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Abstract: We consider an elliptic operator A of second order in non-
divergence form on an unbounded domain 2 C R™ which satisfies the lo-
cal uniform exterior cone condition. Based on local Holder estimates due to
Krylov and Safonov we show well-posedness of the Dirichlet and Poisson prob-
lem. Then we show that the part of A in L°(f2) generates a holomorphic
semigroup on L (€2) whose restriction to

|z| =00

Co(Q) := {u €C(Q) rupg =0, lim u(z)= 0}

is strongly continuous at ¢ = 0. In the case where €0 is bounded such results
had been proved before in [ASch14].
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1 Introduction

Elliptic operators in non-divergence form are an important object of study, and optimal
results for the Poisson equation and the Dirichlet problem for bounded domains satisfying
merely the uniform exterior cone condition are known, see the monograph of Gilbarg-
Trudinger [GT] Chapter 9.



Concerning parabolic equations in terms of generation theorems for semigroups a complete
and beautiful theory is developed by Lunardi in the monograph [Lu95]. It is based on
Agmon-Douglis-Nirenberg estimates which require strong regularity conditions for the
boundary (C?-boundary is supposed throughout in [Lu95]).

The aim of the paper [ASch14] was to establish generation results for bounded domains
with weaker conditions at the boundary admitting in particular Lipschitz domains.
The purpose of the present paper is to extend such results to unbounded domains. Al-
though the results on bounded domains can be used, it turns out that the task is not
straightforward. Indeed, in the unbounded case also certain elliptic results are missing.
In the present paper we first study the Poisson and the Dirichlet problem for elliptic op-
erators in non-divergence form on unbounded domains. Then we show that they generate
semigroups on L>°(€2) and on spaces of continuous functions. As a consequence, one ob-
tains well-posedness results for parabolic equations with Dirichlet boundary conditions
under minimal regularity conditions on the boundary and the coefficients.
We now describe in more detail the results we are going to prove. The following notation
and assumption will be used throughout the paper.

Let Q C R™ be an open (possibly unbounded) set with boundary 02. We assume
throughout this paper that

(1 satisfies the local uniform exterior cone condition. (1.1)

This means the following: For each R > 0 there exists a finite, right circular cone V' such
that for each x € 0N satisfying |z| < R there exists a cone V, which is congruent to V
such that V, N Q = {z}, cf. [GT] p.205.

We consider real coefficients a;; € C® (Q), such that a;; = aj;, which satisfy the uniform
ellipticity condition

n
Z aij(z) && > v[Ef (1.2)
ij=1
for all z € 2, £ € R™ where v > 0 is fixed. Moreover, the coefficients bj,c € L>(Q) are
alsoreal, j =1,...,n and ¢ < 0.

Then we define the operator A : T/Vlic"(Q) — L () by

loc

Au = i aij(?iaju + i bjﬁju + cu.

i.j=1 =1

In the first part we consider real spaces (Section 2-4), whereas for the study of holo-
morphic semigroups spaces are complex. The coefficients are real, throughout. For
I' € R" we denote by C(I') the space of all continuous functions from I' to K, where
K = Ror C, and C¥I') = {u € C(T) : wisbounded}. The space Co(Q) :=
{u eC (ﬁ) tujpn = 0, 1m0 u(w) = 0} is a Banach space for the supremum norm. It
coincides with the closure of C2°(2) in C? (Q), where C2°(9) is the space of all function
of class C'*° on 2 with compact support.

If f € L>(Q), we say that f vanishes at infinity and write lim, | f(z) = 0 or
f(x) = 0 as |z| = oo, if imp—e0 || fll oo (@\Br(0) = 0

Here, for z € R", R > 0 we denote by Br(z) = {y € R" : |z — y| < R} the open ball of
center x and radius R > 0.



Theorem 1.1 Let g € Ct00), f € LX(Q), A\ > 0. Then there exists a unique u €
WA (Q)nct (Q) satisfying
Au— Au = in Q,
f (1.3)
Upo = 9-
Moreover, if f > 0,9 >0, then u > 0.
If f and g vanish at infinity, then also u vanishes at infinity. O

If Q@ is bounded, then Theorem 1.1 is proved in [ASch14] Corollary 3.4 (b), where the
hypothesis on the coefficients, namely a;; € C (€), is not needed, and our more general
hypothesis a;; € C®(Q) suffices. If Q has uniform C%-boundary, and X is large then some

version of Theorem 1.1 is [Lu95] Proposition 3.1.20.

In our proof of existence in Theorem 1.1 given here, we can use the results of [ASch14] on
QN Br(0) and pass to the limit as R — oo. But the proof of convergence is quite subtle
using the local Holder estimates due to Krylov and Safonov, see [GT] Section 9.8 and 9.9.

For the proof of uniqueness the following problem occurs which is due to 2 being un-

bounded. A solution u € C? (ﬁ) which vanishes at 9€) need not attain a maximum. To

overcome this difficulty we approximate u by functions that vanish at infinity and which

also solve an elliptic equation with modified coefficients.

Uniqueness depends crucially on the assumption that A > 0. In fact, for A = 0, several

solutions may exist if n > 3.

Concerning the parabolic problem, we consider the part Ay of A in Cy(2) defined by
D(Ag) = {u € W) N Co(Q) : Au € Co(@)},

loc

Agu := Au.

Theorem 1.2 The operator Ay generates a contractive, positive Cy-semigroup Ty on

Co(Q). 0O

Here we use the standard definition of a Cpy-semigroup, see also Section 5. Concern-
ing holomorphic semigroups we consider also semigroups which are not continuous at
0. The definition and basic properties are recalled at the beginning of Section 5. In
order to give a precise statement of the next result it suffices to know the following.
An operator B on a complex Banach space X generates a holomorphic semigroup S if
and only if there exists w € R such that (A — B) is invertible whenever ReA > w and
SUPReAsw | M — B) ™! [l £x)< 00. The semigroup S generated by B is a continuous map-
ping from (0,00) — £(X) which has a holomorphic extension to a sector (see [Lu95]). It
is a Cyp-semigroup (i.e., lim; o4 S(t)z = x for all z € X) if and only if the domain D(B)
of B is dense in X. More information will be given in Section 5.

For our holomorphic generation results we consider K = C; that is, the spaces
L>(Q), Co (), W2™(2) consist of complex valued functions (but the coefficients of the

» " loc

operator A are real). We define the part Ao of A in L*>(Q2) by

D(Ax) = {u € WiI'(@) N L®(Q) : Au € L¥(Q)}
Asou = Au.



Theorem 1.3 Assume in addition to our general assumptions that the coefficients a;; are
uniformly continuous. Then Ay, generates a holomorphic semigroup T'. Moreover,

1 T() llereo@y <1 (t>0)
and T(t)f >0 if f>0. o

In the case where € is of class C? and under slightly stronger assumptions on the coeffi-
cients Theorem 1.3 is proved by Lunardi [Lu95] Corollary 3.1.21. Theorem 1.3 is known
for Q@ = R™ (see [ASch14], [Lu95]).

The complex maximum principle of [ASch14] allows us to carry over the holomorphic
estimates from R™ to 2. An approximation technique is needed here, see also Theorem
2.1.

In terms of parabolic differential equations Theorem 1.2 and 1.3 imply the following
well-posedness result.

