EXISTENCE OF CURVATURE FLOW WITH FORCING
IN A CRITICAL SOBOLEV SPACE

YUNING LIU AND YOSHIHIRO TONEGAWA

ABSTRACT. Suppose that a closed 1-rectifiable set I'y C R? of finite 1-dimensional Haus-
dorff measure and a vector field w in a dimensionally critical Sobolev space are given. It is
proved that, starting from I'g, there exists a non-trivial flow of curves with the normal
velocity given by the sum of the curvature and the given vector field u. The motion law is
satisfied in the sense of Brakke and the flow exists through singularities.

1. INTRODUCTION

The present paper studies a general existence problem related to the mean curvature flow
with a critical driving force, the meaning of “critical” being explained in the next paragraph.
Given an n-dimensional submanifold Ty C R"*! and a vector field u(z,t) : R™™ x [0, 00) —
R consider the existence problem of a family T'(t) C R™"! such that T'(0) = 'y and T'(¢)
moves by the motion law of

v(z,t) = h(z,t) +u(z, t)*. (1.1)

Here, v(z,t) is the normal velocity vector of I'(t) at x, h(z,t) is the mean curvature vector
of I'(t) at z, and u(x,t)* is the projection of u(x,t) to (Tan,I'(¢))*. One may view the
problem as the mean curvature flow with a given background flow field u as a forcing term,
and the short-time existence of unique classical solution I'(¢) satisfying can be proved
it I'y and u are sufficiently smooth. When the given vector u is not smooth, it is interesting
to study the minimal requirement for the existence of solution, where the meaning of
solution to itself can be an essential part of the study. Though the motivation of the
problem with a low-regularity assumption on v may be considered as purely theoretical,
there is a coupled two-phase flow problem of Navier-Stokes equation proposed as a sharp
interface limit of the Navier-Stokes/Allen-Cahn equation (see [0, 12} [I3] and the references
therein) where the presence of interface I'(¢) influences the incompressible flow w itself via
the surface tension and I'(#) moves by the motion law (when o9 = 1 below). We briefly
mention this problem, where u(x,t), I(x,t) (pressure) and I'(¢) satisfy in the distributional
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sense
up+u-Vu=Au—VIL+ o hH"|rp on R™™ x (0,00),
V-u=0 on R™ x (0, 00), (1.2)
v = o9h + ut on I'(t) for ¢>0.

Here o4, 09 are positive constants and h H" Lp(t) is an n-dimensional surface measure on I'(¢)
multiplied by the mean curvature vector h of I'(¢). This system has a natural energy law of

2
dt Rn+1 2 Rn+1 I'(¢)

so that the sum of the kinetic energy of the fluid and the n-dimensional surface area of
interface I'(¢) decreases in time. In the present paper, we emphasize that we take u to be
a given datum, on the other hand, leaving the application to the coupled problem for the
future.

The main result of the present paper is a global-in-time existence of solution for the
initial value problem of in the case of n = 1 under the assumption that the given
vector field u satisfies

u e Lloc([()? 00)7 LQ(R2)) n Lloc([07 OO)) W1’2<R2))' (14)

Here W12(R?) is the Sobolev space with L%-integrable weak first derivatives. Moreover, for
all T' > 0, writing

T
c1(u,T) :== (ess sup [ |u(x,t)]? dx) (/ / |Vu(x,t)? dxdt), (1.5)

t€[0,7] JRR2 0 R2
the solution satisfies

HYT(T)) < H'(To) exp(cy i (u, T)) (1.6)
for all T > 0 with an absolute constant c; > 0. Here H'(A) for A C R? is the one-
dimensional Hausdorff measure of A. The solution I'(¢) is guaranteed to be non-trivial at
least for some positive time interval and may go through various occurrences of singularities.
The functional space is a natural class to solve the above mentioned problem ([1.2]),
but more interestingly, the quantities appearing in are invariant under the natural
parabolic scaling (when 7" = oo and note that u has the same scaling as x/t, see [4]). As
the most relevant results, the second-named author and collaborators showed (|11, 20])
such existence results for general n > 1 if the given vector field u satisfies

T a/p
1
/ / |u(z, t)|P + |Vu(z,t)[Pde | dt < oo with p > M, q>2 (1.7)
0 Rn+1 2(q — 1)

and p > % in addition if n = 1. These conditions on p, ¢ imply that, under the parabolic
scaling, the effect of w in small scale becomes negligible and u may be regarded as a
perturbation to the mean curvature flow. More precisely, for A > 0, let & = A\ "'z, { = A2t
and @(%,1) = Mu(z,t) (which should behave like #/f). Then the change of variables shows

//|Vua:t)|pd:c> dt //|Vu \de) );x“’?“i, (1.8)
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and the condition on the exponents p, q of means —2 + (n 4+ 1)/p+2/q < 0. This
implies that the effect of & becomes smaller as one looks at a finer scale A = 0. For this
reason, it is fitting to say that the problem ([1.1)) with is subcritical. In contrast,
the case of n +1 = p = ¢ = 2 is a critical case which just fails to satisfy . The
solution in the present paper has the feature that the effect of curvature and that of forcing
are analytically comparable in strength since the parabolic change of variables, which is
invariant under the mean curvature flow, is also invariant for the norms of u considered
here. There is no known general existence theorem for the “supercritical” case, where at
least one of the inequalities in is <. We expect that there is no solution of the similar
type in the sense that the forcing field is too turbulent for the evolving surface to even
retain the finiteness of the surface measure in general.

We next discuss the technical difference between the critical and subcritical cases of
the problem. One important point for both cases is that, unlike the mean curvature flow
(u = 0) which simply reduces the surface area H™(I'(¢)) in time, H"(I'(¢)) may blow up
immediately with irregular u. The strategies of having a good bound for H"(I'(t)) can
be explained as follows. If u and I'(¢) are smooth and is satisfied, then by the first

variation formula of the surface measure, we have

d
LT (1)) = —/ v hdH" = —/ (7 + h - u") dH". (1.9)
dt T(t) T(t)

We may proceed to use —h-ut < |h|?/2+|ul?/2, so that we would have an apriori estimate
for H™(I'(¢)) in term of H"(I'(0)) if we have a control of the term

T
// (uf? " dt. (1.10)
o Jrw

Note that |u|? is integrated with respect to the surface measure, so that we need to control

the L?-norm of the trace of Sobolev function u on I'(t). For this purpose, we take advantage

of the Meyers-Ziemer inequality [I5] (see Theorem , namely, if the upper density ratio
HM(T(t

o) = sup TLD) (1.11)

By (x)CR7+1 rr

is bounded, then the Meyers-Ziemer inequality gives

/ lu|? dH"™ < c(n)@(t)/ IV |ul?| d, (1.12)
T'(¢) Rn+1

and if the right-hand side is appropriately bounded, we would be able to obtain the apriori
bound for H™(I'(t)). For the subcritical case of (as in [20]), it turned out that
the local L> bound of ®(t) in time can be controlled using an analogue of Huisken’s
monotonicity formula [7]. For the present critical case, a similar strategy does not work
since the contribution coming from u cannot be controlled in the computation of Huisken’s
monotonicity formula. Instead, we utilize a monotonicity formula for one-dimensional
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general varifold which gives
D(t) < / Ih] dH! (1.13)
T(t)

in essence (see Proposition for the precise statement) and which allows us to close the
above estimate. In this sense, the strategy is particular to one-dimension and is different
from the subcritical case. In the end, we only obtain

T T

/ D(t)2dt < sup Hl(m))/ / ([ dH (1.14)
0 t€[0,T) 0 Jr)

and not necessarily the local L> bound on ®(t) as in the subcritical case.

We also utilize global-in-time existence results [9, [10, [19] for the mean curvature flow,
which can be modified for the flow with a smooth forcing term, and which prove the
global-in-time existence of approximate flows. We show a priori estimates on the length of
the curve, L?-norm of the curvature and L?-norm of the vector field u (as a trace) depending
only on H!(Ty) and ¢;(u, T). It is proved that the limit of the approximate flow satisfies a
set of desired properties similar to the results in [20]. As in [9, 10, 19], the setting of the
problem is for that of general multi-phase and the flow typically keeps triple junctions as it
evolves.

The organization of the paper is as follows. In the next Section 2, notation and main
results are stated. In Section 3, key a priori estimates are presented. Section 4 states the
existence results of the flow in the case of smooth forcing term and for general dimensions,
and whose proof is relegated to the Appendix. Section 5 analyzes the limiting process and
proves the main theorem, and in Section 6, we mention a few additional comments.

