LINEAR QUANTITATIVE RIGIDITY FOR ALMOST-CMC SURFACES
YUCHEN BI AND JIE ZHOU

ABSTRACT. We prove a quantitative rigidity result for almost constant mean curvature spheres in R3.
Under a sub-two—-sphere Willmore bound and a small L2_CMC defect, we show that an almost—-CMC
surface is close to the round sphere, with linear control of the W22—distance of the parametrization
and the L°°-norm of the conformal factor. An analogous statement holds under an a priori area
bound below that of two spheres. The proof relies on a linearized analysis around the sphere. A
previously established qualitative rigidity result provides the initial closeness required to enter the
perturbative regime. The estimate further extends to integral 2-varifolds of unit density using known
regularity and density results.

1. INTRODUCTION

A classical theorem of Alexandrov asserts that an embedded closed hypersurface X = 0Q in Eu-
clidean space R"*! with constant mean curvature must be a round sphere. In recent years, a broad
literature has developed qualitative or quantitative rigidity results for Alexandrov-type character-
izations of spheres under various regularity assumptions and smallness of natural CMC deficits,
with conclusions ranging from closeness in weak geometric distances to stronger graphical de-
scriptions under additional non-degeneracy assumptions that preclude bubbling. We refer to
[3-5, 8,11] and the references therein for related results in this direction.

In this paper we study almost—CMC surfaces in R® and prove a quantitative rigidity estimate with
a linear rate in the critical L?>~defect |H — H|| 2. From an analytic viewpoint a natural way to mea-
sure deviation from the CMC condition is through scale-invariant norms of H — H; in dimension n
this leads to the critical quantity | H — H| 1.

In the two—dimensional setting in R®, a natural topology for such critical problems is suggested
by the conformal parametrization framework of Miiller-Sverak [13] and De Lellis-Miiller [6,7]: one
measures the deviation from the round sphere through a conformal map and controls it in W22, to-
gether with an L* bound for the conformal factor. Within this framework, De Lellis—-Miiller quan-
tify nearness to a round sphere by the L?-smallness of the tracefree second fundamental form,
whereas we quantify nearness to the CMC condition by the oscillation of the scalar mean curva-
ture | H — H| ;2. Since small oscillation of H alone does not exclude bubbling, and bubbling is not
naturally captured by the conformal topology considered here, we impose in addition an a priori
two-sphere-threshold L?>-bound on H, namely fz |H|*d Mg <327.

Quantitative results under scale-invariant assumptions in more general settings, including higher
dimensions and configurations with multiple spherical components, are naturally formulated in
topologies that are robust under bubbling phenomena; see, for instance, the quantitative Alexan-
drov theorem of Julin—Niinikoski [10].
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As a starting point we use a qualitative stability result from [1], which shows that small L? CMC
defect (together with the two—sphere—threshold curvature bound) forces the surface into a pertur-
bative W?2—conformal neighborhood of the round sphere. The main purpose of the present paper
is to upgrade the resulting modulus of continuity ¥ (9) to a linear bound.

Theorem 1.1 (Qualitative rigidity for almost-CMC spheres [1, Theorem 1.2]). For any a € (0, %)
there exists 69 = 8¢ (a) > 0 with the following property.

Let F : X — R3 be a smooth immersion of a closed connected surface, let g :== dF ® dF and dug be
the induced area measure, and let N be a globally defined unit normal, with scalar mean curvature

H:= —(H,N) and average
— 1
H:=][Hdu = /Hdu.
SR TN
Assume

(1.1) /|H—ﬁ|2dug<6<60, /|H|2dug<32n(1—a).
z z

Then X is homeomorphic to S?.
Moreover, after rescaling so that pug(X) = 4m, and after composing F with a suitable translation of
R3, there exists a conformal parametrization f : S$% - F(2) with

dfedf =e’'gs,
such that,
(1.2) I f —idsz lwz2s2) + lull po(s2) < W (0),
where ¥ (0) - 0aso | 0.

We emphasize that our curvature assumption
(1.3) / |HI* dpg <327(1 - a)
z

is primarily a single-bubble condition, in the sense that it rules out the formation of two spherical
bubbles, whether disjoint or touching. We will refer to (1.3) as a two-sphere-threshold (or sub-
two-spheres) Willmore bound. In particular, this bound implies that X is connected. Indeed, by
the Willmore inequality, every connected component X ; satisfies fz]- |H|?d Kg > 167. Since (1.3) is
strictly below 327, there can be only one connected component.

Although Theorem 1.1 is stated for smooth immersions, this assumption has further geomet-
ric consequences. By the classical result of Li-Yau [12], any closed immersed surface in R3 with
Willmore energy strictly below 87 is necessarily embedded. In particular, under the curvature as-
sumption (1.3), the immersion F in Theorem 1.1 is an embedding.

Hence, without loss of generality, we may regard F as the standard embedding

11X — [R€3,
and, by a mild abuse of notation, identify X with its image ((X) c R3. Since X is a closed embedded
surface, there exists a precompact domain Q c R3 such that X = 6Q.
In our quantitative analysis it is more convenient to normalize by the enclosed volume |Q| = 4?”

rather than by the area pg(X) = 471. This choice is immaterial, since in the perturbative regime the
two normalizations are equivalent up to a fixed scaling.

We now state our main result. As discussed above, it provides a linear upgrade of the qualita-
tive rigidity estimate for almost-CMC spheres, yielding quantitative control in the critical L2>~CMC
defect.
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Theorem 1.2 (Linear quantitative rigidity for almost-CMC spheres). For any a € (0, %) there exist
00 =6p(a) >0 and C = C(a) < oo with the following property.

Let1: X — R3 be a smooth immersion of a closed surface satisfying (1.1). After rescaling so that
Q] = %”, up to a translation of R3, there exists a conformal parametrization f : S* — X with

dfedf=e"gs,
such that
(1.4) IRllweze(s2) + lull w2y < CIH=Hll 23y,
where h:= f —idse.
Relation to perimeter-based formulations. Very recently, Julin-Morini-Oronzio-Spadaro [9]

proved a sharp quantitative Alexandrov inequality in R3: for every &, > 0 there exists C = C(§y) > 0
such that any C?-regular set E < R® with |E| = |B;| = 4 and

(1.5) P(E) <4nv2-§,
satisfies
(1.6) P(E)-P(B)) < C | Hg — HEll%, 4-

Moreover, if AF is smooth and the CMC defect is sufficiently small, then 0F is diffeomorphic to $2.
The perimeter constraint (1.5) can be viewed as a natural non—-degeneracy assumption excluding
the two-bubble threshold 47 v/2.

For our purposes it is useful to relate (1.5) to the two-sphere-threshold Willmore bound (1.3).
This implication can be deduced directly from the quantitative Alexandrov theorem of Julin—-Niinikoski
[10]. Since the argument is short, we include it in Section 4 for completeness. As a consequence,
our main theorem admits an equivalent formulation in which the Willmore assumption is replaced
by the area bound (1.5), at the expense of assuming that the surface arises as the boundary of a
smooth domain (since without the Willmore bound embeddedness is not available a priori).

Theorem 1.3 (Linear quantitative stability under an area bound). For any 8 > 0 there exist 6y =
00(B) > 0 and C = C(P) < oo with the following property.