Corollary 1.4 Let ug € Cy(Q). Then there exists a wunique function u €
C([0,00),Co(2)) N C*°((0,00),Co(R)) such that
u(t) € W2™Q) and

loc

u(t) = Au(t), u(0) = up.
The solution is given as u(t) = To(t)uo. O

We also determine the asymptotic behavior of the solution of the parabolic equation as
t — oo.

Theorem 1.5 In addition to the hypotheses of Theorem 1.3 assume that Q) #£ R™ or ¢ # 0.
Then

lim T(H)f =0 in L®(Q)

t—o0

for all f € L>®(Q2) which vanish at infinity. O

The proof is based on a Tauberian theorem and a result on the image of A,, which we
prove in Section 2.

The paper is organized as follows. We first study elliptic problems, the Poisson problem
in Section 2, and the Dirichlet problem in Section 3. In Section 4 we show that Ay generates
a Cp-semigroup. It is holomorphic if the a;; are uniformly continuous. This together with
Theorem 1.3 is proved in Section 5. In Section 6 Theorem 1.5 on the asymptotic behavior
is proved.

2 The Poisson problem for operators in non-divergence
form

In this section, we solve the Poisson problem for unbounded open sets for operators in
non-divergence form. We keep the assumptions of the introduction. In particular, A :
I/Vli’:(Q) — L} .(Q) is the given differential operator. In this section, we let K =R, i.e.
all functions and spaces are real.

The Poisson problem was solved in [Lu95] Proposition 3.1.20 under the stronger con-

ditions that A is large and Q is of class C? .



Theorem 2.1 Let Q CR"™ be an open set with (1.1) and A with (1.2). Then for any
feL®Q) and A >0, there ezists a unique u € C*(Q)NW2™(Q)  satisfying

loc

Au—Au=f inQ,

(2.1)
u=0 on 0L,
and this solution satisfies
MMz @) <N f e (o) (2.2)
and
uw=>0, i f=0. (2.3)
(]

In the proof and lateron we will use the following test functions.

Lemma 2.2 There ezists a function n € C*(R) such that n(z) > 0 for allz € R and
that ns:=n° for 6 >0 satisfies

|Dns|, | D*ns| < Cons,
ns >0, (2.4)
ns(t) = 0  fort — oo.

Moreover there exist bsj,cs € L*°(82) satisfying

|bsj — b;| < C0,

’05 - C‘ < 057

(2.5)

such that for the operator As obtained form A replacing b; and ¢ by bs; and c5 one
has

As(uns) = nsAu - for all u € VVli:(Q),é > 0. (2.6)

Proof:
Consider x € C*([0,00[) with x(t) = 1fort < 1,x > 0, and x(t) = et fort > 2 .
Using the letter C as a constant which may change from line to line, we see that
IX"], x| < Cx and x(t) — 0 for t — oo . Next we put n(z) := x(|z|) for z € R™ . Clearly
ne€ C®(R") ,as n=1on Bi(0),and 1> 0,|D?y|,|Dn| < Cpn,n(z) — 0 for |z| — oo .
Putting 75 :=n° for § > 0, we see 75 € C°(R") ,as 1 >0, and (2.4) is satisfied.
Now let w € VVli:(Q),é >0, and wus:=uns € Wi:(@) . Then using the summation
convention, one obtains

Aus — nsAu = 2aijaiu . (9]'775 + aiju(?ijn(; + bjudins =
= (2a;50;m5/n5) 05w - M5 + (aijOims /s )u - ms + (biOins /ns )uns.
Abbreviating the coefficients to
bsi = 2a;;05m5 /75,
¢s = (ai0ins/ns) + (b:i0ins/ns),



we see that |bg;|,|é5| < Co and
Augs — nsAu = bs;dpu - ns + Csus = bsiOus — bsiuding + Csus =

= byiOus + ((—bsiOms /ns) + Es)us.
Therefore putting 3
&5 1= &5 — bsiOms/ns,
we see that [¢5| < Cd and

Aus = nsAu + bsiOius + Csus. (2.7)
Putting bs; :=b; — B&', cs ;= c— Cs and
Asv = a;;0;50 + b5 0jv + csv = Av — bs; 050 — C50,
we get (2.5) and by (2.7) that
As(uns) = Aus — bsiOus — Eus = ns.Au,

which is (2.6).

Proof of Theorem 2.1:
Replacing A, f by A/, f/A , it suffices to consider A =1 . We put Qg := QN Br(0)
and see that ()i satisfies a uniform exterior cone condition for fixed R > 0 .

By [ASch14] Theorem 2.4, there exists a solution ug € C(Qr) N Wlicq(Q) for any ¢ <
oo of

ugp — Augp = in Qg,
R r=1f R (2.8)
ug =0 on 0Qpg.
We first prove
| ur [[zo@p) <II f @)

ug >0, for f>0.

(2.9)

We observe for vg :=ugr— || f1 [|[p=(q) that
Avp = Aup — ¢ H f+ HLoo(Q)Z ur — f ZuR—f+ >0 in QRH{UR >O}
since ¢ < 0. Then by Aleksandrov’s maximum principle, see [GT]| Theorem 9.1,

supvgr < sup(vg)y =0,
Qr 12197
hence up <[l f4 L@ <[l f llz=() and (2.9) by symmetry.
Then by interior Calderon-Zygmund estimate, see [GT] Theorem 9.11, we get for any
' cC Qand R large that ug is bounded in W24()) for any ¢ < oo , hence after
passing to a subsequence ug, — u weakly in I/Vli’cq(Q) and

u—Au=f in Q.



In the same way, we obtain by local Holder regularity, see [GT] Corollary 9.29, that for
any xo € 9Q and R large upg is bounded in C%%(B,(x9)N Q) for appropriate o,c > 0
depending on the data and g , and we conclude that u € C®(Q) with u = 0 on 99 .
Moreover (2.2) and (2.3) follow from (2.9).

To prove uniqueness, we consider u € C*(Q) N Wlicn(Q) with u = 0 on 0 satisfying

u—Au=0 1inQ

and prove u=0.

For 6 > 0 let 7ns the function from Lemma 2.2 and wugs := nsu . Then wus €
Ct(Q)n VVli’c"(Q),u(; = 0 on 9 and lim|g|_,o, us(z) = 0 with (2.4). Choose ¢ such small
that |c —¢5| < Cd < A with (2.5). Then the coefficient of order zero of the operator
As — X\, see Lemma 2.2, is

C(;—)\SC(;—C—)\SO,

as ¢ <0 by assumption. Moreover by (2.6) that
(As — Nus =ns(A — XN)u = 0.
If us # 0, we may select after possibly switching the sign x; € Q with

ug(xp) — sup |ug| > 0.
Q

As by above lim|y o0 zequs(7) = 0, we see that =, is bounded, hence zp — zo € Q
after passing to a subsequence. Then

us(zo) = Sup |us| >0,

in particular zg & 02, as us = 0 on 9 , and xg €  is an interior maximum of us . As
the coefficient of A\ — As in front of us is non-negative, we get from the strong maximum
principle, see [GT] Theorem 9.6, that wus = us(zg) # 0 is constant on the component of
Q containing zy . If Q # R"™ , any component of  has non-empty boundary contained
in 00 , which gives a contradiction as wus = 0 # ug(zg) on 9Q . If Q = R"™ | we get
a contradiction by 0 = lim|y o0 requs(®) = u(wg) # 0 . Therefore us = 0 , hence

u < ugs = 0, which proves uniqueness, and the theorem is proved. -

Remark:

