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Eberhard-Karls-University Tübingen, Institute of Mathematics,

Auf der Morgenstelle 10, D-72076 Tübingen, Germany,
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Abstract: We consider an elliptic operator A of second order in non-
divergence form on an unbounded domain Ω ⊂ R

n which satisfies the lo-
cal uniform exterior cone condition. Based on local Hölder estimates due to
Krylov and Safonov we show well-posedness of the Dirichlet and Poisson prob-
lem. Then we show that the part of A in L∞(Ω) generates a holomorphic
semigroup on L∞(Ω) whose restriction to

C0(Ω) :=

{

u ∈ C
(

Ω
)

: u|∂Ω = 0, lim
|x|→∞

u(x) = 0

}

is strongly continuous at t = 0. In the case where Ω is bounded such results
had been proved before in [ASch14].
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1 Introduction

Elliptic operators in non-divergence form are an important object of study, and optimal
results for the Poisson equation and the Dirichlet problem for bounded domains satisfying
merely the uniform exterior cone condition are known, see the monograph of Gilbarg-
Trudinger [GT] Chapter 9.
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Concerning parabolic equations in terms of generation theorems for semigroups a complete
and beautiful theory is developed by Lunardi in the monograph [Lu95]. It is based on
Agmon-Douglis-Nirenberg estimates which require strong regularity conditions for the
boundary (C2-boundary is supposed throughout in [Lu95]).

The aim of the paper [ASch14] was to establish generation results for bounded domains
with weaker conditions at the boundary admitting in particular Lipschitz domains.
The purpose of the present paper is to extend such results to unbounded domains. Al-
though the results on bounded domains can be used, it turns out that the task is not
straightforward. Indeed, in the unbounded case also certain elliptic results are missing.
In the present paper we first study the Poisson and the Dirichlet problem for elliptic op-
erators in non-divergence form on unbounded domains. Then we show that they generate
semigroups on L∞(Ω) and on spaces of continuous functions. As a consequence, one ob-
tains well-posedness results for parabolic equations with Dirichlet boundary conditions
under minimal regularity conditions on the boundary and the coefficients.
We now describe in more detail the results we are going to prove. The following notation
and assumption will be used throughout the paper.

Let Ω ⊂ R
n be an open (possibly unbounded) set with boundary ∂Ω. We assume

throughout this paper that

Ω satisfies the local uniform exterior cone condition. (1.1)

This means the following: For each R > 0 there exists a finite, right circular cone V such
that for each x ∈ ∂Ω satisfying |x| ≤ R there exists a cone Vx which is congruent to V
such that Vx ∩ Ω = {x}, cf. [GT] p.205.

We consider real coefficients aij ∈ Cb (Ω), such that aij = aji, which satisfy the uniform
ellipticity condition

n
∑

i,j=1

aij(x) ξiξj ≥ ν|ξ|2 (1.2)

for all x ∈ Ω, ξ ∈ R
n where ν > 0 is fixed. Moreover, the coefficients bj, c ∈ L∞(Ω) are

also real, j = 1, . . . , n and c ≤ 0.

Then we define the operator A : W 2,n
loc (Ω)→ Ln

loc(Ω) by

Au =

n
∑

i,j=1

aij∂i∂ju+

n
∑

j=1

bj∂ju+ cu.

In the first part we consider real spaces (Section 2-4), whereas for the study of holo-
morphic semigroups spaces are complex. The coefficients are real, throughout. For
Γ ⊂ R

n we denote by C(Γ) the space of all continuous functions from Γ to K, where
K = R or C, and Cb(Γ) = {u ∈ C(Γ) : u is bounded}. The space C0(Ω) :=
{

u ∈ C
(

Ω
)

: u|∂Ω = 0 , lim|x|→∞ u(x) = 0
}

is a Banach space for the supremum norm. It

coincides with the closure of C∞
c (Ω) in Cb

(

Ω
)

, where C∞
c (Ω) is the space of all function

of class C∞ on Ω with compact support.
If f ∈ L∞(Ω), we say that f vanishes at infinity and write lim|x|→∞ f(x) = 0 or
f(x)→ 0 as |x| → ∞, if limR→∞ ‖f‖L∞(Ω\BR(0)) = 0.
Here, for x ∈ R

n, R > 0 we denote by BR(x) = {y ∈ R
n : |x − y| < R} the open ball of

center x and radius R > 0.
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Theorem 1.1 Let g ∈ Cb(∂Ω), f ∈ L∞(Ω), λ > 0. Then there exists a unique u ∈
W 2,n

loc
(Ω) ∩ Cb

(

Ω
)

satisfying

λu−Au = f in Ω,

u|∂Ω = g.
(1.3)

Moreover, if f ≥ 0, g ≥ 0, then u ≥ 0.
If f and g vanish at infinity, then also u vanishes at infinity. ✷

If Ω is bounded, then Theorem 1.1 is proved in [ASch14] Corollary 3.4 (b), where the
hypothesis on the coefficients, namely aij ∈ C(Ω), is not needed, and our more general
hypothesis aij ∈ Cb(Ω) suffices. If Ω has uniform C2-boundary, and λ is large then some
version of Theorem 1.1 is [Lu95] Proposition 3.1.20.