2. NOTATION AND MAIN THEOREM

2.1. Notation. Though the main result of the present paper is for n = 1, here we
write the notation for general dimensions because of Section 4 We define G,,(R"1) :=
R™™ x G(n+1,n) where G(n+ 1,n) is the space of n-dimensional subspaces of R"™!. The
subspace S is often identified with the (n + 1) X (n + 1) matrix representing the orthogonal
projection R"*' — S. A general n-varifold is a Radon measure on G,,(R"™!) (see [2, [17]
for more comprehensive presentation). The set of all general n-varifolds is denoted by
V,,(R*™). For V € V,(R"1), let ||V]| be the weight measure of V', namely,

Vi = [ owavis

for ¢ € C.(R™™). A set M C R™"! is said to be countably n-rectifiable if there exists
a countable number of Lipschitz functions F; : R® — R™" (j € N) such that H"(M \
U2 Fj(R™)) = 0 (see [I7] for the other properties). V € V,(R*™') is called rectifiable
if there exist an H"-measurable countably n-rectifiable set M C R"*! and a locally H"-
integrable function € defined on M such that

V(o) :/Mqﬁ(x,Taan) O(z) dH"(x) (2.1)
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for ¢ € C.(G,(R"™)). Here Tan, M is the approximate tangent space of M at x which
exists H" a.e. on M. Any rectifiable n-varifold is uniquely determined by its weight measure
V|| = @ H" | through the formula (2.1). For this reason, we naturally say that a Radon
measure 4 is rectifiable when one can associate a rectifiable varifold V' such that ||V = p.
The approximate tangent space Tan, M is denoted in this case by Tan, p or Tan, ||V||
without fear of confusion. We let var(M, ) denote the varifold defined as in (2.1)). If § € N
for H" a.e. on M, we say V is integral. The set of all integral n-varifolds is denoted by
IV, (R™1). If @ = 1 for H™ a.e. on M, we say that V is a unit density n-varifold.
For V € V,,(R""1) let §V be the first variation of V', namely,

SV (g) = /G o VO SIV(S) for g€ CLEIRN) (2.2)

Here Vg - S := 7112, 9:,Si; which is the divergence of g on S. If
sup IV (g) < oo, (2.3)

geCE(RP LR L), [g|<1
we say that the first variation is bounded, and in this case, let ||§V]| be the total variation
measure. If ||[0V|| is absolutely continuous with respect to ||V||, by the Radon-Nikodym
theorem, we have a ||V||-measurable vector field h(x, V') such that

Vi) == [ o) haV)dV]@), (2.4)

The vector field h(z, V') (often written as h(V)) is called the generalized mean curvature
of V' (or curvature in the case of n = 1). For any V € IV, (R"™) with bounded first
variation, Brakke’s perpendicularity theorem for generalized mean curvature [3, Chapter 5]
says that

St (h(z,V)) = h(z,V) for V ae. (z,5) € G,(R"), (2.5)
i.e. h(x, V) is perpendicular to the approximate tangent space for |V a.e. z € R**1. For
V € IV,(R"™!) and ||V|-integrable function u, we use the notation

u™(w) = (Tang [V]])*(u(2)), (2.6)

which is well-defined for ||V a.e. z € R".
For a set of finite perimeter £ C R™*!, let 0*F be the reduced boundary of E. Let Vyg
be the distributional derivative of the characteristic function of E and let ||Vxg| be the

total variation of Vyg. By the well-known structure theorem for sets of finite perimeter
(see [5]), H"|o-p= ||V xE|. We also write |E| for the Lebesgue measure of E.

2.2. Measure-theoretic formulation of the normal velocity. In this subsection we
review what it means for a one-parameter family of varifolds {V;}:>o to be a solution
of . To motivate the definition, let us assume first that we have a smooth family
of n-dimensional surfaces without boundary I'(t) C R™™! moving by the normal velocity
v =v(z,t). For any test function ¢ € C}(R"™ x [0,00)), we can prove that

— o dH" = Vo —¢h) v+ —dH" 7
dt T'() <$) /F(t)( ) ! ot (2 )
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is satisfied. Conversely, if o = 0(x,t) is a smooth normal vector field defined on I'(¢) which

satisfies
d . 0o
— pdH"(x) < (Vo —oh) -0+ —dH (2.8)

for all non-negative ¢ € C}(R™! x [0, 00)), then one can prove that ¢ has to be the normal
velocity vector, i.e., 0 = v (see [21, Section 2.1] for the proof). Thus can be used to
characterize the normal velocity vector, and by considering the integrated version, we have
the following

Proposition 2.1. Suppose {I'(t) }+cjo.1] s a smooth family of n-dimensional surfaces without
boundary. Then a normal vector © defined on I'(t) coincides with the normal velocity vector
v if and only if the following holds. For any 0 < t; < t; < T and for any non-negative
¢ € Co(R™1 % [0,T]),

9¢

o At (2.9)

b ts) dH (2) — | b(w, ) dHP () < /t § /F RORE

[(t2) L(t1)

is satisfied.

Motivated by this, we may define the normal velocity of a family of varifolds {V/ }+cjo,17-
First, as a generalization of the n-dimensional surface, we may require V; € IV, (R"!)
for a.e. t € [0,7]. Since we want to consider & = h + u', we require that V; has the
generalized mean curvature vector h(x,V;) for a.e. t, which is also L2-integrable, i.e.,
fOT Jgnir |A(z, V3)|? d||Vi]|dt < oo. Under these additional conditions and replacing @ in ([2.9)
by h+u®, H"|r@ by ||Vi]|, respectively, we say that {V;},cj0.7y is a solution of if
holds true for any 0 < #; < ¢, < T and for any non-negative ¢ € C}(R"™! x [0,T7]). See
(V3) (which shows, in particular, that V; € IV(R?) for a.e. t), (V4), (V5) and (V7) in the

next subsection.

2.3. Main results. We first state the assumptions for the main theorem.

Assumption 2.2. We consider the following (A1)-(A4):

(Al) N is an integer with N > 2.

(A2) Eyy, ..., Fon are non-empty open sets in R? which are mutually disjoint.
(A3) Ty :=R?\ UY, Fy; is countably 1-rectifiable and H!(I'y) < oo.

(A4) w is a given vector field as in and ¢;(u,T) is as in (L.5).

Here, the simplest case is N = 2, which may be considered as a “two-phase” case. In
general, N corresponds to the number of “phases” Ejy1,..., Ey y and they partition the
whole R?. Note that the connectedness of each of Fy, ..., Fy y is not assumed. Since Iy
cannot have interior due to H*(Ty) < oo, we have 'y = UN 0F; and the initial datum Ty
for the flow is given as the topological boundary of the partition.

We next state the main existence theorem as Theorem [2.3] and we give an itemized
explanation in Section
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Theorem 2.3. Assume (A1)-(A4). Then there exist a family {V;}>0 C V1(R?) and a
family of sets of finite perimeter {E;(t)}+>0 in R? for each i =1,..., N with the following:
Properties for V;:

(V1) [[Vol| = H' [,

(V2) If HY(UN(OEy; \ 0" En;)) = 0, then limy o4 ||Vi] = |[Vol-

(V3) For a.e. t > 0, for t with |V;||(R?) > 0, there exist a finite number (denoted by

P(t) € N) of connected embedded W*? curves {1(t),...,Lpw)(t), each of them being
either a closed curve or a curve with two endpoints, such that

P(t)

V, = Z var (4;(t),1). (2.10)

Here, it is not ruled out that some (;(t) and (;(t) with i # j may be identical.
Moreover, there is a finite set of points where the endpoints of curves £1(t), ..., Lpw(t)
meet at angles of either 0, 60 or 120 degrees. If N = 2, each curve is an embedded
closed curve which may intersect other curves only tangentially.

60° 60°
60° 60°
120°
60°
(b) (<) (d)

FIGURE 1.

(V4) For a.e. t >0, 0V, is bounded and absolutely continuous with respect to ||Vi|| (thus
h(z,V;) exists).

