
EXISTENCE OF CURVATURE FLOW WITH FORCING
IN A CRITICAL SOBOLEV SPACE
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Abstract. Suppose that a closed 1-rectifiable set Γ0 ⊂ R2 of finite 1-dimensional Haus-
dorff measure and a vector field u in a dimensionally critical Sobolev space are given. It is
proved that, starting from Γ0, there exists a non-trivial flow of curves with the normal
velocity given by the sum of the curvature and the given vector field u. The motion law is
satisfied in the sense of Brakke and the flow exists through singularities.

1. Introduction

The present paper studies a general existence problem related to the mean curvature flow
with a critical driving force, the meaning of “critical” being explained in the next paragraph.
Given an n-dimensional submanifold Γ0 ⊂ Rn+1 and a vector field u(x, t) : Rn+1 × [0, ∞) →
Rn+1, consider the existence problem of a family Γ(t) ⊂ Rn+1 such that Γ(0) = Γ0 and Γ(t)
moves by the motion law of

v(x, t) = h(x, t) + u(x, t)⊥. (1.1)

Here, v(x, t) is the normal velocity vector of Γ(t) at x, h(x, t) is the mean curvature vector
of Γ(t) at x, and u(x, t)⊥ is the projection of u(x, t) to (TanxΓ(t))⊥. One may view the
problem as the mean curvature flow with a given background flow field u as a forcing term,
and the short-time existence of unique classical solution Γ(t) satisfying (1.1) can be proved
if Γ0 and u are sufficiently smooth. When the given vector u is not smooth, it is interesting
to study the minimal requirement for the existence of solution, where the meaning of
solution to (1.1) itself can be an essential part of the study. Though the motivation of the
problem with a low-regularity assumption on u may be considered as purely theoretical,
there is a coupled two-phase flow problem of Navier-Stokes equation proposed as a sharp
interface limit of the Navier-Stokes/Allen-Cahn equation (see [6, 12, 13] and the references
therein) where the presence of interface Γ(t) influences the incompressible flow u itself via
the surface tension and Γ(t) moves by the motion law (1.1) (when σ2 = 1 below). We briefly
mention this problem, where u(x, t), Π(x, t) (pressure) and Γ(t) satisfy in the distributional
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sense
ut + u · ∇u = ∆u − ∇Π + σ1hHn⌊Γ(t) on Rn+1 × (0, ∞),

∇ · u = 0 on Rn+1 × (0, ∞),
v = σ2h + u⊥ on Γ(t) for t>0.

(1.2)

Here σ1, σ2 are positive constants and h Hn⌊Γ(t) is an n-dimensional surface measure on Γ(t)
multiplied by the mean curvature vector h of Γ(t). This system has a natural energy law of

d

dt

(ˆ
Rn+1

|u|2

2 dx + σ1Hn(Γ(t))
)

= −
ˆ
Rn+1

|∇u|2 dx − σ1σ2

ˆ
Γ(t)

|h|2 dHn (1.3)

so that the sum of the kinetic energy of the fluid and the n-dimensional surface area of
interface Γ(t) decreases in time. In the present paper, we emphasize that we take u to be
a given datum, on the other hand, leaving the application to the coupled problem for the
future.

The main result of the present paper is a global-in-time existence of solution for the
initial value problem of (1.1) in the case of n = 1 under the assumption that the given
vector field u satisfies

u ∈ L∞
loc([0, ∞); L2(R2)) ∩ L2

loc([0, ∞); W 1,2(R2)). (1.4)
Here W 1,2(R2) is the Sobolev space with L2-integrable weak first derivatives. Moreover, for
all T > 0, writing

c1(u, T ) :=
(

ess sup
t∈[0,T ]

ˆ
R2

|u(x, t)|2 dx
)( ˆ T

0

ˆ
R2

|∇u(x, t)|2 dxdt
)

, (1.5)

the solution satisfies
H1(Γ(T )) ≤ H1(Γ0) exp(c2 c1(u, T )) (1.6)

for all T > 0 with an absolute constant c2 > 0. Here H1(A) for A ⊂ R2 is the one-
dimensional Hausdorff measure of A. The solution Γ(t) is guaranteed to be non-trivial at
least for some positive time interval and may go through various occurrences of singularities.
The functional space (1.4) is a natural class to solve the above mentioned problem (1.2),
but more interestingly, the quantities appearing in (1.5) are invariant under the natural
parabolic scaling (when T = ∞ and note that u has the same scaling as x/t, see [4]). As
the most relevant results, the second-named author and collaborators showed ([11, 20])
such existence results for general n ≥ 1 if the given vector field u satisfies

ˆ T

0

(ˆ
Rn+1

|u(x, t)|p + |∇u(x, t)|p dx

)q/p

dt < ∞ with p >
(n + 1)q
2(q − 1) , q > 2 (1.7)

and p ≥ 4
3 in addition if n = 1. These conditions on p, q imply that, under the parabolic

scaling, the effect of u in small scale becomes negligible and u may be regarded as a
perturbation to the mean curvature flow. More precisely, for λ > 0, let x̃ = λ−1x, t̃ = λ−2t
and ũ(x̃, t̃) = λu(x, t) (which should behave like x̃/t̃). Then the change of variables shows( ˆ (ˆ

|∇u(x, t)|p dx
) q

p

dt
) 1

q

=
(ˆ (ˆ

|∇ũ(x̃, t̃)|p dx̃
) q

p

dt̃
) 1

q

λ−2+ n+1
p

+ 2
q , (1.8)
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and the condition on the exponents p, q of (1.7) means −2 + (n + 1)/p + 2/q < 0. This
implies that the effect of ũ becomes smaller as one looks at a finer scale λ ≈ 0. For this
reason, it is fitting to say that the problem (1.1) with (1.7) is subcritical. In contrast,
the case of n + 1 = p = q = 2 is a critical case which just fails to satisfy (1.7). The
solution in the present paper has the feature that the effect of curvature and that of forcing
are analytically comparable in strength since the parabolic change of variables, which is
invariant under the mean curvature flow, is also invariant for the norms of u considered
here. There is no known general existence theorem for the “supercritical” case, where at
least one of the inequalities in (1.7) is <. We expect that there is no solution of the similar
type in the sense that the forcing field is too turbulent for the evolving surface to even
retain the finiteness of the surface measure in general.

We next discuss the technical difference between the critical and subcritical cases of
the problem. One important point for both cases is that, unlike the mean curvature flow
(u = 0) which simply reduces the surface area Hn(Γ(t)) in time, Hn(Γ(t)) may blow up
immediately with irregular u. The strategies of having a good bound for Hn(Γ(t)) can
be explained as follows. If u and Γ(t) are smooth and (1.1) is satisfied, then by the first
variation formula of the surface measure, we have

d

dt
Hn(Γ(t)) = −

ˆ
Γ(t)

v · h dHn = −
ˆ

Γ(t)
(|h|2 + h · u⊥) dHn. (1.9)

We may proceed to use −h · u⊥ ≤ |h|2/2 + |u|2/2, so that we would have an apriori estimate
for Hn(Γ(t)) in term of Hn(Γ(0)) if we have a control of the term

ˆ T

0

ˆ
Γ(t)

|u|2 dHndt. (1.10)

Note that |u|2 is integrated with respect to the surface measure, so that we need to control
the L2-norm of the trace of Sobolev function u on Γ(t). For this purpose, we take advantage
of the Meyers-Ziemer inequality [15] (see Theorem 3.2), namely, if the upper density ratio

D(t) = sup
Br(x)⊂Rn+1

Hn(Γ(t))
rn

(1.11)

is bounded, then the Meyers-Ziemer inequality givesˆ
Γ(t)

|u|2 dHn ≤ c(n)D(t)
ˆ
Rn+1

|∇|u|2| dx, (1.12)

and if the right-hand side is appropriately bounded, we would be able to obtain the apriori
bound for Hn(Γ(t)). For the subcritical case of (1.7) (as in [20]), it turned out that
the local L∞ bound of D(t) in time can be controlled using an analogue of Huisken’s
monotonicity formula [7]. For the present critical case, a similar strategy does not work
since the contribution coming from u cannot be controlled in the computation of Huisken’s
monotonicity formula. Instead, we utilize a monotonicity formula for one-dimensional
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general varifold which gives
D(t) ≤

ˆ
Γ(t)

|h| dH1 (1.13)

in essence (see Proposition 3.1 for the precise statement) and which allows us to close the
above estimate. In this sense, the strategy is particular to one-dimension and is different
from the subcritical case. In the end, we only obtainˆ T

0
D(t)2 dt ≤ sup

t∈[0,T ]
H1(Γ(t))

ˆ T

0

ˆ
Γ(t)

|h|2 dH1 (1.14)

and not necessarily the local L∞ bound on D(t) as in the subcritical case.
We also utilize global-in-time existence results [9, 10, 19] for the mean curvature flow,

which can be modified for the flow with a smooth forcing term, and which prove the
global-in-time existence of approximate flows. We show a priori estimates on the length of
the curve, L2-norm of the curvature and L2-norm of the vector field u (as a trace) depending
only on H1(Γ0) and c1(u, T ). It is proved that the limit of the approximate flow satisfies a
set of desired properties similar to the results in [20]. As in [9, 10, 19], the setting of the
problem is for that of general multi-phase and the flow typically keeps triple junctions as it
evolves.

The organization of the paper is as follows. In the next Section 2, notation and main
results are stated. In Section 3, key a priori estimates are presented. Section 4 states the
existence results of the flow in the case of smooth forcing term and for general dimensions,
and whose proof is relegated to the Appendix. Section 5 analyzes the limiting process and
proves the main theorem, and in Section 6, we mention a few additional comments.

2. Notation and main theorem

2.1. Notation. Though the main result of the present paper is for n = 1, here we
write the notation for general dimensions because of Section 4. We define Gn(Rn+1) :=
Rn+1 × G(n + 1, n) where G(n + 1, n) is the space of n-dimensional subspaces of Rn+1. The
subspace S is often identified with the (n + 1) × (n + 1) matrix representing the orthogonal
projection Rn+1 → S. A general n-varifold is a Radon measure on Gn(Rn+1) (see [2, 17]
for more comprehensive presentation). The set of all general n-varifolds is denoted by
Vn(Rn+1). For V ∈ Vn(Rn+1), let ∥V ∥ be the weight measure of V , namely,

∥V ∥(ϕ) :=
ˆ

Gn(Rn+1)
ϕ(x) dV (x, S)

for ϕ ∈ Cc(Rn+1). A set M ⊂ Rn+1 is said to be countably n-rectifiable if there exists
a countable number of Lipschitz functions Fj : Rn → Rn+1 (j ∈ N) such that Hn(M \
∪∞

j=1Fj(Rn)) = 0 (see [17] for the other properties). V ∈ Vn(Rn+1) is called rectifiable
if there exist an Hn-measurable countably n-rectifiable set M ⊂ Rn+1 and a locally Hn-
integrable function θ defined on M such that

V (ϕ) =
ˆ

M

ϕ (x, Tanx M) θ(x) dHn(x) (2.1)
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for ϕ ∈ Cc (Gn(Rn+1)). Here Tanx M is the approximate tangent space of M at x which
exists Hn a.e. on M . Any rectifiable n-varifold is uniquely determined by its weight measure
∥V ∥ = θ Hn⌊M through the formula (2.1). For this reason, we naturally say that a Radon
measure µ is rectifiable when one can associate a rectifiable varifold V such that ∥V ∥ = µ.
The approximate tangent space Tanx M is denoted in this case by Tanx µ or Tanx ∥V ∥
without fear of confusion. We let var(M, θ) denote the varifold defined as in (2.1). If θ ∈ N
for Hn a.e. on M , we say V is integral. The set of all integral n-varifolds is denoted by
IVn(Rn+1). If θ = 1 for Hn a.e. on M , we say that V is a unit density n-varifold.

