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Abstract

The number of central configurations in the four body problem was proved
to be finite, first by Hampton and Moeckel, then by Albouy and Kaloshin, when
the masses are all positive. We prove that the four-body central configurations
are finite for any four nonzero masses.

Mathematics Subject Classification (2020): 70F10 (primary); 70F15, 37Nxx
(secondary).

1 Introduction

We consider the finiteness of central configurations in the four-body problem. Our
approach is to extend the method due to Albouy and Kaloshin. They first used this
method to show that the number of central configurations in the four-body problem is
finite if the masses are all positive, and that the number of central configurations in
the planar five-body problem is finite, perhaps except if the 5-tuple of positive masses
belongs to a given codimension 2 subvariety of the mass space. We focus on the four-
body case and obtain the finiteness result without regard to the sign of the masses,
which settles the open question raised by Hampton and Moeckel in [6].

The N-body problem consists of describing the complete behavior of solutions of
the Newton’s equations, 1, = ZlgjgN,j;én %, n=1,---,N. Started by Newton
and considered by many great mathematicians through the centuries, the problem for
N > 2 remains largely unsolved. Central configurations arose in the study of the
N-body problem. By definition, they are just special arrangement of the particles.
However, they play an important role in the study of the dynamics of the N-body
problem. For instance, they are related to the homographic solutions, the analysis of
collision orbits, and the bifurcation of integral manifold (cf. [8, 10]).

The so-called hypothesis on finiteness of central configurations was proposed by
Chazy [5] and Wintner [10], and was listed by Smale as the sixth problem on his list of
problems for the 21-st century [9]: Is the number of relative equilibria (planar central
configurations) finite, in the N-body problem of celestial mechanics, for any choice of
positive real numbers mq,--- , my as the masses?
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Euler and Lagrange have solved this finiteness question when N = 3. In 2005,
Hampton and Moeckel [6] studied the case of N =4 ;| and showed that for any 4-tuple
of positive masses the upper bound of numbers of central configurations is 8472. Albouy
and Kaloshin [1] answered positively the question in 2012 for N = 5, except perhaps if
the 5-tuple of positive masses satisfies two given polynomial conditions. We refer the
reader to the excellent review on this problem by Hampton, Moeckel [6] and Albouy,
Kaloshin [1].

The outline of the method of Albouy and Kaloshin is the following: The central
configurations are solutions of the algebraic system (2) in the real domain. By intro-
ducing an efficient set of coordinates, Albouy and Kaloshin embedded system (2) into
the system (4). The solutions of (4) in the complex domain are called normalized
central configurations. If there are infinitely many normalized central configurations,
Albouy and Kaloshin showed that one can extract a sequence of them that forms a
singular sequence.

These singular sequences are classified according to their limiting behaviors. This
classification was done by two-colored diagrams, which consists of colored strokes and
circles and each circle represents a mass. For N = 4, they found that the number of
diagrams is 5, while the number increases to 16 for N = 5.

They noted that for each diagram, or equivalently each class of singular sequences,
there is some algebraic constraint on the masses, and another important fact that
the existence of one class of singular sequence generally implies the existence of other
classes. Hence, the existence of infinitely many normalized central configurations would
imply several algebraic constraints on the masses. The finiteness is asserted by showing
that these constraints have no solutions. In particular, this method reduced significant
amount of computations.

We investigate the finiteness question concerning central configurations for any 4-
tuple of nonzero masses. This pursuit is particularly valuable for two reasons. Firstly,
the inclusion of negative masses sheds light on the role of masses in the N-body problem.
In the planar five-body problem, Roberts [7] (1999) has demonstrated the construction
of a continuum of central configurations when negative masses are allowed. It prompts
a natural inquiry into whether such a continuum is possible for the four-body problem
when negative masses are permitted, an open question raised by Hampton and Moeckel
[6] in 2006. Secondly, the method introduced by Albouy and Kaloshin is robust, and
its applicability extends naturally to finiteness questions under weaker parameter con-
straints. In particular, adapted versions of this approach have been used in the four-
vortex problem [11] and the five-vortex problem [13], while the original method has also
been applied to the six-body problem [3, 4]. The present work further illustrates the
potential of this method.

The primary discussions and results of Albouy and Kaloshin [1] center around the
case of positive masses. Although some of their partial results extend to scenarios
involving negative masses, the assumption of mass positiveness is crucial for their main
findings. Firstly, the concept of centers of mass of clusters plays a pivotal role in their
study, so it is presumed that the subset of bodies has total mass nonzero. Secondly, the
positivity of masses simplifies the constraints in many diagrams, and, in some cases,
excludes certain possibilities outright.



As our study addresses the finiteness question for any 4-tuple of nonzero masses,
our approach differs somewhat. In particular, we need to modify or abandon certain
rules in the classification of singular sequences (refer to Section 3.2). Consequently,
more diagrams emerge, increasing the count to 11. The corresponding constraints on
masses become more subtle, even for classes that also appear in Albouy and Kaloshin’s
classification. We conduct separate proofs for cases involving nonzero total mass and
cases involving zero total mass.

The results proved here are stated in the following

Theorem 1.1. Suppose that my, mo, m3, my are real and nonzero, then there are finitely
many central configurations in the four-body problem.

In fact, we find that the number of solutions in the complex domain (i.e., the nor-
malized central configurations) is finite, except for (up to a relabeling of the bodies)
two groups of masses:

2 2
mp = mg = —M3z = —MNy, my=my, Mm3z=—a‘my, my=—(2—a")m,

where « is the unique positive root of equation (51) (numerically, o ~ 1.2407). See
Theorems 5.1, 5.2, and 6.1.

The paper is structured as follows. In Section 3, we briefly review the notation
of singular sequences due to Albouy and Kaloshin, the rules to classify the diagrams
corresponding to singular sequences are listed. We remark that some rules are modified.
In Section 4, we list all possible diagrams for the four-body problem. In Section 5 and
6, we outline the proofs of Theorem 1.1. In the Appendix, we provide comprehensive
details of the proof, specifically when manual computation is straightforward. For more
intricate calculations, we employed symbolic computations, and the exhaustive details
can be referenced in the accompanying Mathematica notebook [12].

Acknowledgments. We would like to thank the anonymous referees for providing
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2 Basic notations

A solution of the N-body problem is homographic if the configurations formed by the
bodies remain similar to each other at all times. In the context of the N-body prob-
lem with nonzero masses, the set of homographic solutions, exhibits a richer structure
compared to that of the N-body problem with positive masses. We refer to configura-
tions that result in homographic solutions as “stationary configurations” Notably, the
set of central configuration forms a subset within the broader category of stationary
configurations, as expected.

Let m,,r,,n = 1,--- N, be the mass and position of the n-th body respectively.
The equations of motion are ¥,, = A,,, where

A= Y Mmooy

1<j<N,j#n



Definition 2.1. The following quantities are defined. Total mass: m = 2;\;1 m;;
Moment of mass: M = Zjvzl m;r;.

It is easy to see that configurations leading to homographic solutions satisfy the
following definition.

Definition 2.2. A configuration r = (rq,--- ,rx) is called a stationary configuration if
there exists a constant A € R such that

A — A = Mrj —ry), 1<j,k<N.
There are several cases.
e If A\=0and A, =---= Ay =0, it is easy to see that
rj(t)=r;+ta, j=1,--- N,
where a is some arbitrary nonzero constant vector, is one solution. In particular,
rj(t)=r;, j=1,---,N,
is one solution. In this case, it holds that

mjmk A
m] j

1<j<k<N |r] - rk|

e fA=0and A; =---= Ay =b #0, it is easy to see that

t2
rj(t):rj+ta+§b j=1,--- N,

where a is some arbitrary nonzero constant vector, is one solution. In this case,

we have
N

ijAj:O:>m:0.

J=1

o If A # 0 and the total mass m # 0. Define the center of mass as ¢, = %
Assume that

Al—)\rlz---:AN—)\rN:b.
By summing them up, we obtain —Ac,, = b. Let r; = r; — c¢,,. Thus, it holds
that .
Aj:/\f'j, jzl, ,N,
where flj,j =1,---,N,is A evaluated at (T1,--- ,Tn).



o If A # 0 and the total mass m = 0. Assume that
Al —drp=---= Ay — Ary = c.

By summing them up, we obtain Zjvzl myr; = 0. Let r; =r; + §. Thus, it holds
that )
Aj=Axr;, j=1,--- N,

where flj,j =1,---,N,is Aj evaluated at (¥, - ,Tn).

Based on the above discussions, stationary configurations can be divided into the
following three classes:

Definition 2.3. i. The stationary configuration r is an equilibrium if Ay =--- =
Axy =0.

1. The stationary configuration r is a rigidly translating configuration if A, =
-« = Ay = b, where b is some nonzero constant vector.

iti. The stationary configuration r is a central configuration if A; = Ar;,j =
1,--- N, where X\ is some nonzero constant.

It is important to note that our definition of a central configuration aligns with
the conventional definition in [10]. = The primary emphasis of this paper lies
in the finiteness of central configurations. A configuration, denoted as r, is
considered equivalent to r’ if the two configurations coincide under transformations
involving translation, rotation, and dilation. Our counting of central configurations is
conducted with respect to these equivalence classes.

3 Singular sequences and two-colored diagrams

In this section, we briefly review the basic elements of the method introduced by Al-
bouy and Kaloshin [1], including, among others, the coordinate system, the notation
of singular sequences, the two-colored diagrams, and the rules for the diagrams. We
remark that it is presumed that the sum, and partial sum of the masses are nonzero in
[1] and that here this hypothesis is discarded. As a result, there may be no center of
mass. Hence, Rule 1c, 1d, and le of [1] are modified into our Rule III, IV, and V, and
Rule 2a of [1] has been dropped.