(V5) There exists an absolute constant c; > 0 (cf. Theorem|[3.3) such that for all T > 0,
and writing ¢y (u, T) (cf. ) as ¢y,

T
/ / Wz, Vi)P d|Villdt < 4H! (To) (1 + cacr explescy ), (2.11)
0 R2

T
/ / lu|? d||V;||dt < 4\/01027{1(?0)\/1 + coc1 exp(cacy) exp(cacy /2). (2.12)
o Jr2
(V6) For all T > 0,

sup ||Vi||[(R?) < H'(Ty) exp (cac1(u, T)). (2.13)

te[0,T
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orall 0 <t; <ty < o0 an S X 0, 00)) wit >0, it holds
V7) F {1l d ¢ C’lR2 h ¢ hold

Ve l((-5 £2)) = [V [ (¢ (, 2) d||Vi|(z)dt
<], L o

" / 2 / {Vole,t) = de.)h(w, V) } - {h(e, Vi) + ut (2, 1)} dl|Vil| )t

Properties of E;(t):

(El)E(O) E()J‘fOT'Z.:l,...,N.

(E2) Ei(t),..., En(t) are mutually disjoint sets of finite perimeter for all t > 0.

(B3) For allt 2 0, |Vill > [Vxsoll for cachi = 1,..., N and 21V = £, [Vxaol.

(E4) S(i) = {(=, t) xr € Ei(t),t > 0} is a set ofﬁmte perimeter in R? x [0,T) for all
T>0andi=1,...,N.

(E5) There exists a constant c3 = c3(c1(u, T), H' (Ty)) such that, for eachi=1,... N
and0§t1<t2§T,

|Ei(t2) AE;(t)| < cslty — t1)7. (2.15)

(E6) There exists a Radon measure 5 on [0, 00) with 5(]0, T]) <y = c4(cl(u,T), H(Ty))
such that, for any 0 <t <ty <T, ¢ € Co(R* x [0,00)) and i =1,..., N, we have

‘/Ei(t2)¢(x7t2)dx_/-t1 z,t d:z;—/ / " o d:cdt
< ({0, 1] (/ / ¢2dHVtHdt>l/2.

(E7) Let 0;(x) be the density of |Vi||. Then for a.e. t > 0 and H' a.e. v € by, (t)

(cf. (210))

(1) if N > 3, then, 0,(x) = 1 implies x € UN 0" E;(t).
(2) If N =2,

,(x) = { odd integer for x € O*El( )(= 0" Es(t)),

(2.16)

even integer for x € ULD0,(t) \ 9*Eq(t). (2.17)
(E8) If {Vi}o<t<r is of unit density for a.e. t € [O,T], then V; = var(UY,0*E;(t),1) for
a.e. t €10,7).

2.4. Discussion on the main results. We give comments on the stated results.

(V1) This specifies that the initial condition is satisfied.

(V2) In general, 0*Ey; C 0Ey;, that is, the measure-theoretic boundary is contained
in the topological boundary, but they are not equal when there is a piece of
topological boundary “within the set”, to put it heuristically. Such a set typically
vanishes instantaneously under our construction, so that we cannot expect the
stated continuity in general. On the other hand, if the difference has null measure
as assumed in (V2), then ||V;|| is continuous at ¢ = 0.



(V3)

(V4)
(V5,6)

(V7)
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This states that, for a.e. ¢ > 0 and for ¢ with ||[V;|(R?) > 0, the flow looks like a
network of W22 curves with triple junctions with 120-degree angles or the degenerate
triple junctions (such as “infinitesimal hexagons” as in Figure 1(c)). This regularity
is a special feature of the construction of [9, [10]. For the case of N = 2 (“two-phase”),
there is no junction and each curve is an embedded and closed loop, and they may
only intersect tangentially. We know the local description of the support of ||V;]|,
thus the number of curves is finite, which we denote as P(¢). On the other hand,
we do not know any further property of P(t).

This property in particular implies that the sum of the unit conormals of the curves
at the junction (counting multiplicities) must be 0.

These give control of the relevant integrals in terms of the initial length and norm
of u in an explicit manner.

The inequality is a characterization of the normal velocity being equal to
h + ut as described in Section in a generalized sense of Brakke. Unlike the
subcritical case of [20] where the regularity theorem of [8] is applicable, no regularity
theorem of a similar kind is known for this flow due to the criticality.

We next discuss the results on E;(t).

(E1)

(E2)

(E3)

(E4)
(E5)

(E6)
(E7)

(E8)

Each F;(t) starts with the given initial open set Ey;. As already stated, Ey; may
not be connected in general.

At each time ¢, Fy(t),..., Enx(t) give a partition of R?, and note that some of them
may be empty sets. Unlike the subcritical case, where F;(t) is open (see (E2’)), we
can only conclude that F;(t) is a set of finite perimeter.

The perimeter measure of E;(t) bounds ||V;|| from below and this property is useful
to guarantee the non-triviality of ||V;|| in the sense that, as long as there are at least
two elements of E;(t),..., Eyx(t) with positive Lebesgue measure, we have [|[V;|| # 0.
Each E;(t) may be obtained as the time-slice of S(i) C R? x [0, 00), which is itself a
set of finite perimeter in R? x [0, 7] for all T

The Lebesgue measure of E;(t) is Holder continuous in ¢. In particular, it cannot
suddenly vanish discontinuously.

More detailed information is contained in on the continuity of each E;(t).
This is an intuitively expected result in that, if the density is one, then, there should
be only one curve with unit density in the neighborhood, so that there should
be exactly two E;(t)’s whose boundaries coincide with the curve. More precise
information is available if N = 2. If the multiplicity is # > 2, then, there are 6
curves counting multiplicities. Crossing each curve transversely, one enters from
Ei(t) to Ey(t) or vice-versa. Thus, depending on the parity, the point is either in
the reduced boundary or inside the domain. The idea of proof is somewhat similar
in spirit.

If we have a unit density flow, then the measure ||V;]] is precisely the one coming from
the reduced boundary of E;(t). In other words, the higher multiplicity occurs with
positive space-time measure only when the discrepancy ||V;|| > var(UX,0* E;(t), 1)
happens with positive measure of time.
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We give more comments in Section [d] comparing the subcritical case and the present critical
case in particular.

3. KEY A PRIORI ESTIMATES

In this section, we establish the length estimate for an evolving curve with the
velocity given by in the sense expressed in . We also obtain the L? control of w.
The first proposition is for a fixed time, so we drop the reference to t in V;. The result is
certainly not new and we include the proof from [16] for the reader’s convenience.

Proposition 3.1. Let V € V(R?) with |V||(R?) < oo and ||6V||(R?) < co. Then the
following quantity
IVII(B:(x))

(VI = sup LIEAD) (3.1)
By (z)CR? r
satisfies the estimate
DAV < 6V II(R?). (3.2)
If in addition that ||0V || is absolutely continuous with respect to ||V'||, then we have
. 1
(Vi) < (VIR [ R v (33)

Proof. For 0 < 0 < p and xy € R?, we consider the vector field

X(x) = (M - /1)>+($—$0),

where (), denotes the nonnegative part and | - |, = max{|-|,0}. For S € G(2,1), we can
compute as

_ % on B,(zy),
S-VX(x)= z—z0)|? B
() [staeal” 1 on B, (20)\ By (o),

|:c—x0\3 p

Q=

where S* represents the orthogonal projection to the orthogonal complement of S. Inte-
grating S - VX with respect to V,

B B 1 _ 2
sy = WIE) _ WU 5 =0 o, )
o p G1(Byp(eo)\Bo(z0)) € — To
while using | X| < 1, we have
||V||(Ba(x0)) . “vH(BP(IO)) < ||5V||(R2)
o p - '
By letting p — oo, we obtain (3.2)) and using ([2.4]), we have (3.3)). O

We next recall the Meyers-Ziemer inequality [I5] that bridges the integral with respect
to a Radon measure and the Lebesgue measure of compactly supported functions.
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Theorem 3.2. There exists a constant co > 0 depending only on n with the following
property. Suppose that p is a Radon measure on R™ 1 with

B,
D(p):= sup u(Br(x)) < 0. (3.4)
B (z)cRn+l T

Then for any ¢ € CLR"), we have

o) due) < V& () [ Vo) (3.5)

Rn+1 Rn+1

We use Theorem and Proposition [3.1] to obtain the following a priori estimate for
flows satisfying (1.1]) with a regular w.