Let Q c R be a bounded domain whose boundary X is a smooth embedded surface, and let1: X —
R3 denote the inclusion map. After rescaling so that|Q| = 4?”, assume that

(1.7) pg(X) <4nv2-p,  IH-Hlpg <bo.
Then there exists a conformal parametrization f : S* — X with
dfedf = e*'gs,
such that, after composing f with a suitable translation and writing h := f —idsz, one has
IRllwzasy + lullps?) < CIH=Hllp2s).

With this reformulation, the assumptions of Theorem 1.3 align with those in [9]. In this sense,
our result may be viewed as a geometric counterpart of their quantitative Alexandrov inequality.

Avarifold formulation. Although Theorem 1.2 is stated for smooth immersions, the same linear
control admits a convenient varifold formulation. Throughout the varifold statements below, unit
density means ©2(|| V||, x) = 1 for every x € spt||V|. For the compact varifolds considered below,
[2, Theorem B.4] shows that the support is a compact embedded W??-surface. We orient each
connected component by its exterior unit normal N, defined ||V |-a.e.
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Theorem 1.4 (Varifold stability for almost—-CMC spheres). Fix a € (0, %). There exist 6o = 6g(a) >0
and C = C(a) < oo with the following property.

Let V = v(Z,1) be an integral 2—varifold in R® with unit density and generalized mean curvature
He L2d|| V). Assume that X := sptll V| is compact and that

(1.8) /|H—ﬁ|2d||vu<62, /|H|2d||V||<32n(1—a), 0<68<do,
> 2

where H := —(H, N) and

— 1
H:=][Hd||V||:= —B/Hd”VH
: IVI®) s

Then X is homeomorphic to S*. Moreover, after a translation of R® and rescaling so that the en-
closed volume equals %”, there exists a homeomorphism

f:8*—3
with f € W>2(S%;R3) and a function u € L®(S?) such that
dfedf=e"gs: ae onS?
and the quantitative estimate
(19) ”f - id§2 ” W22(S2) + ” u”Loo(§2) g Cod
holds.

Derivation from the smooth case. Under (1.8), one may approximate X by a sequence of smooth
embedded surfaces X in W?? while preserving unit density and the L2—control of the mean cur-
vature; this is provided by Corollary 5.7 in [14] or Theorem B.4 in [2]. Applying Theorem 1.2 to X
yields uniform linear bounds as in (1.9), and a compactness argument then passes the estimate to
the varifold limit V.

Remark 1.5 (A finite-perimeter variant). In Theorem 1.4 the two—sphere-threshold Willmore bound
is used as a single-bubble assumption. In view of the area formulation (Theorem 1.3), one can re-
place this curvature bound by a perimeter bound, provided the surface is known a priori to arise as
the boundary of a set of finite perimeter.

More precisely, for every > 0 there exists 5y = §¢(f) > 0 with the following property. Let E c R
be a bounded Caccioppoli set, set pt:= |Dyg| and X := spty, and let Vg be the associated bound-
ary varifold. Assume that Vg has generalized mean-curvature vector H € L?(u;R%). Let v be the
measure-theoretic exterior unit normal, and define H := — H-vg and

— 1
H:=—— [ Hdypu.
P(E)/z K

After rescaling so that |E| = %”, assume that
P(E) <4nv2-p, /|H—ﬁ|2dy<52, 0 < 8 < .
b

Then the conclusion of Theorem 1.3 holds for %, with constants depending only on S.

Indeed, Lemma 4.2 gives a strict sub-two-sphere Willmore bound, so Simon’s monotonicity for-
mula yields ©?(u, x) < 2 for every x € X. By dimension reduction, a nonplanar tangent cone would
give a nonflat one-dimensional stationary cone of density less than 2, hence a triple junction,
which cannot occur as the measure-theoretic boundary of a set of locally finite perimeter. Thus
every tangent cone is a multiplicity-one plane, and consequently ©?(u, x) = 1 for every x € X. After
decreasing 6¢(f), if necessary, Theorem 1.4 applies.
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Strategy of the proof. Theorem 1.1 reduces the quantitative problem to a perturbative regime:
after normalization and a suitable choice of rigid motion (and conformal gauge), we may assume
that fisa W?22_conformal immersion close to the standard embedding fy(x) = x on $2, with a
small conformal factor u.

The core of the paper consists of a linearized analysis around the round sphere. In Section 2 we
derive a precise quadratic expansion of the geometric energy governing the area excess and identify
the leading quadratic form in the normal component z of the perturbation h. By exploiting the
spectral properties of the spherical Laplacian together with the normalization and orthogonality
conditions, we obtain a coercive estimate that controls the W'2-norm of the perturbation in terms
of the CMC defect.

In Section 3 we estimate the deviation of the average mean curvature H from the spherical value
2 and use elliptic regularity to upgrade the control to the full W22?-norm of h, as well as to derive an
L*°-bound for the conformal factor u. This yields the desired linear estimate (1.4) and completes
the proof of Theorem 1.2.

Finally, in Section 4 we give a short argument showing that the two—sphere-threshold Willmore
bound condition can equivalently be expressed in terms of an area bound, and we derive the cor-
responding area formulation of our main theorem (Theorem 1.3).

Acknowledgements. The authors are sincerely grateful to the anonymous referees for their care-
ful reading of the manuscript and for their valuable comments and suggestions, which signifi-
cantly improved the exposition of the paper. J. Zhou was supported by NSFC grants 11721101 and
12531001.

2. WY2_ESTIMATE

Throughout this section we assume the smallness condition
(21) ”f— f0||W2'2(§2) + ||u||Co(§z) < ].,
together with the volume normalization

2.2) Q=
. -

which have been discussed in the Introduction.

We normalize the parametrization of f by minimizing its L?>~distance to the standard embed-
ding fy(x) = x in the translational and Mébius parameters. For a € R® and a Mébius transformation
¢ :S? — S?, define

&(a,p) :=/ |f0(p+a—f0|2dx.
§2
Lemma 2.1 (Existence of a minimizer). Under the smallness assumption (2.1), there exist ¢ €
Mob(S?) and ag € R® such that (ap, o) minimizes &(a,p) among all translations a € R3 and all

Mobius transformations ¢ € Mob(S$2).
Moreover, there exists C > 0 such that,

2.3) laol < CIl f = foll peo(s2) lpo—Idllz2s2) < CIl f = follpo(s?)-

Proof. Set b := || f = foll1(s2), which is small by (2.1) and Sobolev embedding.
We first compare & with the auxiliary quantity

G(a,(p)::/ lp+a-fol?dx, acR® @eMob(S?).
§2
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Using fp(x) = x and the identity

fep+a—fo=(f-fodep+(p+a-fo),
we obtain by the triangle inequality
Ifop+a—follz=llp+a-folz=I(f = fo)oplz=llo+a-folz— Vandeo,
and therefore )
8(a,@) =1 fop+a=foll2, > (lo+a=follz —Varse) .
Since (X - Y)? > 3 X? - Y, this implies the rough bound

1
(2.4) Ela,p) > EG(a,<,o)—4m3§0.

Next, &(a, p) — oo as |a| — oo, uniformly in ¢. Indeed, for §, < 1 we have the pointwise estimate
Ifop—fol <Ifop—foopl+ifoop— fol <o +2 < 3. Therefore,

éa(a,(p)=47t|a|2+2a-/ (f0<p—f0)dx+/ |f0<p—f0|2dx
s? s?