For V ∈ Vn(Rn+1) let δV be the first variation of V , namely,

δV (g) :=
ˆ

Gn(Rn+1)
∇g(x) · S dV (x, S) for g ∈ C1

c (Rn+1;Rn+1). (2.2)

Here ∇g · S := ∑n+1
i,j=1 gi

xj
Sij which is the divergence of g on S. If

sup
g∈C1

c (Rn+1;Rn+1), |g|≤1
δV (g) < ∞, (2.3)

we say that the first variation is bounded, and in this case, let ∥δV ∥ be the total variation
measure. If ∥δV ∥ is absolutely continuous with respect to ∥V ∥, by the Radon-Nikodym
theorem, we have a ∥V ∥-measurable vector field h(x, V ) such that

δV (g) = −
ˆ
Rn+1

g(x) · h(x, V ) d∥V ∥(x). (2.4)

The vector field h(x, V ) (often written as h(V )) is called the generalized mean curvature
of V (or curvature in the case of n = 1). For any V ∈ IVn(Rn+1) with bounded first
variation, Brakke’s perpendicularity theorem for generalized mean curvature [3, Chapter 5]
says that

S⊥(h(x, V )) = h(x, V ) for V a.e. (x, S) ∈ Gn(Rn+1), (2.5)
i.e. h(x, V ) is perpendicular to the approximate tangent space for ∥V ∥ a.e. x ∈ Rn+1. For
V ∈ IVn(Rn+1) and ∥V ∥-integrable function u, we use the notation

u⊥(x) := (Tanx ∥V ∥)⊥(u(x)), (2.6)
which is well-defined for ∥V ∥ a.e. x ∈ Rn+1.

For a set of finite perimeter E ⊂ Rn+1, let ∂∗E be the reduced boundary of E. Let ∇χE

be the distributional derivative of the characteristic function of E and let ∥∇χE∥ be the
total variation of ∇χE. By the well-known structure theorem for sets of finite perimeter
(see [5]), Hn⌊∂∗E= ∥∇χE∥. We also write |E| for the Lebesgue measure of E.

2.2. Measure-theoretic formulation of the normal velocity. In this subsection we
review what it means for a one-parameter family of varifolds {Vt}t≥0 to be a solution
of (1.1). To motivate the definition, let us assume first that we have a smooth family
of n-dimensional surfaces without boundary Γ(t) ⊂ Rn+1 moving by the normal velocity
v = v(x, t). For any test function ϕ ∈ C1

c (Rn+1 × [0, ∞)), we can prove that
d

dt

ˆ
Γ(t)

ϕ dHn(x) =
ˆ

Γ(t)
(∇ϕ − ϕ h) · v + ∂ϕ

∂t
dHn (2.7)
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is satisfied. Conversely, if ṽ = ṽ(x, t) is a smooth normal vector field defined on Γ(t) which
satisfies

d

dt

ˆ
Γ(t)

ϕ dHn(x) ≤
ˆ

Γ(t)
(∇ϕ − ϕ h) · ṽ + ∂ϕ

∂t
dHn (2.8)

for all non-negative ϕ ∈ C1
c (Rn+1 × [0, ∞)), then one can prove that ṽ has to be the normal

velocity vector, i.e., ṽ = v (see [21, Section 2.1] for the proof). Thus (2.8) can be used to
characterize the normal velocity vector, and by considering the integrated version, we have
the following

Proposition 2.1. Suppose {Γ(t)}t∈[0,T ] is a smooth family of n-dimensional surfaces without
boundary. Then a normal vector ṽ defined on Γ(t) coincides with the normal velocity vector
v if and only if the following holds. For any 0 ≤ t1 < t1 ≤ T and for any non-negative
ϕ ∈ C1

c (Rn+1 × [0, T ]),
ˆ

Γ(t2)
ϕ(x, t2) dHn(x) −

ˆ
Γ(t1)

ϕ(x, t1) dHn(x) ≤
ˆ t2

t1

ˆ
Γ(t)

(∇ϕ − ϕ h) · ṽ + ∂ϕ

∂t
dHndt (2.9)

is satisfied.

Motivated by this, we may define the normal velocity of a family of varifolds {Vt}t∈[0,T ].
First, as a generalization of the n-dimensional surface, we may require Vt ∈ IVn(Rn+1)
for a.e. t ∈ [0, T ]. Since we want to consider ṽ = h + u⊥, we require that Vt has the
generalized mean curvature vector h(x, Vt) for a.e. t, which is also L2-integrable, i.e.,´ T

0

´
Rn+1 |h(x, Vt)|2 d∥Vt∥dt < ∞. Under these additional conditions and replacing ṽ in (2.9)

by h + u⊥, Hn⌊Γ(t) by ∥Vt∥, respectively, we say that {Vt}t∈[0,T ] is a solution of (1.1) if (2.9)
holds true for any 0 ≤ t1 < t2 ≤ T and for any non-negative ϕ ∈ C1

c (Rn+1 × [0, T ]). See
(V3) (which shows, in particular, that Vt ∈ IV1(R2) for a.e. t), (V4), (V5) and (V7) in the
next subsection.

2.3. Main results. We first state the assumptions for the main theorem.

Assumption 2.2. We consider the following (A1)-(A4):
(A1) N is an integer with N ≥ 2.
(A2) E0,1, . . . , E0,N are non-empty open sets in R2 which are mutually disjoint.
(A3) Γ0 := R2 \ ∪N

i=1E0,i is countably 1-rectifiable and H1(Γ0) < ∞.
(A4) u is a given vector field as in (1.4) and c1(u, T ) is as in (1.5).

Here, the simplest case is N = 2, which may be considered as a “two-phase” case. In
general, N corresponds to the number of “phases” E0,1, . . . , E0,N and they partition the
whole R2. Note that the connectedness of each of E0,1, . . . , E0,N is not assumed. Since Γ0
cannot have interior due to H1(Γ0) < ∞, we have Γ0 = ∪N

i=1∂E0,i and the initial datum Γ0
for the flow is given as the topological boundary of the partition.

We next state the main existence theorem as Theorem 2.3, and we give an itemized
explanation in Section 2.4.
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Theorem 2.3. Assume (A1)-(A4). Then there exist a family {Vt}t≥0 ⊂ V1(R2) and a
family of sets of finite perimeter {Ei(t)}t≥0 in R2 for each i = 1, . . . , N with the following:
Properties for Vt:

(V1) ∥V0∥ = H1⌊Γ0.
(V2) If H1(∪N

i=1(∂E0,i \ ∂∗E0,i)) = 0, then limt→0+ ∥Vt∥ = ∥V0∥.
(V3) For a.e. t ≥ 0, for t with ∥Vt∥(R2) > 0, there exist a finite number (denoted by

P (t) ∈ N) of connected embedded W 2,2 curves ℓ1(t), . . . , ℓP (t)(t), each of them being
either a closed curve or a curve with two endpoints, such that

Vt =
P (t)∑
i=1

var(ℓi(t), 1). (2.10)

Here, it is not ruled out that some ℓi(t) and ℓj(t) with i ̸= j may be identical.
Moreover, there is a finite set of points where the endpoints of curves ℓ1(t), . . . , ℓP (t)(t)
meet at angles of either 0, 60 or 120 degrees. If N = 2, each curve is an embedded
closed curve which may intersect other curves only tangentially.

120◦

120◦

120◦

120◦

60◦ 60◦

60◦

60◦

60◦

(a) (b) (c) (d)

Figure 1.

(V4) For a.e. t ≥ 0, δVt is bounded and absolutely continuous with respect to ∥Vt∥ (thus
h(x, Vt) exists).

(V5) There exists an absolute constant c2 > 0 (cf. Theorem 3.2) such that for all T > 0,
and writing c1(u, T ) (cf. (1.5)) as c1,

ˆ T

0

ˆ
R2

|h(x, Vt)|2 d∥Vt∥dt ≤ 4H1(Γ0)(1 + c2c1 exp(c2c1)), (2.11)

ˆ T

0

ˆ
R2

|u|2 d∥Vt∥dt ≤ 4√
c1c2H1(Γ0)

√
1 + c2c1 exp(c2c1) exp(c2c1/2). (2.12)

(V6) For all T > 0,

sup
t∈[0,T ]

∥Vt∥(R2) ≤ H1(Γ0) exp (c2 c1(u, T )) . (2.13)
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(V7) For all 0 ≤ t1 < t2 < ∞ and ϕ ∈ C1
c (R2 × [0, ∞)) with ϕ ≥ 0, it holds

∥Vt2∥(ϕ(·, t2)) − ∥Vt1∥(ϕ(·, t1)) ≤
ˆ t2

t1

ˆ
R2

∂ϕ

∂t
(x, t) d∥Vt∥(x)dt

+
ˆ t2

t1

ˆ
R2

{
∇ϕ(x, t) − ϕ(x, t)h(x, Vt)

}
·
{
h(x, Vt) + u⊥(x, t)

}
d∥Vt∥(x)dt.

(2.14)

Properties of Ei(t):
(E1) Ei(0) = E0,i for i = 1, . . . , N .
(E2) E1(t), . . . , EN(t) are mutually disjoint sets of finite perimeter for all t ≥ 0.
(E3) For all t ≥ 0, ∥Vt∥ ≥ ∥∇χEi(t)∥ for each i = 1, . . . , N and 2∥Vt∥ ≥ ∑N

i=1 ∥∇χEi(t)∥.
(E4) S(i) := {(x, t) : x ∈ Ei(t), t ≥ 0} is a set of finite perimeter in R2 × [0, T ) for all

T > 0 and i = 1, . . . , N .
(E5) There exists a constant c3 = c3(c1(u, T ), H1(Γ0)) such that, for each i = 1, . . . , N

and 0 ≤ t1 < t2 ≤ T ,

|Ei(t2)△Ei(t1)| ≤ c3(t2 − t1)
1
2 . (2.15)

(E6) There exists a Radon measure β on [0, ∞) with β([0, T ]) ≤ c4 = c4(c1(u, T ), H1(Γ0))
such that, for any 0 ≤ t1 < t2 ≤ T , ϕ ∈ Cc(R2 × [0, ∞)) and i = 1, . . . , N , we have∣∣∣∣

ˆ
Ei(t2)

ϕ(x, t2) dx −
ˆ

Ei(t1)
ϕ(x, t1) dx −

ˆ t2

t1

ˆ
Ei(t)

∂ϕ

∂t
dxdt

∣∣∣∣
≤ (β([t1, t2]))1/2

(ˆ t2

t1

ˆ
R2

ϕ2 d∥Vt∥dt

)1/2

.