Proposition 3.3. Consider a family of varifolds {V;},», C V1(R?) with the following
properties.
(a) For a.e. t >0, V; € IV{(R?), 6V} is bounded and absolutely continuous with respect
to |Vi|l, and [ fos |R(z, Vt)|2d||‘/;|]dt < oo for all T > 0.
(b) For all'T > 0, sup;epo 1y HVtH( ) < 00.
(c) For some u € C’l(]R2 x [0,00);R?), the property (V7) in Theorem [2.9 is satisfied.
Set ¢; = e1(u,T) as in (L.5). Then we have

sup [[Vi[|(R?) < [|Vol|(R?) exp(ez c1), (3.6)
t€[0,T]

A 4medewﬁs4ww®%a+@qmm@q», (3.7)

T
/ /2 |u|? d||V;||dt < 4\/0102HV0H(]R2)\/1 + a1 exp(eacy ) exp(cacy /2). (3.8)
o Jr

Proof. We consider a sequence {¢y}eny C C} (R?; [0, 1]) which equals 1 in B, and vanishes
outside By, with |V, < 1/¢. Using (2.14) and the dominated convergence theorem, we
may take the limit { — oo in with ¢ = ¢, and obtain

/ /|hwr2d||v;||dt</ /—hw ut ||Vt
<! / / (V)2 d|[Vilde + / / ul? ]|V | dt.
2 t1 R2 2 t1 R2

To estimate the last integral we argue for a.e. ¢ € [ty,t5] that
[k S vaoil) [ i a
Do mviE)( ([ ek aw)’ ([ 19apae)’( [ 1ias)' @10
<5 [ IR dl + 2eVil @) [ 1VuPds [ Jup .

||VtH(R2

(3.9)
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The above two inequalities together imply

A RGIRAT
t1

<es s fuC0l [ (v / |Vu|2do:)dt.
t1

tE[tl tg]

ThlS combined Wlth Gronwall’s 1nequahty leads to (3.6]). Using (3.6)) in - we obtain
, and using and (3.7) in , one obtalns 1.’ O

4. EXISTENCE RESULT FOR FLOW WITH REGULAR FORCING

IVZIC ]R2

(3.11)

Given a vector field with a compact support u € CH(R™! x [0, 00); R"*1) and a suitable
initial datum, by modifying the proof of [9] 10l [19], we may establish the existence of a flow
of multi-phase boundary moving with v = h + u*. Since the modifications are somewhat
of technical nature, we relegate the proof to Appendix [A] We state the result for general
dimensions since no change is needed. The stated results are not exhaustive and the reader
is referred to [19] for additional properties, such as [I9, Theorem 2.10,2.12,2.13], which hold
equally for the current situation.

Assumption 4.1. Consider the following (A1)-(A3), (A4’), n € N:

(A1) N is an integer with N > 2.

(A2) Eyy, ..., Fyn are non-empty open sets in R™™ which are mutually disjoint.
(A3) Ty := R\ UN, Ey, is countably n-rectifiable and H"(I'y) < oo.

(A4’) w is a vector field in C}H(R™! x [0, 00); R™ ).

Theorem 4.2. Assume (A1) — (A3), (A4’). Then there exist a family {V;}i>0 C V,(R™)
and a family of open sets { E;(t)}i>o for each i =1,..., N with the following properties:
Properties for V,:

(VL) [[Vol| = H" [, -

(V2') If H* (UL, (0Eo,; \ 0°Eoy;)) = 0, then limy o4 [|[Vi[| = [|[Vo]l.

(V3’) For a.e. t >0, V, € IV, (R"™Y), and if n =1, (V3) of Theorem [2.5 holds.

(V4’) For a.e. t > 0, 0V} is bounded and absolutely continuous with respect to ||Vi|| (thus

h(z,V;) exists).
(V5) For all T >0, h(-,V;) satisfies

/ [ Ime P dil et < . 1)

(V6) For all T > 0, supeiop [[Vi[[(R™) < oo,
(VT’) For all0 <t; <ty < oo and ¢ € CLH(R™ x [0,00)) with ¢ >0, it holds

IVaall(@(- 1)) = Vi (& / [ S divila
w7 AT — ot 0t VO - (e Vo e 0} Vil )i
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Properties of E;(t):

(El’) Ez(()) = EO,Z' f07” 1= 1, ceey N.

(E2") Ei(t),..., En(t) are mutually disjoint open sets for all t > 0.

(E3") Writing T'(t) := R"™ \ UN, E;(t), we have H™(L'(t)) < oo and T'(t) = UX,0E;(t) for
allt > 0.

(E4’) Write du := d||V;||dt and (sptp); := {x € R"™ . (x,t) € sptu}. Then I'(t) =
(spt p) for allt > 0.

(E5) For allt >0, Vil > Vx|l for cachi=1,... N and 2|Vl > S, [Vl

(E6") S(i) :={(x,t) : x € Ei(t),t > 0} is open in R"™ x [0,00) fori=1,...,N.

(E7") For any 0 <t; <ty < oo, ¢ € CHR"™ x [0,00)) and i =1,..., N, we have

to to
/ o(z,t) de = / (/ (h+u) v pdH" +/ 99 da:) dt. (4.3)
Es(t) t=t; t 0% B, (t) B Ot

Here v; is the outer unit-normal of the reduced boundary 0* E;(t).

(E8’) Let 0,(x) be the density of |Vi]|. Then for L'-a.e.t >0 and H"-a.e.x € T'(t),
(1) if N >3, then 0,(x) = 1 implies x € UN., 0% E;(t).
(2) If N =2,

odd integer for x € 0*E;(t)(= 0" Ex(t)),

Oulz) = { even integer for x € I'(t) \ 0" E1(t). (4.4)

We discuss the difference between the critical and subcritical cases. Overall results are
similar but the subcritical case gives better results due to the availability of Huisken’s
monotonicity formula. With it, one can obtain an upper density ratio bound ([3.4]) uniform
in time for any fixed time interval [0, T']. For the critical case, as one can see in (3.3), we only
have a time-integrated L? bound on @ (||V;||) which is a substantially weaker control. Thus,
compared to (E2’) where E;(t) is open, in (E2) we only have measurable F;(t) and a similar
difference holds between (E6’) and (E4). This also causes a certain weaker conclusion on
(E6) compared to (E7’), where the result is reduced to the estimate instead of the
identity (4.3). Technically speaking, we do not know if d||V;||dt is absolutely continuous with
respect to H? in R? x [0, 00) for the critical case and this gives a difficulty in establishing

the identity (4.3)) in [19].

5. PROOF OF MAIN THEOREM

For the given vector field u as in (1.4)) and m € N, we first extend u by zero for ¢t ¢ [0, m]
and we shall consider the mollified vector field

u™ (z,t) = /]R 5 Cym(® =) 01/m(t — ) uly, s) dydsn(|z|/m) (5.1)

where (. and g, are respectively 2-d and 1-d standard mollifiers, and 7 is in C'*°([0, 00))
with the property that 0 <7 < 1, n(s) =1for 0 < s < 1 and n(s) = 0 for s > 2. Then u(™
is a O vector field with compact support. By the standard argument (see [I, Theorem
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2.29 and Lemma 3.16]), one can prove for any 7" > 0 that

T
S [ 10—l ) ey d = 0 (52
and
sup [[u™ (-, )| 22y < esssup |Ju(-,t)|| 2 @2)- (5.3)
te[0,1] te[0,T+1]

In the remaining part of this section, we let {V (™}, and {(E™ () b0 (i=1,...,N) be
the solution corresponding to u = u(™ in Theorem , and we prove that the desired
solution can be obtained as a suitable limit of V,"™ and Ei(m) (t).

Proposition 5.1. There ezists a subsequence {m;};en C N and a family of Radon measures
{itt}1>0 such that fi = lim;_, ||V;(mj)|| as measures for allt >0 .