247r|a|2—247t|a|+/ |f0(p—f()|2dx.
§2

It follows that any minimizing sequence must remain in a bounded region {|a| < A} for some A <
Q.
For the M6bius parameter, we use the standard decomposition ¢ = Ro ¢, with R € SO(3) and
veB3={veR3:|v| <1}, where
A-lvPx+20+v-x)v
1+|v2+2v-x

¢y(x):= €§2.

If v = r;p; with p; € S? and r; 1 1, then after passing to a subsequence, we can assume p; — p and
a; — a, and ¢y, p, () — p € $* almost everywhere and hence in L*(S?).
As aresult,

/I(/)rl.pi+ai—x|2dx—>/ |p+a—x|2dx:/(|p+a|2+1)dx>4n.
s? s? s?

Since SO(3) is compact and rotations preserve the L>-norm, the same conclusion holds for ¢ =
Ro¢,. In particular, there exists n € (0,1) and c. > 0 such that

(2.5) inf G(a,¢) > c« whenever ¢ = Ro¢, with |[v| > 1-1.

acR3
Choosing 6, so small that 4715?;0 < ic*, the comparison (2.4) yields

inf &(a,p) >

1 , 1 .
inf EC* — 465, > é_lc* forall p with |[v| >1 -1,

whereas 1
é"(O,Id) = / |f—f0|2 dx < 47[5§o < ZC*.
§2
Consequently, a minimizing sequence cannot degenerate to the boundary |v| — 1, and together
with the coercivity in a this shows that it suffices to minimize & over the compact set
K:= {a€R3 tlal < A} x{Ro¢,:ReSO@M), lv|<1-n}.

The map (a, ¢) — &(a, ¢) is continuous on K, hence it attains its minimum at some (ay, ¢¢) € K. By
construction, (ay, o) is also a global minimizer among all translations and all M6bius transforma-
tions.
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For the estimate, minimality gives
& (ag, po) < £(0,1d) < 4m6%,.
Combining this with (2.4) yields
(2.6) G(ao, o) < CO%,.
We next bound ay quantitatively. Since ¢ (x) € S? for all x, we have
|90 (x) + ao — X1 = lgo(x) — (x — ag)| > dist(x — ao, S*) = ||x — ao| - 1I.
Consequently,

G(a, ¢o) >/ (11x - aol - 11)* dx =: J(ay).
§2

Recall from the coercivity in the translation parameter that any minimizer satisfies |ay| < A for
some fixed A < co. For such a we estimate

lx—al*-1 llal*-2a-x| _llal*-2a-x| _ |lal*-2a- x|
lx—al+1  |x-al+1 ~ lal+2 = = A+2
Squaring and integrating yields

[lx—al-1|=

J(a) >

1
(A+2)2 /2(|“'2 ~2a-x)"dx.
S

Using [, xdx=0and [, (a-x)*dx = %|al?, we compute

167

——lal®
3

)

167
/ (lal> -2a-x)* dx = anlal* + —al?> >
S2 3
and therefore

(2.7) J(a) =2

167
3(A+2)2
Applying (2.7) to ay and combining with J(ag) < G(ag, @) and (2.6), we conclude

lagl* < CJ(ap) < CGlag, o) < C8%,,  hence  |ayl < Co.

lal? forall |a| < A.

Finally,
llpo —Id||L2(§2) = llpo — fo lz2(s2) < llo + ao _fO”L2(§2) +llaollzs2) < G(do,(l)o)l/z + \/E|ﬂ0| < Coo,
which proves (2.3). [l
We now replace f by the normalized map
f=fowotay,  h:=Ff-fo

Since ¢y lies in the fixed compact subset of Mob(S?) obtained in the proof of Lemma 2.1, finite-
dimensional norm equivalence gives [[@o —Id ||z < Cllgo —1Id || ;2. Using

f=Fo=(f = foyowo+ (foopo—fo) +ao
and Lemma 2.1, we obtain N
I f = follwzzeszy < CILf = follwzz(s?)-
Moreover, e?lgs: =df®df = @ ac, (x)gs: implies

1
2]l oo = Il (o (x)) + Elnlacq)o(x) oo < Nutll o + Cllpo —Idllicr < Clllwll e + 1L f = follwz2).

So, f still satisfies the smallness condition (2.1) and volume renormalization condition (2.2).
From now on, we use f again to denote the normalized map f. Then, by construction, the point
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(a,p) = (0,1d) is a critical point of & with respect to variations in a and in ¢ generated by infinitesi-
mal Mobius transformations. This yields the following orthogonality identities.

Lemma 2.2 (Orthogonality identities). For the normalized map f, the deviation h = f — fy satisfies
(2.8) / hdx=0,
52
2.9) /§2 h-f.(X)dx=0 V conformal Killing fields X.
Proof. Varying a; = t¢,

dt
so [ h=0.1f ¢, is generated by a conformal Killing field X, then % lt=0(f o) = fix(X), hence

d
o:—) é"(at,ld):z/ h-&dx,
t=0 52

d

= 6000 / fu(X) dx

We next use the pointwise orthogonal decomposition
h=v+zn,

where 7 := f; is the outward unit normal along the standard embedding fy : S*> — R3, z:= h-n, and
v:= h— znis tangent to S? along fp.

Lemma 2.3 (Consequences of the normalization). For each coordinate function x' the following
hold:

(2.10) / v-indx+/ zx'dx=0,
s? s?
(2.11) I/2 v-Afpdx| < Cllhllivl,g(Sz), VA€so(3),
S
(2.12) | /§ ) v-Vx'dx| < Clhly ),
j 2
(2.13) |/§2le dx' < C”hnwl,Z(gZ)'

Proof. Since f§2 hdx=0and h= v+ znwith n = fy, we have

/vdx+/ zndx=0.
s? s?

Taking the Euclidean inner product with e; and using v-e; = v-Vx’ and n-e; = x’ gives

/ U-indx+/ zxidx:O,
s? s2
which is (2.10).

For (2.11), fix A € s0(3) and apply (2.9) with the conformal Killing field X = Afy:

0:/ h-f(Afo)dx.
§2
Since f = fy+hand df = d fo + dh, we have
f«(Afo) =df(Afo) =dfo(Afo) +dh(Afo) = Afo+dh(Afo),
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because d f; is the identity on TS?. Thus

02/ h'Afodx+/ ]’ldh(Af())dx
S$? S?

Decomposing h = v + zn and using n- Afy = 0 (since Afj is tangent), we obtain

/ v-Afgdx:—/ h-dh(Afy)dx.
s? s?
The pointwise bound |dh(Afy)| < C|Vh| yields

|/2 v-Afydx| < C/z IVl dx < CllRll 22 IV Rl 22y < CIRIZ 0 0.
S S
For (2.12), we apply (2.9) with X = Vx':
0=/ h'f*(in)dxz/ h-(Vx'+dh(Vxh)dx.
$? S$?

Since h = v+znand n-Vx! =0, we get

/v-indx:—/ h'dh(in)dx.
s? s?