We choose the space I/Vli’cn(Q) C C(Q) , since the Aleksandrov maximum princi-
ple is valid with the choice of p = n . But by Calderon-Zygmund estimates, if
we W2HNQ) and Au € L2 () , then u € W2P(Q) for all p < oo . O
In the following proposition, we add a property which will be needed later, see Theo-
rem 4.1, and prove, if the right-hand side f of the Poisson problem (2.1) vanishes at
infinity, so does the bounded solution of the Poisson problem. To simplify the notation,
we introduce the space

LFE(R") :={f € L®R") | || f ||z (- Bao)=0 }-



Proposition 2.3 Let Q CR™ be an open set with (1.1) and A with (1.2).
For f e L>*(Q) N LP(R™) , the bounded solution wu of the Poisson problem (2.1)
vanishes at infinity as well, that is,

lim wu(z) =0.
|z| =00,z

Proof:

Again we may assume A = 1. First we consider f € L*°(Q) such that {f # 0} C
QN Bpr,(0) for some Ry > 0. We use again the auxiliary functions 7; from Lemma 2.2
which satisfy (2.4) and calculate, observing that ¢ < 0,75 > 0, that

Ans < C(A,n)(|D*ns| + [Vns|) < C(A,n)dns.

For C(A,n)d <1/2, we see
1
ns — Atls = S5
As ns >0 on R™ by (2.4), we have 7 := infBRO(O) ns > 0 and see for M7/2 > || f ||z~ (q)
that

M .
16 > |f] in Q. (2.10)

We return to the solution ug on Qp := QN Bgr(0) in (2.8) and claim
lur| < Mns on Qp. (2.11)

Indeed putting wpg := +ur — Mn;s on Qg , we see with (2.10) that

wr — Awr < £f — (M/2)n; <0 in Qp,
wR::I:uR—Mn(sSO OnaQR.

Then by Aleksandrov’s maximum principle, see [GT] Theorem 9.1,

supwg < sup(wg)y =0,
Qr Ng

hence tupr < Mmns , which is (2.11).
Letting R — oo in (2.11), we get

lu| < Mns on €,
and hence with (2.4) that

limsup |u(z)| < | lim M]|ns(z)| = 0.

|z|—00,zeQ z|—

For general f e L*>(Q)NL(R™) , we choose cut-off functions &g, € Ce(B2r,(0)), &R, =
1 on Br,(0),0 < &g, <1 and consider by Theorem 2.1 the unique bounded solution of
the Poisson problem

)\URO — .AURO = f&% in €,
VR, =0 on 0N



As [f&r, # 0] € QN Bag,(0) , we see from above

lim |vg,(z)| =0.
|| =00,z

Further wg, := u —vg, € C°(Q) solves the Poisson problem

)\ZURO - .AZURO = f(l - 530) in Q,
wr, =0 on 0N.

As the bounded solution of the Poisson problem is unique by Theorem 2.1, we get from
(2.2) that

|l wro Il zee @) <II f(L = &ro) [lLoe@) S| S [lLoeRn— B, (0))

and hence together

limsup |u(z)| = limsup |wg,(x)| || f[[pee®n—Bg, ) for any Ry > 0.
|z| =00,z |z|—o00,zeQ

As || f HLoo(Rn,BRO(O))—) 0 for Ry — oo by assumption, we get lim|; o0 zeq [u(z)| =0,
and the proposition is proved.

d

This proposition enables us to consider the part A; of A in the Banach space L*°(Q2) N
Lg°(R™) . Its domain is

D(Ay) := {u € Co(Q) N W2™(Q) | Au € L®(Q) N LF(R™) }.

loc

We conclude this section by proving denseness of its image in L>°(Q2) N L§°(R™) , which
will be needed in Section 6.

Proposition 2.4 Let Q CR™ be an open set with (1.1) and A with (1.2).
If Q#R" orc#0¢€ L>®(R"), then

A D(A;) is dense in L*(Q) N Ly (R™).

Proof:

It suffices by rescaling to prove that for f € L°() satisfying {f # 0} C QN B1(0) ,
there exists uy € D(A) with Aug — f uniformly on € . Actually considering the unique
bounded solution wuy € Cp(€2) of the Poisson problem

Auy — Auy = f in Q,
uy =0 on 09,

(2.12)

by Theorem 2.1 and Proposition 2.3, as f € L*(Q) N L§°(R™) by the compact support
of f, we claim
—Auy — f uniformly on € for A \, 0, (2.13)

which proves the proposition.



First we conclude from (2.2) for @y := Auy € Cp(£2) that

| @ llpoe @)= Al ux [[zoe @) <II f Izoo(0) - (2.14)
Obviously
Niiy — Afiy = Af in Q,
)y =0 on 0f.

(2.15)

Then as in the proof of Theorem 2.1 by interior Calderon-Zygmund estimate, see [GT]
Theorem 9.11, and by local Holder regularity, see [GT] Corollary 9.29, we get

[ @x [lwza@n< CQ/,q( [ @ o) + I Af — Ay [ () ) <Cq,q for Q cCcQ,q<oo
and
I @ leoe@npaon< Cr( @ Iz + 1| Af = Aix llp=(e) ) < Cr for R>1
and 0 < A <1. After passing to a subsequence A; \,0 , we get
@iy, — @ locally uniformly in Q (2.16)

with @ € C°(Q) , and, as Ay, A\f — 0, by (2.15), we get by interior Calderon-Zygmund
estimate, see [GT] Theorem 9.11, that u € VVlig(Q) and

—Au=0 1in Q,
=0 on 0.

(2.17)

We claim
=0,
(2.18)
iy — 0 uniformly on €.

To estimate @) outside Bi(0) 2 {f # 0} , we observe from (2.15) that

Ay — Auy =0 in Q — By(0),
uy =0 on 0N.

If supo_p, (o) [@a] > 0, then, as Gy € Co(Q2) , there exists z¢ € Q — B1(0) with |ax(zo)| >
supg_p, () lia| > 0. If 29 € Q — B1(0) , we get from the strong maximum prin-
ciple, see [GT]| Theorem 9.6, that |ux| = |ux(zo)] # 0 is constant on the com-

ponent of §) containing z¢ , which is a contradiction to @y, € Cy(2) . Therefore
zo € I(Q — B1(0)) — 002 C 2N 9B1(0) , and we conclude

| @x [lev -1 ) <N @ lleo@nan o)) - (2.19)

Then we get from (2.16) that

Ia lles @By (o) < iminf || G, o5, o) <

10



< klggo | @x, llce@nas )=l @ llcvnom, o)) - (2.20)

Now if supq || > 0, we select xp € Q with |u(x)| — supg|a] > 0 . Then by (2.20),
we may assume that |zgx| < 1 and get after passing to a subsequence =z — xg €
Q with |i@(zo)| = supq |@| > 0 . First this excludes x¢ € 9Q , as @ = 0 on 99 . Therefore
xg € Q, and we get from (2.17) and the strong maximum principle, see [GT] Theorem 9.6,
that |a| = |u(xg)| # 0 is constant on the component of € containing xo . If Q # R"™ | any
component of ) has non-empty boundary contained in 9f2 , which gives a contradiction
as =0 # u(zxg) on 0 . Therefore 2 =R" and

—c-U(zg) = —Au =0 inR",

hence ¢=0¢€ L*(R"), as a(xg) # 0, which again is excluded by assumption. Together
we conclude supgq |a| =0 or likewise @ = 0, which is the first part in (2.18).