3.1 Singular sequences

Recall that a planar central configuration is a solution of the following algebraic equa-

tions
= Y Ml (1)

1<j<N,j#k



where 1, = (z,y%) € R, k =1, ..., N. Equations (1) is invariant under rotations and
dilations in the plane. Hence, we may assume that the multiplier equals 1 or —1. Set
o=, 28 =1 —Tp, Y = Y — Y and 7 = (22, + %)% > 0. Equations (1) becomes

() Zm] <,)’f—1 Ny = 1. (2)

J=1,j#k

The last equation y; = ys is to remove the rotation symmetry. The system (2) is then
embedded into a polynomial system in C* x CNWV-1)/2;

T1 3 [T21 3 [ T31
= myd ) 3
(3/1) 2012 (y21> T msoi (y31> + )

5%2@%2 + 9%2) =1

Y12 = 0.

Definition 3.1 (Normalized central configuration). A normalized central configuration
is a solution of (3).

Note that a central configuration, i.e., solution of equations (1) is a normalized
central configuration with real z’s, y;’s, and positive d;;’s. Though the variables of
system (3) are xy, y, and 0, we may use the variables r;;, = 1/J;;, instead of the d;;’s.

Set 2 = wp+iyk, wp = T — iy, Zjk = 21— 2j, Wi = wp—w;. Then % +y% =1 =

_-1/2, 32 __-3/2, ~1/2 1/2 "~3/2

ZipWi. Set Zjp = Zig Wi Wik = 24 m w‘7 . Here, expressions such as z ik Wi
. . : , 1/2 -3/2 _ 1 )
are interpreted in the same way as in [1]; namely, z; " “w;, Tk w]k The zj,’s

(respectively the wji,’s) in the complex plane will be called z- sepamtzon (respectively
w-separation). Then the system (3) becomes

21 = Moo +m3Zs1 + ... + mynZnu, (4)
wy = maWar +msWs + ... + myWhy,

ZN — m1Z1N + mQZQN + ...+ mN_1Z(N_1)N,
wy = m Wiy +maWon + ... + my_ Win_1)n
<12 = Wi2.
Note that we have rj, = ry; = \/Zpw;, = 1//Z;xW;j, and
Zijk = 2k /T30 Wik = Win /T Zite = —Zijs Wi, = =W

Let N = N(N+1)/2 AnyvectorQ = (21722,"' ,ZN,W1,Wo, " - ,wN,512,613,--~ 75(N—1)N)7

associates with two vectors in CN

Z’: (zla227”' ,ZN,Z127Z13,“' 7Z(N71)N)7
W = (wl,w2,~~~ sw, Wig, Wi, -« 7W(N—1)N)-



Let ||Z|] = max;—12,... x|Z;| be the modulus of the maximal component of the vector
Z € CN. Similarly, set [|W|| = maxg=y.2... x |Wg|.

One important feature of System (4) is the symmetry: if Z,' W is a solution, so is
aZ,a W for any a € C\{0}. Thus, we can replace the normalization z;5 = w1, in

System (4) by ||Z|| = ||W||. Hence, the system becomes

21 = Mooy +msZs + ... + mnZyi, (5)
wy = moWay +msWsy + ... + myWhy,

2N = miZin +maZon + ... + MN_1Z(N-1)N,
wy = miWiy +moWon + ... + my_1Win—1)n,
1Z]] = |W].

Consider a sequence Q™ n = 1,2, -, of solutions of (5), which are of course nor-
malized central configurations. Take a sub-sequence such that the maximal component
of 2™ is fixed, i.e., there is a j € {1,2,---,N} that is independent of n such that
12| = |Z§n)|. Extract again in such a way that the sequence 2 /||Z(™]| converges.
Extract again in such a way that the maximal component of W™ is fixed. Finally,
extract in such a way that the sequence W™ /||W™|| converges.

If the initial sequence has the property that 2 is unbounded, so is the extracted
sequence. Note that ||Z(™] is bounded away from zero: if the first N components of the
vector Z(™ all approach zero, so do the components of W™ | then the denominators of
the components Zy;, Wy, approach zero, hence Z and W are unbounded.

Definition 3.2 (Singular sequence). Consider a sequence of normalized central con-
figurations with the property that 2™ is unbounded. A sub-sequence extracted by the
above process is called a singular sequence.

Lemma 3.1 ([1]). Let X be a closed algebraic subset of CN and f : CN +— C be a
polynomial. Fither the image f(X) € C s a finite set, or it is the complement of a
finite set. In the second case one says that f is dominating.

We define the Newtonian potential and the moment of inertia by

N
U= Z mimy 0, I= ij(x?jty?).

1<j<k<N j=1

When m # 0, it holds that I = ZlSKkszvmjmkrjk.

m

Lemma 3.2 ([1]). Consider the closed algebraic subset A € C*N x CNWV=/2 defined by
system (3) and the polynomial functions U and I on it. Then U(A) and I(A) are finite
sets.



3.2 The two-colored diagrams

For two sequences of non-zero numbers, a,b, we use a ~ b, a < b, a = b, and a = b
to represent “a/b — 17, “a/b — 07, “a/b is bounded” and “a < b, a > b” respectively.

Recall that a singular sequence satisfies the property [|Z™|| = |W™| — oo. Set
120 = IW™]|| = 1/€%, then € — 0. The two-colored diagram were introduced to
classify the singular sequences. Given a singular sequence, the indices of the bodies will
be written down. The first color, called the z-color, is used to mark the maximal order
components of Z. If z; & ¢ 2, draw a z-circle around vertex k; If Z;, ~ ¢ 2, draw a
z-stroke between vertices k and j. They consist the z-diagram. The second color, called
the w-color, is used to mark the maximal order components of W in similar manner.
Then we also have the w-diagram. The two-colored diagram is the combination of the
z-diagram and the w-diagram.

If there is either a z-stroke, or a w-stroke, or both between vertex k and vertex 1,
we say that there is an edge between them. There are three types of edges, z-edges,
w-edges and zw-edges, see Figure 1.

Figure 1: On the left, vertices 1, 2 are z-circled, and a z-edge is between them; In the
middle, vertices 1, 2 are z- and w-circled, and a zw-edge is between them; On the right,
vertices 1, 2 are w-circled, and a w-edge is between them.

The following concepts were introduced to characterize some features of singular
sequences. In the z-diagram, vertices k and 1 are called z-close, if zy; < €72; a z-stroke
between vertices k and 1is called a mazimal z-stroke if z;; ~ €~ 2; a subset of vertices are
called an isolated component of the z-diagram if there is no z-stroke between a vertex
of this subset and a vertex of its complement.

At the limit when following a singular sequence, the z;’s form clusters. For example,
if bodies 1, 2 and 3 are such that z15 < 293, we say that 1 clusters with 2 in z-coordinate,
relatively to the bodies 1,2,3. If there is a fourth body such that zo4 < 219 < 203, We
say the fourth body form a sub-cluster, e.g., together with body 2. We can write a
clustering scheme in each coordinate. For instance, the situation considered above is
simply z : 42.1...3, where three dots means the largest separation within the group, one
dot means the intermediate separation, and no dot means the smallest separation.

These concepts also apply to w-diagram. A subset of bodies is called an isolated
component if it is an isolated component of both the z-diagram and the w-diagram.

Proposition 3.1 ([1] Estimate 1). For any (k,1), 1 <k <1< N, we have € < z <

€2, & < wy e ?ande=ry <X e? There is a zw-edge between k and 1 if and only
2

if iy = €. There is a mazimal z-edge between k and 1 if and only if wy ~ €°.

Proposition 3.2 ([1] Estimate 2). If there is a z-stroke between k and l. Then

exXrm =21 €=z el exwy = e



Under the same hypothesis the “equality cases” are characterized as follows:

Left : rpyy m e & 21y & € & wy = € & zw—edge between k and [,

Right : 7y 1 < 2y X € 2 < wyy ~ € < maximal z—edge between k and [.

The following twelve rules for the two-colored diagrams are valid if “2” and “w” were
switched. Rules I to V are about one color, while Rules VI to XII are about two colors.
Rules I and II are identical to Rules 1a and 1b in [1]. Rule III, IV and V correspond
to Rule 1c, 1d and 1le in [1], but weaker due to the possibility of negative masses and
clusters with zero total mass. Meanwhile, Rules VI to XII are identical to Rules 2b to
2h in [1]. Note that Rule 2a of [1], which relies on Rule le, has no counterpart in our
case.

Rule I: At each end of any z-stroke, there is another z-stroke or/and a z-circle
drawn around the name of the body. A z-circle is not isolated; a z-stroke must emanate
from it. There exist at least one z-stroke in the z-diagram.

Rule II: If bodies k and 1 are z-close, they are both z-circled or both not z-circled.

Rule III: The moment of mass of a set of bodies forming an isolated component of
the z-diagram is z-close to the origin.

Proof. Let the bodies of this isolated component be numbered 1,2, ..., p. We obtain

p p
Mzt mazg et mpz = Y mgmiZu+ Y Y mmiZi

k=1 1<I<p,l+k k=1 p<I<N
p
= Z Z mEmy 2 < e 2.
k=1 p<I<N

]

Rule IV: Consider the z-diagram or an isolated component of it. If there is a z-
circle, there is another one. The z-circled bodies can not all be z-close together except
that the sum of the masses of these bodies is zero.

Proof. These are from the center of mass equation myz; + --- + myzy = 0 or Rule III
mizy + MaZg + -+ + mypzp < e~2 for an isolated component. O]

Rule V: Consider a maximal z-stroke. At least one of the two ends is z-circled.

2 2

Proof. If the z-stroke kl is maximal, then z; ~ €72, and so either z; ~ e 2 or z; ~ ¢ 2.
At least one of the ends is circled. [

Rule VI: If there are two consecutive zw-edges, there is a third zw-edge closing the
triangle.

Rule VII: Suppose that there is an edge from vertex 1 to vertex 2, an edge from
vertex 2 to vertex 3, and that there is no edge from vertex 1 to vertex 3. Then the

9



clustering schemes are z : 1.2..3,w : 1...2.3, or z : 1...2.3,w : 1.2...3. We say there is
“skew clustering”.

Rule VIII: Consider a cycle of edges, the list of z-separations corresponding to
the edges, and the maximal order of the z-separations within this list. Two or more
of the z-separations are of this order. The corresponding edges have the same type. If
there are only two, the corresponding separations are not only of the same order, but
equivalent.