Using |Vx!| < C and |dh(Vx))| < C|Vh],
|/§2 v-Vx'dx| < C/§2 |hlIVhldx < Cllhll 22 VAl 22y < ClAI 0 s)-
Finally, combining (2.10) and (2.12) gives
— . )
|| zxtdxl=][ v-Vx'dx|<Clhlyzse
$? S$2

which is (2.13). U

We now recall the Cauchy-Riemann operator that encodes the trace-free part of the conformal-
ity condition. The conformality of f reads

(dfy+dh) e (dfy+dh) = e’ gs:,
so, using d fy ® d fy = gs2, we obtain
(2.14) dfyedh+dhedfy+dhedh=(e?"-1)gs.
Taking the trace-free part of (2.14), we obtain
(dfoedh+dhedfy+dhedh),=0,

where by (7)o we mean the trace free part of a tensor 7. Let (ej, e2) be a local gs2-orthonormal
frame, and write

hi = dh(e;) e R®, vi,j = (Ve U, €i).
Since h=v+zn, dfy®ndz = fodfy®dz =0 and dn(e;) = e; = d fy(e;) on the unit sphere, the
normal component zn contributes only a pure-trace term to (d fy ® d h)o, hence it drops out after
taking the trace-free part. In these coordinates the trace-free conformality conditions are the two
scalar equations

1
V11— V22 = _§(|h1|2 —ha?),

V12 + V21 =—(hy, ho).

(2.15)
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Equivalently, if we define the Cauchy-Riemann operator on vector fields by

Dv:= ($Ug§2)o € F(SS T*S?), (Dv)11 =v1,1— V22, (DV)12=Vv12+ 7021,
then (2.15) can be written compactly as
(2.16) Dv=0Q(dh),

where Q(dh) is the trace-free quadratic form
. 1
QUh):=~(dhedhy, e Qu=-z(mf=Ihal), Qu=—n h).
In particular, Q(dh) is quadratic in dh and satisfies the pointwise bound

2.17) IQ(dh)| < Cldhl* < CIVhI®.

Before applying elliptic theory, we record the complex form of D. Assume that the frame (e;, ey)
above is positively oriented, let J be the induced complex structure, and set Z := %(el —iey) and
Z:= %(el +iep). Forge S%T*Sz, let g* be obtained by raising one index. Since g2> = — 11, we have

q” _ (Chl _6112
qi2 —qu

Consequently, ®(q) := g| 70152 defines a real-linear bundle isomorphism

), G Z = (g +iq12)Z.

®: S2T*S? =% Home (TS, TOS2).
For v = vye; + vyey, write v10 := %(U —iJv) = (v1 +ivp) Z. At afixed point, choosing the frame so
that Ve; = 0, we compute
200" (2) = (V11— V22 +i(v12+121)]Z
= [(Dv)11 +i(DV)12] Z = D(DV)(2).

Thus ®(Dv) = 20v"°. The holomorphic tangent bundle of the Riemann sphere satisfies T10S? ~
0(2), where 0 (2) is the holomorphic line bundle of degree 2. Hence its space of holomorphic sec-
tions has complex dimension 3, while H*!(S$?, T19S?) = 0. Therefore ker D is the six-dimensional
real space of conformal Killing fields, and D is surjective. Standard elliptic theory gives the follow-
ing estimate.

Lemma 2.4 (Elliptic estimate for the tangential part). Let1 < p <oo. There exists a constant Cp < co
such that the following holds: if v is the tangential part of h = f — fu as above, then

(2.18) Iwlwirsy < Cp(I1QUEM ey + 1z )
In particular, using (2.17),
(2.19) lvllwir sz < Cp(||Vh||i2p(§2) + ”h”%/\/I,Z(gZ))'

Proof. Decompose v into its component orthogonal to ker D and its projection onto ker D:
V= vy + Uker vo LkerD, v €kerD,

where the orthogonality is taken with respect to the L?(S?, gs2) inner product. Using (2.16), there
is an elliptic estimate

lvollwrr < CpllDvglize = CpllDvllpr = Cpll QAR 1.
Next, choose a fixed basis A, Ay, A3 of s0(3). Then
B = {Vx',Vx?, Vx>, Al fo, Az fo, A3 fol
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is a basis of ker D. Since v — vye; L ker D, the L?-pairings of vj, with the elements of %8 agree with
those of v. Hence (2.11) and (2.12), together with finite-dimensional norm equivalence, give

2
[ Vker||W1vl7(§2) < Cp||hllwl,2(§2)'

Combining the two parts, we obtain

10l < Co(IQUER o) + 112122,

which is (2.18).
Finally, by (2.17) we have

1R ps2) < CIIVAEI Ly = CIVRIT 2
and substituting this into (2.18) yields (2.19). U
We write
E[h] := /Z(IV(f() +R)* = Vfol*) dx
for the Dirichlet energy difference. ;

Lemma 2.5. Under the above assumptions, the following identities hold:

(2.20) E[h]:4/ zdx+ | |Vhi*dx,
S2 S2

(2.21) E[h]:—Z/ A(f0+h)-hdx—/ \Vh?dx,
$? $?
Proof. By definition,
(2.22) E[h]:/ (|V(f0+h)|2—|Vf0|2)dx:2/ Vfy-Vhdx+ | |Vh|*dx.
$2 $? $2
Noting —A fy = 2 fo, we know

2/ Vf0~Vhdx=—2/ Afo-hdx=4/ f0~hdx:4/ zdx.
s2 s2 s2 s?
Substituting this into (2.22) yields (2.20). Again by (2.22), we know

E[h]=2/ V(fo+h) -Vh- |Vh|2dx=—2/ A(f0+h)-hdx—/ IVh|?dx,
S2 S2 S2 S2

which is (2.21). O

In what follows, n f and n := fj denote the exterior unit normals to £ = 0Q and S$%2 =48y, respec-
tively.

Lemma 2.6 (Relation between the averages of z and z?). Under the normalization and smallness
assumption 6 := || hlly22(s2) < 1, the scalar normal component z satisfies

2.23) |/ zdx+/ zzdx| < C6°.
4 S?

Proof. By the divergence theorem,

[ renpdug=sii, [ fondug, =381
> S

and by our volume normalization |Q| = | B;| these integrals coincide.
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In local conformal coordinates we have

f-(hixfdy=[f-ngdur,  fo-(fo)1x(fo)ody= fo-ndug,
)

2.24) /§ (P fix fofo- (o x (ohz) dx=0.

Fix a point and choose an oriented orthonormal frame (e, e2, 1) in R3 with
e1=(fo)1, ex=(fo)2, n=e;xe= .
Write h = v+ zn with v L n, and denote f; :=0; f, h; := 0;h, etc. Then
f-hxfa=fo-(forx(fo)a=(fo+h)-(fo+th1x(fo+th)2—n-e xe
=h-e1xey+n-hyxex+n-e; x hy
+h-hixex+h-e;xhy+n-hyxhy+h-hy x hy.

We analyse the terms one by one in the frame (e;, e;, n).
Firstly, since h = v+ zn and e; x e; = n, we have

h-eyxe;=h-n=z.
For the other terms, we use i = v + zn and the identities
nxey=e, e xn=ej.
For the first order term with derivative of h, the above identity implies
n-hixe=hy-esxn=hy-e; and hy-nxe;=hy-es.
Noting Vz- n = 0, this further implies
n-hyxe+n-ey xhy=divh=divv +2z.