Proof. 1f we can prove the existence of such a subsequence on any [0, 7], then a diagonal
argument shows the existence of a subsequence with the desired property. Thus we fix T" > 0
in the following. By Proposition with V;"", we have (3.6)-(3.8) with ¢; = ¢y (u'"™,T).
Then, by (5.2) and (j5.3)), the right-hand sides of (3.6)-(3.8]) are bounded depending only on
1Voll(R?) = HY(Ty), fOT V(- 1)[|72 g2y dt and ess sup,ep roq) [[u(-, 1) || z2(g2) for all large m.
Thus, there exists a constant ¢; depending only on these quantities (and not on m) such
that

sup ||V, |(R?) < c5. (5.4)

te(0,7)

Then arguing precisely as in the proof of (3.11] -, we may obtain

/ / RV 2 V™) |dt<cG/ /|Vu dzdt,  (5.5)

where cg is independent of m. To proceed, we introduce the following quantities:

o () = |V (R?), (5.62)

t
1
= [ [ e aieyas (5.60)

t t
U™(t) .= 66/ |Vu(m) (z,s)|* dzds, U(t) := 06/ |Vu(x,s)|*drds,  (5.6c)
0 0 Jr2

VIR

\I/gm), o0 g _ m). \1,2 m) . _ glm) _ pr(m) (5.6d)

Then shows that \If ) and \Il are non-increasing functions of t. For a sequence
of umformly bounded non-increasing functions, we may extract a subsequence {m;} ey

such that \Ilgmj ) and v, ) converge to some non-increasing functions point-wise. More
precisely, by a diagonal argument, we may choose a subsequence that converges point-wise
on Q; = QnN[0,00) first. The limit function is again a non-increasing function on Q.
which can be uniquely extended to a continuous function on [0, 00) except for a set of
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countable discontinuous points named D C [0, 00). Using again the non-increasing property,
one can show the point-wise convergence on [0,00) \ D, and one may choose a further
subsequence to have a convergence on countable D by the diagonal argument. This gives
a desired subsequence {m;},ey. Since Umi) converges to U point-wise by , we may
conclude that both ®(™) and H(™) converge point-wise in ¢, and we define

® := lim &™) and H := lim H™), (5.7)

Jj—00 Jj—00

Note that a non-increasing function is continuous on a co-countable set. From this and
also the fact that U is a continuous function, we conclude that H and ® are continuous
on a co-countable set. By the compactness property of Radon measures, on a countable
dense set {t(k)}ren of [0,T], we may further extract a subsequence (denoted by the same
notation) such that

HV;((Z;J )H converges to some Radon measure i) as j — oo for each k € N. (5.8)

We next prove that ju ;) can be extended to a Radon measure fi; on a co-countable set

A C [0, T] continuously and that ||V;(mj)|| converges to fi; for all t € A. For any ¢, > t; and
for any ¢ € C? (RQ' R, ), we use @ and the Cauchy-Schwarz inequality to obtain

\V4 2
s L e+ T el a9

Here ¢ is a constant independent of m. Since sup4.o,(|Vo[*/0) < 2[|[V?¢[1 (see [21]
Lemma 3.1]), the second term on the right-hand side is bounded by C(t; — ¢;) for some C
independent of m. Thus the same computation in Proposition shows

IVi™l(¢)

v,

to t2

. S (t+H™ () + U™ (1)) (5.10)

t=t1
Here ¢g depends on ||¢||c2 and others but not m. Now let ¢ty = t(k') > t(k) = t; and m; in
place of m. Since ||V;((ZSJ)H(¢) converges to i) (¢), and also H™)(t(k)) and U™ (¢(k))
converge to H(t(k)) and U(t(k)) respectively, we have

11() ‘t(k/)

t=t(k) —
This implies that u:(¢) — cs(t + H(t) + U(t)) on the set {t(k)}ren (recall that this set is
dense in [0, T1) is a monotone non-increasing function, thus can be extended as a continuous
function on a co-countable set of [0, 7. Since H is also continuous on a co-countable set
and U is continuous, we may define fi;(¢) = lim;_.o fty(x,)(¢) (Whenever t(k;) — t) on a
co-countable set of [0,7] as a continuous function. The above argument was for a fixed
¢ € C?(R%;R,), but we can choose a countable set {¢},eny € C?(R%; R,) which is dense
in C.(R?;R,) with respect to the norm || - ||z, and conclude that fi,(¢(?) is similarly
defined on a co-countable set of [0, 7] for all £ € N. We name this co-countable set again
as A. Next, we prove that lim, s [V [(¢©) = () for all t € A. To be clear, let
us call an arbitrary point of A as t € A and let {t(k,)}nen be any sequence with ¢(k,) <

t(k")

cs(t + H(t) + U(t))‘t:t(k).

(5.11)
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and lim,,_, t(k,) = t. Since (5.10]) is valid for any t; > t;, choosing t, =t and ¢, = t(k,),
we have

t

IV I60) < IV + exte + HOO@ + 0@ (512)
By taking limsup,_,., and using (5.7) and (5.8)), we have
. s t
fim sup [V (60) < g (6) + eslt+ HO UG, . (613
J—00 = n

and since H and U are continuous at ¢ and we define /i,(¢(?)) as above, by letting n — 0o,
we have

tim sup [ V;"[[(6) < fis(62). (5.14)
j—o00
Similarly, let {t(k,)}nen be any sequence with t < t(k,) and lim,_,o t(k,) = t. Again
letting ¢, = t(t,) and t; = t, we have

m; m; ms t(kn) m;
IV 169) — es(t + HO () + U @) 27 < [V71(6). (5.15)
By arguing similarly and taking liminf,_,.,, we have
() < liminf [ (69). (5.16)

This proves the desired convergence on A, and since {¢()}scy is dense in C.(R%;R.), we

have the convergence of ||V;~(mj ) || to fiz as Radon measures. On the complement of A which
is countable, we may choose a further subsequence (denoted by the same notation) of {m;}
so that HVt(mj ) || converges to some Radon measure, which we again name fi;. This ends the
proof. [l

Proposition 5.2. For a.e. t € [0,00), there exists a unique V; € IV{(R?) such that
f: = Vi, 16V4] is absolutely continuous with respect to |V;|| and h(V;) is in L?. Moreover,

for any T < oo, (2.11) holds for h(V}).
Proof. Taking liminf in (5.5) with m = m;, t; = 0, t, = T and using Fatou’s lemma, we

have
lim inf
J—00 R2

On the other hand, we have

h (VS(mj)NQ d||VS(mj)|| < oo for a.e. s € [0, T]. (5.17)

IV (R?) = /R2 (V) df[ V|

< ([ mwenpawen) gveney. e
R2

With these two assertions and ([5.4]), we can apply Allard’s compactness theorem for integral
varifolds [2, Sec. 6.4] to a.e. s € [0, 7] so that there exists a subsequence {m/} C {m;} and

/ .
mj) J—>0

V, € IV{(R?) such that VS( —— Vj as varifolds. Note that the choice of the subsequence



EXISTENCE OF CURVATURE FLOW WITH FORCING 17

m’; may depend on s. On the other hand, we know that ||V;(mj )|| 2% D, as measures on
R?, so we have i, = ||V]|. For an integral 1-varifold Vj, there exist a countably 1-rectifiable
set M, C R? and a function 6, : M, — N such that V, = var(M,, 0,) and |V,|| = 0, H' | u1.,
which is fi;. Once we know that jis is of this form, then fi, uniquely determines V;. So
for a.e. s € [0,T], we have a unique V; € IV{(R?) such that ||V,| = fis. We define
V, € V1(R?) for other s € [0,T] so that [|V,]| = fi, for example, Vi(¢) = [5. ¢(x, So) dfis(z)
for ¢ € C.(G1(R?)), where Sy € G(2,1) is a fixed element. E| The resulting family {Vi} o 7
belongs to IV (R?) for a.e. s € [0,T] and satisfies the claimed convergence properties.
The existence of h(V;) € L*(||V4||) follows from the standard argument: By the varifold
convergence, one can prove that, for any g € C!(R?; R?),

(m%) (m})
ovita) = i o™ (0) < i ([ 1" g™ ||) ([t ||)

} 3
:<nmmf/ |h(xg<mf>)|2d|yxg<mf>|!> (/ IgldeVSIO
J—00 2 2

In the last line, we have taken a subsequence {m/;} C {m;} so that the limit of | |h( VS )|2 d||V ||
achieves the lim inf (left-hand side of - The inequality (5.19) shows the absolute con-
tinuity of the total variation measure ||6V;||, which shows the ex1stence of h(V;) € L2(|V4])).
By integrating in time, by Fatou’s lemma and satisfied by V(™ we also have
for h(V;) as claimed. O

Proposition 5.3. The property of (V3) holds for V;.

(5.19)

Proof. For a.e. s, since h(V;) € L*(||Vs]|), we have the monotonicity formula (see [17, 17.7],[2]
8.1]) at each point of spt ||Vy|| and there exist stationary tangent cones (see [17] for the
definition of tangent cone and the basic properties). Note that each tangent cone consists of
half-lines with possible integer multiplicities. Thus either of the following two cases holds:

(a) There is at least one tangent cone consisting of a single line with integer multiplicity.
(b) Any tangent cone is a union of half-lines emanating from the origin (whose union is
not a single line).