Rule IX: Consider a triangle of edges in the diagram. Then the edges are of the
same type (all z-edges or all w-edges or all zw-edges), all the z-separations are of the
same order, all the w-separations are of the same order.

Rule X: Suppose that in the diagram there is a triangle of edges, plus a fourth
vertex attached to the triangle by at least two edges, plus a fifth vertex attached to the
four previous vertices by at least two edges, and so on up to a p-th vertex, p > 3. Then
there is indeed an edge, of the same type, between any pair of the p vertices, all the
z-separations are of the same order, all the w-separations are of the same order.

Rule XTI: If four edges form a quadrilateral, then the opposite edges are of the same
type.

Rule XII: Let (ko,ly) be such a pair of bodies that 7y, < i for any k,[,1 <k <
I <n. If rp,, — 0, then there is another pair of bodies (k1,[;) such that g, ~ 7%,

Corollary 3.1 ([1]). 1. Two consecutive z-edges cannot be maximal if they are not
part of a triangle of edges.

2. Consider three vertices. There are 6, 3, 2, 1, or 0 strokes joining them. If there
are three forming a triangle, they are of the same color.

3. If a zw-edge is present in the diagram, there is another one.

The circling method of [1] still applies. By Estimate 2 and Rule 11, a z-stroke between
bodies k and 1 forces these two vertices to be w-close, and therefore either both are w-
circled or neither is. Furthermore, by Rule I, the endpoints of any chain of consecutive
z-strokes must be z-circled.

4 Classification of 4-body diagrams

In this section, we identify all possible diagrams for N = 4. There are five diagrams
for the four-body central configurations in [1]. Since fewer rules apply in our setting,
more diagrams appear. In the course of the analysis we initially obtain 14 admissible
diagrams. Three of them can be excluded by additional arguments, leaving 11 dia-
grams in total. We then classify the remaining diagrams according to whether they are
compatible with nonzero total mass or zero total mass.

10



4.1 Initial exclusion of diagrams

In this subsection, we find 14 possible diagrams for the four-body central configurations.
We adopt the approach introduced in [1]. It is to examine the bicolored vertex, which
is a vertex which connects at least a z-stroke with at least a w-stroke, with maximal
adjacent strokes. Define C' to be the maximal number of strokes from a bicolored vertex.

4.1.1 No bicolored vertex

If there does not exist a bicolored vertex, then there are at most two strokes and
they are isolated.
Hence, there is only one possible diagram, the first one in Figure 2.

Figure 2: The first diagram is for no bicolored vertex. The next two diagrams are for
C=2

4.1.2 C=2

There are two cases: a zw-edge exists or not.

If it is present, it should be isolated. On the other hand, there should be another
zw-edge by Corollary 3.1. Then the only possible diagram is the second one in Figure
2.

If it is not present, there are adjacent z-edges and w-edges. From any such adjacency
there is no other edge. By continuing it, we see that the only diagram is the third one
in Figure 2.

Hence, there are two possible diagrams, the second and third one in Figure 2.

4.1.3 C=3

Consider a bicolored vertex with three strokes. There are two cases: a zw-edge
exists or not.

If it is not present, suppose that vertex 1 connects with vertex 2 and vertex 3 by
z-edges, and connects with vertex 4 by a w-edge. By Rule I, vertex 1 is w-circled, then
vertex 2 and vertex 3 are also w-circled by the circling method. By Rule I again, there
is a w-stroke emanating from vertex 2 and vertex 3, which leads to a triangle with edges
of different types. We exclude this case by Rule IX.

If it is present, let vertex 2 be the bicolored vertex with three strokes. Suppose
it connects with vertex 1 by a zw-edge, with vertex 3 by a z-edge. By the circling

11



method, we circle the three vertices by w-color. Then there is w-stroke from vertex 3,
which must connect to 4 by Rule IX.

There are two possibilities: either an edge between vertices 1 and 4 is present, or
it is not. If this edge is absent, then we continue it to the first one of Figure 3. If such
edge is present, then by Rule IX there can be no stroke between 1 and 3, nor between
2 and 4; in other words, these four vertices form a quadrilateral. Rule XI then implies
that the admissible edges are exactly the one shown in the second diagram in Figure 3.
Applying the circling method yields the last three diagrams in Figure 3.

Hence, there are four possible diagrams, as shown in Figure 3.

AW eI
S \

Figure 3: Four diagrams for C' = 3. The first one and the third one will be excluded in
Section 4.2.

414 (C=4

Consider a bicolored vertex (let us say, 1 ) with four strokes.

In the first case, vertex 1 has zw-edges connected with vertex 2 and vertex 3 sep-
arately. A third zw-edge closes the triangles by Rule VI. As C' = 4, there is no other
stroke, thus vertex 4 is neither z-circled nor w-circled. If vertex 1 is not circled, we
obtain the first diagram in Figure 4. If vertex 1 is circled with a single color (say,
z-circled), then the admissible diagram is the second one in Figure 4. If vertex 1 is
circled with both colors, the admissible diagram is the third one in Figure 4.

N / \ /,/

3))

.................................

Figure 4: Three diagrams for C' = 4. The second one will be excluded in Section 4.2.

In the second case, vertex 1 has one adjacent zw-edge connected with vertex 2, a
z-edges connected with vertex 3 and a w-edges connected with vertex 4. Any other
edge in this diagram would close a triangle, which would contradict Rule IX. By the
circling method, vertex 2 is z and w-circled, and so is vertex 1, so that vertex 3 is
w-circled and vertex 4 is z-circled. Then there is a w-edge emanating from 3 by Rule
I, a contradiction.

12



In the third case, vertex 1 has one adjacent zw-edge connected with vertex 2, two
z-edges connected with vertex 3 and 4. If there are more strokes, it should be a z-stroke
between vertex 3 and 4 by Rule IX. However, 2 is z and w-circled, and so is vertex 1
by Rule II. Then both of vertex 3 and 4 are w-circled by Rule II. Then there should be
a w-stroke emanating from 3, a contradiction.

Hence, there are three possible diagrams, as shown in Figure 4.

4.1.5 C=5

Consider a bicolored vertex (let us say, 1 ) with five strokes.

Suppose vertex 1 has one adjacent w-edge connected with vertex 4, and two adjacent
zw-edges connected with vertex 2 and vertex 3. Then there is a fully zw-edged triangle
between vertexes 1,2,3 by Rule VI. Rule IX implies that there are no more edges. By
Rule I and IV, all vertices are w-circled.

There is no z-circle, otherwise all vertices are z-circled by Rule IV and II. Then
there would be a z-edge emanating from vertex 4, a contradiction.

Hence, there is only one possible diagram, as shown in Figure 5.

N ‘v’\\
3 1)
2 S

Figure 5: One diagram C' =5

4.1.6 C=6

Consider a bicolored vertex with six strokes. Then this is a fully zw-edged diagram
by Rule VI. If vertex 1 is not circled, we obtain the first diagram in Figure 6. If vertex
1 is circled with a single color (say, z-circled), then the admissible diagram is the second
one in Figure 6. If vertex 1 is circled with both colors, the admissible diagram is the
third one in Figure 6.

Hence, there are three possible diagrams, as shown in Figure 6.

Figure 6: Three diagrams for C' = 6

13



Summary: In the searching for all problematic four-body two-colored diagrams, we
have found 14 of them, as shown in Figure 2-6.

4.2 Further exclusion and classifications of diagrams

Using further considerations, we exclude the first and third diagrams in Figure 3, and
the second diagram in Figure 4. We then classify the remaining 11 diagrams into two
lists: those compatible with a nonzero total mass, and those compatible with zero total
mass.

The first and third diagrams in Figure 3 are impossible. For both diagrams,
applying Rule IV, we obtain m; + my = 0.

For the first diagram, it holds that

21 ~ Mooy, 2o ~ MiZig + M3Zsy ~ Mala + Mm3zZss.

This contradicts with z; ~ 29, so the first diagram is impossible.
For the third diagram, if j € {3,4}, k € {1,2}, it holds that z;, ~ ¢ 2, > €. Then
Wi, = zj_klrj_kl < € and hence

wig = mg(Waa — Way) +my(Wag — Wyy) < €

This contradicts with ws & €, so the third diagram is impossible.

The second diagram in Figure 4 is impossible. First, Rule IV implies that m;+
ms+ms = 0 and that the total mass is not zero. The equations w; = Z#k miWig, k =
1,2, 3, imply

Wis Wi Wy

ms mq mo

~ae? a#0. (6)

Note that

3
—MaWy = E Mjw; = MaWiz + M3Wi3z = MWa1 + M3Waz = MW31 + MoW3y = €.
Jj=1

We claim that w, =~ €. Otherwise, the above equation leads to

W12 Wa3 W31

2B T Ube, b0

ms mq mo
: . . —1/2_-3/2.
Then equation (6) and the identity Wy, = w,; ' “2,,”"" imply that
L s L s L s
12 (mga%) & <28 = (m:faQb) A (mgazb) “

Here, 25 is understood as one appropriate value of the cubic root of . Then the identity
1 1 1

219 + 293 + 231 = 0 implies that m%lﬁ + m%lﬁ + mlgh = 0, which contradicts with the

fact m1 + mo + m3 = 0. Hence, it holds that w, =~ €.
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Note that

3
E M;iWig = MW4 R €, W14, W2q,W34 <€ 7, Z14 "€ 7, Zog — 214 N 234 — 214 NV €.

Jj=1
Hence,
3 3
]/ L L= . . . — ~ -1
mdi/my ~ Mm;2ZjaWis = 214 m;Wis + (224 214)m2w24 + (2’34 214)m3w34 ~Ee .
j=1 j=1

This is a contradiction since the momentum of inertia I should be bounded. Hence, the
second diagram in Figure 4 is impossible.

Summary: Among the 14 diagrams displayed in Figures 2-6, we have excluded three
of them: the first and third diagrams in Figure 3, and the second diagram in Figure
4. Therefore, any singular sequence must converge to one of the remaining 11 diagrams.

By Rule IV, the total mass is zero for the second diagram in Figure 2, the second
and fourth diagrams in Figure 3, and the second and third diagrams in Figure 6. It is
straightforward to check that the total mass must be nonzero for the third diagram in
Figure 4. We further claim that the total mass is also necessarily nonzero for the first
diagram in Figure 4 and for the diagram in Figure 5.