(2.16)

(E7) Let θt(x) be the density of ∥Vt∥. Then for a.e. t ≥ 0 and H1 a.e. x ∈ ∪P (t)
i=1 ℓi(t)

(cf. (2.10))
(1) if N ≥ 3, then, θt(x) = 1 implies x ∈ ∪N

i=1∂
∗Ei(t).

(2) If N = 2,

θt(x) =
{

odd integer for x ∈ ∂∗E1(t)(= ∂∗E2(t)),
even integer for x ∈ ∪P (t)

i=1 ℓi(t) \ ∂∗E1(t).
(2.17)

(E8) If {Vt}0≤t≤T is of unit density for a.e. t ∈ [0, T ], then Vt = var(∪N
i=1∂

∗Ei(t), 1) for
a.e. t ∈ [0, T ].

2.4. Discussion on the main results. We give comments on the stated results.
(V1) This specifies that the initial condition is satisfied.
(V2) In general, ∂∗E0,i ⊂ ∂E0,i, that is, the measure-theoretic boundary is contained

in the topological boundary, but they are not equal when there is a piece of
topological boundary “within the set”, to put it heuristically. Such a set typically
vanishes instantaneously under our construction, so that we cannot expect the
stated continuity in general. On the other hand, if the difference has null measure
as assumed in (V2), then ∥Vt∥ is continuous at t = 0.
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(V3) This states that, for a.e. t ≥ 0 and for t with ∥Vt∥(R2) > 0, the flow looks like a
network of W 2,2 curves with triple junctions with 120-degree angles or the degenerate
triple junctions (such as “infinitesimal hexagons” as in Figure 1(c)). This regularity
is a special feature of the construction of [9, 10]. For the case of N = 2 (“two-phase”),
there is no junction and each curve is an embedded and closed loop, and they may
only intersect tangentially. We know the local description of the support of ∥Vt∥,
thus the number of curves is finite, which we denote as P (t). On the other hand,
we do not know any further property of P (t).

(V4) This property in particular implies that the sum of the unit conormals of the curves
at the junction (counting multiplicities) must be 0.

(V5,6) These give control of the relevant integrals in terms of the initial length and norm
of u in an explicit manner.

(V7) The inequality (2.14) is a characterization of the normal velocity being equal to
h + u⊥ as described in Section 2.2 in a generalized sense of Brakke. Unlike the
subcritical case of [20] where the regularity theorem of [8] is applicable, no regularity
theorem of a similar kind is known for this flow due to the criticality.

We next discuss the results on Ei(t).

(E1) Each Ei(t) starts with the given initial open set E0,i. As already stated, E0,i may
not be connected in general.

(E2) At each time t, E1(t), . . . , EN (t) give a partition of R2, and note that some of them
may be empty sets. Unlike the subcritical case, where Ei(t) is open (see (E2’)), we
can only conclude that Ei(t) is a set of finite perimeter.

(E3) The perimeter measure of Ei(t) bounds ∥Vt∥ from below and this property is useful
to guarantee the non-triviality of ∥Vt∥ in the sense that, as long as there are at least
two elements of E1(t), . . . , EN (t) with positive Lebesgue measure, we have ∥Vt∥ ≠ 0.

(E4) Each Ei(t) may be obtained as the time-slice of S(i) ⊂ R2 × [0, ∞), which is itself a
set of finite perimeter in R2 × [0, T ] for all T .

(E5) The Lebesgue measure of Ei(t) is Hölder continuous in t. In particular, it cannot
suddenly vanish discontinuously.

(E6) More detailed information is contained in (2.16) on the continuity of each Ei(t).
(E7) This is an intuitively expected result in that, if the density is one, then, there should

be only one curve with unit density in the neighborhood, so that there should
be exactly two Ei(t)’s whose boundaries coincide with the curve. More precise
information is available if N = 2. If the multiplicity is θ ≥ 2, then, there are θ
curves counting multiplicities. Crossing each curve transversely, one enters from
E1(t) to E2(t) or vice-versa. Thus, depending on the parity, the point is either in
the reduced boundary or inside the domain. The idea of proof is somewhat similar
in spirit.

(E8) If we have a unit density flow, then the measure ∥Vt∥ is precisely the one coming from
the reduced boundary of Ei(t). In other words, the higher multiplicity occurs with
positive space-time measure only when the discrepancy ∥Vt∥ > var(∪N

i=1∂
∗Ei(t), 1)

happens with positive measure of time.
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We give more comments in Section 4 comparing the subcritical case and the present critical
case in particular.

3. Key a priori estimates

In this section, we establish the length estimate (1.6) for an evolving curve with the
velocity given by (1.4) in the sense expressed in (2.14). We also obtain the L2 control of u.
The first proposition is for a fixed time, so we drop the reference to t in Vt. The result is
certainly not new and we include the proof from [16] for the reader’s convenience.

Proposition 3.1. Let V ∈ V1(R2) with ∥V ∥(R2) < ∞ and ∥δV ∥(R2) < ∞. Then the
following quantity

D(∥V ∥) := sup
Br(x)⊂R2

∥V ∥(Br(x))
r

(3.1)

satisfies the estimate
D(∥V ∥) ≤ ∥δV ∥(R2). (3.2)

If in addition that ∥δV ∥ is absolutely continuous with respect to ∥V ∥, then we have

D(∥V ∥) ≤ (∥V ∥(R2)) 1
2
(ˆ

R2
|h(V )|2 d∥V ∥

) 1
2 . (3.3)

Proof. For 0 < σ < ρ and x0 ∈ R2, we consider the vector field

X(x) =
(

1
|x − x0|σ

− 1
ρ

)
+

(x − x0),

where (·)+ denotes the nonnegative part and | · |σ = max{| · |, σ}. For S ∈ G(2, 1), we can
compute as

S · ∇X(x) =


1
σ

− 1
ρ

on Bσ(x0),
|S⊥(x−x0)|2

|x−x0|3 − 1
ρ

on Bρ(x0)\B̄σ(x0),

where S⊥ represents the orthogonal projection to the orthogonal complement of S. Inte-
grating S · ∇X with respect to V ,

δV (X) = ∥V ∥(Bσ(x0))
σ

− ∥V ∥(Bρ(x0))
ρ

+
ˆ

G1(Bρ(x0)\Bσ(x0))

|S⊥(x − x0)|2
|x − x0|3

dV (x, S)

while using |X| ≤ 1, we have
∥V ∥(Bσ(x0))

σ
− ∥V ∥(Bρ(x0))

ρ
≤ ∥δV ∥(R2).

By letting ρ → ∞, we obtain (3.2) and using (2.4), we have (3.3). □

We next recall the Meyers-Ziemer inequality [15] that bridges the integral with respect
to a Radon measure and the Lebesgue measure of compactly supported functions.
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Theorem 3.2. There exists a constant c2 > 0 depending only on n with the following
property. Suppose that µ is a Radon measure on Rn+1 with

D(µ) := sup
Br(x)⊂Rn+1

µ(Br(x))
rn

< ∞. (3.4)

Then for any ϕ ∈ C1
c (Rn+1), we haveˆ

Rn+1
ϕ(x) dµ(x) ≤

√
c2 D(µ)

ˆ
Rn+1

|∇ϕ(x)| dx. (3.5)

We use Theorem 3.2 and Proposition 3.1 to obtain the following a priori estimate for
flows satisfying (1.1) with a regular u.

Proposition 3.3. Consider a family of varifolds {Vt}t≥0 ⊂ V1(R2) with the following
properties.

(a) For a.e. t ≥ 0, Vt ∈ IV1(R2), δVt is bounded and absolutely continuous with respect
to ∥Vt∥, and

´ T

0

´
R2 |h(x, Vt)|2 d∥Vt∥dt < ∞ for all T > 0.

(b) For all T > 0, supt∈[0,T ] ∥Vt∥(R2) < ∞.
(c) For some u ∈ C1

c (R2 × [0, ∞);R2), the property (V7) in Theorem 2.3 is satisfied.
Set c1 = c1(u, T ) as in (1.5). Then we have

sup
t∈[0,T ]

∥Vt∥(R2) ≤ ∥V0∥(R2) exp(c2 c1), (3.6)

ˆ T

0

ˆ
R2

|h(Vt)|2 d∥Vt∥dt ≤ 4∥V0∥(R2)(1 + c2c1 exp(c2 c1)), (3.7)
ˆ T

0

ˆ
R2

|u|2 d∥Vt∥dt ≤ 4√
c1c2∥V0∥(R2)

√
1 + c2c1 exp(c2c1) exp(c2c1/2). (3.8)

Proof. We consider a sequence {ϕℓ}ℓ∈N ⊂ C1
c (R2; [0, 1]) which equals 1 in Bℓ and vanishes

outside B2ℓ with |∇ϕℓ| ≤ 1/ℓ. Using (2.14) and the dominated convergence theorem, we
may take the limit ℓ → ∞ in (2.14) with ϕ = ϕℓ and obtain

∥Vt∥(R2)
∣∣∣t2

t=t1
+
ˆ t2

t1

ˆ
R2

|h(Vt)|2 d∥Vt∥dt ≤
ˆ t2

t1

ˆ
R2

−h(Vt) · u⊥ d∥Vt∥dt

≤ 1
2

ˆ t2

t1

ˆ
R2

|h(Vt)|2 d∥Vt∥dt + 1
2

ˆ t2

t1

ˆ
R2

|u|2 d∥Vt∥dt.

(3.9)

To estimate the last integral, we argue for a.e. t ∈ [t1, t2] thatˆ
R2

|u|2 d∥Vt∥
(3.5)
≤

√
c2 D(∥Vt∥)

ˆ
R2

|∇|u|2| dx

(3.3)
≤ 2√

c2(∥Vt∥(R2)) 1
2
(ˆ

R2
|h(Vt)|2 d∥Vt∥

) 1
2
(ˆ

R2
|∇u|2 dx

) 1
2
( ˆ

R2
|u|2 dx

) 1
2

≤ 1
2

ˆ
R2

|h(Vt)|2 d∥Vt∥ + 2c2∥Vt∥(R2)
ˆ
R2

|∇u|2 dx

ˆ
R2

|u|2 dx.

(3.10)
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The above two inequalities together imply

∥Vt∥(R2)
∣∣∣t2

t=t1
+ 1

4

ˆ t2

t1

ˆ
R2

|h(Vt)|2 d∥Vt∥dt

≤ c2 sup
t∈[t1,t2]

∥u(·, t)∥2
L2

ˆ t2

t1

(
∥Vt∥(R2)

ˆ
R2

|∇u|2 dx
)
dt.