Consider the case (a) first, and without loss of generality, assume that the point in question

is the origin x = 0. If the density is equal to one, then the Allard regularity theorem shows

that spt||V4|| can be represented by a C'/2 curve with the multiplicity equal to one in

a neighborhood of the origin. Since the curvature is in L?, we immediately deduce that

it is a W22 curve. Thus we may assume that the density at 0 is an integer lar than
2

with
uniform L? bound of h(V;(mj )). Let {r;} be a sequence converging to 0 and such that the
rescaling of V; by 1/r; converges to a line L with integer multiplicity. We claim that for all

one in the following. Let V;(mj ) be the subsequence in the proof of Proposition [5.

sufficiently large ¢ and j, B,, does not contain any junction of Vs(mj ). Here, a “junction”

INote that this is not a rectifiable varifold. However, the measure of such a set of times is zero.
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means a location where curves meet with non-zero angles. For a contradiction, assume
otherwise. Then, there must exist subsequences (without changing the indices) such that

B, contains at least one junction of Vs(mj ) and we may also choose a further subsequence
so that the Hausdorff distance between L (the limit tangent line) and sptHV;(mj ) | in Bay,,
is o(r;) . Then consider the change of variables & = x/r; and the corresponding varifolds

under this change of variable as V; . We then have

- (m!) - () (m5)
/B|h<v; )2 d| 72 ||=n-/B V)2 ™ |<n/ VDR av|

and the right-hand side Converges to 0 as i« — oo. Thus, for all sufficiently large ¢, the

W22 curves consisting of spt||VS ") || are close to straight line segments in C! topology. On
the other hand, at a junction in B;, there must be at least two curves emanating from
there having an angle of 120 degrees. One can draw a conclusion that such a set of curves
cannot be contained in a small neighborhood of a line for all sufficiently large 1, and we

arrive at a contradiction. Thus, for some r; and all sufficiently large j, V; ) is free of
junctions in B, with small L? curvatures, and can be represented as a union of graphs of
functions f; < ... < f; in W22 close to a line. Then one can prove that the limit V; in B,
may be expressed similarly. This gives a desired description at a point belonging to the
case (a). Next, let us consider the case (b). First note that the points of (b) are discrete
point. If not, then there must be an accumulation point which must be also in (b) since
the first part of the argument shows the absence of a junction in a neighborhood if it is
in (a). Let ; — & be a sequence of converging points of (b). Then, let r; := |z; — | and
consider the rescaling of Vi centered at & by 1/r;. By the definition of (b), it converges
to some tangent cone which is not a line. On the other hand, in a small neighborhood of

T = lim; o (x; — Z)/|x; — Z| (after choosing a convergent subsequence), the support of the

rescaled V; converges to a line since the limit is a sum of half lines. Since the rescaled Vs( )

is cgnverglng and is close to a line, the first part of the argument shows that the rescaled
Vs(mj ) in a small neighborhood of Z is free from junctions for all sufficiently large 7, thus Vj
near z; is a point with the same description in the case of (a). This is a contradiction, so
the points of (b) are discrete. At such a point, there exists a neighborhood in which the
point belonging to (b) does not exist except at x = 0, and spt||V;|| \ {0} consists of points
n (a). By the description of (a) and choosing a small neighborhood, one can argue that
spt||V;|| is represented as a finite number of W22 curves reaching to the junction point with
small C! variations (note that the curvature bound gives C'*/2 control of the curves). The
angles of intersection of these curves must be either 0, 60 or 120 degrees due to the fact

that Vs(mj ) is converging with the same property of junctions and in the uniformly bounded

CYY/2 norms of curves controlled. For N = 2, since Vs(mj ) has no junction, the V, cannot
have any point of (b). This completes the proof. O
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Proposition 5.4. The function u satisfies for any T < oo

T T
lim ™) — |2 d||V;||dt = lim / ™) — w2 q[V;"dt =0 (5.20)
J—00 0 R2

Jj—o0 0 R2

and with c1(u,T) as in (1.5), we have (3.8) satisfied for u, i.e.,

T
/ / [uf? d|Vildt < 4/Es]| Voll (R2)\/1 + cacr exp(eacs) expl(cac /2).
0 R

Proof. For , first note that Theorem holds true equally for ¢ € WH2(R™) by
approxnnatlon Thus computing as in -D and using and .,

[ e it < v [ o) [ 90— ulasa
0 R 0

<2ya [ VDA [ moDPamil) [ ) - 9w -] et

< ava sup IVIED! sup uttln( [ [ 0 dvilar)’

t€[0,7+1]

T =

uv’ — 2 X .

(/ IV (u™) — w) 2 d dt)2
0 R2

By (5.2)), this converges to 0 as j — oo. The same computation with respect to Vt(mj ) holds
equally, thus we obtain (5.20)). Since u(™) satisfies (3.8]), the same inequality holds for u

due to the convergence of ||%(mj)]\ — || Vil O

(5.21)

Proposition 5.5. {V;}:>o satisfies the inequality (2.14]).

Proof. We fix T > 0,0 <t; <ty <T and ¢ € C*(R? x [0,T]) with ¢ > 0. Once this case
is treated, the C! case can be proved by approximation. Let {m;} be as in Proposition .
Given ¢ > 0, we fix jj so that

T
/0 /R2 \u(mﬂ') — u|2 d||Vi||dt < e (5.22)

when j > jo by using (5.20)). For notational simplicity, set g = u(™5). Now fix s € [0,7]]
such that (5.17) holds, and let a subsequence {m/};en be such that

V" 5V, as varifolds, (5.23a)

lim | oI(V: VN2 -6 gt — V™)) - (Ve — go) dvi™|

Jj—00

=liminf [ @AV ™))|? = V- g= — V™). (Vo — go) d||VI™)). (5.23b)
]R2

J—00
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Note that the choice of subsequence may depend on s. Using (2.4 . and m we

can deduce

. )y (m5) ()
lim [ Vo-grd|[Ve |+ Jim [ AV - (Vo —gg)dlVe |
R

Jj—ro0 R2

(5.24)
= [ Vo-gtdvil- [ (Yo~ go)-sav.
R2 G1(R?)
By the similar argument for ([5.19)), we have
[ omaR v < Jim [ olnv)Rap),
thus with (5.23b]) and (5.24)), we find
[ MR = Vo gt = h(ve)- (V6 ~ go) dIVi]

R (5.25)

J—00

<liminf [ G[R(V"™ )] = V- g= = h(V™)) - (Vo — go) d V).
R2

Since ¢|h|2 — [Vellg| — |hI(|V¢] + |gl6) > —Vollg] — 25 — |g|%¢ which is bounded from
below by a constant depending only on g and ¢, we may use Fatou’s lemma to conclude
that

| omE =Yoot = k) (Vo = go)alVilds

5.26
< lim inf / [ OBV =V g = (V™) - (T - g0) V™ s o
Since each V(™) satisfies with u(),
imiat [ Gl < Vo gt V) (6 o) d| v
— i (V16 () = VN0 )+ [ [ aodvimas
# [ (F6w — )t o) (g =) AV as) (e

= Vall @) = WVl @ ) + [ [ awaivilas

t2
+ lim inf / (Vo (u™) = )+ G hVI™) - (g = ™)) IV ds
t1 R2

J—00

where in the last step we have used HVs(mj )H — || V4|l as Radon measures for all s. For the

integrals in the last line of ((5.27)), we may use ((5.20)) and (5.22)) to conclude that they are
bounded by a multiple of €. Similarly, we may replace ¢ on the first line of ((5.26)) by u with

a similar error. By letting ¢ — 0, this gives the desired inequality (2.14)) for V;. O
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Remark 5.6. For the family of varifolds {V}};>¢ thus far constructed, from (V1’) and from
the method of construction, (V1) is satisfied. We have proved so far (V3)-(V7) and (V2)
will be proved in Remark

Proposition 5.7. There ezists a subsequence of {m;} (we use the same notation for
this subsequence) with the following property: For each i = 1,..., N, there exists a set
S(i) € R? x [0,00) with ||[Vxsw|(R* x [0,T]) < oo for all T > 0 such that, writing
Ei(t):={x eR?: (z,t) € S(i)},

lim |X <m]>()( x) — Xg,)(x)| dr =0 (5.28)

J—00

for all R > 0 and for all t > 0. Moreover, (E5) holds true.