The first diagram in Figure 4. Note that 74,704,734 > €. Without loss of
generality, assume that w4 > €. Suppose by contradiction that m = 0. Then

4 3 3
0= E mjwy = E MWy = W14 g mj + MaWay + M3Ws1 -

Since ws, w3 & €, it follows that Z?Zl m; = 0, a contradiction.
The diagram in Figure 5. It is easy to see that w4 > €, and wsq, w3; ~ €. Repeat
the argument in the previous case. We then arrive at m # 0.

For the remaining three diagrams, namely, the first and third diagram in Figure 2,
and the first diagram in Figure 6, the above arguments do not determine whether the
total mass is zero or nonzero.

Therefore, when the total mass is nonzero, there are exactly 6 possible diagrams:
the first and third diagram in Figure 2, the first and third diagrams in Figure 4, the
diagram in Figure 5, and the first diagram in Figure 6. These 6 diagrams are collected
in Figure 7.

If the total mass is zero, then there are exactly 8 possible diagrams: all three
diagrams in Figure 2, the second and fourth diagram in Figure 3, and all three diagrams
in Figure 6. These 8 diagrams are collected in Figure 10.

Note that the two lists are not disjoint: they have three diagrams in common.
Consequently, although the first list contains 6 diagrams and the second contains 8
diagrams, there are only 11 distinct diagrams altogether.
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5 Finiteness of central configurations with m # 0

In the first subsection, we consider the diagrams agreeable with the condition that the
total mass m # 0. The constraints on the masses, as well as the orders the positions
and distances, are studied. The rest of this section is devoted to prove the finiteness
of central configurations with the condition that the total mass m # 0. There are two
cases, whether there is some partial sum of three masses being zero or not.

The first case, where all partial sum of three masses are nonzero, is considered in
the second and third subsections and we show that

Theorem 5.1. Suppose that mq, ma, m3z, my are real and nonzero, if Zle m; # 0 and
[Ticjcnarca(my +mu +my) # 0, then system (3), which defines the normalized central
configurations in the complex domain, possesses finitely many solutions.

The second case, where at least one partial sum of three masses is zero, is considered
in the last two subsections and we show that

Theorem 5.2. Suppose that mq, ma, m3z, my are real and nonzero, if Z?Zl m; # 0 and
[Ticjcnaica(my +my +my) = 0, then system (3), which defines the normalized central
configurations in the complex domain, possesses finitely many solutions.

Since the momentum of inertia is a constant on a continuum of solution of system
(3), the proof of the above two theorems is complete after we establish Theorem 5.3,
Theorem 5.4, Theorem 5.5 and Theorem 5.6.

5.1 Problematic diagrams with nonzero total mass

Notations. From now on, x'/" (or {/z) denotes an arbitrary choice of an nth root of
x, not necessarily the principal root. For example, 1'/2 may denote either of the two
square roots of unity:

1, -—1.

We denote the set f =0 by V;, and f = 0,9 = 0 by V,(V, or simply V;V; the set
f=0o0rg=0 (e, fg =0) by V,JV,. Recall that m is the total mass and it is
nonzero.

Recall that only 6 diagrams are compatible with a nonzero total mass; see Figure 7.

5.1.1 Diagram I

Following the argument from [1], we obtain the equation

mims mains miymmy maing
1 Tt Tt T =0,
(mamy)? (=mamy)2 (—mams)2 (mimg)>

or equivalently,

mims\/mims -+ moMmsy/—maoms + mima\/—mimyg + mama/momy = 0. (7)
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DNl
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(a) Diagram I (b) Diagram II
(é\:) 2
O S 0 RO 1 3 R
O
4 -
. e) Diagram V
(d) Diagram IV () Dieg (f) Diagram VI

Figure 7: Diagrams compatible with a nonzero total mass

Note that zj, wj, ~ e 2, j = 1,2,k = 3,4. It follows
rip e 2 j=1,2k=34 (8)
and Z;, Wi ~ €*. Combined with the following two equations

wig = (My + ma)Wia + ms(Wsy — Way) + mag(Wie — Wiyy),
234 = (M3 + mu) Zsg + ma(Z1a — Zhg) + mu(Zag — Za3),

we obtain
(my +ma)(ms +my) # 0,75 ~ my +may, 5, ~ m3 + my. 9)

Let us simplify equation (7). Note that equation (7) is homogeneous, and is invariant
under the transformation (mq, mg, ms, my) — (ms, my, my, m3). Assume that the signs
of the masses are the same. It suffices to consider only the case (+,+,+,+). Then
equation (7) becomes

mims/mims + mamyy/maomy + i(mams/mams + mymy/mimy) = 0,
which is m3mj = mim3 and m3m3 = mim3. Hence, it is necessary that
my = Mo, Mz =my, mimsg > 0.

Assume that only one of the signs of the masses is different from the others. It
suffices to consider only (+,+,+,—) and (4, —,+,4). In the first subcase, equation
(7) is equivalent to

mims/mims + mimgy/ —mimyg = 0, mamsg\/ —maomsg + MoMmy/Momy = 0.

Then we have m3 = —my, which contradicts equation (9). Similarly, the second subcase
is impossible neither.
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Assume that only two of the signs of the masses is different from the others. It
suffices to consider only (+,+, —, =), (+, —, +, —) and (+, —, —, +). In the first subcase,
equation (7) is equivalent to

M1M3+/Mims + mamyy/mamy = 0, maomgy/—mamsz + mymg/—mymyg = 0,
which is equivalent to
my = Moy, M3 = my, mims < 0.

In the remaining subcases, equation (7) can not be simplified.
To summarize, the masses of central configurations corresponding to the first dia-
gram belong to one of the following two sets of constraints

Viall2,34] : mp = Mg, M3 = My;
V[B[IQ, 34} ToMmimsa+/mMims + MaMzy/ —MaMmsa + M1Myg\/ —M1My + MaMiyg/MoMy = 0,
mime < O, msmy < O, (m1 + m2)<m3 + m4) 7é 0.

Furthermore, we claim that if I = 0, then the masses belong to the set

mime ms3mny

J7112,34] : =
I[ ’3] {’/m1+m2+\3/m3+m4

(10)

This is a consequence of the fact that U = I = 0.
In fact, it is easy to see that if I = 0, then the masses belong to the set

Vio[12,34] & V;[12,34]9,[12, 34].

Note that Diagram I has five other variants where the vertices are renumbered. Two
of them are presented in Figure 8. We still call them Diagram I if no confusion arises.
The corresponding mass sets are denoted by

V[Ahj?]?kl]? VIB[ijapkL j[[Z],pk], and 'VIO[Z.j7pk]7

if there is one stroke, either z or w-stroke, between vertices i and j, and the other stroke
is between vertices p and k. For instance, for both of the two diagrams in Figure 8, the
corresponding mass sets are denoted by V;4[13,24], V,5[13, 24],7;[13, 24], or V;o[13, 24].

5.1.2 Diagram II

By the argument from [1] and the hypothesis m # 0 , the masses of central configurations
corresponding to the second diagram belong to the following set

V[[[lvg, 24] . mims = Moy, (m1 + m2>(m2 + mg)(mg + m4)(m1 + m4) % 0.

By the facts 212 = (m1 + mz)Zu + mg(Zgg — Zgl) + m4(Z42 — Z41> and Z12 = ZlgT;23,
it follows 73, ~ (my + my). Similarly, we have

7’?2 ~ (m1 + mg),ng ~ (mg +m3),r§’4 ~ (mg +m4),7‘f4 ~ (m1 + m4). (11)
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Note that
T3 A2 € 2, Ty AL €2 (12)

If I =0, then the masses belong further to the set
mi1me maomsg msnmy mimy

+ - -
\3/m1 + Mo \B/mg + ms \3/m3 + my {’/ml + my

That is, if I = 0, then the masses belong to the set

311[13, 24] :

—0. (13)

Violl3,24) & Vy[13,24]9;7[13, 24].

This is a consequence of the fact that U = I = 0.

Similarly, Diagram II has five other variants. Some of them are presented in the
second row of Figure 9. We still call them Diagram II if no confusion arises. The
corresponding mass sets are denoted by

Vll[ij>Pk]> jn[ij,pk’], and Vllo[ij7pk]7

if one diagonal is between vertices i and j, and the other is between vertices p and
k. For instance, for both of the last two diagrams in the second row of Figure 9, the
corresponding mass sets are denoted by V;;[14,23],J;;[14, 23] or V;po[14, 23].

5.1.3 Diagram III

Following the argument from [1], we arrive at the estimation

T Zn Iy Wi W W

ms  my my mg  my My

Since Z15, Wi are both of the maximal order, we assume the first set is asymptotic to
ae? and the second asymptotic to be 2, ab # 0. Multiplying the two, by Z, Wy, = 7“,;1,
we obtain

1 1 1 4
s~ o ™~ o~ abe
m3ris mMiTo3 maTs;
Then we have
€ € €
T19 ~ ﬁ—c, T'a3 ~ ﬁ—c, r3p ~ ﬁ—c, c# 0.
| [ | [ma|
Then by zy = 73,21, we have
€ € €
212 1i—d, 293 1i—d, Z31 1i—d, d % 0. (14)
| [ | [ma|

Then the identity 215 + 223 + 231 = 0 implies that the masses belong to the set

1 1 1
- +——=0
[ms |2

VIII[123] .

|m1|é |m2|%

19



It is easy to see that
712,723,713 & €, 114,724, T34 > €. (15)

We discuss the distances {rj4}§?:1 further in the following. Without loss of generality,
assume that
Z14 X 204, 734, and 214 X Wiy,

Then € < wyy ~ woy ~ wsy. For z14, there are three possibilities, namely <, =, or > €.
Note that

g <€ = 294 N 234 €, T1g < Toa R T3a, Wig = Waoy = Way;
~ ~ ~ ~ 2 02 2 ~ ~ .
214 RE = 21y R 2oy N A RE, Ty Ry Ry, Wiy Woy = Way;

2 2 2 2 2 2
R14 7 €, = 214 ™ 224 N B34 7 €, Ty ™ Toy N~ T3y, W14 ~ W24 ~ W34.