(3.11)

This combined with Gronwall’s inequality leads to (3.6). Using (3.6) in (3.11), we obtain
(3.7), and using (3.6) and (3.7) in (3.10), one obtains (3.8). □

4. Existence result for flow with regular forcing

Given a vector field with a compact support u ∈ C1
c (Rn+1 × [0, ∞);Rn+1) and a suitable

initial datum, by modifying the proof of [9, 10, 19], we may establish the existence of a flow
of multi-phase boundary moving with v = h + u⊥. Since the modifications are somewhat
of technical nature, we relegate the proof to Appendix A. We state the result for general
dimensions since no change is needed. The stated results are not exhaustive and the reader
is referred to [19] for additional properties, such as [19, Theorem 2.10,2.12,2.13], which hold
equally for the current situation.

Assumption 4.1. Consider the following (A1)–(A3), (A4′), n ∈ N:
(A1) N is an integer with N ≥ 2.
(A2) E0,1, . . . , E0,N are non-empty open sets in Rn+1 which are mutually disjoint.
(A3) Γ0 := Rn+1 \ ∪N

i=1E0,i is countably n-rectifiable and Hn(Γ0) < ∞.
(A4’) u is a vector field in C1

c (Rn+1 × [0, ∞);Rn+1).

Theorem 4.2. Assume (A1) − (A3), (A4′). Then there exist a family {Vt}t≥0 ⊂ Vn(Rn+1)
and a family of open sets {Ei(t)}t≥0 for each i = 1, . . . , N with the following properties:
Properties for Vt:
(V1’) ∥V0∥ = Hn⌊Γ0.
(V2’) If Hn(∪N

i=1(∂E0,i \ ∂∗E0,i)) = 0, then limt→0+ ∥Vt∥ = ∥V0∥.
(V3’) For a.e. t ≥ 0, Vt ∈ IVn(Rn+1), and if n = 1, (V3) of Theorem 2.3 holds.
(V4’) For a.e. t ≥ 0, δVt is bounded and absolutely continuous with respect to ∥Vt∥ (thus

h(x, Vt) exists).
(V5’) For all T > 0, h(·, Vt) satisfiesˆ T

0

ˆ
Rn+1

|h(x, Vt)|2 d∥Vt∥(x)dt < ∞. (4.1)

(V6’) For all T > 0, supt∈[0,T ] ∥Vt∥(Rn+1) < ∞.
(V7’) For all 0 ≤ t1 < t2 < ∞ and ϕ ∈ C1

c (Rn+1 × [0, ∞)) with ϕ ≥ 0, it holds

∥Vt2∥(ϕ(·, t2)) − ∥Vt1∥(ϕ(·, t1)) ≤
ˆ t2

t1

ˆ
Rn+1

∂ϕ

∂t
(x, t) d∥Vt∥(x)dt

+
ˆ t2

t1

ˆ
Rn+1

{
∇ϕ(x, t) − ϕ(x, t)h(x, Vt)

}
·
{
h(x, Vt) + u⊥(x, t)

}
d∥Vt∥(x)dt.

(4.2)
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Properties of Ei(t):
(E1’) Ei(0) = E0,i for i = 1, . . . , N .
(E2’) E1(t), . . . , EN(t) are mutually disjoint open sets for all t ≥ 0.
(E3’) Writing Γ(t) := Rn+1 \ ∪N

i=1Ei(t), we have Hn(Γ(t)) < ∞ and Γ(t) = ∪N
i=1∂Ei(t) for

all t > 0.
(E4’) Write dµ := d∥Vt∥dt and (spt µ)t := {x ∈ Rn+1 : (x, t) ∈ spt µ}. Then Γ(t) =

(spt µ)t for all t > 0.
(E5’) For all t ≥ 0, ∥Vt∥ ≥ ∥∇χEi(t)∥ for each i = 1, . . . , N and 2∥Vt∥ ≥ ∑N

i=1 ∥∇χEi(t)∥.
(E6’) S(i) := {(x, t) : x ∈ Ei(t), t ≥ 0} is open in Rn+1 × [0, ∞) for i = 1, . . . , N .
(E7’) For any 0 ≤ t1 < t2 < ∞, ϕ ∈ C1

c (Rn+1 × [0, ∞)) and i = 1, . . . , N , we have
ˆ

Ei(t)
ϕ(x, t) dx

∣∣∣∣t2

t=t1

=
ˆ t2

t1

(ˆ
∂∗Ei(t)

(h + u) · νi ϕ dHn +
ˆ

Ei(t)

∂ϕ

∂t
dx
)

dt. (4.3)

Here νi is the outer unit-normal of the reduced boundary ∂∗Ei(t).
(E8’) Let θt(x) be the density of ∥Vt∥. Then for L1-a.e. t ≥ 0 and Hn-a.e. x ∈ Γ(t),

(1) if N ≥ 3, then θt(x) = 1 implies x ∈ ∪N
i=1∂

∗Ei(t).
(2) If N = 2,

θt(x) =
{

odd integer for x ∈ ∂∗E1(t)(= ∂∗E2(t)),
even integer for x ∈ Γ(t) \ ∂∗E1(t).

(4.4)

We discuss the difference between the critical and subcritical cases. Overall results are
similar but the subcritical case gives better results due to the availability of Huisken’s
monotonicity formula. With it, one can obtain an upper density ratio bound (3.4) uniform
in time for any fixed time interval [0, T ]. For the critical case, as one can see in (3.3), we only
have a time-integrated L2 bound on D(∥Vt∥) which is a substantially weaker control. Thus,
compared to (E2’) where Ei(t) is open, in (E2) we only have measurable Ei(t) and a similar
difference holds between (E6’) and (E4). This also causes a certain weaker conclusion on
(E6) compared to (E7’), where the result is reduced to the estimate (2.16) instead of the
identity (4.3). Technically speaking, we do not know if d∥Vt∥dt is absolutely continuous with
respect to H2 in R2 × [0, ∞) for the critical case and this gives a difficulty in establishing
the identity (4.3) in [19].

5. Proof of main theorem

For the given vector field u as in (1.4) and m ∈ N, we first extend u by zero for t /∈ [0, m]
and we shall consider the mollified vector field

u(m)(x, t) =
ˆ
R

ˆ
R2

ζ1/m(x − y) ϱ1/m(t − s) u(y, s) dyds η(|x|/m) (5.1)

where ζϵ and ϱϵ are respectively 2-d and 1-d standard mollifiers, and η is in C∞([0, ∞))
with the property that 0 ≤ η ≤ 1, η(s) = 1 for 0 ≤ s ≤ 1 and η(s) = 0 for s ≥ 2. Then u(m)

is a C∞ vector field with compact support. By the standard argument (see [1, Theorem
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2.29 and Lemma 3.16]), one can prove for any T > 0 that

lim
m→∞

ˆ T

0
∥u(m)(·, t) − u(·, t)∥2

W 1,2(R2) dt = 0 (5.2)

and
sup

t∈[0,T ]
∥u(m)(·, t)∥L2(R2) ≤ ess sup

t∈[0,T +1]
∥u(·, t)∥L2(R2). (5.3)

In the remaining part of this section, we let {V (m)}t≥0 and {E
(m)
i (t)}t≥0 (i = 1, . . . , N) be

the solution corresponding to u = u(m) in Theorem 4.2, and we prove that the desired
solution can be obtained as a suitable limit of V

(m)
t and E

(m)
i (t).

Proposition 5.1. There exists a subsequence {mj}j∈N ⊂ N and a family of Radon measures
{µ̂t}t≥0 such that µ̂t = limj→∞ ∥V

(mj)
t ∥ as measures for all t ≥ 0 .

Proof. If we can prove the existence of such a subsequence on any [0, T ], then a diagonal
argument shows the existence of a subsequence with the desired property. Thus we fix T > 0
in the following. By Proposition 3.3 with V

(m)
t , we have (3.6)-(3.8) with c1 = c1(u(m), T ).

Then, by (5.2) and (5.3), the right-hand sides of (3.6)-(3.8) are bounded depending only on
∥V0∥(R2) = H1(Γ0),

´ T

0 ∥∇u(·, t)∥2
L2(R2) dt and ess supt∈[0,T +1] ∥u(·, t)∥L2(R2) for all large m.

Thus, there exists a constant c5 depending only on these quantities (and not on m) such
that

sup
t∈[0,T ]

∥V
(m)

t ∥(R2) ≤ c5. (5.4)

Then arguing precisely as in the proof of (3.11), we may obtain

∥V
(m)

t ∥(R2)
∣∣∣t2

t=t1
+ 1

4

ˆ t2

t1

ˆ
R2

|h(V (m)
t )|2 d∥V

(m)
t ∥dt ≤ c6

ˆ t2

t1

ˆ
R2

|∇u(m)|2 dxdt, (5.5)

where c6 is independent of m. To proceed, we introduce the following quantities:

Φ(m)(t) := ∥V
(m)

t ∥(R2), (5.6a)

H(m)(t) :=
ˆ t

0

ˆ
R2

1
4 |h(V (m)

s )|2 d∥V (m)
s ∥ds, (5.6b)

U (m)(t) := c6

ˆ t

0

ˆ
R2

|∇u(m)(x, s)|2 dxds, U(t) := c6

ˆ t

0

ˆ
R2

|∇u(x, s)|2 dxds, (5.6c)

Ψ(m)
1 := Φ(m) + H(m) − U (m), Ψ(m)

2 := Φ(m) − U (m). (5.6d)

Then (5.5) shows that Ψ(m)
1 and Ψ(m)

2 are non-increasing functions of t. For a sequence
of uniformly bounded non-increasing functions, we may extract a subsequence {mj}j∈N

such that Ψ(mj)
1 and Ψ(mj)

2 converge to some non-increasing functions point-wise. More
precisely, by a diagonal argument, we may choose a subsequence that converges point-wise
on Q+ = Q ∩ [0, ∞) first. The limit function is again a non-increasing function on Q+,
which can be uniquely extended to a continuous function on [0, ∞) except for a set of
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countable discontinuous points named D ⊂ [0, ∞). Using again the non-increasing property,
one can show the point-wise convergence on [0, ∞) \ D, and one may choose a further
subsequence to have a convergence on countable D by the diagonal argument. This gives
a desired subsequence {mj}j∈N. Since U (mj) converges to U point-wise by (5.2), we may
conclude that both Φ(mj) and H(mj) converge point-wise in t, and we define

Φ := lim
j→∞

Φ(mj) and H := lim
j→∞

H(mj). (5.7)

Note that a non-increasing function is continuous on a co-countable set. From this and
also the fact that U is a continuous function, we conclude that H and Φ are continuous
on a co-countable set. By the compactness property of Radon measures, on a countable
dense set {t(k)}k∈N of [0, T ], we may further extract a subsequence (denoted by the same
notation) such that

∥V
(mj)

t(k) ∥ converges to some Radon measure µt(k) as j → ∞ for each k ∈ N. (5.8)