This in turn implies with (2.16) that @y — @ = 0 locally uniformly in © for A \, 0,
hence

lax v @nmoy = @ lev@rpion = 0
and with (2.19) that
I x lv@)=Il @ llco@mp o)) = 05

which gives the second part in (2.18).
Finally the second part in (2.18) and (2.12) yield

—Auy = f —uy — f uniformly on ,

which establishes the claim (2.13), thereby proving the proposition.

3 The Dirichlet problem for operators in non-divergence
form

In this section, we use our results on the Poisson problem to solve the Dirichlet problem.

We use Cp(99) := {g € C(99Q) : lim|y|,o g(x) = 0}.

Theorem 3.1 Let Q CR"™ be an open set with (1.1) and A with (1.2). Then for any
g € C*(00N) and X\ > 0 , there exists a unique u € C*() N VVi’?(Q) satisfying

A —Au=0 inQ,

(3.1)
u=g on 02,
and this solution satisfies
| u v <Il 9 lleson) (3.2)
u>0, forg>0, (3.3)
and
u(z) =0, forge Co(0N). (3.4)

11m
|z| =00,z

11



Proof:
Uniqueness is immediate from the uniqueness of the solution of the Poisson prob-
lem in Theorem 2.1. Moreover for any solution of the Dirichlet problem satisfying
lim |00, ze w(z) = 0, we apply the Aleksandrov’s maximum principle, see [GT] Theorem
9.1, to get
sup u < sup uy <supgy -+ sup ug,
QNBR(0) 8(QNBr(0)) 09 QNABR(0)
hence letting R — oo , we get
supu < sup g4,
Q o0

which gives (3.2) and (3.3) by symmetry.

For existence, we first consider the case, when there is G € C2(R") with G = g on 99} .
Then we consider by Theorem 2.1 the bounded solution of the Poisson problem

A —Av = AG — AG € L>*(Q)) in Q,
v=0 on 0f).

and see for u:=G —v € C*(Q)N I/Vli’cq(Q) that

A —Au=0 1in Q,
u=g on 0N,

hence w is a bounded solution of the Dirichlet problem.

Moreover, as AG — AG has compact support in R™ | we get from Proposition 2.3
that v(x) — 0 for |x| — oo , hence for u as well, as G has compact support, and u
satisfies (3.4) and further (3.2) and (3.3) by above.

Next for g € C.(092) , we extend ¢ to G € C.(R™) and smoothen this extension to
G. € C*(R") with G. — G uniformly on R" . By above, there exists a solution of the
Dirichlet problem

A — Aus =0 in €,
us = G on 09,

with (3.2) - (3.4). Then clearly the differences wu. — us satisfy (3.4) as well and further
(3.2) and (3.3) by above. Therefore

|| Ue — U§ HC’b(ﬁ)SH Ge - G(g HLoo(Rn)—> 0 for 6,5 — 0,

and w, — w uniformly on Q , in particular u € C?(Q) and v = g on 9Q . Then by
interior Calderon-Zygmund estimate, see [GT]| Theorem 9.11, we see further w. — u €
I/Vli’cq(Q) and Au — Au = 01in Q . Clearly u inherits vanishing at infinity in the sense of
(3.4) from wu. , hence satisfies (3.2) and (3.3) by above as well.

For general g € C®(09) , we choose cut-off functions &g € C.(Bag(0)),ér =
1 on Br(0),0 < (g < 1 and consider for gr := g€r € C.(02) by above a solution
of the Dirichlet problem

Mg — Aug =0 in €,

ur = gr on 0f,

12



with (3.2) - (3.4). We claim after passing to a subsequence
ur — u locally uniformly on Q for R — oc. (3.5)

If this claim is true, we see u € C®(Q) and v = g on 9Q and by interior Calderon-
Zygmund estimate, see [GT] Theorem 9.11, further up — u € I/Vli’cq(Q) and A\u — Au =
0 in © , hence wu is a solution of the Dirichlet problem. Moreover by (3.2) that

| uflev)< héninf | ur [[co< limsup || gr [[co@) <l 9 llcp)
—00 R—00

which is (3.2) for w . If ¢ >0, then gg >0, hence ug >0 by (3.3) and u > 0, which
s (3.3) for uw. If ge Cy(09) , then g — gr = g(1 —&r) — 0 uniformly on 02 , hence,
as up vanish at infinity, we get by above from (3.2) for the differences ug —ug that

e = ur llco ()< Uminf [} us —ug |lco(q)< limsup || gs = gr llcv @)=l 9 = 9r llovo -
—00 R—00

This means ugr — w uniformly on €2 , hence w inherits vanishing at infinity in the sense
of (3.4) from up .
It remains to prove the claim (3.5). Actually we consider u € Cb(ﬁ)ﬂﬂ/'li’cq(ﬁ) and 0 <
A< <00,3<R<o0 with
A —Au=0 1in Q,
u=g¢g on (0Q)N Bg(0), (3.6)

[ ullzoo@) <l g [0

and we prove that the set

E = {uc C*Q)NnW2YQ) | u satisfies (3.6) } 57)
is uniformly equicontinuous on Q N Br_2(0). .

Clearly upr above satisfy (3.6), and (3.5) follows from (3.7) by the theorem of Arzela-
Ascoli.

To prove equicontinuity, we first rescale for B,(z9) € ©,0 < o < 1 by putting
up(x) = u(xo + o), afj(az) = a;;(zo + 01), b9 () == 0b;(xo + 01), c?(z) == 0?c(z¢ + 0x) <
0 for x € By(0) , and see that a?,b%,¢¢ satisfy (1.2) for the same A,v ,as o < 1.

@'ja 1
; 0 0
Putting A,v := aij(?ijv +b;0;v + cv , we see

Ao*u, — Ayu, =0 in By(0)
and get by local Holder regularity, see [GT]| Corollary 9.24, that
| ug lco.e (B, (0) < C( | wo [l oo (Ba(o)) + Il Mg [ oo (B2 (0)) ) <C

for some C = C(A,v,Q) < co and a = a(A,v,Q) > 0, where A is an upper bound of
the infinity norm of the coefficients of A, which does not depend on 0 < o <1, hence

[U] o (By(z0)) < Co™®  for Bay(wo) € Q2,0 < o< 1. (3.8)

13



If ©=R", this already gives uniform equicontinuity of FE in R™ . Therefore we assume
Q # R™ or likewise 00 # () in the following.
Next we choose a modulus of continuity o for g|Br(0) N0 , that is, o satisfies

l9(x) —g(y)| < o(lz —y|) for z,y € (02) N Br(0) (3.9)

and o(t) \( 0 for ¢ \ 0. Then by Holder regularity at the boundary, see [GT]| Corollary
9.28, we get for any ¢ € (092) N Br—_1(0) that

OSCBA$VL§§CXA»V,H)(QGU|UgHL««QmBﬂo»‘+||AUQHLqumglm»))+-0(v@U) <

<C(0*+o0(yo) for0<p<1 (3.10)

and some C =C(A,v,n,Q,R) < oo and a =a(A,v,n,Q,R) >0.
Now let 2,y € QN Br_2(0) . In the first case, we assume |z — y| < dd(x, )% . We
put 2o :=min(1,d(z,0)) , in particular Bg,(z) C Q. For z € 0Q # 0 , we see

d(z,00) < |z —z| < R+ |z| =: Cg

and choose § > 0 small such that

C%6,5 < 1/4.
Then
|z —y| < 6d(x,00)* < CR5 < 1/4
and
1 2
|z —y| < Zd(w,@@) ,
hence