The masses for 24y <e. Byw, = Z?:l m;jWjy and z4 = Z;’:l m;Z;4 it follows that
wy ~ miWia, 24 ~ m1Z14. On the other hand, note that Z?Zl mwy = Z?Zl mwjy =
w1y, then wy ~ mqyWiy < wyy, which implies that r14 > 1. Therefore, z4 ~ m1 214 < 214,
and z4, 21 < € & 29 & z3. Then it is easy to see that z19 ~ 29 ~ —mgfe, 213 ~ 23 ~ mofe
and zo3 = 23 — 29 ~ (mg + mg3) fe, where f is some nonzero constant. Compared with
equation (14), it is necessary that

Afma| = [ma| = |ma|. (16)

If Z?Zl m; # 0. The identity Z?Zl mijwy = 25:1 m;w;s implies that wy ~
s
Zi;ﬁwl4 >~ €. By the equation wy = 23:1 m;jWiy, it follows that
j=1Mj
Case 1). If 214 < ¢, then wy ~ m Wiy ~ Z?Zl mjwis. Then riy =~ 1. Thus,
ry 1<y Ry < et Amy| = mo| = [mal;
Case 2). If 24 ~ ¢, then wyy < Wiy Thus, €2 <ri, ~r3, ~ 13, < 1;
Case 3). If 214 = ¢, then wyy < Wiy Thus, €2 <r}, ~r3, ~ 13, < 1.

If Zj’:1 mj = 0.  Then it is necessary that

1 1
1 + 1 + 1
Imal2 |malz |mslz

:m1+m2+m3:0. (17)

The above system has six solutions of (my, mg, m3). It is not necessary to find them for
our purpose. By Z?Zl mwy = 25:1 mjw,y it follows that wy < wy4.

Case 1). If 24 < ¢, this is impossible since the system of equations (16) and (17)
has no real solution.

Case 2). If 24y ~ ¢, then €2 < 7%, ~ 713, ~ri, <el;

Case 3). If 24 = ¢, then we have €2 < r?, ~ 13, ~r2, < e
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Similarly, Diagram III has three other variants. Two of them are presented in the
third row of Figure 9. We still call them Diagram III if no confusion arises. The cor-
responding mass sets are denoted by V;j[ijk], if the fully edged triangle has vertices
i, j, and k. For instance, for the two diagrams in the third row of Figure 9, the corre-
sponding mass sets are denoted by V;;7[234] and V;;7[134] respectively. To distinguish,
we may refer to the first one as Diagram III with A3y, the second one as Diagram III
with Ay34 and so on.

5.1.4 Diagram IV
The masses belong to the set V;/[123] : 23:1 m; = 0, and we have

~ ~ -2
712,723,713 R €,T14 ~ E£rog ~ T3y e °. (18)

Similarly, Diagram IV has three other variants. One of them is presented in the
fourth row of Figure 9. We still call them Diagram IV if no confusion arises. The
corresponding mass sets are denoted by V[ijk], if the fully edged triangle has vertices
i, j, and k. For instance, for the second diagram in the fourth row of Figure 9, the
corresponding mass sets is denoted by V;y[124]. To distinguish, we may refer to the
first one as Diagram IV with A93 and so on.

5.1.5 Diagram V

Following the argument from [1], we have

Zio  Zoz L3 9

—N—N—Na/Gi

ms mq mq

, and set 212 = mg3, 231 = My,

with a being some nonzero constant. By Zy; = rk_l?’zkl, we see

my  —(mg+ms)  my 2
B T a Y e
T2 723 T'31

Then we have

T19 ~ E%C\S/ml, Tog ~ 6%6\3/ —(mg +mg3), ra ~ egc\?’/ml, c #0.

In this subsection and in this subsection only, /z (x € R) is understood as the real
cubic root of z. Then the asymptotic relation —— + —L— + L ~ 0 implies

mi723 mar3i m3ri2
1 13 13
+ + =0.
miy/ —(mg +ms)  May/m1 Mz
The above equation holds if and only if
1 1 1

0.

3 _ — 3 — 13/ -
my (M2 +mg) = ma/my = ms/ma, or mi~y/—(mg + m3)+m2\3/m1+m3\3/m1
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The first case has no real solutions, and the second case reduces to
Vv (1,23] : mi(my +ms)* = mim3,

which has real solutions only if momg > 0.

Note that
4 4
E m;iw; + Mywig = E m;w; + MoWa1 + M3Ws1 = MoWa1 + MoW31 = €,
j=1 j=1

then wyy ~ €2 and 214 =~ €2. It follows that

3
“1

E mj # 0,719,793, 713 X €,714 & 1,794 A T34 & Ve . (19)

i=1

Similarly, Diagram V has 11 other variants. Some of them are presented in the fifth
row of Figure 9. We still call them Diagram V if no confusion arises. The corresponding
mass sets are denoted by Vy[i, jk], if the fully edged triangle has vertices i, j, k and
vertex i is connected to the fourth vertex by one w-stroke. For instance, for the first
two diagrams in the fifth row of Figure 9, the corresponding mass sets are denoted by
Vv [3,14] and Vy[4, 13] respectively. Both of the first two diagrams will be referred as
Diagram V with Ajsy.

5.1.6 Diagram VI

We will reach our result without discussing the mass polynomial of this diagram. Here
is one remarks about this diagram. Note that the momentum of inertia I tends to zero
by estimation 2. By Lemma 3.2, the momentum of inertia is constant on a continuum
of central configurations, so such a singular sequence exists only on the subset I = 0.

Proposition 5.1. For singular sequences corresponding to Diagram V and VI, we have
the following estimates
TiETyp < 1, rjz-krlp =1,

where 1, and r, are any two nonadjacent distances. The same estimate holds for
Diagram I1I, except for third case of Subsection 5.1.3, for which it is necessary that the
masses satisfy equation (17).

5.2 Finiteness with m # 0, [[,;,(m —my) #0 and I #0

Theorem 5.3. Suppose that mq,ms, m3, my are real and nonzero, if Zle m; # 0,
H1§j<k<l§4(mj +mg+my) # 0 and I # 0, then system (3), which defines the normalized
central configurations in the compler domain, possesses finitely many solutions.

In this case only Diagram I, Diagram II, Diagram III and Diagram V are possible.
We will say Aj; — 0, if we have one singular sequence corresponding to one diagram
with a fully edged triangle with vertices j, k, 1.
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Proof of Theorem 5.3: Tt is easy to see that giving five of 73,’s, 1 < k < [ < 4, determines
only finitely many geometrical configurations up to rotation. Suppose that there are
infinitely many solutions of system (4) in the complex domain. Then at least two of
r?,’s must take infinitely many values and thus are dominating by Lemma 3.1. Suppose
that r?, is dominating for some 1 < k < [ < 4. There must exist a singular sequence of
central configurations with rf, — 0, which happens only in Diagram III or Diagram
V. In either case, by Proposition 5.1,

2.2 2
Tailis — 0, r,ﬂ jl—>0 rlrkj—>0,

along the singular sequence. Then all the three polynomials r2,r2,, r3,r3,, rirs, are
dominating. It is easy to see that there exist A;;; — 0. Without loss of generality,
assume that Ajg3 — 0, s0 7%, 73, and ri; are dominating.

There also exist singular sequences with r2,r2, — oo, singular sequences with
r?,r2, — oo and singular sequences with 7,72, — co. These sequences must corre-
spond to Diagram I or Diagram II.

Consider a singular sequence with 72,12, — oo, thus, the masses must be belong
to

V1a[12,34] | Vral14, 23] Vis[12,34] | Vis[14, 23] ) Vii[13,24].
Note that V;4[12,34]|J V|14, 23] C V;;[13,24]. Thus, the above set is the union of
1). Vi[13,24); 2). Vi[12,34]JVis[14, 23] (20)
Repeat the argument with 7%,r2,. Then the masses must belong to one of
1). Vi[14,23); 2). Vip[12,34]JVip[13, 24]. (21)
Repeat the argument with 7%,r2,. Then the masses must belong to one of
1). Vi[12,34]; 2). V;p[13,24]JVis[14, 23] (22)

Our strategy is to show that the three constraints (20), (21) and (22), together with
other available constraints, can not be satisfied simultaneously.
Define

V[123 V][[ UVV ] U Vv[Q, 13] U Vv[3, 12],
V[134] 2V[1 va [1,34] va 3, 14] va 4, 13]
V[234] £V, (234] | Vv [2,34] (Vv [3,24] | Vv [4.23].
Case 1: Three of 1) are satisfied. That is, mims = mamy, mymg = mams, mymsy =

mamy. Then m? = m3 = m3 = m3. Then m; = my = mz = my. However, recall that
A1a3 — 0, consequently, the masses belong to the set V[123], a contradiction.
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Case 2: Two of 1) are satisfied. Without loss of generality, assume that the
masses belong to the set V;[13,24|V;[14,23], i.e., mims = momy, mimy = moms.

Then m? = m3, m% = m3. Then m; = my, m3 = my. The masses also belong to the set

V513, 24] ) V514, 23].

However, recall that Aj93 — 0, consequently, the masses belong to the set V[123], a
contradiction.

Case 3: One of 1) is satisfied. Without loss of generality, assume that the masses
belong to the set V;[13,24], i.e., mymg = momy. Then the masses also belong to the
set

(Vig[12,34] U V;5[13,24])(V,5[13,24] | V;5[14, 23])
= (V;5[12,34]V;p[14, 23]) U V;5[13, 24].

Subcase 1: V;p[12,34]V;5[14,23]: Note that Aj93 — 0. It is easy to check that
V11[13,24]V5[12, 34]V,5[14, 23]V[123] is empty, a contradiction.

Figure 8

Subcase 2: V;p[13,24]: Except that Aj93 — 0, note that in this case one of the
two diagrams in Figure 8 occurs, thus %, and r3, are dominating polynomials. Consider
a singular sequence with 7?2, — 0, then the sequence corresponds to Diagram IIT or
V. In Diagram III, the distances not in the fully edged triangle have order > 1 since
I # 0. Thus, we have

Aoy — 0, or N3y —> 0.