We next prove that µt(k) can be extended to a Radon measure µ̂t on a co-countable set
A ⊂ [0, T ] continuously and that ∥V

(mj)
t ∥ converges to µ̂t for all t ∈ A. For any t2 > t1 and

for any ϕ ∈ C2
c (R2;R+), we use (4.2) and the Cauchy-Schwarz inequality to obtain

∥V
(m)

t ∥(ϕ)∥
∣∣∣t2

t=t1
≤
ˆ t2

t1

ˆ
R2

−1
2 |h(V (m)

t )|2ϕ + c7
|∇ϕ|2

ϕ
+ ∥ϕ∥L∞|u(m)|2 d∥V

(m)
t ∥(x)dt. (5.9)

Here c7 is a constant independent of m. Since sup{ϕ>0}(|∇ϕ|2/ϕ) ≤ 2∥∇2ϕ∥L∞ (see [21,
Lemma 3.1]), the second term on the right-hand side is bounded by C(t2 − t1) for some C
independent of m. Thus the same computation in Proposition 3.3 shows

∥V
(m)

t ∥(ϕ)
∣∣∣t2

t=t1
≤ c8

(
t + H(m)(t) + U (m)(t)

)∣∣∣t2

t=t1
. (5.10)

Here c8 depends on ∥ϕ∥C2 and others but not m. Now let t2 = t(k′) > t(k) = t1 and mj in
place of m. Since ∥V

(mj)
t(k) ∥(ϕ) converges to µt(k)(ϕ), and also H(mj)(t(k)) and U (mj)(t(k))

converge to H(t(k)) and U(t(k)) respectively, we have

µt(ϕ)
∣∣∣t(k′)

t=t(k)
≤ c8(t + H(t) + U(t))

∣∣∣t(k′)

t=t(k)
. (5.11)

This implies that µt(ϕ) − c8(t + H(t) + U(t)) on the set {t(k)}k∈N (recall that this set is
dense in [0, T ]) is a monotone non-increasing function, thus can be extended as a continuous
function on a co-countable set of [0, T ]. Since H is also continuous on a co-countable set
and U is continuous, we may define µ̂t(ϕ) = limj→∞ µt(kj)(ϕ) (whenever t(kj) → t) on a
co-countable set of [0, T ] as a continuous function. The above argument was for a fixed
ϕ ∈ C2

c (R2;R+), but we can choose a countable set {ϕ(ℓ)}ℓ∈N ⊂ C2
c (R2;R+) which is dense

in Cc(R2;R+) with respect to the norm ∥ · ∥L∞ , and conclude that µ̂t(ϕ(ℓ)) is similarly
defined on a co-countable set of [0, T ] for all ℓ ∈ N. We name this co-countable set again
as A. Next, we prove that limj→∞ ∥V

(mj)
t ∥(ϕ(ℓ)) = µ̂t(ϕ(ℓ)) for all t ∈ A. To be clear, let

us call an arbitrary point of A as t̃ ∈ A and let {t(kn)}n∈N be any sequence with t(kn) < t̃
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and limn→∞ t(kn) = t̃. Since (5.10) is valid for any t2 > t1, choosing t2 = t̃ and t1 = t(kn),
we have

∥V
(mj)

t̃
∥(ϕ(ℓ)) ≤ ∥V

(mj)
t(kn) ∥(ϕ(ℓ)) + c8(t + H(mj)(t) + U (mj)(t))

∣∣∣t̃
t=t(kn)

. (5.12)

By taking lim supj→∞ and using (5.7) and (5.8), we have

lim sup
j→∞

∥V
(mj)

t̃
∥(ϕ(ℓ)) ≤ µt(kn)(ϕ(ℓ)) + c8(t + H(t) + U(t))

∣∣∣t̃
t=t(kn)

, (5.13)

and since H and U are continuous at t̃ and we define µ̂t(ϕ(ℓ)) as above, by letting n → ∞,
we have

lim sup
j→∞

∥V
(mj)

t̃
∥(ϕ(ℓ)) ≤ µ̂t̃(ϕ(ℓ)). (5.14)

Similarly, let {t(kn)}n∈N be any sequence with t̃ < t(kn) and limn→∞ t(kn) = t̃. Again
letting t2 = t(tn) and t1 = t̃, we have

∥V
(mj)

t(kn) ∥(ϕ(ℓ)) − c8(t + H(mj)(t) + U (mj)(t))
∣∣∣t(kn)

t=t̃
≤ ∥V

(mj)
t̃

∥(ϕ(ℓ)). (5.15)

By arguing similarly and taking lim infn→∞, we have

µ̂t̃(ϕ(ℓ)) ≤ lim inf
j→∞

∥V
(mj)

t̃
∥(ϕ(ℓ)). (5.16)

This proves the desired convergence on A, and since {ϕ(ℓ)}ℓ∈N is dense in Cc(R2;R+), we
have the convergence of ∥V

(mj)
t̃

∥ to µ̂t̃ as Radon measures. On the complement of A which
is countable, we may choose a further subsequence (denoted by the same notation) of {mj}
so that ∥V

(mj)
t ∥ converges to some Radon measure, which we again name µ̂t. This ends the

proof. □

Proposition 5.2. For a.e. t ∈ [0, ∞), there exists a unique Vt ∈ IV1(R2) such that
µ̂t = ∥Vt∥, ∥δVt∥ is absolutely continuous with respect to ∥Vt∥ and h(Vt) is in L2. Moreover,
for any T < ∞, (2.11) holds for h(Vt).

Proof. Taking lim inf in (5.5) with m = mj, t1 = 0, t2 = T and using Fatou’s lemma, we
have

lim inf
j→∞

ˆ
R2

∣∣∣h (V (mj)
s

)∣∣∣2 d∥V (mj)
s ∥ < ∞ for a.e. s ∈ [0, T ]. (5.17)

On the other hand, we have

∥δV (mj)
s ∥(R2) =

ˆ
R2

|h(V (mj)
s )| d∥V (mj)

s ∥

≤
(ˆ

R2
|h(V (mj)

s )|2 d∥V (mj)
s ∥

) 1
2

(∥V (mj)
s ∥(R2)) 1

2 . (5.18)

With these two assertions and (5.4), we can apply Allard’s compactness theorem for integral
varifolds [2, Sec. 6.4] to a.e. s ∈ [0, T ] so that there exists a subsequence {m′

j} ⊂ {mj} and
Vs ∈ IV1(R2) such that V

(m′
j)

s
j→∞−−−→ Vs as varifolds. Note that the choice of the subsequence
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m′
j may depend on s. On the other hand, we know that ∥V

(mj)
s ∥ j→∞−−−→ µ̂s as measures on

R2, so we have µ̂s = ∥Vs∥. For an integral 1-varifold Vs, there exist a countably 1-rectifiable
set Ms ⊂ R2 and a function θs : Ms → N such that Vs = var(Ms, θs) and ∥Vs∥ = θsH1⌊Ms ,
which is µ̂s. Once we know that µ̂s is of this form, then µ̂s uniquely determines Vs. So
for a.e. s ∈ [0, T ], we have a unique Vs ∈ IV1(R2) such that ∥Vs∥ = µ̂s. We define
Vs ∈ V1(R2) for other s ∈ [0, T ] so that ∥Vs∥ = µ̂s, for example, Vs(ϕ) =

´
R2 ϕ(x, S0) dµ̂s(x)

for ϕ ∈ Cc(G1(R2)), where S0 ∈ G(2, 1) is a fixed element. 1 The resulting family {Vs}s∈[0,T ]
belongs to IV1(R2) for a.e. s ∈ [0, T ] and satisfies the claimed convergence properties.
The existence of h(Vs) ∈ L2(∥Vs∥) follows from the standard argument: By the varifold
convergence, one can prove that, for any g ∈ C1

c (R2;R2),

δVs(g) = lim
j→∞

δV
(m′

j)
s (g) ≤ lim

j→∞

(ˆ
R2

|h(V (m′
j)

s )|2 d∥V
(m′

j)
s ∥

) 1
2
(ˆ

R2
|g|2 d∥V

(m′
j)

s ∥
) 1

2

=
(

lim inf
j→∞

ˆ
R2

|h(V (mj)
s )|2 d∥V (mj)

s ∥
) 1

2
(ˆ

R2
|g|2 d∥Vs∥

) 1
2

.

(5.19)

In the last line, we have taken a subsequence {m′
j} ⊂ {mj} so that the limit of

´
|h(V (m′

j)
s )|2 d∥V

(m′
j)

s ∥
achieves the lim inf (left-hand side of (5.17)). The inequality (5.19) shows the absolute con-
tinuity of the total variation measure ∥δVs∥, which shows the existence of h(Vs) ∈ L2(∥Vs∥).
By integrating (5.19) in time, by Fatou’s lemma and (2.11) satisfied by V (m)

s , we also have
(2.11) for h(Vs) as claimed. □

Proposition 5.3. The property of (V3) holds for Vt.

Proof. For a.e. s, since h(Vs) ∈ L2(∥Vs∥), we have the monotonicity formula (see [17, 17.7],[2,
8.1]) at each point of spt ∥Vs∥ and there exist stationary tangent cones (see [17] for the
definition of tangent cone and the basic properties). Note that each tangent cone consists of
half-lines with possible integer multiplicities. Thus either of the following two cases holds:

(a) There is at least one tangent cone consisting of a single line with integer multiplicity.
(b) Any tangent cone is a union of half-lines emanating from the origin (whose union is

not a single line).
Consider the case (a) first, and without loss of generality, assume that the point in question
is the origin x = 0. If the density is equal to one, then the Allard regularity theorem shows
that spt∥Vs∥ can be represented by a C1,1/2 curve with the multiplicity equal to one in
a neighborhood of the origin. Since the curvature is in L2, we immediately deduce that
it is a W 2,2 curve. Thus we may assume that the density at 0 is an integer larger than
one in the following. Let V

(m′
j)

s be the subsequence in the proof of Proposition 5.2 with
uniform L2 bound of h(V (m′

j)
s ). Let {ri} be a sequence converging to 0 and such that the

rescaling of Vs by 1/ri converges to a line L with integer multiplicity. We claim that for all
sufficiently large i and j, Bri

does not contain any junction of V
(m′

j)
s . Here, a “junction”

1Note that this is not a rectifiable varifold. However, the measure of such a set of times is zero.
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means a location where curves meet with non-zero angles. For a contradiction, assume
otherwise. Then, there must exist subsequences (without changing the indices) such that
Bri

contains at least one junction of V
(m′

j)
s and we may also choose a further subsequence

so that the Hausdorff distance between L (the limit tangent line) and spt∥V
(m′

j)
s ∥ in B2ri

is o(ri) . Then consider the change of variables x̃ = x/ri and the corresponding varifolds
under this change of variable as Ṽ