1 2
2=yl < (G min(L,d(z,00)) = * <o,
as 0 < 1. Therefore y € By(z) , and we get from (3.8) that
[u(@) — w(y)| < [ul (s, - 12— y|* < Co e —y|* < Clo —y|*"2. (3.11)

In the second case, when |z —y| > dd(z,00)? , we select xg € 9 # () with |z — xo| =
d(z,09Q) . Clearly for o := |z —xo|+ |z —y| , we have xz,y € B,(xp) . Further for
|z —y| <ep(d) <1 small enough

o=z —xo|+ |z —y| =d(z,00) + |z —y| <

<Volz—yl+ ]z —yl < Csy/]z—y| <1,

in particular
[z — 20| <0<1

and zo € (0Q) N Br—1(0) . Then we obtain from (3.10) that
u(z) — u(y)| < 0scp,moyu < C(e® + 0(/2) < Cs(0™? + (Cs0M*)). (3.12)

Since p < Csy/|z — y| for ¢o(6) small enough, (3.11) and (3.12), show uniform equicon-
tinuity of E on QN Br_2(0) , which is (3.7), and the theorem is proved.
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Now Theorem 1.1 is a consequence of Theorem 2.1 and Theorem 3.1.
As the L°°—bound for the solution of the Dirichlet problem is independent of A >0,
we can solve the Dirichlet problem also for A =0 , but we may loose uniqueness.

Proposition 3.2 Let Q C R™ be an open set with (1.1) and A with (1.2). Then for
any g € CY(AQ) , there exists a uwe CP(Q) NW2U(Q) for all ¢ < 0o satisfying

loc

—Au=0 1inQ,
(3.13)
u=g on JQ,
which satisfies
| u v <Il g llcs o) (3.14)
and
u>0, forg>0. (3.15)
Proof:

For A > 0, we consider by Theorem 3.1 the unique bounded solution of the Dirichlet
problem

Auy — Auy =0 in Q,
uy =g on 0f).

Then || ux ||z <Il g [lLo(@) by (3.2), and wuy satisfy (3.6). Then for 0 <A <1 by
(3.7), the solutions wuy are locally, uniformly equicontinuous on € , hence after passing
to a subsequence wuy — u locally uniformly in  for A \, 0 with « € C*(Q) , and, as

Auy — 0, we get by interior Calderon-Zygmund estimate, see [GT| Theorem 9.11, that
we W2I(Q) and

—Au=0 1in Q,
u=g on 0N,
u is a bounded solution of the Dirichlet problem. Clearly

| ux [l poe ()< limsup || ux [l @) <l g (@),
A—0

which is (3.14). For g >0, we have uy >0 by (3.3), hence u > 0, which is (3.15), and
the proposition is proved.

d

As to uniqueness, we see for the Laplace operator in the exterior domain Q := R"—B(0) ,
that the Dirichlet problem

Au=0 inR"— B;(0),
u=0 on dB(0),
has for n > 3 the solutions
u(z) = a(l — |z|*™) for |z| >1

and any « € R , in particular the solution to this Dirichlet problem is not unique.
Actually, it is unique for n = 2 . For more details, see [DLI0] Chapter 2 §4 Example 13
p. 358.
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4 m-dissipativity and semigroups

Let X be a real Banach space. A semigroup is a mapping S : (0,00) — X such that
S(t+s)=S5(t) S(s).

We say that S is a Cy-semigroup if

lim S(t)z ==

t—0+
for all x € X. In that case, setting S(0) := I, the mapping S(.)z : [0,00) — X is
continuous for all z € X. If S is a Cy-semigroup, then its generator A is defined by

Ay — i ST -z
t—0+ t

with domain S
D(A) == {x € X: lim ST exists}.
t—0+ t

A semigroup S is called contractive if || S(t) || < 1 for all ¢ > 0. If X = L*(Q) or
X = Cy(2) we say that S is positive if for f € X, f > 0 implies S(¢)f > 0 for all ¢ > 0.
Here we write f > 0 if f(z) > 0 a.e.; hence f(z) > 0 for all z € Q if f is continuous.

In this section we show that the part Ay of A in Cy(£2) generates a positive, contractive
Co-semigroup Ty on the space Cp(2). Define the operator Ay, on L*°(Q) by

D(Aw) = {u € Ct(Q) NWE(Q) : ug =0, Au € LOO(Q)} ,

loc

Asou = Au.
Now Theorem 2.1 can be reformulated as follows.

Theorem 4.1 The operator As is m-dissipative; i.e. for each X > 0, A — Ay is
invertible and || \(X — Ase) ™! || ooy < 1. Moreover, (A — Ax) ™t > 0. O

m-dissipative operators have interesting properties, see e.g. [ABHN11] Section 3.5. If the
coefficient a;; are not only bounded and continuous as we are assuming so far, but even
uniformly continuous on €2, then we will see in Section 5 that A, generates a holomorphic
semigroup which is contractive but not a Cy-semigroup.

Next we consider the closed subspace

Co(Q) := {u €C(Q): upo =0, lim u(z) = 0}

|z| =00

of L>*(€2). Denote by Aj the part of Ay in Cp(€2). Then

D(Ag) = {u € Co(Q) NW2™(Q) : Au € CO(Q)} ,

loc

Agu := A .

Theorem 4.2 The operator Ay generates a positive contractive Co-semigroup (To(t))e>0
on Cy(Q). O
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It follows from the results in Section 2 that Ag is m-dissipative. The main point in the
proof of Theorem 4.2 is to show that D(Ap) is dense in Cp(€2). For that we need local
Holder continuity which is a consequence of [GT] Corollary 9.24 and which we used before.

Proof of Theorem 4.2
a) Let A > 0. Given f € Cy(Q), by Theorem 2.1 there exists a unique v € C? (ﬁ) N

VVli:(Q) such that ugg = 0 and M — Au = f. It follows from Proposition 2.3 that
im0, ze w(x) = 0. Thus u € Co(€2). This shows that (0,00) C o(Ag) (the resolvent
set of Ag). Moreover by (2.3), || AR(\, Ag) || < 1, where R()\, Ag) = (A — Ap) L.

b) We show that D(Ap) is dense in Cy(Q2). Let u € C°(£2). We show that u € D(Ay).
Since C2°(Q) is dense in Cy(€2) this proves the claim.

Let u € C(Q), u — Au =: f € L>®(Q). Then f has compact support. Consider a
mollifier (0:)es0 C°(R™); ie. g > 0, [pn 0- dz = 1,supp 9. C B-(0). Let f. = o * f.
Then f. € C(Q), || f: lloo < || f oo and fo — f in L™(2) as ¢ — 0. By a) there exist
us € D(Ap) such that u. — Agus = fe.