Repeat the argument with 72,, we have
N34 —> 0, or DNgzy —> 0.
Thus, we conclude that we have
Ni3zg —> 0, or Ajgy — 0, Ngzy —> 0.
However, it is easy to check that both of the following two sets
Vi1[13,24)Vp[13, 24|V [123|V[134], V;;[13,24]V;5[13, 24|V [123]V[124]V'[234],

are empty, a contradiction.
Case 4: No 1) is satisfied.Then the masses belong to the set

(V15[12,34] U Vr5[14, 23)) (Vi 5[12, 34] U Vi5[13, 24]) (V1 5[13, 24] U V; 5[14, 23))
= (V;5[12, 34V, 514, 23]) U(V15[12, 34]V,5[13, 24)) (V1 5[13, 24]V; (14, 23)).
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Without loss of generality, assume that the masses belong to the set V;5[12, 34|V 5[13, 24].
Except that Aj93 — 0, note that:

By V;[12,34], repeat the argument utilized above, we have two dominating poly-
nomials, %, r2,. Then let r?, — 0, we have A9y — 0, or A3y — 0. Let r2, — 0,
we have Aoy —> 0, or Agzy —> 0. Thus, we conclude that we have

A124 — 0, or A134 — 0, A234 — 0.
Repeat the argument for V;5[13,24] and the two polynomials ri,, r2,. We have
A134 — 0, or A124 — 0, A234 — 0.

In short, at least two of Ay —> 0, Ay34 —> 0 and Agzy — 0 occur.
Subcase 1: Ay — 0 and Ay34 —> 0: However, it is easy to check that

V;[12, 34]V;5[13, 24]V [123]V [124]V [134]

is empty, a contradiction.
Subcase 2: A9y — 0 and As3y — 0: However, it is easy to check that

V;5[12, 34]V,5[13, 24]V [123]V [124]V [234]

is empty, a contradiction.
Subcase 3: A3y — 0 and As3y — 0: However, it is easy to check that

Vi5[12, 34V, 513, 24]V [123] V[134]V [234]

is empty, a contradiction.
To summarize, we proved that the system (3) possesses finitely many solutions, if

Z?:l my 7£ 0, H1§j<k<l§4(mj + mg + ml) 7& 0 and I 7§ 0.
O

5.3 Finiteness with m # 0, [[,;<4,(m —m;) #0 and I =0

Theorem 5.4. Suppose that mq, mo, m3, my are real and nonzero, if Zle m; # 0,
[i<jcrarca(myt+my+my) # 0 and I = 0, then system (3), which defines the normalized
central configurations in the complex domain, possesses finitely many solutions.

Proof of Theorem 5.4: Note that only Diagram I, Diagram II, Diagram III, Diagram V
and Diagram VI are possible. It is easy to see that giving five of rZ’s, 1 < k <1 < 4,
determines only finitely many geometrical configurations up to rotation. Suppose that
there are infinitely many solutions of system (4) in the complex domain. Then at least
two of {r?,;}’s must take infinitely many values and thus are dominating by Lemma 3.1.
Suppose that 77, is dominating for some 1 < k < [ < 4. There must exist a singular
sequence of central configurations with rZ, — 0, which happens only in Diagram III,
Diagram V or Diagram VI. In either case, by Proposition 5.1,

2.2 2.2 2.2
TV — 0, Teilj1 — 0, Talk;y — 0,
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along the singular sequence. Then all the three polynomials r?;r3,, ri,r2,, r2,r3, are
dominating. It is easy to see that there exist A — 0 (say Aqaz — 0), 50 175, 72
and ri; are dominating.

Then there also exist singular sequences with ri,r2, — oo, singular sequences
with r#;r3, — oo and singular sequences with r%,72, — co. These sequences must
correspond to Diagram I or Diagram II.

Consider a singular sequence with rf;r3, — 0o, thus, the masses must belong to
the set

Vio[12,34] | Vro[14, 23] ) Viro[13, 24],

which is the union of
1). Viol13,24];  2). Vio[12,34]UVio[14,23]. (23)
Repeat the argument with 7%,r2;. Then the masses must belong to one of the sets
1). Vio[14,23];  2). Vio[12,34]JVio[13,24]. (24)
Repeat the argument with 7%,r2,. Then the masses belong to one of the sets
1). Vio[l12,34]; 2). Vio[13,24] U Vio[14, 23]. (25)

Our strategy is to show that the three constraints (23), (24) and (25) are incompat-
ible.

Case 1: Three of 1) are satisfied. A straightforward computation shows that
all the conditions are impossible.

Case 2: Two of 1) are satisfied. Without loss of generality, assume that the
masses belong to the set

Vir0[13, 241V 110[14, 23] (V10[13, 24] ) Vio[14, 23)).

However, one checks that the set is empty.
Case 3: One of 1) is satisfied. Without loss of generality, assume that the masses
belong to the set

V1013, 24] (V1o[12, 34] U V1o[13, 24]) (V10[13, 24] | V0[14, 23])
= V110[13, 24]V10[12, 34]V 1[14, 23] U V110[13, 24] V0[13, 24].

However, a straightforward computation shows that the set is empty.
Case 4: No 1) is satisfied. Then the masses belong to the set

(Vio[12, 34] U Vi0[14, 23])(V10[12, 34] U V10[13, 24]) (V10[13, 24] U V10[14, 23])
= (V1o[12, 34]V10[14, 23]) U(V10[12, 34] V10[13, 24]) U(V10[13, 24] V0[14, 23]).

Without loss of generality, assume that the masses belong to the set V;o[12, 34]V;0[13, 24].
A straightforward computation shows that the set is empty.
To summarize, we proved that the system (3) possesses finitely many solutions, if

Zle m; # 0, H1§j<k<lg4(mj +my +my) # 0 and I = 0.
O
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Figure 9: All possible diagrams in the level set r{,r3, = const

5.4 Finiteness of Central configurations with m # 0, [T, ,.,(m—
my)=0and [ #0

In this case Diagram I, Diagram II, Diagram III, Diagram IV | Diagram V and Diagram
VT are all possible. First, we establish a result without regard to the value of I.

Lemma 5.1. If some product r?krlzm is not dominating on the closed algebraic subset
A. Then system (3) possesses finitely many solutions.

Proof of Lemma 5.1: If system (3) possesses infinitely many solutions, without loss of
generality, assume that 7,72, is not dominating on the closed algebraic subset A. Then
some level set 71,73, = const # 0 also includes infinitely many solutions of system (3).

In this level set, all the corresponding possible diagrams are presented in Figure 9. In
particular, for Diagram III, we are in the third case of Subsection 5.1.3. More precisely,
if the fully edged triangle is Ajz and the other vertex is p, then 72, ~ 12, ~ 12 ~ e ',
and the masses belong to the set Vi [jkl]V v [7El].
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Similarly, at least two of {r%}’s must take infinitely many values and thus are
dominating. Suppose that r,%l is dominating for some 1 < k < [ < 4. There must
exist a singular sequence of central configurations with r?, — 0, which happens only
in Diagram III, Diagram IV or Diagram V. By Proposition 5.1, r{,rZ, — 0 along the
singular sequence. Then the polynomial 7%,r3, is dominating.

Consider a singular sequence with r#,rZ, — oo, then it is easy to see that this
happens only in Diagram IV. Without loss of generality, assume that Diagram IV with
/193 occurs. Note that riyr2,r2, — oo along a singular sequence corresponding to
Diagram IV with Aja3, so r{yr?,r3, is dominating. When r{,r,r3, — 0, it is easy to
see that this happens only in Diagram IV with Ajo4. Thus,

my + mae +mz =mq +mg+my =0, (26)

and r?,r?, is a dominating polynomial.

Consider a singular sequence with r?;r7, — 0. It is easy to see that this happens
only in Diagram III with Ay34, and in the first two of Diagram V. However, it is easy
to check that equation (26) is not consistent with any one of the following three sets

Vi [134] V0 [134], Vi [3,14], Vi [4,13].

This is a contradiction.

Hence, we assume that all r?krfm’s are dominating on the closed algebraic subset A
from now on.

If Diagram IV and Diagram III (the third case of Subsection 5.1.3 with 77, = €2,
where vertex p is not in the fully edged triangle) do not occur, then 7,y < 1 holds
for Diagram III, and hence the proof of Theorem 5.2 reduces to those of Theorem 5.1.
Thus, we assume that either Diagram IV or Diagram III (the third case of Subsection
5.1.3 with 'r’l2p = ¢ 2, where vertex p is not in the fully edged triangle) occurs. Then
there exists some A;;; — 0. Without loss of generality, we assume that Aj93 — 0
below. Then

my+mo+m3 =10 (27)

and it is easy to see that all of r,%l’s, 1 <k <1<4, are dominating.
Now we prove the finiteness in the case of I # 0.

Theorem 5.5. Suppose that mq,ms, m3, my are real and nonzero, if Zle m; # 0,
[Ticjcraica(my+my+my) =0 and I # 0, then system (3), which defines the normalized
central configurations in the compler domain, possesses finitely many solutions.

Proof of Theorem 5.5: Note that only Diagram I, Diagram II, Diagram III, Diagram
IV and Diagram V are possible. Consider a singular sequence with 7%, — 0, then
the sequence corresponds to Ajgy — 0, A3y — 0 in Diagram III, IV or V. Repeat
the argument with r2, — 0 and 732, — 0, then it is easy to see that at least two of
Nioy — 0, N34 — 0 and Ag3y — 0 occur. Without loss of generality, assume that
Nioqs — 0 and Ay34 — 0 occur.