(m′
j)

s . We then have

ˆ
B2

|h(Ṽ (m′
j)

s )|2 d∥Ṽ
(m′

j)
s ∥ = ri

ˆ
B2ri

|h(V (m′
j)

s )|2 d∥V
(m′

j)
s ∥ ≤ ri

ˆ
R2

|h(V (m′
j)

s )|2 d∥V
(m′

j)
s ∥

and the right-hand side converges to 0 as i → ∞. Thus, for all sufficiently large i, the
W 2,2 curves consisting of spt∥V

(m′
j)

s ∥ are close to straight line segments in C1 topology. On
the other hand, at a junction in B1, there must be at least two curves emanating from
there having an angle of 120 degrees. One can draw a conclusion that such a set of curves
cannot be contained in a small neighborhood of a line for all sufficiently large i, and we
arrive at a contradiction. Thus, for some ri and all sufficiently large j, V

(m′
j)

s is free of
junctions in Bri

with small L2 curvatures, and can be represented as a union of graphs of
functions f1 ≤ . . . ≤ fl in W 2,2 close to a line. Then one can prove that the limit Vs in Bri

may be expressed similarly. This gives a desired description at a point belonging to the
case (a). Next, let us consider the case (b). First note that the points of (b) are discrete
point. If not, then there must be an accumulation point which must be also in (b) since
the first part of the argument shows the absence of a junction in a neighborhood if it is
in (a). Let xi → x̂ be a sequence of converging points of (b). Then, let ri := |xi − x̂| and
consider the rescaling of Vs centered at x̂ by 1/ri. By the definition of (b), it converges
to some tangent cone which is not a line. On the other hand, in a small neighborhood of
x̃ := limi→∞(xi − x̂)/|xi − x̂| (after choosing a convergent subsequence), the support of the
rescaled Vs converges to a line since the limit is a sum of half lines. Since the rescaled V

(m′
j)

s

is converging and is close to a line, the first part of the argument shows that the rescaled
V

(m′
j)

s in a small neighborhood of x̃ is free from junctions for all sufficiently large j, thus Vs

near xi is a point with the same description in the case of (a). This is a contradiction, so
the points of (b) are discrete. At such a point, there exists a neighborhood in which the
point belonging to (b) does not exist except at x = 0, and spt∥Vs∥ \ {0} consists of points
in (a). By the description of (a) and choosing a small neighborhood, one can argue that
spt∥Vs∥ is represented as a finite number of W 2,2 curves reaching to the junction point with
small C1 variations (note that the curvature bound gives C1,1/2 control of the curves). The
angles of intersection of these curves must be either 0, 60 or 120 degrees due to the fact
that V

(m′
j)

s is converging with the same property of junctions and in the uniformly bounded
C1,1/2 norms of curves controlled. For N = 2, since V

(m′
j)

s has no junction, the Vs cannot
have any point of (b). This completes the proof. □
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Proposition 5.4. The function u satisfies for any T < ∞

lim
j→∞

ˆ T

0

ˆ
R2

|u(mj) − u|2 d∥Vt∥dt = lim
j→∞

ˆ T

0

ˆ
R2

|u(mj) − u|2 d∥V
(mj)

t ∥dt = 0 (5.20)

and with c1(u, T ) as in (1.5), we have (3.8) satisfied for u, i.e.,
ˆ T

0

ˆ
R2

|u|2 d∥Vt∥dt ≤ 4√
c1c2∥V0∥(R2)

√
1 + c2c1 exp(c2c1) exp(c2c1/2).

Proof. For (5.20), first note that Theorem 3.2 holds true equally for ϕ ∈ W 1,2(Rn+1) by
approximation. Thus, computing as in (3.10) and using (3.3) and (5.3),

ˆ T

0

ˆ
R2

|u(mj) − u|2 d∥Vt∥dt ≤
√

c2

ˆ T

0
D(∥Vt∥)

ˆ
R2

|∇|u(mj) − u|2| dxdt

≤ 2√
c2

ˆ T

0
(∥Vt∥(R2)) 1

2
(ˆ

R2
|h(Vt)|2 d∥Vt∥

) 1
2

ˆ
R2

|u(mj) − u||∇(u(mj) − u)| dxdt

≤ 4√
c2( sup

t∈[0,T ]
∥Vt∥(R2)) 1

2 sup
t∈[0,T +1]

∥u(·, t)∥L2(R2)
( ˆ T

0

ˆ
R2

|h(Vt)|2 d∥Vt∥dt
) 1

2

(ˆ T

0

ˆ
R2

|∇(u(mj) − u)|2 dxdt
) 1

2 .

(5.21)

By (5.2), this converges to 0 as j → ∞. The same computation with respect to V
(mj)

t holds
equally, thus we obtain (5.20). Since u(mj) satisfies (3.8), the same inequality holds for u

due to the convergence of ∥V
(mj)

t ∥ → ∥Vt∥. □

Proposition 5.5. {Vt}t≥0 satisfies the inequality (2.14).

Proof. We fix T > 0, 0 ≤ t1 < t2 ≤ T and ϕ ∈ C2
c (R2 × [0, T ]) with ϕ ≥ 0. Once this case

is treated, the C1
c case can be proved by approximation. Let {mj} be as in Proposition 5.1.

Given ε > 0, we fix j0 so that
ˆ T

0

ˆ
R2

|u(mj) − u|2 d∥Vt∥dt < ε (5.22)

when j ≥ j0 by using (5.20). For notational simplicity, set g = u(mj0 ). Now fix s ∈ [0, T ]
such that (5.17) holds, and let a subsequence {m′

j}j∈N be such that

V
(m′

j)
s → Vs as varifolds, (5.23a)

lim
j→∞

ˆ
R2

ϕ|h(V (m′
j)

s )|2 − ∇ϕ · g⊥ − h(V (m′
j)

s ) · (∇ϕ − gϕ) d∥V
(m′

j)
s ∥

= lim inf
j→∞

ˆ
R2

ϕ|h(V (mj)
s )|2 − ∇ϕ · g⊥ − h(V (mj)

s ) · (∇ϕ − gϕ) d∥V (mj)
s ∥. (5.23b)
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Note that the choice of subsequence may depend on s. Using (2.4), (2.2) and (5.23a), we
can deduce

lim
j→∞

ˆ
R2

∇ϕ · g⊥ d∥V
(m′

j)
s ∥ + lim

j→∞

ˆ
R2

h(V (m′
j)

s ) · (∇ϕ − gϕ) d∥V
(m′

j)
s ∥

=
ˆ
R2

∇ϕ · g⊥ d∥Vs∥ −
ˆ

G1(R2)
∇(∇ϕ − gϕ) · S dVs.

(5.24)

By the similar argument for (5.19), we haveˆ
R2

ϕ|h(Vs)|2 d∥Vs∥ ≤ lim
j→∞

ˆ
R2

ϕ|h(V (m′
j)

s )|2 d∥V
(m′

j)
s ∥,

thus with (5.23b) and (5.24), we findˆ
R2

ϕ|h(Vs)|2 − ∇ϕ · g⊥ − h(Vs) · (∇ϕ − gϕ) d∥Vs∥

≤ lim inf
j→∞

ˆ
R2

ϕ|h(V (mj)
s )|2 − ∇ϕ · g⊥ − h(V (mj)

s ) · (∇ϕ − gϕ) d∥V (mj)
s ∥.

(5.25)

Since ϕ|h|2 − |∇ϕ||g| − |h|(|∇ϕ| + |g|ϕ) ≥ −|∇ϕ||g| − |∇ϕ|2
ϕ

− |g|2ϕ which is bounded from
below by a constant depending only on g and ϕ, we may use Fatou’s lemma to conclude
thatˆ t2

t1

ˆ
R2

ϕ|h(Vs)|2 − ∇ϕ · g⊥ − h(Vs) · (∇ϕ − gϕ) d∥Vs∥ds

≤ lim inf
j→∞

ˆ t2

t1

ˆ
R2

ϕ|h(V (mj)
s )|2 − ∇ϕ · g⊥ − h(V (mj)

s ) · (∇ϕ − gϕ) d∥V (mj)
s ∥ds.

(5.26)

Since each V (mj) satisfies (4.2) with u(mj),

lim inf
j→∞

ˆ t2

t1

ˆ
R2

ϕ|h(V (mj)
s )|2 − ∇ϕ · g⊥ − h(V (mj)

s ) · (∇ϕ − gϕ) d∥V (mj)
s ∥ds

= lim inf
j→∞

(
∥V

(mj)
t1 ∥ (ϕ (·, t1)) − ∥V

(mj)
t2 ∥ (ϕ (·, t2)) +

ˆ t2

t1

ˆ
R2

∂tϕ d∥V (mj)
s ∥ds

+
ˆ t2

t1

ˆ
R2

(
∇ϕ · (u(mj) − g)⊥ + ϕ h(V (mj)

s ) · (g − u(mj))
)

d∥V (mj)
s ∥ds

)
= ∥Vt1∥ (ϕ (·, t1)) − ∥Vt2∥ (ϕ (·, t2)) +

ˆ t2

t1

ˆ
R2

∂tϕ d∥Vs∥ds

+ lim inf
j→∞

ˆ t2

t1

ˆ
R2

(
∇ϕ · (u(mj) − g)⊥ + ϕ h(V (mj)

s ) · (g − u(mj))
)

d∥V (mj)
s ∥ds

(5.27)

where in the last step we have used ∥V
(mj)

s ∥ → ∥Vs∥ as Radon measures for all s. For the
integrals in the last line of (5.27), we may use (5.20) and (5.22) to conclude that they are
bounded by a multiple of ε. Similarly, we may replace g on the first line of (5.26) by u with
a similar error. By letting ε → 0, this gives the desired inequality (2.14) for Vt. □
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Remark 5.6. For the family of varifolds {Vt}t≥0 thus far constructed, from (V1’) and from
the method of construction, (V1) is satisfied. We have proved so far (V3)-(V7) and (V2)
will be proved in Remark 5.8.

Proposition 5.7. There exists a subsequence of {mj} (we use the same notation for
this subsequence) with the following property: For each i = 1, . . . , N , there exists a set
S(i) ⊂ R2 × [0, ∞) with ∥∇χS(i)∥(R2 × [0, T ]) < ∞ for all T > 0 such that, writing
Ei(t) := {x ∈ R2 : (x, t) ∈ S(i)},

lim
j→∞

ˆ
BR

|χ
E

(mj )
i (t)

(x) − χEi(t)(x)| dx = 0 (5.28)

for all R > 0 and for all t ≥ 0. Moreover, (E5) holds true.