For the quadratic and cubic terms, expanding the cross products gives
hxhi=W+zn)xhi=vxhy+znx(v1+z1n+ zey) :zze2+R1,
hoxh=hyx(V+2zn)=hy x v+ (Va+ 22N+ zey) x zn:zzel + Ry,

hixhy=vixhy+(z1n+zey) x (V2 +zon+ze)) =—2zVz+ z2n+R3,

where
Ri:=vxh;+znxuv,

Ry:=hyxv+2zvy x 1,
R3:=vi x hy+ (z1n+zey) x vy.
These remainders satisfy
|R1| +|Rz| + R3] < C(IvlIVA| +|Vu|(|hl + |V RD).
Consequently,
I:=h-h xe;=ey-(z%es + R)) = 2*+ O(R),
II:=h-e; x hy=e;-(z°e; + Ry) = 2° + O(|Ry),
IIT:=n-hy x hy=n-(-zVz+z°n+Rs) = 2+ O(R3)),
and the fully cubic term & - hy x hy is O(|h||Vh[?).
Putting everything together, we obtain the pointwise expansion

(2.25) F-fixfo—fo-(fo1x (fo)o=3z+32> +divv+R,
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where
IRl < C((vl+IVuD)(hl+|VAD) + |kl |VAI?).
Integrating (2.25) over S? and using (2.24) and f§2 divv = 0, we obtain

/zdx+/ zzdx:—l/ Rdx.
s2 52 3 Js2

By Lemma 2.4 (with p = 2) we have | v|y12 < C62, while || Az~ and VA2 are O(5) by Sobolev
embedding. Thus

/|R|<c/ ((vl+IVuD (Al + VR + kI VAI?) < C8%8 + C56% < C&°.
$? S$?

This yields (2.23). O

Lemma 2.7 (Refined expansion of [Vh|%). On the unit sphere S, withh=v+zn,n= foandv L n,
we have the pointwise identity

(2.26) IV(zn)|? = |Vz|® +22°.

In particular, there exists C < oo such that
(2.27) | |Vh|2dx—/ (V21 +22%) dx| < C&°
s2 s2

Proof. The pointwise identity (2.26) follows from the decomposition
V(zn)=(Vz)n+2zVn

and the relations Vn - n = 0 together with |Vn|? = 2 on $?. For the integral estimate (2.27), by the
decomposition
Vh=Vv+V(zn)
and the relations V,v-n = —v- a, we rewrite
IVhI? — (IVz|? +22%) = |Vv|? + 2Vv-V(zn) = V|2 + O(Vv| (k| +|Vh])
Using the bounds on v from Lemma 2.4 (with p = 2) and the smallness of &, we obtain || v|y12 <

IIVhII%4 +] hll?/vl_2 < 62, hence all terms involving v contribute at most C5° after integration, which

gives (2.27). g

Lemma 2.8 (Quadratic expansion with parameter). Under the normalization and smallness as-
sumption b := || hlly22(s2) < 1, for every fixed c € R, there exists C = C(c) < oo such that

Elh] :-2/ [A(f0+h)+c(f1 ng)] hdx

(2.28) $*

—/ IVzl?dx+2(c-1) | Z*dx+R.[h],
S2 S?

where the error satisfies
(2.29) |R[h]| < C(0)6°.
Proof. It remains to treat the last term

20/ (fixfo)-(f—fo)dx = 26/ (fix fo)-hdx.
s? s?

We estimate it exactly as in Lemma 2.6. Using the volume constraint (2.24), we may rewrite

/(fle2)~hdx:/(elxeg—fleg)-fodx.
$? $?
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Expanding f = fo + h (hence f; = e; + h;) yields
e1xer—fix fo=—(e1 x ho+ hy x ez + hy x hy),

and therefore
26/ (f1 ng)-hdx: -2c (61 X h2+h1 X €2+h1 X hz) 'fodx.
S2 S2

By the computation in Lemma 2.6, we get
(e1 x hp+hy xex+hy xhy):fo =divv+2z+ 2>+ R/,

where R’ = O(|Vv|(|h| + |[Vh])). After integration and applying Lemma 2.6, we get
2(:/ (fi xfg)-hdx:—4c/ zdx—Zc/ Z2dx+0(6%)
S2 S2 S2

= 20/ Zdx+0(6%)
§2
Substituting this into

E[h]:—z/ A(fo+h)-hdx—/ IVh|? dx
(2.30) s* s*

:—2/ [A(f0+h)+cf1xf2]-hdx— IVhIde+20/ (fi x fo)-hdx,
s2 s2 s?

then applying Lemma 2.7 gives (2.28) with remainder estimate (2.29). O

Proposition 2.9. Fix ¢ < 4. There exist 5y = dp(c) > 0 and C = C(c) < oo such that the following
holds. Assume the normalization and volume constraint above, and let
0 := Ihllwe2(s?) < Bo.
Then
2.31) E[h] <C(IIH—clliz

3
(z)+6 )

where H denotes the scalar mean curvature of = = f(S?), and the L?-norm is taken with respect to
dug. Moreover, the constants C and 6o may be chosen uniformly when ¢ ranges in a compact subset
of (—00,4).

Proof. For a conformal immersion f we have

Af=-H(fi x f2),

S0
A(fo+h) +c(fix f2) =(c—H)(f1 x f2).
In particular,
(2.32) IA(fo+ ) +c(fi sz)IZ%IH—CIIVfIZ,
and hence
1
(2.33) / IA(fo+h) +c(fix )lPdx= 5/ |H—cPIVfI*duy.
s? b

By Cauchy-Schwarz and (2.32),

2:39) |/§ Ao+ )+ ctfi x )] - hdx| < |1H = eIV ]

” h ” 12 (§2) .

2(3)

Since IVfI2 =2¢e% s uniformly comparable to 1, [[|H - c||V flllj2x) < CIlH = cll;2x)-
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Next, decomposing & = v + zn and using Lemma 2.4 with p = 2, we obtain
(2.35) IRl <Nl + 1zl < C6* + 2l
Combining (2.34) and (2.35) yields

(2.36) ‘/ Ao+ W+ clfi x )] - hdx| < CIH = ell ey (12112 +62).
§2
By Young’s inequality, for any € > 0,
(2.37) CIH=cloe) (2l 2 +6%) < CellH=clfzg +€lzl7, +8Y).
We now study the quadratic form in z appearing in (2.28):
(2.38) —/ IVzl?dx+2(c-1) | zZ*dx.
$? $?

Decompose z into spherical harmonics. By Lemma 2.3, the L?>-projection of z onto the first
eigenspace (eigenvalue A, = 2) is 0(6%). Moreover, Lemma 2.6 implies

|/ zdx| < c/ 22 dx+C68,
S2 S2

so the constant part of z is also of size 0(62). Thus the low-frequency component of z is 0(6%), and
on the orthogonal complement the Laplacian has spectrum bounded below by A, = 6, yielding

(2.39) |Vz|2dx>6/ z2dx—Co*.
s? s?
Plugging (2.39) into (2.38) we get
(2.40) —/ IVzl2dx+2(c-1) | Z2dx<-(6-2(c-1) | z*dx+Cds*.
s? s? s?
For ¢ < 4we have 6-2(c—1) > 0, so the quadratic form in z is strictly negative modulo an 064 error.
In particular, for € > 0 small and § sufficiently small, the ¢|| zlli2 term in (2.37) can be absorbed into
the negative contribution (2.40), and the remaining error is bounded by C5°.
Finally, combining (2.28), (2.36), (2.37), (2.40) and the error bound (2.29), we obtain

Elh] < ClIH=clfyz +CO’
for all ¢ < 4 and 6 sufficiently small. This proves (2.31) for the fixed c < 4. The preceding estimates
also show that C and §¢ may be chosen uniformly when ¢ ranges in a compact subset of (—oo,4).

g

Corollary 2.10 (W12_control and almost-orthogonality of z). Fix ¢ < 4. There exist 5y = do(c) >0
and C = C(c) < oo such that the following holds. Assume the normalization and volume constraint
above, and let

h:=f-fo, h=v+zn, n=fo, 0 := | hllw22s2) < Oo.
Let H be the scalar mean curvature of 2 = f (S2). Then

(2.41) 1112y < C(I1H = cliZsy, +6%),
2 3
(2.42) |/§2zdx| <C(IH= el +8%),

(2.43) (/§2zxidx| <C(IH=cl%, ) +8%),  i=123,
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or equivalently

(2.44) |/§zzndx| < C(IH= ¢l +6°)
Proof. From Proposition 2.9 we have

(2.45) E[R) < C(IH=cl%, 5, +6%).