Corresponding to Aoy — 0 we have

L+ 4 L) (g + my + my) (M (mg + my)* — m3m3)
Ima]2 |ma|2 ma|2 5 3

(m3(my +my)* — mimi)(mi(me +my)* —mimi) =0

(28)
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Corresponding to Ay34 — 0 we have

1 + 1 + |

1
T T
Im1|2 |ms|2 4

30,3

)(m1 + ms + m4)(mf(m3 + m4)4 — Mgy

(m3(my +my)* — mimi)(m3(ms +my)* —m3mi) =0

(29)

Let us further consider r{,r3, — 0o, then we are in Diagram I, Diagram II, Diagram
IIT or Diagram IV.
If we are in Diagram I or Diagram II. Then the masses belong to the set

V71413, 24] | Vral14, 23] | Vis[13,24] | Vis[14, 23] Vis[12,34]. (30)

However, a straightforward computation shows that masses of the above set are not
consistent with equations (27), (28) and (29).
If we are in Diagram III. Then we have

1 1 1
+ + =0, mi+mg+my=0,
maZ  |mal2 a2 ! ’ * (31)
or . . .
+ + =0, mo+mg+my=0.
mal2  |malZ  |mal2 2 ’ * (32)

However, a straightforward computation shows that all of these relations are not
consistent with equations (27), (28) and (29).

If we are in Diagram IV. Then it is Diagram IV with Agsy or Aq3y.

Case 1: If we are in Diagram IV with Ass,: Then

me + ms + my = 0. (33)

A straightforward computation shows that the above equation is not consistent with
equations (27), (28) and (29).
Case 2: If we are in Diagram IV with A3 : Then

mq +mz+myg = 0. (34)

In this case, equation (34) is consistent with equations (27), (28) and (29) and it is
necessary to include more polynomials. Let us further consider r{3r3, — 0o, we are in
Diagram I, Diagram II, Diagram III and Diagram IV.

Subcase 1: If in Diagram I or Diagram II. Then

V1a[12,34] | Vral14, 23] Visl12,34] | Vis[14, 23] Vis(13,24]. (35)

However, a straightforward computation shows that masses of the above set are not
consistent with equations (27), (28) and (34).
Subcase 2: If in Diagram III. We have

1 1 1
+

=0, mi+mo+my=0, (36)

iz |z gl

or equation (32). However, a straightforward computation shows that neither equation
(36) nor equation (32) are consistent with equations (27), (28) and (34).
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Subcase 3: If in Diagram IV. We have A3y — 0 or Aoy —> 0. If Agzy — 0,
then we have mgy + ms + my = 0, not consistent with equations (27), (28) and (34).
If Ayg4 — 0, then my + my + my = 0. By (27) and (34), the masses are

my = —2ma, M3 = Mo, My = M. (37)

Note that 73,732,753, —> 00, it is dominating. Let r3,r2,r3, — 0, we are in Diagram III,
IV and V. The masses satisfying equation (37) can not admit Diagram III and V. In
Diagram IV, the fully edged triangle can only be Ag34, S0 we have mo + ms3 + my = 0,
which contradicts with (37).

To summarize, we proved that the system (3) possesses finitely many solutions, if

Z?:l m; 7£ 07 H1§j<k<l§4(mj + my + ml) =0and [ 7é 0.
O

5.5 Finiteness with m # 0, [[,;<4,(m —m;) =0and I =0

Theorem 5.6. Suppose that my,ms, mz, my are real and nonzero, if Z?Zl m; # 0,
[i<jcrecica(myt+my+my) =0 and I = 0, then system (3), which defines the normalized
central configurations in the complex domain, possesses finitely many solutions.

Proof of Theorem 5.6: Note that all six diagrams in are possible. Let us first consider
riyr2, — oo, then we are in Diagram I, Diagram II, Diagram III or Diagram IV.

Then the masses belong to the set
Vi0[13,24] | Vio[14, 23] | Vi10[12, 34]

UV 134V [134) UV 230V [234) U Vi [134] U Vv [234] 2 V2,34, 59
Similarly, when considering ri;r3, — oo the masses belong to the set
Vio[12, 34] U Vio[14, 23] U Vir0[13, 24]
(V12124191 [124)) U(V121[234] V1 [234]) U Vi [124] U Vv [234] 2 V13,24 3%
when considering 73,77, — oo the masses belong to the set
Vio[13, 24] U Vio[12, 34] U Vi0[14, 23] (40)

UV rrr[124] Vv [124]) U(V 11 [134] Vv [134]) U Vi [124] U Vv [134] = V[23, 14].
Or

V{12, 34] = (V1o[13,24]) U(V10[14, 23)) U(Vir0[12, 34]) U Vv [134] U Vi [234);
V[13,24] = (V1o[12,34]) U(V10[14, 23)) U(V110[13, 24) U Vv [124] U Vv [234]; (41)
V[23,14] = (V0[13, 24)) U(V10[12, 34]) (V1 10[14, 23)) U Vv [124] U Vi [134].

Other than the above relations, recall that we have assumed that the masses belong to
Viv[123].

Case 1: If Diagram I occurs. Without loss of generality, assume that the masses
belong to the set Vjo[13,24], then we claim that

(V1o[13,24]) (| V[13,24] () Vv [123] = 0. (42)
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A straightforward computation shows the claim.
Case 2: If Diagram II occurs. Without loss of generality, assume that the
masses belong to the set Vjo[12, 34], then we claim that

(Vrro[12,34]) (\V[13,24] () Vrv[123] (| V[23, 14] = 0. (43)

A straightforward computation shows the claim.
Therefore, Diagram I and Diagram II can not occur and the masses belong to the
following set

Vi [123] (vlv[m] Vo [134] | Vv [124]9,0234] | Vi (13490 [234]) ,
which contains only three solutions

1 1 1
Mg = M3 = My = —5M1, M1 = M3 =My = —5M2, M1 = M2 = Mg = —5M3.

It is easy to see that the first solution is not consistent with the constraints corre-
sponding to Diagram I, Diagram II, Diagram III or Diagram V, therefore, only Dia-
gram IV and Diagram VI are possible now. We consider the function riyra,risr?,rira,,
then it is easy to see that it is dominating. When considering r,ri,risri,ra,r2, — 0,
we are in Diagram VI, thus the function riyr?;r%, is dominating. When consider-
ing r%,ri,r?, — oo, we are in Diagram IV with Agy — 0. As a result, we have
ms + ms + my = 0, which is a contradiction.

Similarly, the other two solutions do not admit infinite solutions neither.

To summarize, we proved that the system (3) possesses finitely many solutions, if

4
Zj:1 m; # 0, Hlsj<k<l§4(mj +my +my) =0and I =0.
O

6 Finiteness of central configurations with m =0

In the first subsection, we consider the diagrams agreeable with the condition that the
total mass m = 0. The constraints on the masses, as well as the orders the positions
and distances, are studied. The rest of this section is devoted to prove the finiteness of
central configurations with zero total mass.

6.1 Problematic diagrams with zero total mass

Recall that only 8 diagrams are compatible with zero total mass; see Figure 10.

6.1.1 Diagram I

Note that the hypothesis that m # 0 is not utilized in Subsection 5.1.1, thus the
estimates on the distances and mass polynomials derived there still holds for the present
case. In particular, we have

(m1 +ma)(m3 +my) # 0,

Ty ~ My 4 Mg, Th ~ma+my, TR e 2 =1,2k =34 (44)
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(d) Fully edged diagrams

Figure 10: Diagrams compatible with zero total mass

The masses corresponding to Diagram I belong to one of the following two sets

Viao[12,34] -, my = Mgy, M3 = my, My +mg=0;

Vip[12,34] : mamgy/mimg + mamgy/—mems + mymay/—myma + momay/momy = 0,

mimeo < 0, msmy < 0, (m1 + m2)(m3 + m4) 7£ 0.

6.1.2 Diagram II

Following the argument from [1], the masses corresponding to Diagram II satisfy myms =
maomy. Furthermore, we claim that

m1+m2:m2+m3:m3+m4:m1+m4:0. (45)
Indeed, if m; + ms # 0, then we have
Zig R € mg+my #0, 23 e

By the fact 212 — (m1 + mQ)Zlg + m3(232 — Z31) + m4(Z42 — Z41), we have 212
(my 4+ ms9)Z15 and then wis ~ €. Hence, Wiy = wf;mzf;m ~ €2. Similarly, Wsy ~ €2.

We also would have 25 ~ €2 and w3 > €, then Wi3 < €. Similarly, Way < €2.
Y
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On the other hand, note z13 ~ z19, 214 < €. The identity

4 4
0= E m;zy = E m;zj1
j=1 j=2

implies that my + mg = 0, then m; + my = 0.

Hence, we have W14 = (m1 + m4)W14 + m2(W24 - ng) + mg(W34 — ng) j 62. By
Estimate 1, wy4 ~ €2. Note that Wy &~ e2. It follows that 74 ~ €*/3, which contradicts
with Estimate 1. Thus, equation (45) follows.

Note that

T2, T93, T34, 714 < 1,713 < € 2,794 < € 2. (46)

6.1.3 Diagrams with two zw-edges

Obviously, we have m; + mo = m3 + my = 0. Then the identities 0 = Zle miz; =

4 .
> ey myw; imply
miz19 = —M3234, M1Wi12 = —1M3W34. (47)

For the last two diagrams with two zw-edges in Figure 10, we have
Waz = (Mo + mz)Was + mq (Wiz — Wia) + ma(Wig — Waa) < €2,

which leads to
miWig ~ mgWay. (48)

With (47), we have m? = m2.

For the first diagram with two zw-edges in Figure 10, we claim that at least one of
293 w3 shall have order less than €2, Otherwise, Wa3 ~ Woy ~ W13 ~ Wis ~ €*. This
contradicts with the equation

wig = (my + mo)Wia + ma(Wsy — Way) + my(Wio — Wyy).
Then we have either
miWia ~ msWsy, or miZip ~ msZs,. (49)

With (47), we have m? = mZ. Therefore, the masses corresponding to Diagrams with
two zw-edges satisfy
m1+m2:m3—|—m4:0, m%:mg (50)

6.1.4 Fully edged diagrams

We will reach our result without discussing the mass polynomial of this diagram.
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6.2 Finiteness of Central configurations with m =0

Theorem 6.1. Suppose that my, ms, m3, my are real and nonzero with Z?Zl m; = 0,
then system (3), which defines the normalized central configurations in the complex
domain, possesses finitely many solutions except perhaps for, up to renumeration of the
bodies, two groups of masses:

2 2
My =My = —Mg = —My, My = Mg, M3 = —a My, Mg = —(2—a”)my,
where « is the unique positive root of equation (51) L

Note that if Diagram I with V49, Diagram II, or Diagrams with two zw-edges
occurs, then my, = +mq, k = 2,3,4. Thus, we assume that Diagram I with V; 4,
Diagram II, and Diagrams with two zw-edges do not occur in the following discussion.
Proof of Theorem 6.1: Tt is easy to see that giving five of 7%,’s, 1 < k < [ < 4,
determines only finitely many geometrical configurations up to rotation. Suppose that
there are infinitely many solutions of system (4) in the complex domain. Then at least
two of {r?,}’s must take infinitely many values and thus are dominating by Lemma
3.1. Suppose that r?, is dominating for some 1 < k < [ < 4. There must exist a
singular sequence of central configurations with r2, — 0, which happens only in the
fully edged diagrams. In each case, it is easy to see that all of r3,’s, 1 < k < < 4, and
r2.r3,, 13,73, 73, are dominating.