Proof. We fix i = 1, . . . , N and T > 0 in the following. Recall the definition E
(m)
i (t) being

the “i-th phase” corresponding to the flow with u(m) obtained by Theorem 4.2. Let S(m)(i)
be the set defined in (E6’) corresponding to E(m)(t), namely,

S(m)(i) := {(x, t) : x ∈ E
(m)
i (t), t ≥ 0} (5.29)

which is a relative open set in R2 × [0, ∞). For any g = (g1, g2, g3) ∈ C1
c (R2 × (0, T );R3),

(E7’) with t1 = 0 and t2 = T showsˆ
S(m)(i)

g1
x1 + g2

x2 + ∂g3

∂t
dxdt =

ˆ T

0

ˆ
E

(m)
i (t)

g1
x1 + g2

x2 + ∂g3

∂t
dxdt

=
ˆ T

0

ˆ
∂∗E

(m)
i (t)

(g1, g2) · ν
(m)
i − (h(V (m)

t ) + u(m)) · ν
(m)
i g3 dH1dt,

(5.30)

where ν
(m)
i is the outer unit normal to ∂∗E

(m)
i (t). By (E5’), for all 0 ≤ t ≤ T ,

H1(∂∗E
(m)
i (t)) = ∥∇χ

E
(m)
i (t)∥(R2) ≤ ∥V

(m)
t ∥(R2) ≤ sup

s∈[0,T ]
∥V (m)

s ∥(R2), (5.31)

and again by (E5’),ˆ T

0

ˆ
∂∗E

(m)
i (t)

|h(V (m)
t )| + |u(m)| dH1dt ≤

ˆ T

0

ˆ
R2

|h(V (m)
t )| + |u(m)| d∥V

(m)
t ∥dt

≤ (T sup
s∈[0,T ]

∥V (m)
s ∥(R2)) 1

2
(ˆ T

0

ˆ
R2

|h(V (m)
t )|2 + |u(m)|2 d∥V

(m)
t ∥dt

) 1
2 .

(5.32)

Since the right-hand sides of (5.31) and (5.32) are both bounded uniformly due to (3.6)-
(3.8), this implies that ∥∇χS(m)(i)∥(R2 × (0, T )) is uniformly bounded. By the compactness
theorem for bounded variation function applied to the subsequence {mj} in Proposition 5.1,
we have a further subsequence (denoted by the same index) and a set of finite perimeter
S(i) ⊂ R2 × (0, T ) such that χ

S(mj )(i) converges to χS(i) locally in L1(R2 × (0, T )). By
Fubini Theorem, we also may assume that χ

E
(mj )
i (t)

converges locally to χEi(t) in L1(R2)
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and for a.e. t ∈ (0, T ). In fact, since (E7’) holds equally true for ϕ ∈ Cc(R2) with |ϕ| ≤ 1,
for 0 ≤ t1 < t2 ≤ T , we have∣∣∣ˆ

E
(m)
i (t2)

ϕ(x) dx −
ˆ

E
(m)
i (t1)

ϕ(x) dx
∣∣∣ ≤
ˆ t2

t1

ˆ
∂∗E

(m)
i (t)

|h(V (m)
t | + |u(m)| dH1dt

≤ c3(t2 − t1)
1
2

(5.33)

where c3 can be obtained as in (5.32) and is independent of m. For any R > 0, we may let
A = BR ∩E

(m)
i (t2)\E

(m)
i (t1) or BR ∩E

(m)
i (t1)\E

(m)
i (t2) and approximate χA by ϕ ∈ Cc(R2)

to see that (after letting ϕ → χA and R → ∞) |E(m)
i (t1)△E

(m)
i (t2)| ≤ 2c3(t2 − t1)

1
2 . From

this, one can conclude that χ
E

(mj )
i (t)

converges locally in L1(R2) for all t ∈ (0, T ) (not only
a.e. t), and the limit Ei(t) is 1

2 -Hölder continuous with respect to the Lebesgue measure.
If necessary, we may define the time-slice of S(i) to be Ei(t) for all t ∈ (0, T ), and by a
diagonal argument as T → ∞, this proves the claim of (5.28) and also (E5). □

Remark 5.8. By (E2’), E
(mj)
1 (t), . . . , E

(mj)
N (t) are mutually disjoint for each t ≥ 0. By

(5.28), it follows that E1(t), . . . , EN(t) are mutually disjoint with respect to the Lebesgue
measure. Also since ∥∇χ

E
(mj )
i (t)

∥ ≤ ∥V
(mj)

t ∥ (by (E5’)), limj→∞ ∥V
(mj)

t ∥ = ∥Vt∥, and by
the lower-semicontinuity property, we have ∥∇χEi(t)∥ ≤ ∥Vt∥ for all t ≥ 0. Then, by [14,
Proposition 29.4],

1
2

N∑
i=1

∥∇χEi(t)∥ = H1⌊∪N
i=1∂∗Ei(t)≤ ∥Vt∥. (5.34)

At t = 0, we may argue just as in [18, Proposition 6.10]. If H1(∪N
i=1∂E0,i \ ∂∗E0,i) = 0, then

2∥V0∥ =
N∑

i=1
∥∇χE0,i

∥ ≤ lim inf
t→0+

N∑
i=1

∥∇χEi(t)∥ ≤ lim inf
t→0+

2∥Vt∥ (5.35)

while lim supt→0+ ∥Vt∥ ≤ ∥V0∥ follows from (2.14). Thus ∥V0∥ = limt→0+ ∥Vt∥ and we have
(V2).

Proposition 5.9. Properties (E6) holds true.

Proof. Consider a sequence of L1
loc([0, ∞)) functions

f (mj)(t) := 2
ˆ

∂∗E
(mj )
i (t)

|h(V (mj)
t )|2 + |u(mj)|2 d∥V

(mj)
t ∥(x) (5.36)

whose L1-norm on [0, T ] is bounded uniformly. By the compactness theorem of Radon
measure, there exists a further subsequence (denoted by the same index) and a Radon
measure β on [0, ∞) such that f (mj) dt converges to β as measures. With this notation, for
any ϕ ∈ C1

c (R2 × [0, ∞)),ˆ t2

t1

ˆ
∂∗E

(mj )
i (t)

(|h(V (mj)
t )| + |u(mj)|)ϕ ≤

( ˆ t2

t1

f (mj) dt
) 1

2
( ˆ t2

t1

ˆ
R2

ϕ2 d∥V
(mj)

t ∥
) 1

2 (5.37)
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where we used (E5’). Then, using (4.3) and the convergence of f (mj)dt, E
(mj)
i (t) and ∥V

(mj)
t ∥

to β, Ei(t) and ∥Vt∥ respectively, we obtain (2.16) and this ends the proof. □

Up to this point, (E1)-(E6) are proved. Finally,

Proposition 5.10. The properties (E7) and (E8) hold.

Proof. This follows from the argument in Proposition 5.3 and the resulting (V3) as follows.
For a.e. t > 0, Vt = ∑P (t)

i=1 var(ℓi(t), 1) and away from a finite number of junctions, the
density of ∥Vt∥ is precisely the number of W 1,1 curves passing through that point, all
tangentially. As in the proof of Proposition 5.3 of case (a), the topology of convergence
of W 2,2 curves corresponding to V (mj) to the limit is locally C1, thus the properties (E8’)
satisfied by V (mj) holds in the limit. More precisely, suppose that N ≥ 3 and the density of
∥Vt∥ is 1. Then there is only one curve going through this point, thus, the number of curves
of V

(mj)
t approaching to this single curve must be also 1. Since E

(mj)
i (t) (i = 1, . . . , N)

converges to Ei(t), and (E8’)(1) shows that the approaching curves are part of the reduced
boundary of E

(mj)
1 (t) . . . , E

(mj)
N (t), we can deduce that the point in question must be also

in the reduced boundary of E1(t), . . . , EN(t). This proves the case of N ≥ 3. If N = 2,
then, again by the C1 convergence of curves and the property (E8’)(2), one can conclude
the same property for the limit depending on the parity of the density. This ends the proof
of (E7). For (E8), the unit density implies that θt(x) = 1 for ∥Vt∥ a.e. x and (E7) then
implies that H1(ℓi(t) ∩ ℓj(t)) = 0 for all i ̸= j and H1(∪P (t)

i=1 ℓi(t)△ ∪N
i=1 ∂∗Ei(t)) = 0. This

immediately proves (E8). □

6. Final remarks

(1) One may wonder if there exists a corresponding result for n > 1 that is also critical,
for example, q = 2 and p = n + 1 in view of (1.7), and some appropriate condition
on u itself, such as ess supt∈[0,T ]

´
R2 |u|2 dx in the case of n = 1. Our analysis is

heavily based on (1.13), and a similar strategy does not seem to work.
(2) Suppose that we have a sequence of flows {V

(m)
t }t≥0 and {u(m)(·, t)}t≥0 each of

which satisfies the properties of Theorem 2.3 and is such that ∥V
(m)

0 ∥(R2) and
c1(u(m), T ) are uniformly bounded for each T > 0. It is then desirable to have a
good compactness property. In the case that u(m) = 0 (or even the subcritical case
treated in [20]), one can extract a subsequence (denoted by the same index) and
a limit {Vt}t≥0 such that limm→∞ ∥V

(m)
t ∥ = ∥Vt∥ for all t ≥ 0 and the limit is a

Brakke flow (or flow with (1.1)). In the present case, if we can further assume that
u(m) converges to some u strongly, namely,

lim
m→∞

ˆ T

0

ˆ
R2

|∇u(m) − ∇u|2 dxdt = 0, (6.1)

then one can extract a subsequence such that the limit flow is a solution of (1.1).
The proof of this may be carried out along the line of the proof of Theorem 2.3 in
fact, since the proof is precisely the compactness of the approximate flows to the
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solution of (1.1). On the other hand, unless we assume this strong convergence, it
is difficult to prove that the limit is a solution of (1.1).