Combining this with the identity (Lemma 2.5)
E[h] :4/ zdx+ | |Vh*dx,
s? s2

therefined gradient expansion (Lemma 2.7) and the relation between the average of z and z?(Lemma
2.6), we obtain the quadratic form estimate

(2.46) Q(2):= /SZ(NzF—zzz) < C(IH = claz, +6°)-

Let P<; denote the L?-orthogonal projection onto spanf{l, x!,x? x3}. By Lemmas 2.3 and 2.6,
| P<1 2l ;2(s2) < C62. Since the next eigenvalue of —Ag; is 6,
12031252 < C(QU2) + 31 P<1 212, ) ) < C(IH = €l ) + 67
For v, Lemma 2.4 (with p = 2) yields
lvllwesz) < C82.
Thus
(2.47) 1100 < C(121200 + 10121.) < C(1H = el2, g +6%),

which establishes (2.41).
Finally, Lemmas 2.3 and 2.6 imply

|/ zxidxlgCllhllivlyz(y) and ‘/ zdx)é/ Z2dx+Cé83,
s? s? $?

and inserting (2.47) gives (2.43) and (2.42). Since n = (x',x%,x%), (2.44) follows. As in Proposi-
tion 2.9, the constants may be chosen uniformly when ¢ ranges in a compact subset of (—c0,4). [J

We note that, except for Proposition 2.9, the estimates in this section do not rely on an a priori
Lipschitz bound for f (or an L*~bound for the conformal factor u). We denote by ny = n+ v the
unit normal to X along f, so that v measures the normal deviation of f from f;. The following
lemma gives a quantitative control of the normal error v. As expected from standard computations
in differential geometry, we show that v is well approximated by —Vz, up to higher-order terms.
This estimate will be useful in the sequel; its proof will make essential use of the qualitative L>-
smallness of u.

Lemma 2.11 (Control of v+ Vz in LP). Let 6 := ||hlly22(sz). Then for every p € [1,00) there exists a
constant C,, < oo such that

(2.48) Iv+Vzl sz < Cpb°.

In particular,

(2.49) v+ Vzl?dx < C6~.
SZ
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Proof. We express the normal variation v via the normalized cross product. In local coordinates
(yl,yz) we have
v=2IV(fo+ DI (fo+ W x (fo+ W2~ (folr x (fo)z-

Our basic smallness assumption implies that

IV(fo+mIP-2<1
pointwise. Writing

IV(fo+ I =2+61,
where 81 := 2V fy-Vh+|Vh|?> = O(Vh| +|Vh|?), we have

2 Il S Vfy-Vh th|2+R
V(fo+WIZ 2+6; 2 0 b
2
where R; = 2(267161) and hence

IRiI < C87 = ClIV(fo + WI? =2 < CUVRP +|VAIY.
Expanding the cross product then yields
v=(fohr x ha+h1 x (fo)2— (Vfo-VR)n+Ry,
with |Ry| < C(|VA|? + |Vh|*). Writing h = v + zn and using
hi=v1+z1n+ zey, hy = va+2zon+ zes,
we obtain
hy x (fo)2 =v1 X ex—z1e1 + zn, (fo)1 x ho = ey x vy —zpe2 + 21,
thus by V fy - Vi = divh = divv + 2z, we get
(2.50) v=-Vz+2zn+O0(Vv)-2zn+Ry=-Vz+Rs,  |Rs| < C(IVv|+|VA*+|Vh|*).
By Sobolev embedding, for every g < oo there exists Cy4 with
VAl Las2) < Cq I hllw22s2) < Cq 6.
From (2.50) and Lemma 2.4, we get, for p € [1,00),
lv+Vallr = | Rsllr < C(nwniz,, +1R1Z,. + ||Vh||§4,,) < Cp(62+6%) < Cpo°
for 6 sufficiently small, which proves (2.48). In particular, taking p = 2 gives (2.49). U

3. CONTROLLING THE DEVIATION BY THE CMC DEFECT
In this section we prove that the geometric deviation

” h” W2v2(§2) + ” u ||Loo(§2)

is controlled by the I?>-oscillation of the mean curvature. As a consequence, we prove Theorem
1.2.
Recall that the scalar mean curvature H is defined with respect to the exterior normal ny = n+v,

and we denote its average by
— 1
H:=——— | Hduy.
HE) /z .

Under our assumptions we know that |H-2| < 1, thus H € [1, 3]; hence the constants in Proposition
2.9 and Corollary 2.10 can be chosen uniformly for ¢ = H.

We first show that the average mean curvature is close to 2, with a quantitative bound in terms
of H— H and 6.
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Lemma 3.1 (Control of H —2). There exists C < oo such that, for & := || hll w22 sz sufficiently small,

(3.1) [H-21 < C(1H-HNug) + 0 1H-Hlpzs) +8%)-

(%)

Proof. Let @ :=(n+v)- f. By the divergence theorem (or Minkowski formula) we have

z

We write . . . .
Hp=(H-H(@-¢)+Hp+(H-Hgp+H(@-9),
so that
(3.2) 2J£2(2):/Hq)dpf:/(H—ﬁ)(¢—¢)dpf+ﬁ¢%2(2),
p) z

because the mixed terms integrate to zero.
On the other hand, by definition of ¢ and the divergence theorem in R3,

/(pduf=/(n+1/)~fd'uf:/divxdx:3|Q|:4n-,
> > Q

since |Q| = |B;| = 4n/3. Thus
_ a7

1
= — d = .
LT /z(” M= 70
By the volume normalization and the isoperimetric inequality, FP%(2) > 4m; hence E[h] = 2(A#2(2) -
47) > 0. Proposition 2.9 therefore gives
1 —
|76%(2) 4l = SELh) < C(IH = I}, 5, +6°).
We obtain
— 702 3
(3.3) [P -1 < C(1H=HZq, +5°).
We now estimate the fluctuation ¢ —¢. Writing
p—-l=n+v)-f-n-fo=n+v)-h+v-fy,
and using the bounds on & and v (Lemma 2.11) and the bound of the conformal factor, we have
lo -1l < Co.
This implies
(3.4) lp—1] < C6, lo-lrx <C6.

Rewriting (3.2), we have

(z—FI@JfZ(Z)=/(H—ﬁ)(<p—¢)duf.
z

Hence ]
12— Hopl| < Jz,”Z—(Z)”H_ Hlzz) lo=@les <COIH-Hl2x),
using (3.4) and the area bounds.
Finally,
H-2=H(1-9)+(Hp-2),
SO

|H-2|<Clp—1+CSIH-Hllz) < c(nH—ﬁniZ(z) +8IH-Hll 25 +53),
where we used (3.3) in the last step. This is (3.1). ]
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3.1. Control of the vectorial defect 7 +2x. Let F denote the mean-curvature vector of =. With the
convention above, H = —Hng=-H(n+v). We also write x = f for the position vector along X.