We show that u. — u as € — 0 uniformly on Q. Let K C £ be compact and gy > 0
such that supp f. C K for all € € (0,e0]. Choose R > 0 such that K C Br(0), and let

Qr:=QN BR(O)

Claim: There exist ¢ > 0, > 0 such that || u. ||ce(p, )< const for all € € (0,e0],2 €
Qg. In fact,

| ue leo@) < I fe llzee@) < N f o)y, 0<e < eo.
Choose ¢ > 0 such that dist(K,09Q) > 2p. There exist z1,...,2, € K such that

K C U;“:l By(x;). Then there exists 6 > 0 such that for each pair 2,2 € K satisfying
|21 — 22| < § there exists j € {1...m} such that z1, 25 € By(z;).

By local Holder regularity [GT] Corollary 9.24, for each j € {1,...,m} we find o > 0,
C > 0 such that |uc(x) — us(y)| < Clo — y|* whenever z,y € By(z;), 0 < ¢ < 9. Thus
we find a > 0,C > 0 such that |uc(z1) — us(22)| < Clz1 — 22|® for all 21,29 € K such
that |21 — 23] < ¢ and for all 0 < & < gy. Since || . HLoo(Q)S ci; for all 0 < € < gg and
some c¢; > 0 one has for |21 — 22| > 0, |us(z1) — ue(22)| < 2¢1 < (2¢1/6%)|21 — 22|*. Thus
SUPg<e<c, || Ue [lca(r) < 00. As a consequence there exists a sequence &, — 0 such that
Ue,, converges uniformly on K as m — oo. Observe that u. — Au. = 0 on Q\ K. Moreover,
hm\:}:\%oo,:veﬂ ug(m) =0.
It follows from the Aleksandrov maximum principle that

[ e, — ey, o) = || Uey — ey, Lo \K)) =
= || ue, = ey, |r=@Kr) = 0 asl,m — oo.
Here we used that u.pq = 0. We have shown that u.,, converges uniformly on ) as
m — 00, say to w € Cp(Q2).
By the Calderon-Zygmund estimate [GT] Theorem 9.11, for Q" CC Q there exists

C > 0 such that
| v llwen@y <C | v—Av |z -

loc

This shows that u.,, converges in Wlic"(Q) as m — co. Thus w € W2™(Q) and w—Aw = f.
It follows from Theorem 2.1 that w = w. Thus u = lim, o0 ue,, € D(Ap).
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¢) The Hille-Yosida Theorem implies that Ay generates a contractive Cp-semigroup Tp
on Cy(€2). Theorem 2.1 shows that for 0 < f € Cyp(£2), R(A\, Ao)f > 0 for all A > 0. Thus
To(t)f = limy,—00 ( — %Ao)fm f > 0. We have shown that the semigroup T} is positive.

d

We show next that the semigroup Tj is irreducible (see [Na86] B-III Definition 3.1).

Proposition 4.3 If Q is connected, the semigroup Ty is irreducible; i.e. if 0 < f €
Co(QY), then for all x € Q there exists t > 0 such that (Ty(t)f)(x) > 0.

Proof:
Let A > 0,0 < f € Cy(R), f # 0,u = R(\, Ag)f. We have to show that u(x) > 0 for all
x € Q (see [Na86] B-III Definition 3.1). We know that u > 0.

Assume that there exists zy €  such that u(xg) = 0. Then u attains a non-positive,
interior minimum, hence by the strong maximum principle [GT]| Theorem 9.11 and since
u € WIZOZL(Q), we get that u = 0 is constant on the connected €2, a contradiction to f # 0.

O

Proposition 4.3 implies that o(Ay) # 0 and that s(Ag) = sup{ReX : X € 0(Ap)} € o(Ay),
see [Na86] C-III Theorem 3.7.

5 Holomorphic semigroups

In this section we show that the Cjy-semigroup generated by Ay is holomorphic. We
also consider the space L%°(€) on which we obtain a holomorphic semigroup which is
not strongly continuous at ¢ = 0. In this section the underlying field is C, i.e. the
spaces LP (Q),Cb(Q),CO(Q),VVli’f(Q) are all complex-valued, but the coefficients are all
real valued as before.

We use the following terminology. Let X be a complex Banach space. A holomorphic
semigroup is a holomorphic mapping S : ¥9 — £(X) such that S(z1 + 2z2) = S(21)5(22)
for all 21, 29 € Xy,

sup || S(2) || < oo (local bondedness)
Z€297|2|S1

and such that for x € X, S(t)x = 0 for all ¢ > 0 implies x = 0 (non-degeneracy). Here
6 € (0,7/2] and %y is the sector Sy := {re’:r > 0,|a| < #}. To make the angle precise
we say that S is a holomorphic semigroup of angle 0. As a consequence, there exist
M >0, w € R such that

| S(z) || < Me*FFl (2 € 29). (5.1)

Moreover, there exists a unique operator B on X such that {\ € C: ReA > w} C o(B)

and
o0

R(\,B) = / e MS(t) At (ReX > w).
0
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We call B the generator of S. Here, o(B) == {A € C : A\— B : D(B) —
X is bijective and (A — B)™! € L£(X)} denotes the resolvent set of B. For \ €
o(B),R(\,B) := (A — B)~! is the resolvent of B at A\. The set o(B) = C\o(B) is the
spectrum of B. In fact one has even S /5 C o(B) and R(A, B) = [~ e *S(t) dt when-
ever A € g /9. By [Lu95] Proposition 2.1.1 (c), we have S(t)X C D(B) and S'(t) =

BS(t) for all t > 0 . Moreover, S is a Cy-semigroup if and only if D(B) = X. In that
case lim, 0 .ex, S(2)x = x for all x € X.

Remark (non-degeneracy): The non-degeneracy condition is supposed to make sure
that B is an operator (and not just a relation). The Cp-condition implies trivially non-
degeneracy. Since S is holomorphic, S is non-degenerate if and only if S(2) is injective for
all (equivalently one) z € ¥y. In fact, if S(z9)z = 0, then S(to + t)z = S(t)S(z0)x = 0 for
all t > 0. By the uniqueness theorem this implies that S(z)x = 0 for all z € ¥y. Hence
x = 0, if S is non-degenerate.

Generators of holomorphic semigroups can be characterized as follows.

Proposition 5.1 An operator B on X generates a holomorphic semigroup S if and only
if there exists w € R such that

A € o(B) whenever Re\ > w and sup || AR(\, B) || < oo.
ReA>w

In that case

S(t) = lim (1 - iB) h (5.2)

m—00 m

in L(X) for allt > 0. O

This follows from [ABHN11] Corollary 3.7.12 and Proposition 3.7.4. The Euler formula
(5.2) follows from Widder’s Theorem [ABHN11] Theorem 1.7.7 (cf. the proof of [ABHN11]
Corollary 3.3.6).

For later purposes we give the following result on invariant subspaces. If B is an
operator on X and Y a subspace of X, the part By of B in Y is defined by

D(By):={ye D(B)NY :ByeY},
Byy := By.

Proposition 5.2 Let B be the generator of a holomorphic semigroup S : Y9 — L(X)
where 0 < § < /2 such that || S(t) || < Me“'(t > 0) and let Y be a closed subspace of X .

If

RNAY CY  for A > w,
then S(2)Y CY for all 2 € Xy and Sy (t) := S(2)|y defines a holomorphic semigroup Sy
on Y whose generator is By .