Proof. We fixi=1,...,N and T > 0 in the followmg Recall the definition E ( ) belng
the “i-th phase” correspondlng to the flow with «(™ obtained by Theorem . Let S(™)(3)
be the set defined in (E6’) corresponding to E™(t), namely,

Sty = {(z,t) : x € E™(t),t > 0} (5.29)

which is a relative open set in R? x [0, 00). For any g = (¢', ¢, ¢°) € C1(R? x (0,T); R?),
(E7") with t; = 0 and t5 = T shows

9g*
S(m) (4 E( ot

(5.30)
/ / - g 7)™ = (V] )) +u™) - v g antd,
*E m

where 1™ is the outer unit normal to &*E™(t). By (E5), for all 0 < ¢ < T,

HUOE™ (1) = [V xpm | (B < V™ I®) < sup VRS, (5:31)
and again by (E5),

[ O i artar s [ i) e

o (5.32)

s@st%mWW)é/Q/Vz7WV+WWFWVMWQ

s€[0,7

Since the right-hand sides of (5.31]) and (5.32)) are both bounded uniformly due to (3.6)-
(B.8), this implies that ||V xgum @ [|(R? x (0,T)) is uniformly bounded. By the compactness
theorem for bounded variation function applied to the subsequence {m;} in Proposition
we have a further subsequence (denoted by the same index) and a set of finite perimeter
S(i) € R? x (0,T) such that Xgtm)(; converges to s locally in L'(R* x (0,7)). By

Fubini Theorem, we also may assume that X gms)

(o Converges locally to x g, in L'(R?)
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and for a.e. t € (0, 7). In fact, since (E7’) holds equally true for ¢ € C,.(R?) with |¢| <1,
for 0 < t; <ty <T, we have

to
[ ewrde= [ swds < [T ana
E{™ (t2) E™ (1) t JorEM™ (1) (5.33)
§C3(t2—t1)%

where c3 can be obtained as in (5.32)) and is independent of m. For any R > 0, we may let
A = BrnE™ (t)\ E™ (t;) or BRnE™ (t,)\ E'™ (t,) and approximate y4 by ¢ € C.(R?)
to see that (after letting ¢ — x4 and R — 00) |E'™ (t1)AE™ (ty)| < 2c3(ts — t1)7. From

this, one can conclude that X ) CONVETges locally in L'(R?) for all t € (0,7) (not only
a.c. t), and the limit F;(t) is g—HE)lder continuous with respect to the Lebesgue measure.
If necessary, we may define the time-slice of S(i) to be E;(t) for all t € (0,7, and by a

diagonal argument as 7" — oo, this proves the claim of ((5.28) and also (E5). O

Remark 5.8. By (E2'), Eimj)(t), . ,E](ij)(t) are mutually disjoint for each ¢ > 0. By
(5.28]), it follows that Ey(t),..., Ex(t) are mutually disjoint with respect to the Lebesgue

measure. Also since ||VXE<mj>(t)|| < V" (by (E5), limys [V, = | Vi, and by
the lower-semicontinuity pfoperty, we have |[|[Vxg,@| < ||Vi]| for all ¢ > 0. Then, by [14]

Proposition 29.4],

1 N
3 Y IVxmwll =H ux omm< Vil (5.34)
=1

At t = 0, we may argue just as in [I8, Proposition 6.10]. If H}(UY,0F; \ 0*Ey;) = 0, then
N

2Voll = >_ VX,
i=1

while limsup,_, o, ||Vi|| < ||Vol| follows from (2.14)). Thus ||V5|| = lim—o4 || V]| and we have
(V2).

Proposition 5.9. Properties (E6) holds true.

N
< lim inf ; IV Xzl < Tim inf 2[[Vi] (5.35)

Proof. Consider a sequence of L}, ([0, 00)) functions
P =2 [ R R ) (5.36)
* (¢

whose L'-norm on [0,7] is bounded uniformly. By the compactness theorem of Radon
measure, there exists a further subsequence (denoted by the same index) and a Radon
measure 3 on [0, 00) such that f(™) dt converges to 3 as measures. With this notation, for
any ¢ € C}(R? x [0, 00)),

to t2 1 t2 1
[ (b < ([ g a) ([ [ awin)t e
t1 B, 7t t1 t1 JR2
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where we used (E5’). Then, using (4.3)) and the convergence of f(™3)dL, Ei(mj )(t) and HVt'(mj ) I
to B, Ei(t) and ||V;]| respectively, we obtain (2.16]) and this ends the proof. O

Up to this point, (E1)-(E6) are proved. Finally,
Proposition 5.10. The properties (E7) and (ES8) hold.

Proof. This follows from the argument in Proposition and the resulting (V3) as follows.
For ae. t > 0, V; = Zf:(? var(/;(t),1) and away from a finite number of junctions, the
density of ||V]| is precisely the number of Wh! curves passing through that point, all
tangentially. As in the proof of Proposition of case (a), the topology of convergence
of W22 curves corresponding to V(™) to the limit is locally C*', thus the properties (ES’)
satisfied by V(™) holds in the limit. More precisely, suppose that N > 3 and the density of
|Vi|| is 1. Then there is only one curve going through this point, thus, the number of curves

of V;(mj) approaching to this single curve must be also 1. Since E(mj)(t) (i=1,...,N)

converges to F;(t), and (E8’)(1) shows that the approaching curves are part of the reduced
boundary of E\™ )(t) e E](ij )(t), we can deduce that the point in question must be also
in the reduced boundary of Fi(t),..., En(t). This proves the case of N > 3. If N = 2,
then, again by the C'! convergence of curves and the property (E8’)(2), one can conclude
the same property for the limit depending on the parity of the density. This ends the proof
of (E7). For (E8), the unit density implies that 6;(xz) = 1 for ||V;|| a.e. z and (E7) then
implies that H(¢;(t) N £;(t)) = 0 for all i # j and HH(ULDe,(0)A UY, 0 E;(t)) = 0. This
immediately proves (ES8). O

6. FINAL REMARKS

(1) One may wonder if there exists a corresponding result for n > 1 that is also critical,
for example, ¢ = 2 and p =n + 1 in view of , and some appropriate condition
on u itself, such as esssup;c( 1y Jgo [u|? dz in the case of n = 1. Our analysis is
heavily based on , and a similar strategy does not seem to work.

(2) Suppose that we have a sequence of flows {V;(m)}tzo and {u™(-,t)};>0 each of
which satisfies the properties of Theorem and is such that HVOm)H(RQ) and
c1(u™ T) are uniformly bounded for each T > 0. It is then desirable to have a
good compactness property. In the case that u(™ = 0 (or even the subcritical case
treated in [20]), one can extract a subsequence (denoted by the same index) and
a limit {V;},;50 such that im0 [[V™| = [|V;]| for all ¢ > 0 and the limit is a
Brakke flow (or flow with (L.I))). In the present case, if we can further assume that
1™ converges to some u strongly, namely,

m—o0

T
lim / IVul™ — Vu|? dedt = 0, (6.1)
o Jr?

then one can extract a subsequence such that the limit flow is a solution of (1.1)).
The proof of this may be carried out along the line of the proof of Theorem [2.3]in
fact, since the proof is precisely the compactness of the approximate flows to the
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solution of ([1.1]). On the other hand, unless we assume this strong convergence, it
is difficult to prove that the limit is a solution of ([1.1)).