Lemma 3.2 (Control of H +2x in L?). There exists C < oo such that, for 5 := | hllwez2(sz) sufficiently
small,

(3.5) 1+ 2512, 5y < C(1H = Flaqg, + 61 H = Hll 2y +6%).
Proof. By the Minkowski formula,
/FI-xduf=—/H(x'nf)dpf=—2%2(2).
z z

Consequently,

/|ﬁ+2x|2dyf:/|ﬁ|2duf+4/Fl-xd,uf+4/|x|2dpf
z z z z

:/Z(|H|2—4)d,uf+4/z(|x|2—l)duf.

We first estimate the curvature term. Since 5 (H — H) dus = 0, we have

(3.6)

/(|ﬁ|2—4)duf:/(H—ﬁ)zduf+(ﬁ2—4),%2(2).
z z

Since ﬁz —4=(H+2)(H-2)and |H+2| is uniformly bounded for ¢ sufficiently small, Lemma 3.1
yields

712 712 7 3

We next estimate the position term. Since x = f = fo + h, | fo| = 1, and h = v + zn, we have
IXP=1=Ifo+hl>—1=2fy-h+|h* =2z+|h*
It follows that
/(lez—l)d,ufzz/ ze*dx+ | |h*e*“dx.
b s2 s?

Using 2(e?“ — 1) = 2V fy - Vh + |V h|? and Corollary 2.10, we obtain

/zezudx /z(ezu—l)dx /zdx
52 s2 s2

<C(IH =, ) +8%).
Similarly, Corollary 2.10 and the uniform boundedness of e?* give

< +

(3.8)

(2)

ittt dx < C(I1H=H1%, 5 +5°%).
Therefore,

2 712 3

Combining (3.6), (3.7), and (3.9) proves (3.5). O
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3.2. Elliptic upgrade to W?2? and control of the conformal factor. We now use the mean curva-
ture equation to upgrade the W'2—control of h to a W??-estimate, and at the same time bound
the conformal factor u. This completes the proof of Theorem 1.2.

Recall that for a conformal immersion f we have

Af = Heé*",
while for the standard embedding fy(x) = x we have
Afo=-2fo.
Thus, for h = f - fo,
(3.10) Ah=He*" +2f,.

Proposition 3.3 (CMC stability estimate). There exist €9 > 0 and C < oo such that if | h|lyz22(s2) +
||u||C0(§2) < &g, then

(3.11) IRllwezse + lull o2y < CIH=Hl 2.
Proof. We first estimate the right-hand side of (3.10). Write
He* +2fy=(H+2f)e* -2f (e -1)+2(fo - f),
where f is the position vector along X and we identify X with S? via f. The last term is simply
2(fo-f)=-

so its L?-norm is controlled by k2.
To estimate the factor e?“ — 1, note the p01ntw1se identity

2(e*" =1) =2V fy-Vh+|Vh|.
Thus
12 = Ul 2isy < CIVAI ) + IV )
Since f = fo+ h, |fol = 1, and W??(S$?) — L®(S$?), the smallness assumption gives | f |l zo(s?) <
1+ Cllhllw22s2 < C. Hence
12 (€** = Dllz2s2) < Clle®™ =1l pz(s2) < (||Vh||L2(§2) + ||Vh”L4(§2))-

Finally, for the term (H +2f) e** we use the L?>control of H+2 f from Lemma 3.2 and the fact that

%" is uniformly bounded when § is small (this follows from the smallness of & and the conformality

relation). Thus
||(H+2f)e u||L2(§2) C||H+2f||Lz

Collecting these estimates we obtain

IH e*™ +2fyll12(s2) < (||H+2f||Lz +||h||W1,2(§2)+||Vh||§4(§2)).

We may combine this with Lemma 3.2 and Corollary 2.10 to conclude that
3.12) 1H e +2fyll 12y < (||H Hlpze +6%% + \/||H—FI||L2(2)5).
We now apply the standard elliptic estimate
I lwezse < C(IARN gt + I s )

Using (3.10), (3.12) and the IL2-bound for & from Corollary 2.10, we obtain

J— — 1
8 = | hllyezsz < (||H Hllpzs) 53’2+\/||H—H||Lz(z)6)<CellH—HIILz(z)+(e+C62)6.
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For 6 sufficiently small such that Co 2 < i, taking € = i, the terms involving 6 on the right-hand
side can be absorbed into the left-hand side, yielding
(3.13) IRllwezszy < CIH = Hll2(5)-

We finally estimate the conformal factor u in terms of the geometric deviation h = f — fy. Note
that u is already known to be small in L™ by the qualitative theory.

We work in local conformal coordinates on S2. Fix a finite collection of conformal charts

lg: D* — S7,
with D? c R? the unit disc, such that {1, (D?)} covers $2. In each chart we have conformal represen-

tations

2W0,q 2Wq

(foota) " gms =€~ gpz,  (fota) grs =e " gpe,
for some wy, 4 € C® (ﬁ) and wy € W22(D?) n L®(D?). By definition of u we have
Wo — W g = UO Lg.
Fix a and set 1 := 1. For notational convenience, we write
fo:=fool, f:=fou Wo := Wo,q) W= Wq, U = uol=w-—wy.
We denote by f; :=0; f and (fu); := 0, fy the coordinate derivatives on D?, so that
Ifil=e",  1(fo)il=e"".

We now introduce the normalized tangent frames
fi

0. Loli =e ""(fo)i, e=—=e"f

e. .= =
(o)l | fi]
so that {e‘f,eg} and {ej, e»} are orthonormal frames for the pullback metrics of fy and f on D?,
respectively. As is well known, the Gauss curvature can be written in terms of these frames as

—Awy = *(de(l)/\deg), —Aw =x*(de; Ndey),
where * denotes the Hodge star on D?.
Subtracting the two identities yields an equation for the difference u, = w — wy:
(3.14) —Au, = +(d(e; — e)) Adep) + x(de) Ad(ey— €)) = F.
Since | f;| = e* and u is small in L>, we have a uniform lower bound | f;| > ¢ > 0 on D?. Differen-
tiating the definition e; = f;/| f;| and using the corresponding formula for e?, one checks that
(3.15) lle; — €?||L2(D2) +ld(e; — 6?)||L2(D2) < Cllhllwzzp2), i=1,2.

On the other hand, de; and d e? are uniformly bounded in L% on D? (the latter because fo is fixed
and smooth, the former because f is conformal and # is small in W?22). Choose D' € D := D? such
that {1, (D")} still covers S2. Let
E:W'2(D) — W (®R?)
be a bounded extension operator, and set ¢; := E(e;) and é? =FE (e(i)). Then
12l wr2@e) + 18wz < C
and
1d@ — Nl z@e) < Cllhllwezpy,  i=1,2.
By Wente’s inequality [13, 16, 17], there exists a unique solution v, of

~Av,=F,:=x(d(@ - &) A d&) ++(ded nd(& - &)
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with v,(o0) =0, and
vl oo ey < C(Id (@ — @) [ 21l A& 12
+1de)ll 2 1d(@ —e)l2) < Cllkllwez p).
Since —Au, = F, = F,|p, the function u, — v, is harmonic in D. Hence
lu,— vllropny < Clluy— vl iy,

and consequently

e < C(Il iy + 1Rl w2y )
Taking the maximum over the finitely many charts gives
3.16) sy < C{Ilweeen + s ).
It remains to estimate || u|| ;1. Using the conformality relation |V f |2 =224, |V fol2 =2, we have

202 1) = |VfI> = |Vfol* =2V fy-Vh+|Vh|>.