Proof:

By the definition of By, we have (w,o0) C o(By) and R(\, By) = R(\, B)}y for all A > w.
Let y € Y. Then by (5.2), S(t)y = lim, (I — LB) "y € Y for all ¢ > 0. We show that
even S(2)Y C Y for all z € ¥y. Denote by ¢ : X — X/Y the quotient map. Then

goS:¥y— L(X,X/Y)
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is holomorphic. Since g0 .5 o) = 0, it follows from the uniqueness theorem for holomor-
phic functions that ¢(S(z)) =0 for all z € ¥g. Thus S(2)Y C Y for all z € ¥y. It is clear
that Sy is a holomorphic semigroup of angle # on Y. Moreover, for y € Y, we have

R(\,By)y = R(\,B)y = / e MS(t)y dt = / e MSy (t)y dt.
0 0

Thus By is the generator of Sy.
O

Now we consider the domain 2 and the real coefficients satisfying the hypotheses
formulated in the introduction. But in the present and following sections we assume in
addition that the aj; : 2 — R are uniformly continuous. Throughout this section
we consider complex spaces. As before the operator A : T/Vli:(Q) — L.

Au =" a;;0;0;u + Y bjoju + cu and we define its part A in L>(§2) by

() is given by

loc

Asou = Au.

D(An) = {u € CH@) NWAMQ) : ujpq = 0, Au € LOO(Q)} ,

Theorem 5.3 The operator Ay, generates a holomorphic semigroup T on L*°(Q).
Moreover

[ T(t) ey <1
forallt >0 and T(t)f >0 for allt >0 if 0 < f € L>=(Q). O

For the proof we need some preparation. The following result is valid for arbitrary complex

Banach lattices F, F. We need it for E = F = L°(Q) and for E = C*(09) and F = C*(Q2).
Lemma 5.4 Let S: E — F be linear such that

F20=S87>0 and [Sflr<|fle i 0<feE.

Then || S || <1.
Proof:
For any f € E,|f| = suppeg Re(e” f). Hence |Sf| < S|f|. Thus || Sf || = || [Sf] || <

ESIA< A= 1A -

d

Let A > 0. As a consequence of Theorem 2.1, (0,00) C p(Ax). Since R(A, A)f > 0 and
| AR\, Aso) f o) < I f llzee(e) if 0 < f € L(Q), it follows from Lemma 5.4 that

[ ARA, A) [l ooy <1 (A >0).
We have shown that A is m-dissipative and R(\, Ax) > 0 for A > 0.

Lemma 5.5 Let B be an m-dissipative operator on a complex Banach space X. Then
(A — B) is invertible and || (A — B)~! || < 1/Re\ whenever Re) > 0.
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Proof:
By [ABHNI11] Corollary 3.4.6 there exists S : (0,00) — £(X) satisfying S(0) = 0 and

[1:5@) = S(s) || <[t = s]

such that

o0

A=A = [ XeMS(t) at
/

if ReA > 0. Let x € X,2/ € X' such that || z || < 1,]| 2’ || < 1. Then there exists
h € L>(0,00) such that || h ||fe(0,00) < 1 and

(St)z, 2’y = /h(s) ds (t>0).
0

Integration by parts yields

o o 1
A—A)” “Mp(t) dt </ R dE < ——.
1 = e < [ N b dr < o
0 0

This proves the claim.

For the proof of Theorem 5.3 we will use known holomorphy estimates on R™. For that
we extend the coefficients to R™.

Lemma 5.6 There exist uniformly continuous, bounded extensions a;j : R™ — R of a;;
such that

Z di]( )fzfj Zmln{_ 1} ‘5’2
1,j=1
for all z € R, € R™.

Proof:
By a result of [McS34] Theorem 2 there exist uniformly continuous, bounded extensions
bij : R" — R of a;;. Let € = (v/2) (1/n?). There exists § > 0 such that |z —y| < §
implies |b;j(x) — b (y)| < €. Choose a continuous function ¢ : R — R such that ¢(r) =1
for r < 0,0(r) =0for r > dand 0 < ¢(r) < 1if 0 < r < 4. Let n(x) = ¢(d(z,N)).
Then 7 : R™ — R™ is uniformly continuous and n(z) =1 if x € Q,n(x) = 0 if = ¢ Q5 and
0 <n(z) <1lifzeQs\Q, where Qs = {x € R": dist(Q,z) < d}.
Let

dig(2) = nl@)big () + (1 = n(w))535
Then a;; is uniformly continuous on R", a;j(x) = a;j(x) for x € Q.

For x € Q, a;;(2)&&; > v|€)?, for x ¢ Qs, > ai;(2)&:&; = |€[*. For x € Q5\Q we choose
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y € Qst. |z —y|l <8 Then |bj(z) —aij(y)| < e=(v/2) (1/n?).

Hence
> ai&gs = > (@) (bij(z) — a)& + > n(@)ay()&s + (1 —n@)[E* >
i,j=1 i,j=1 i,j=1

> e 3 @) + el + (1 - n@)l.

We extend b; and ¢; by 0 on R™\Q. Define B : VV;’:(R") — L}

el loc

(R™) by

Bu = Z a;j(x)0;05u + Z biO;u + cu,

i,j=1 i=1

and then define the operator B, on L*(2) by

D(Bs) = {u € W2™(R™) N L=(Q); Bu € LOO(Q)} ,

loc

Boou = Bu.

Perturbing a result of Lunardi [Lu95] it was shown in [ASch14] Theorem 4.6 that B
generates a holomorphic semigroup on L>(R™); i.e. there exist w € R, M > 0 such that
(A — Bo) is invertible and

AN = Boo)™H | <M (5.3)

whenever Re\ > w.
It is here that we need the assumption that the coefficients a;; are uniformly continuous.

Proof of Theorem 5.3:

Let ReA > w > 0 where w > 0 is such that (5.3) holds. Let f € L*°(f). Since A
is m-dissipative, by Lemma 5.5, there exists a unique v € C*(Q) N VVli:(Q) such that
Mu—Au = f,and ujpn = 0. By (5.3) there exists a unique v € Cb(R”)ﬂWZZO’ZL(R”) such that
M —Av = f, where we extend f by 0 outside 2. Moreover, || Av [|poo(gny < M || f || oo (q)-
Let w=u—v € C°(Q) N W2"(€). Then Aw — Aw = 0. We want to show that

loc
lwllengy < llwllevon) -

For that we modify w as in Lemma 2.2 using the same notation. For § > 0 small, let
ws = n’w. Then \ws — Asws + |cslws = |cslws. Since lim |00 ws(x) = 0, there exists
xo € ) such that
lws(wo)| = sup lws(z)| >0 (if w # 0).
€
Assume that o € Q. Then by [ASch14] Lemma 4.2,

Re(ws(wo) - (Mws(wo) — |eslws(20))) = Re(ws(wo) - (Asws — |es|ws)(z0)) <0

Hence
(ReA)|ws (o) |* < sl (ws(x0))? < 6C ws (o) [,
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Choosing § > 0 so small that 6C' < Re\, we deduce that ws(zg) = 0, a contradiction.
Thus zy € 9. Consequently,

I ws lco@y < 1l ws llevan
for 6 > 0 small. Let x € Q. Then
lws(z)| < (| ws lev@aa) < Il wllcovoa) -
Sending 6 — 0, we deduce that [w(z)| < || w ||csaq)- Hence || w [[co) < [l w [lovan) =
[ v llce(an)- Then

[ Auflevay = | Aw + A flev) < Il Aw llevy + [ Av [lov) <
< [ A flevan) + 1l Avlleey < 2M || f @) -

We have shown that || AR(A, Axo) |lz(zee()) < 2M for Red > w. Thus A, generates a
holomorphic semigroup 7" on L>(Q2). Since A, is dissipative, it follows from [ABHN11]
Proposition 3.7.16 that

” T(t) HE(L(X;(Q)) <1 forallte (0,00)

For A > 0 we have

0<(A—Ay) L= /e_)‘tT(t) dt.
0
By (5.2) this implies that T'(¢) > 0.