Appendix A. Proof of Theorem 4.2

For a vector field u ∈ C1
c (Rn+1 × [0, ∞)), we need to change the motion law from v = h

to v = h + u⊥ in [9, 10, 19] and we point out locations to be changed. First of all, let
N ∈ N be the number of phases as in these papers, and with Hn(Γ0) < ∞, we may
set the weight function (see [9, Section 3.1]) Ω ≡ 1 and c1 = 0. Otherwise, we may
proceed with the same definitions in [9], with a slight modification provided in [19] in the
definition of the volume-controlled Lipschitz deformation (see [19, Definition 3.1]). The
first major modification occurs at [9, Proposition 5.7]. The function f should be changed
from f(x) := x + hε(x, V )∆t to

f(x) := x + (hε(x, V ) + u(x))∆t

(where u(x) = u(x, t) with t specified later) and the estimates [9, (5.55)] and [9, (5.56)]
become ∣∣∣∣∥f♯V ∥(ϕ) − ∥V ∥(ϕ)

∆t
− δ(V, ϕ)(hε(·, V ) + u(·))

∣∣∣∣ ≤ εc2−10, (A.1)

∥f♯V ∥(Rn+1) − ∥V ∥(Rn+1)
∆t

+ 1
2

ˆ
Rn+1

|Φε ∗ δV |2

Φε ∗ ∥V ∥ + ε
dx ≤ ε

1
4 + ∥u∥C1∥V ∥(Rn+1), (A.2)

and under the assumption of ∥f♯V ∥(Rn+1) ≤ M , [9, (5.57)] becomes

|δ(V, ϕ)(hε(·, V ) + u(·)) − δ(f♯V, ϕ)(hε(·, f♯V ) + u(·))| ≤ εc2−2n−19, (A.3)
and the same expression for [9, (5.58)] with Ω = 1. Here c2 := 3n + 20 (see [9, (5.54)]).
The proof of (A.1) is the same, in essence because of the boundedness of u in C1 (to be
precise, the restriction on ε also depends on ∥u∥C1). To obtain (A.2), we may proceed as in
[9, (5.66)] with

δ(V, 1)(hε + u) = δV (hε) + δV (u)

≤ −(1 − ε
1
4 )
ˆ
Rn+1

|Φε ∗ δV |2

Φε ∗ ∥V ∥ + ε
dx + ε

1
4 + ∥u∥C1∥V ∥(Rn+1), (A.4)

where we used [9, (5.23)] and the definition of δV . Combining (A.1) with ϕ ≡ 1, (A.4) gives
(A.2). The same proof works for (A.3) and the one corresponding to [9, (5.58)] by using
the boundedness of u in C1. The content of [9, Section 6] needs only a slight change due to
u, for example, in [9, Proposition 6.1], we have E0 := {E0,1, . . . , E0,N} ∈ OPN

1 , and there
exists a family Ej,l ∈ OPN

1 (l = 0, 1, . . . , j2pj ) for each j ∈ N with
Ej,0 = E0 for all j ∈ N (A.5)

and with the notation of (see also [9, (5.54)])

∆tj := 1
2pj

∈ (2−1εc2
j , εc2

j ], (A.6)
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we have (cf. [9, (6.3)-(6.5)])

∥∂Ej,l∥(Rn+1) ≤ H1(Γ0) exp
(

l∆tj∥u∥C1

)
+ ε

1
8
j l∆tj, (A.7)

∥∂Ej,l∥(Rn+1) − ∥∂Ej,l−1∥(Rn+1)
∆tj

+ 1
2

ˆ
Rn+1

|Φεj
∗ δ(∂Ej,l)|2

Φεj
∗ ∥∂Ej,l∥ + εj

dx

− 1 − j−5

∆tj

∆j∥∂Ej,l−1∥(Rn+1) ≤ ε
1
8
j + ∥u∥C1∥∂Ej,l−1∥(Rn+1),

(A.8)

∥∂Ej,l∥(ϕ) − ∥∂Ej,l−1∥(ϕ)
∆tj

≤ δ(∂Ej,l, ϕ)(hεj
(·, ∂Ej,l) + u(·, l∆tj)) + ε

1
8
j (A.9)

for l = 1, 2, . . . , j2pj and ϕ ∈ Aj . The proof of these is very similar. Starting with [9, (6.6)],
we put

Mj := Hn(Γ0) exp
(
j∥u∥C1

)
+ 1, (A.10)

and choose εj similarly so that corresponding to this Mj, [9, (6.7)] holds. Then choose
an admissible Lipschitz map f1 ∈ Evc(Ej,l, j) ([19, Definition 3.1]) as in [9, (6.9)], define
E∗

j,l+1 := (f1)⋆Ej,l and define

f2(x) := x + ∆tj(hεj
(x, ∂E∗

j,l+1) + u(x, (l + 1)∆tj)). (A.11)

Then we define
Ej,l+1 := (f2)⋆E∗

j,l+1. (A.12)
The rest of the proof is identical and one can deduce (A.7)-(A.9). The statement of [9,
Proposition 6.4] is the same in that there exists a subsequence {jl}l∈N such that (see [9,
(6.18)-(6.20)])

lim
l→∞

∥∂Ejl
(t)∥(ϕ) = µt(ϕ) (A.13)

for all t ≥ 0 and for all ϕ ∈ Cc(Rn+1), and for all T < ∞

lim sup
i→∞

ˆ T

0

(ˆ
Rn+1

|Φεjl
∗ δ(∂Ejl

(t))|2

Φεjl
∗ ∥∂Ejl

(t)∥ + εjl

dx − 1
∆tjl

∆vc
jl

∥∂Ejl
(t)∥(Rn+1)

)
dt < ∞. (A.14)

Moreover, for a.e. t ∈ [0, ∞), we have

lim
l→∞

j
2(n+1)
l ∆vc

jl
∥∂Ejl

(t)∥(Rn+1) = 0. (A.15)

The proofs of rectifiability and integrality [9, Section 7, 8] (with slight modification as in
[19]) utilize only the properties (A.14) and (A.15), so that the measure µt is integral for
a.e. t ≥ 0. The last part for the proof of (4.2) is similar to that in [9, Section 9] in that we
have the extra term coming from u in the right-hand side. Tracing the proof of [9, Theorem
9.3], it comes down (see [9, (9.10)]) to analyzing the behavior of (with ∂Ejl

= ∂Ejl
(t))

δ(∂Ejl
, ϕ̂)(hεjl

+ ujl
) = δ(∂Ejl

)(ϕ̂(hεjl
+ ujl

)) +
ˆ

G1(Rn+1)
S⊥(∇ϕ̂) · (hεjl

+ ujl
) d(∂Ejl

) (A.16)
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as l → ∞ for a.e. t. Here ujl
is a piece-wise constant (only in time-direction) vector field

such that
ujl

(x, t) = u(x, k∆tjl
) if t ∈ ((k − 1)∆tjl

, k∆tjl
]. (A.17)

Since u ∈ C1
c (Rn+1 × [0, ∞);Rn+1), ujl

and ∇ujl
converges to u and ∇u uniformly as l → ∞.

Now, the term δ(∂Ejl
, ϕ̂)(ujl

) is bounded uniformly (in terms of ∥u∥C1 and ∥∂Ejl
∥(Rn+1)).

Thus, in choosing a subsequence {j′
l}j∈N ⊂ {jl}l∈N in [9, (9.16)] such that

lim sup
l→∞

δ(∂Ejl
(t), ϕ̂)(hεjl

+ ujl
) = lim

l→∞
δ(∂Ej′

l
(t), ϕ̂)(hεj′

l

+ uj′
l
) (A.18)

and proceeding similarly, one can prove that ([9, (9.19)])

lim sup
l→∞

ˆ
Rn+1

|Φεj′
l

∗ δ(∂Ej′
l
(t))|2

Φεj′
l

∗ ∥∂Ej′
l
(t)∥ + εj′

l

dx ≤ iM̃(t). (A.19)

Here M̃(t) is as defined in [9, (9.18)] and is finite for a.e. t. But for this subsequence,
{∂Ej′

l
(t)}l∈N converges to Vt ∈ IVn(Rn+1) as varifolds due to [9, Lemma 9.1(b)], and one

can conclude that
lim
l→∞

δ(∂Ej′
l
(t), ϕ̂)(uj′

l
) = δ(Vt, ϕ̂)(u). (A.20)

The harder part on the convergence of δ(∂Ej′
l
, ϕ̂)(hεj′

l

) is identical and one can prove (4.2)
for a time-independent test function ϕ, and one can proceed similarly for a time-dependent
test function ϕ as well. This proves the existence of measures {Vt}t≥0 satisfying (V1’),
(V3’) (for now only Vt ∈ IVn(Rn+2) a.e.t), (V4’)-(V7’). As for (V2’), the same argument in
Remark 5.8 (or [18, Proposition 6.10]) shows the claim, while (V3’) in the case of n = 1 is
proved in [10], where the only ingredients needed for the proof were (A.14) and (A.15).

For {Ei(t)}t≥0 we need modifications in [9, Section 10] and [19]. For the first one, the
main point is that one needs to modify Huisken’s monotonicity formula [7] appropriately
due to the presence of u, which can be done easily when u is bounded. In [9, (10.2)], for
t ∈ [0, T ], we replace ρ̂R

(y,s)(x, t) by

ρ̂R
(y,s)(x, t) := η

(
x − y

R

)
exp

(
− t∥u∥2

L∞

)
ρ(y,s)(x, t). (A.21)

Then, proceeding as in [8, Proposition 6.2] (see the computations up to [8, (6.6)]), one can
conclude that for 0 ≤ t1 < t2 ≤ T ,

∥Vt∥(ρ̂R
(y,s)(·, t))

∣∣∣∣t2

t=t1

≤ c(n)R−2(t2 − t1) sup
t′∈[t1,t2]

R−n∥Vt′∥(B2R(y)). (A.22)

which allows the same argument in [9, Section 10]. Another minor modification is that of
[9, Lemma 10.12]. With additional bounded u, one can prove:

Lemma A.1. For some t ∈ R+, x ∈ Rn+1 and r > 0, suppose ∥Vt∥(Ur(x)) = 0. Then for
t′ ∈ [t, t + r2

2n+2r∥u∥L∞ ], we have ∥Vt′∥(U√
r2−(2n+2r∥u∥L∞ )(t′−t)(x)) = 0.

For completeness, we give the proof.



EXISTENCE OF CURVATURE FLOW WITH FORCING 27

Proof. Without loss of generality, assume x = 0 and t = 0. Define
ϕ(x, t) := {r2 − |x|2 − (2n + 2r∥u∥L∞)t}4 exp(−t∥u∥2

L∞)
for |x|2 ≤ r2 − (2n + 2r∥u∥L∞)t and = 0 otherwise. Then ϕ is C2

c in the space variables
and by the Cauchy-Schwarz inequality and the first variation formula (2.4), we haveˆ

Rn+1
(∇ϕ − hϕ) · (h + u⊥) d∥Vt∥ ≤

ˆ
Gn(Rn+1)

1
2 |u|2ϕ − S · ∇2ϕ + |u||∇ϕ| dVt(·, S). (A.23)

Writing above ϕ as R(x, t)4 exp(−t∥u∥2
L∞), one can check that (also using S · I = n)

S · ∇2ϕ = (48R−2|S(x)|2 − 8nR−1)ϕ
so that (A.23) can be bounded from above byˆ

Rn+1

∥u∥2
L∞

2 ϕ + 8nR−1ϕ + ∥u∥L∞8rR−1ϕ d∥Vt∥

while
∂ϕ

∂t
= −∥u∥2

L∞ϕ − 8(n + r∥u∥L∞)R−1ϕ.

Thus (4.2) shows that ∥Vt∥(ϕ) is decreasing in time and we obtain the desired conclusion. □

We can proceed exactly as in [9, Section 10] and may conclude (E1’)-(E6’). For (E7’)
and (E8’), we need to modify the proof in [19]. Since u is C1, the proof is similar. In [19,
Section 4.1], h + u⊥ in place of h is a generalized velocity in the sense of L2 flow and the
proof is identical once (4.2) is established. The proof on the existence of measure-theoretic
velocities ([19, Section 4.2]) can be easily modified by replacing the motion law from hε

to hε + u and the same proof shows [19, Proposition 4.5] (note that ui in the statement
there is not to be confused with u in this paper). The proof for the identification of the
measure-theoretic velocity in [19, Section 4.3] goes verbatim and proves (4.3). The rest
of [19], Section 5 and 6, goes without change and in particular, (E8’) holds true for this
modified version.
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