On the other hand, the inequality
le* —1-2ul < Cu?

1
luldx < —/
§2 2 §2
Using the identity for 2(e2% - 1),

A
Therefore

(317) /§2 |u|dx < C”h”WI'2(§2)+C||u||iZ(§2)

implies

ezu—l‘dx+C/ u?dx.
§2

1
e2”—1|dx</ IVfO-Vhldx+5/ IVA*dx < Cllhllyizs?)-
$? $?

Inserting (3.17) into (3.16) and using || |l ;~(s?) < 1, we finally obtain
(3.18) lull o2y < Cllhlwzzs?).
Substituting this into (3.13), we get
lullz=s?) + I Rllwezs?) < CILH = Hllz2)-
This completes the proof of (3.11). g

4. FROM AN AREA BOUND TO THE TWO—-SPHERE-THRESHOLD WILLMORE BOUND

In this section we show that, in the small-defect regime, an area bound below the two-bubble
threshold forces the two—sphere-threshold Willmore bound (1.3). The key input is the quantitative
Alexandrov theorem of Julin-Niinikoski [10, Theorem 1.2].

Proposition 4.1 (Area bound = two-sphere-threshold Willmore bound). Fix a € (0, %) and > 0.
There exists 5y = 0o (a, B) > 0 with the following property.

Let Q c R® be a bounded domain whose boundary X = 0Q) is a smooth embedded surface. After
rescaling assume that |Q| = 4?”. If

(4.1) pg(X) <4nv2-B,  |H-Hlzg) < o,
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then

(4.2) /IHIzdug <327(1- ).
z

Proof. Argue by contradiction. Then there exist §; | 0 and bounded smooth domains Q; c R3 with
smooth embedded boundaries X; = 0Q; such that, after rescaling,

(4.3) Qi1 =%,  pgE)<4anV2-p,  |Hi- Hillzs,) <6
but
(4.4) / |Hi|*dug, > 32n(1-a)  foralli.

2

Set E; := Q; and A; := H;. Since g, (Z;) is uniformly bounded and |E;| = %”, the hypotheses
P(E;) < Gy and |E;| = 1/Cy in [10, Theorem 1.2] hold for a suitable Cy = Cy(f). For i large we also
have || Hg, — Aill ;208 = |1 Hi — Hill j2(5,) < 81, so [10, Theorem 1.2] applies (with n = 2) and yields:

e auniformbound 1/C < A; < C, hencealso R; :=2/A; € [1/C',C'];
 aninteger N; € N and points x; 1,..., X; n, With |x;  — X; 0| = 2R; for k # ¢;
e writing F; := Ul/jil Bg, (x; k), one has the perimeter estimate

1
(4.5) |ig, (Zi) —4nN;R7| < C&¥,

and a corresponding Hausdorff-type closeness of E; to F; (in the sense stated in [10, Theo-
rem 1.2]).

The Hausdorff-type closeness implies the volumes of E; and F; are asymptotically the same, hence
4 4 4
|Fil = Nj ?Ri = |Eil+o(1) = 31 o(1).
In particular, after passing to a subsequence we may assume N; = N is constant and R; — R, so
that NR3 = 1 and therefore R = N~1/3, Taking limits in (4.5) gives
lim pg, (2;) = 4nNR? = 4nN'73.
1—00
Combining with the uniform area bound in (4.3) yields
4nNY3 < an V2 - B,

hence N < 2 and therefore N = 1. Consequently R=1and A; = H;=2/R; — 2.
With N =1, (4.5) becomes

1 2

g (Z) —4nR7| < C6¥,  Ri=—.

H;

Equivalently,

(4.6) H; pig, (Z0) = 167 + o(1).

On the other hand, since fZi (Hi-H)d kg, = 0, we have the exact identity

— —2

4.7) |Hil*dug, = | |Hi—H;|*dug, + Hj pg, (Z)).
Zl‘ Z:i

Using (4.3) and (4.6) in (4.7) we obtain

/ |H;|* dug, = o(1) + 16w — 167,
Z‘

1

which contradicts (4.4) since 327(1 — ) > 167 for a € (0, %). This contradiction proves (4.2). [l
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Proposition 4.1, together with Theorem 1.2, proves Theorem 1.3. In fact, for this implication it is
enough to obtain a strict gap below the two-sphere threshold, with the size of the gap depending
only on f. Proposition 4.1 gives the stronger statement for smooth boundaries, allowing any pre-
scribed a € (0, %). We now prove the corresponding finite—perimeter statement for some «a g € (O, %).

Lemma 4.2. Forevery 5> 0, there exist ag € (0, %) and 6 g > 0 with the following property.

Let E c R3 be a bounded Caccioppoli set, write j1:= |Dyg| and X := spty, and assume that the
associated boundary varifold has generalized mean-curvature vector H € L?(u;R3). Let v be the
exterior unit normal and set H:= —H - vg. If
4n
3
where H := P(E)~! [s Hdp, then

|El=—, P(E)<4nvV2-p,  |H-Hlzq <5p

()

/ |HI* dp < 32n(1 - ap).
z

Proof. Setn := ||H—EIIL2(M). Let {Z;} je; be the connected components of X, and set u; := pu Z;
and m; := p;(R®). Simon’s monotonicity formula [15] gives fzj |H|?dp;j > 167 for every j. Thus J
is finite; write J = {1,..., N}. Moreover, fzj veduj =0 forevery j.

Choose a; € Z ;. The diameter estimate in [15, Lemma 1.1] gives
(4.8) diam2; < Cm}? [ Hll 2.

Since the components are separated, following the proof of [10, Proposition 3.3], choose X; €
Cg (R3; R3) such that X j(x) =x—ajnear Z£; and X; = 0 near the other components. Since the tan-
gential divergence of x — a; is 2, the first variation formula and H = -Hvg give

2m,~=—/ H~(x—aj)duj=/ H(x—aj)-vgdp;.
Zj zj

It follows that

2m; -H (x—aj)-vedu;= (H—ﬁ)(x—aj)'VElej-
3 Z;

Since fzj vedu; =0, the Gauss-Green formula gives

N
> (x—aj)-vEdpj:/ x-vpdu=3|E|.
j:] Zj 0*E

Summing the componentwise identities, using (4.8), and applying Cauchy-Schwarz, we obtain

N
12P(E) -3HIEI| < C ) mjllH~Hll2(u )l Hll2(p))
j=1
(4.9) < CP(E) | H - Hl 12| Hll 2
Since 3|E| = 47, 41 < P(E) < 4nv/2 - B, and
2 _ .2 752
IHIl}z, =n"+H P(E),

estimate (4.9), together with [ Hll;2(,) <1+ P(E)'"?|H|, implies, after decreasing & p and absorbing
the resulting error,

(4.10) H-—
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Consequently,
P(E)® (4nv2 - B)°
+ < —

47?2

The constant term on the right is strictly smaller than 327. We may therefore choose ag € (0, %),
and then choose 6 3 > 0 sufficiently small, so that

/ \H?dp=n%+H P(E) <
>

/ |HI” dp < 3211 - ap).
z
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