APPENDIX A. PROOF OF THEOREM [4.2]

For a vector field u € C}(R"™! x [0, 00)), we need to change the motion law from v = h
to v = h +ut in [9, [10, 9] and we point out locations to be changed. First of all, let
N € N be the number of phases as in these papers, and with H"(I'y) < oo, we may
set the weight function (see [9, Section 3.1]) = 1 and ¢; = 0. Otherwise, we may
proceed with the same definitions in [9], with a slight modification provided in [19] in the
definition of the volume-controlled Lipschitz deformation (see [19, Definition 3.1]). The
first major modification occurs at [9, Proposition 5.7]. The function f should be changed
from f(z) ;== + ho(z,V)At to

f(z) =x+ (he(x,V) 4+ u(z))At
(where u(z) = u(x,t) with ¢ specified later) and the estimates [9], (5.55)] and [9], (5.56)]

become
L VIIR™) — [IVII(R™) 1 [P SV 1 n
- 3]s < Ll VIE™), (a2)
and under the assumption of || f;V[[(R**) < M, [9, (5.57)] becomes
6(V.0)(he(-, V) +u()) = 6(£;V, ) (he (-, V) + u())] < &=, (A-3)

and the same expression for [9, (5.58)] with © = 1. Here ¢y := 3n + 20 (see [9, (5.54)]).
The proof of is the same, in essence because of the boundedness of u in C! (to be
precise, the restriction on ¢ also depends on ||u[|c1). To obtain (A.2), we may proceed as in
[9, (5.66)] with

OV, 1)(he +u) = 0V (he) + 0V (u)

1 (I)s ) 2 1
<-(-eh) [ GPl ek s VIR, (A
where we used [9] (5.23)] and the definition of V. Combining with ¢ = 1, (A.4) gives
(A.2)). The same proof works for and the one corresponding to [9, (5.58)] by using
the boundedness of w in C''. The content of [9, Section 6] needs only a slight change due to
u, for example, in [, Proposition 6.1], we have & := {Eq1,. .., Eon} € OPY, and there
exists a family £, € OPY (1=0,1,...,52%) for each j € N with

Ejyo = & for all j e N (A5)
and with the notation of (see also [9, (5.54)])
1
At = — € (27162, 7], (A.6)

oP; 7
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we have (cf. [9, (6.3)-(6.5)])

||86j,l||(R"+1) < Hl(FO) exp <ZAtj||UHCvl) + EjglAtj, (A?)
[0€al|(R™1) — (|01 ][(R™F1) 1/ |22, % 0(0EI°
- X
Atj 2 Rn+1 q)gj * H@EJJH —+ Ej (A 8)
- j75 n % n '
T A 0 R < & o 08| (R,
J
0E; — ||0&;,— 1
H J,l”((b) AtHJ 5, 1H(¢) < 5(05j,lv¢)(haj(,’agﬂ) —|—u(-,lAtj)) +g]’? (A.9)

for i =1,2,...,52P and ¢ € A;. The proof of these is very similar. Starting with [9, (6.6)],
we put

M; = H"(To) exp (jllufler ) + 1, (A.10)
and choose ¢; similarly so that corresponding to this M;, [9, (6.7)] holds. Then choose
an admissible Lipschitz map f; € E¥*(;;,j) ([19, Definition 3.1]) as in [9, (6.9)], define

Fie1 = (f1)+&j1 and define
fo(x) =2+ Atj(he,(x,0E7,, 1) +ul(x, (I +1)At;)). (A.11)
Then we define
Eiirr = (fa)x J,z+1~ (A.12)

The rest of the proof is identical and one can deduce (A.7)-(A.9). The statement of [9,
Proposition 6.4] is the same in that there exists a subsequence {j; };en such that (see [9]
(6.18)-(6.20)])

lim 1985, (6]1(6) = () (A13
for all ¢ > 0 and for all ¢ € C.(R™™), and for all T' < oo
’ |, * 0(9E;(1))[”
I i d R Jdt < 0. (A14
e [ [ o, oE T 5 2 By TPEOIE ™ Jar <o (a8

Moreover, for a.e. t € [0,00), we have
lim j; JID A OE;, (1)]|(R™Y) = 0. (A.15)
%

The proofs of rectifiability and integrality [9, Section 7, 8] (with slight modification as in
[19]) utilize only the properties and (A.17)), so that the measure f; is integral for
a.e. t > 0. The last part for the proof of is similar to that in [9, Section 9] in that we
have the extra term coming from w in the right-hand side. Tracing the proof of [9, Theorem
9.3], it comes down (see [9, (9.10)]) to analyzing the behavior of (with 0&;, = 0&;,(t))

8(0€;;,0)(he, +uz) = 6(0€;,) (e, +sz))+/ SH(VO) - (hey, +uz) d(9€;,) (A.16)

Gl(Rn+1)
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as | — oo for a.e. t. Here u;, is a piece-wise constant (only in time-direction) vector field
such that

w; (z,t) = u(z, kAt)) if t € (K — 1)At,,, kAt,]. (A.17)
Since u € CHR"™ x [0, 00); R"1), u;, and Vu,, converges to u and Vu uniformly as I — oo.

Now, the term 6(9&;,, )(u;,) is bounded uniformly (in terms of ||[ul|c: and [|OE; ||(R™+1)).
Thus, in choosing a subsequence {j;};en C {Ji}ien in [9, (9.16)] such that

~ N

limsup 6(9E;, (t), @) (he;, + uj) = lli}m 6(0E;(t), @) (he, + uy) (A.18)
l—o00 o0 7 !
and proceeding similarly, one can prove that ([9, (9.19)])
I / [9ey * 60BN V(1) (A.19)
im su r<i : .
R N Ol

Here M(t) is as defined in [9, (9.18)] and is finite for a.e. t. But for this subsequence,
{085 (t) hiew converges to V; € TV,,(R™*!) as varifolds due to [9, Lemma 9.1(b)], and one
can conclude that

A

lim 5(085(1),6) () = 6(Vi, ) (1) (4.20)

The harder part on the convergence of 6(9&j, QAS)(th,) is identical and one can prove (4.2)
l
for a time-independent test function ¢, and one can proceed similarly for a time-dependent

test function ¢ as well. This proves the existence of measures {V;};>¢ satisfying (V1’),
(V3’) (for now only V; € IV, (R"*?) a.e.t), (V4')-(V7). As for (V2’), the same argument in
Remark (or [I8, Proposition 6.10]) shows the claim, while (V3’) in the case of n =1 is
proved in [I0], where the only ingredients needed for the proof were and .

For {E;(t) }+>0 we need modifications in [9, Section 10] and [19]. For the first one, the
main point is that one needs to modify Huisken’s monotonicity formula [7] appropriately
due to the presence of u, which can be done easily when u is bounded. In [9, (10.2)], for
t € [0, 7], we replace pf}, , (z,t) by

~ r—=y
s t) = () exp (= el ) pps (1) (A.21)

Then, proceeding as in [§, Proposition 6.2] (see the computations up to [8, (6.6)]), one can
conclude that for 0 <t; <ty < T,

Vil (7.0 (5 )

to

<c(m)BR*(t—t1) sup R Vil|(Bar(y))- (A.22)

t=ty t'E€lt1,t2]

which allows the same argument in [J, Section 10]. Another minor modification is that of
[9, Lemma 10.12]. With additional bounded w, one can prove:

Lemma A.1. For somet € RT, x € R™"! and r > 0, suppose ||Vi||(U,(z)) = 0. Then for
t et t+ Mfw], we have H‘/t/H(U\/r27(2n+2r|\uHLoo)(t’ft) (x)) =0.

For completeness, we give the proof.
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Proof. Without loss of generality, assume z = 0 and ¢ = 0. Define
O, t) = {r? — |2* = (2n + 2r[Jul| = )t}* exp(—t]u]7~)

for |z|> < r? — (2n + 2r|jul|z=)t and = 0 otherwise. Then ¢ is C? in the space variables
and by the Cauchy-Schwarz inequality and the first variation formula (2.4]), we have

/ (V6 — he) - (h+u*) d|Vi]| < /
Rn+1 Gn

Writing above ¢ as R(x,t)* exp(—t||ul/2), one can check that (also using S - I = n)
S -V?¢ = (48R2|S(x)|* — 8nR )¢
so that (|A.23]) can be bounded from above by

i ;|u|2¢ — SV + |||Vl dVi(-, S). (A.23)

(R7+

2
U|| T oo — -
/ | !L ¢+ 8nR ¢ + ||ul| L=8r R o d|| Vi
Rn+1

while

0 _
0l — 80 + rllulli) B,

Thus (4.2]) shows that ||V;||(¢) is decreasing in time and we obtain the desired conclusion. [

We can proceed exactly as in [9, Section 10] and may conclude (E1’)-(E6’). For (E7’)
and (E8’), we need to modify the proof in [19]. Since u is C', the proof is similar. In [19,
Section 4.1], h + ut in place of h is a generalized velocity in the sense of L? flow and the
proof is identical once is established. The proof on the existence of measure-theoretic
velocities ([19, Section 4.2]) can be easily modified by replacing the motion law from h.
to he + u and the same proof shows [19, Proposition 4.5] (note that u; in the statement
there is not to be confused with u in this paper). The proof for the identification of the
measure-theoretic velocity in [19, Section 4.3] goes verbatim and proves (4.3)). The rest
of [19], Section 5 and 6, goes without change and in particular, (E8’) holds true for this
modified version.
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