1 on Bj. Then, using Lemma 3.8,
one can easily check that the integral on C can be made small. This concludes the
proof. 0

Now we are ready to prove Proposition 4.5. The only difference from the proof

of [9, Proposition 5.1] is that one cannot use Lemma 4.6 for § close to 1 (such as

% used there) because B < B¢ < 2 — % and B¢ can be small. To overcome this
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difficulty, we have Lemma 4.8 to show the uniform smallness of the energy. Thus
a simple modification of [9, Proposition 5.1] and Proposition 4.3 show Proposi-
tion 4.5. The remaining proof of the integrality can be accomplished by modifying
the proof in [9], where one shows that the error term coming from f can be handled
as a small term using Holder’s inequality and (2.5). Since it is carried out in [19],
we omit the proof.

5.
)]
2

3)

Remarks

Though it is unclear what can be said about the case of p = 7, it is interesting
to know if anything can be said about the limit varifold in general.

As in [19, Section 5.2], the result of this paper shows the following: For the
solutions of the Cahn-Hilliard equation

u, = Af on U x (0, 00),

W' (u)
f=—cAu+ ,
€

ou If

v adv

u(x,0) =upx) on U

Chen [4, Lemma 3.4] showed that

t
/0 1 GOy de < €

where C does not depend on ¢. Moreover, with a suitable growth condition
on W, one can also show that sup |u| is bounded uniformly in e. Thus, given
a sequence of {g;} with the finite energy initial data {u}, the assumptions in
this paper are satisfied for the solution of the equation for n = 2, 3 for a.e. ¢,
after choosing a (time-dependent) subsequence. Since we can not conclude any
continuity properties of limit varifolds in the time direction, the result obtained
via our result is not satisfactory.

One can extend our results to corresponding time-dependent problems such as
the Allen-Cahn equation with inhomogeneous forcing term. We would like to
resolve these problems in the future.
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