Consider a singular sequence with r?, — oo, then the masses must belong to
V;5[13,24] U Vi5[14, 23]. Consider a singular sequence with 72, — oo, then the masses
must belong to V;p[12,34] | V;5[14,23]. Consider a singular sequence with r?, —
00, then the masses must belong to V;p[12,34]|JVi5[13,24]. Hence, at least two of
Vis[12,34], V;5[13,24] and V;5[14, 23] occur. Without loss of generality, assume that
V[13,24] and Vp[14, 23] occur. That is, the masses belong to

V513, 24] () V514, 23] () Vino,

where V,,o denotes the set 2?21 m; = 0.

It is easy to see mq, my > 0, m3, my < 0. Then a straightforward computation shows
that the set Vip[13,24] () Vrp[14,23] () Ving is empty, provided that [, ([mi| —|m;|) #
0. Note that

(M1 +mg)(mg +ma) #0, (M1 +ma)(ma +ms) #0,

Hence, assume that m; = my, or mg = my. Then V;5[13,24] (N V;5[14, 23] () Vimo equals
{my = mg, m3 = —a?my,my = —(2-— a2)m1} U{m1 =mg,mg = —(2 — 042)m1,m4 = —oz2m1}
U{m1 = —a’ms, my = —(2 - a2)m1,m3 = my} U{m1 =—(2— a2)m3,m2 = —a’my,ms = my}

where a € (1,v/2). A straightforward computation shows that o must be the unique
positive root of the following equation:

a'? —6a' + 20" + 120° — 120" — 6a° + 24a° — 6a* — 18a® + 1202 —7=0. (51)

a

'Numerically, o =~ 1.2407.
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6.3 Finiteness with m; = my = —m3 = —my, or m; = mg, mg =
—a’my,my = —(2 — a*)my.
For the two exceptional groups of masses listed in Theorem 6.1, instead of counting

normalized central configurations in the complex domain, we restrict attention to central
configurations, i.e., solutions of system (2).

Theorem 6.2. Suppose that my, mo, ms3, my are real and nonzero, if my = my = —msz =
—My, O My = Mg, M3 = —Q°My, My = —(2 — az)ml, where « is the unique positive
root of equation (51), then system (2) possesses finitely many solutions.

6.3.1 The collinear case

Proof of Theorem 6.2, Part 1: Assume that the masses are on the z-axis, and x; is the
coordinate of m;. Then system (2) becomes

xr1 — To Tr1 — T3 Ty — Ty
Or1 =My + M3 — = + My
|I1 —l'2| |ZL‘1 —I3| |l‘1 — Ty
(52)
Ty — T1 Ty — T2 Ty — T3
ory =M=+t Ma—= +mg3 =
ZL'4—C(]1’ |I4—ZE2| |ZL’4—I3

where o = £1.

If my = my = —m3 = —my, without loss of generality, assume x; < x;, i = 2,3, 4.
Since > m;x; = 0, it suffices to assume that the ordering is 77 < z3 < x4 < x2. A
straightforward computation shows that system (52) has finitely many solutions.

If my = my, mg = —a’my,my = —(2 — a*)my, by the reflection symmetry and the
fact that m; = meo, it suffices to consider the following six orderings: xy < xo < x3 < x4,
Tl < T < Ty < T3, T1 <Ty < T < T3, Ty <T1 < Ty < T3, T1 <Tg < Tog < Ty, T1 <
x4y < 3 < x3. Note that the first two orderings are impossible since 42 € (x1,z2),
and =M=t > o, The third ordering is also impossible since

. 1+ To + M3xs . (2 + mg)ZL’l + (]_ + m3)(x2 - I1> — mg(l’g — (L‘g)
Ty — = < Z.
—my —my

For each of the last three orderings, a straightforward computation shows that system
(52) has finitely many solutions.
O

6.3.2 The planar case

Recall that solving system (2) is equivalent to finding critical points of the potential
restricted on the set I = ¢. For these two groups of masses, following Celli, [2], we use
71 as coordinates. For system with zero total mass, there are extra constraints, namely

E 2 E 2 E 2 E 2

k#1 k2 k#3 k4
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Then system (2) is equivalent to the following system

mimy + 2(A\my, + )\kmj)rg-’k =0, 1<j<k<4
D ik =1, 1 <k<4,

where )\;, 1 < j <4, are the Lagrange multiplier.
Proof of Theorem 6.2, Part 2: Consider system (53).

Case 1: m; = my = —mg = —my. In this case, it is easy to see that rip = riy =
T93 = To4 By imposing the normalization rey = 1 and setting rsy = t, system (53)
reduces to

r2, =4 —t ;qu:Q
12 ’ (4—752)3/2 3 )
Thus, t ~ 0.816713, 1.825645 and the system has only two solutions.

Case 2: m; = my,m3 = —a’my,my = —(2—a*)m;. In this case, after eliminating
the A\; and I we have the relations:

1 1 1 1 1 1 9/ o 9 o\ /o 5
— ===+t —=—F+—=, " (r{3s 1) =2—a")(ry, —114) -
e N N (ris —733) = ( ) (134 — 714)
It follows that ri3 — ro3 = 714 — 194 = 0, then by imposing the normalization r34, = 1,
system (53) reduces to

Lo
iy — (ris —1) @ —r{, (4 — a?) = 0, (54)
2, —r3+a?—1=0.

The last two equations of system (54) imply 73, = 4r}, — a*. Then ry4 satisfies

1 1 1
= — 1
Ty e I T UER

which has finitely many solutions. Thus, system (54) has finitely many solutions.

Appendix

For the theorems presented in Section 5 and Section 6, only outlines are initially pro-
vided. In this section, we furnish the complete details or guide you to where these
details can be found. Without loss of generality, let m; = 1.

Computations in the proof of Theorem 5.3 can be found in [12].
Computations in the proof of Theorem 5.4

Case 1: The masses are in Vizo[13,24]Vr50[14, 23] V110[12, 34]. We have m3 = m3 =
mi =1=m; and m; +m; # 0. Then m; = my = m3 = my = 1, which does not belong

to Jr7[13,24], a contradiction.
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Case 2: Without loss of generality, consider only the case V;10[13,24]V;10[14, 23]V 0[13, 24].
First we have

my = m% =1, m§ = mi, (mq + mg)(me + mg)(mg +myg) # 0, mymg <0, mamy < 0.

Thus, we set the masses are m; = mo = 1,m3 = my = s < 0,s # —1, which does not
belong to J;[13,24], a contradiction.
Case 3: The masses are in either V;o[13, 24]V10[12, 34]V0[14, 23] or V10[13, 24|V o[13, 24].
In the first subcase, the signs of the masses are (4, —, +, —). Set my = s < 0,my =
t < 0. Then mg = st. Then that the masses are in J;[12,34] implies

s st?
+ =
V1+s Jt/1+s
Then t = —1 and my +my = 0, hence the masses are not in V;g[14, 23|, a contradiction.

In the second subcase, we have myms = mgmy. Then the masses are in J;[13,24]
implies

ma + ms3 = —(MQ + m4),

which contradicts with the hypothesis that the total mass m # 0.
Case 4: The masses are in Vjo[12,34]Vo[13,24]. We have checked that the set is
empty in [12].

Computations in the proof of Lemma 5.1, Theorem 5.5 can be found in [12].

Computations in the proof of Theorem 5.6
Case 1: The masses are in V[13, 24| V[13, 24]V/[123]. Recall that

V[13,24] = (V5o[12,34]) | (Vo[14, 23)) | J(V110[13,24]) | Vv [124] | Viv[234].
We ignore the first two choices Vo[12, 34] | V0[14, 23], since we have showed
V10[13,24](V1o[12, 34] | ) V10[14,23]) =0,

see Case 4 of the proof of Theorem 5.4. Hence, there are three possibilities.

If the masses belong to Vjo[13,24]V;10[13, 24|V [123]. Then mims = mgmy and
the masses are in J;[13,24]. Then we have zero total mass, a contradiction.

If the masses belong to V[13,24|V[124]Vy[123], then mg = my. Set m3 = s,
then my = —(s 4+ 1). The fact that the masses are in J;[13, 24] implies

s
+s(s+1)=0,
ey Tt
which is impossible. Similarly, the masses can not belong to V;o[13, 24V [234] V1 [123].
Case 2: The masses are in Vo[12,34]|V[13,24]V,[123]V[23,14]. In fact, the set
Vi10[12, 34]V[13,24]V[123] is empty. Since my = mgmy and my + mg + mz = 0, we
have ; ]

ma , Mo 1+t7m3 1+t7m4
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By Case 1, Diagram I can not occur, then the masses are in V0[13, 24] | Vv [124] | Vv [234].
If the masses belong to V;j0[13,24], then mg = momy, so we have t = 1 (since

my + my # 0). Thus, mg = mg = —%. This contradicts with the fact that the masses

are in Jr;[13,24], ie.,

. my + ms ms + Mo Mo + My my + My
{‘/m1+m3 \3/m3+m2 \3/m2—i—m4 \3/m4+m1

If the masses belong to V;y/[124], then m3 = my, or (¢t + 1)t + 1 = 0, which has no
real solution. Similarly, the masses can not belong to V/[234].

Computations in the proof of Theorem 6.1, Theorem 6.2 can be found in
[12].
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