Next we consider the closed subspace

|z| =00,z

Co(Q) == {u eCt(): upo =0, lim u(r)= 0}
of L>®(Q2). By Ay we denote the part of Ay, in Cp(Q2), i.e.

loc

Agu := Au.

D(Ay) = {u e W2™(Q) N Co(Q) : Au € CO(Q)} ,

Then, as a consequence of Lemma 5.4 and Theorem 4.2, the operator Ay generates a
positive contractive Cp-semigroup Ty on Cy(€2).

Corollary 5.7 Consider 6 € (0,7/2] such that the holomorphic semigroup T generated

by Aco has angle . Then T'(z) Co(Q2) C Co(R2) for all z € Xy and Ticy ) : Lo — L(Co(2))
is a holomorphic Cy-semigroup whose generator is Ag.
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Proof:
By Proposition 2.3, R(\, Ax) Co(2) C Cp(R2) for all A > 0. Now the claim follows from
Proposition 5.2.

d

Corollary 1.4 from the introduction is an immediate consequence of Corollary 5.7 and well-
known properties of holomorphic Cy—semigroups, see for example [ABHN11] Corollary
3.7.21.

The semigroup Ty is positivity-improving in the following sense.

Proposition 5.8 Let 0 < f € Cy(2), f # 0. Then (To(t)f)(z) > 0 for all x € Q, t > 0.

Proof:
Since Ty is irreducible by Proposition 4.3 the claim follows from holomorphy by a result
of Majewski and Robinson [Na86] C-III Theorem 3.2 b.

We may also consider the closed subspace

E,:=L*®Q)NnLFR") = {u € L>*(Q): lim u(z) = 0}.

|z| =00

By the same proof and with the same notations as in Corollary 5.7 one obtains the fol-
lowing.

Corollary 5.9 One has T(z)E1 C Ey for all z € ¥y and the restriction Th of T to F;
defines a holomorphic semigroup on E1. Its generator Ay is given by

D(A;) = {u € WAMQ) N Co(Q) : Au € El} ,
Aju = Au.

d

We conclude this section commenting on the case where §2 is bounded. Then Theorem 5.3
also holds if € is merely Wiener regular, but does not necessarily satisfy the uniform exte-
rior cone condition if in addition one assumes that the coefficients a;; are Dini-continuous,
see [ASch14]| Theorem 4.1. The proof was based on elliptic results by Krylov. Those have
been generalized recently by H. Dong, D-H Kim and S. Kim [DKK25].

6 Asymptotic behavior as t — oo

We keep the assumptions of Section 5. In particular, all spaces are complex and T is
the holomorphic semigroup generated by A on L*>(£2). Recall that ¢ € L*>°(Q) is the
coeflicient of order 0 of A and ¢ < 0. Recall also that we assume that the coefficients a;;
are supposed to be uniformly continuous. Our aim is to prove the following result.
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Theorem 6.1 Assume that Q # R™ or ¢ # 0. Let f € L*°(Q2) such that
limR*)OO || f ||Loo(Q\BR(O)) =0. Then

Jim ([ T@)f [l () = 0-
O

Remark 6.2 If Q = R" and ¢ = 0, then T(t)1lg = 1q for all t > 0 so that the assertion
of Theorem 6.1 does not hold for f = 1q. O

We will use the following abstract result which is based on the complex Tauberian theorem
[ABHN11] Corollary 4.4.10.

Theorem 6.3 Let S be a holomorphic semigroup on a Banach space X with generator
B. Assume that

(@) supso | () | <00 and
(b) o(B)NiR C {0}.
Then limy_,o S(t)z = 0 for all x € Fan B.

Proof:
For 2 < s < t,
t

[ 507 ar

S

I15() = S(s) | =

< M| BS() || [t - s].

/S(r —1)BS(1) dr

Thus S is Lipschitz continuous on [2, 00) and in particular slowly oscillating (see [ABHN11]
Definition 4.2.1).
Now let © = By where y € D(B), f(t) = S(t)z. Then f is slowly oscillating and

/f(s) ds:/S(s)By ds =Sty —y.
0 0

Thus
t

/f(?“) dr
0

Now by [ABHN11] Corollary 4.4.10, the spectral hypothesis (b) implies that

sup < 00.

t>0

lim f(¢t) = 0.

t—o00

Since S is bounded on (0, 00), it follows that lim; o, S(¢)x = 0 for all = € Fan B.
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Corollary 6.4 More generally, the following holds under the assumptions (a) and (b) of
Theorem 6.3. Let x € X. Then
limy 00 S(t)z =0 if and only if
S(to)r e Fan B for some to > 0 if and only if
S(t)x eTan B for allt > 0.

Proof:
If S(to)x € Tan B, then Theorem 6.3 implies that

lim S(t)xr = lim S(¢)S(to)r = 0.

t—o00 t—00
Conversely, assume that lim; o S(t)z = 0. Let 2’ € X’ such that 2/|ran B = 0. Then

d
—; (@ 8(0)z) = (2, BS(t)x) = 0
for all ¢ > 0. Hence (2/,5(-)z) is constant. Since lim;_,o, S(t)z = 0, it follows that

(', S(t)x) =0 for all t > 0. Thus S(t)z € Fan B by the Hahn-Banach Theorem.

For the proof of Theorem 6.1 we use the following result of Greiner.

Theorem 6.5 (Greiner) Let B be an operator on L () (or more generally on a com-
plex Banach lattice) such that (0,00) C o(B),

sup | AR(A, B) || < oo,
A>0

and R(\,B) >0 for all A > 0. Then o(B)N iR is cyclic; i.e., if in € o(B), where n € R,
then ink € o(B) for all k € Z.

Proof:
This is [Na86] C-III Remark 2.15 (a).

Proof of Theorem 6.1:

Since || AR(\, Aso) || < 1 for A > 0, the hypotheses of Greiner’s Theorem are satisfied.
Since A generates a holomorphic semigroup one has w + ¥g /5 C 0(As) for some
weR, O € (0,7/2]. Thus 0(Ax)NiR is bounded. By Greiner’s Theorem this implies that
0(Ax) NiR C {0}. Let f € L*°(2) N L (R™). Then by Proposition 2.4, f € Fan(A). It
follows from Theorem 6.3 that lim;_,~, 7'(¢) f = 0.

26



Corollary 6.6 Assume that ¢ # 0 or Q # R™. Then the semigroup Ty is stable; i.e.
Jim To(t)f =0 in Co(©2)
for all f € Cy(2). O

Recall that we assume here that the coefficients a;; are uniformly continuous on 2. This
was needed for the proof of the holomorphy of Ty. We do not know whether Corollary 6.6
is true if the a;; are merely bounded and continuous as in Section 4. It would be enough
to show that o(Ap) N iR is bounded. We also do not know whether Corollary 6.6 is true
for Q = R™ if ¢ = 0. It is so, if A has constant coefficients as can be seen by the explicit
formula for Ty in that case. But in general, if ¢ = 0 and 2 = R", then we do not know
whether ranAg is dense in Cp(£2).
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