In our proof of existence in Theorem 1.1 given here, we can use the results of [ASch14] on
Ω ∩BR(0) and pass to the limit as R →∞. But the proof of convergence is quite subtle
using the local Hölder estimates due to Krylov and Safonov, see [GT] Section 9.8 and 9.9.

For the proof of uniqueness the following problem occurs which is due to Ω being un-
bounded. A solution u ∈ Cb

(

Ω
)

which vanishes at ∂Ω need not attain a maximum. To
overcome this difficulty we approximate u by functions that vanish at infinity and which
also solve an elliptic equation with modified coefficients.
Uniqueness depends crucially on the assumption that λ > 0. In fact, for λ = 0, several
solutions may exist if n ≥ 3.
Concerning the parabolic problem, we consider the part A0 of A in C0(Ω) defined by

D(A0) =
{

u ∈W 2,n
loc (Ω) ∩ C0(Ω) : Au ∈ C0(Ω)

}

,

A0u := Au.

Theorem 1.2 The operator A0 generates a contractive, positive C0-semigroup T0 on
C0(Ω). ✷

Here we use the standard definition of a C0-semigroup, see also Section 5. Concern-
ing holomorphic semigroups we consider also semigroups which are not continuous at
0. The definition and basic properties are recalled at the beginning of Section 5. In
order to give a precise statement of the next result it suffices to know the following.
An operator B on a complex Banach space X generates a holomorphic semigroup S if
and only if there exists ω ∈ R such that (λ − B) is invertible whenever Reλ > ω and
supReλ>ω ‖ λ(λ−B)−1 ‖L(X)<∞. The semigroup S generated by B is a continuous map-
ping from (0,∞) → L(X) which has a holomorphic extension to a sector (see [Lu95]). It
is a C0-semigroup (i.e., limt→0+ S(t)x = x for all x ∈ X) if and only if the domain D(B)
of B is dense in X. More information will be given in Section 5.

For our holomorphic generation results we consider K = C; that is, the spaces
L∞(Ω), C0(Ω),W

2,n
loc (Ω) consist of complex valued functions (but the coefficients of the

operator A are real). We define the part A∞ of A in L∞(Ω) by

D(A∞) :=
{

u ∈W 2,n
loc (Ω) ∩ L∞(Ω) : Au ∈ L∞(Ω)

}

,

A∞u := Au.
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Theorem 1.3 Assume in addition to our general assumptions that the coefficients aij are
uniformly continuous. Then A∞ generates a holomorphic semigroup T . Moreover,

‖ T (t) ‖L(L∞(Ω))≤ 1 (t > 0)

and T (t)f ≥ 0 if f ≥ 0. ✷

In the case where Ω is of class C2 and under slightly stronger assumptions on the coeffi-
cients Theorem 1.3 is proved by Lunardi [Lu95] Corollary 3.1.21. Theorem 1.3 is known
for Ω = R

n (see [ASch14], [Lu95]).
The complex maximum principle of [ASch14] allows us to carry over the holomorphic

estimates from R
n to Ω. An approximation technique is needed here, see also Theorem

2.1.
In terms of parabolic differential equations Theorem 1.2 and 1.3 imply the following

well-posedness result.

Corollary 1.4 Let u0 ∈ C0(Ω). Then there exists a unique function u ∈
C([0,∞), C0(Ω)) ∩ C∞((0,∞), C0(Ω)) such that

u(t) ∈W 2,n
loc (Ω) and

u̇(t) = Au(t), u(0) = u0.

The solution is given as u(t) = T0(t)u0. ✷

We also determine the asymptotic behavior of the solution of the parabolic equation as
t→∞.

Theorem 1.5 In addition to the hypotheses of Theorem 1.3 assume that Ω 6= R
n or c 6= 0.

Then
lim
t→∞

T (t)f = 0 in L∞(Ω)

for all f ∈ L∞(Ω) which vanish at infinity. ✷

The proof is based on a Tauberian theorem and a result on the image of A∞ which we
prove in Section 2.

The paper is organized as follows. We first study elliptic problems, the Poisson problem
in Section 2, and the Dirichlet problem in Section 3. In Section 4 we show that A0 generates
a C0-semigroup. It is holomorphic if the aij are uniformly continuous. This together with
Theorem 1.3 is proved in Section 5. In Section 6 Theorem 1.5 on the asymptotic behavior
is proved.

2 The Poisson problem for operators in non-divergence

form

In this section, we solve the Poisson problem for unbounded open sets for operators in
non-divergence form. We keep the assumptions of the introduction. In particular, A :
W 2,n

loc (Ω)→ Ln
loc(Ω) is the given differential operator. In this section, we let K = R , i.e.

all functions and spaces are real.
The Poisson problem was solved in [Lu95] Proposition 3.1.20 under the stronger con-

ditions that λ is large and Ω is of class C2 .
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Theorem 2.1 Let Ω ⊆ R
n be an open set with (1.1) and A with (1.2). Then for any

f ∈ L∞(Ω) and λ > 0 , there exists a unique u ∈ Cb(Ω) ∩W 2,n
loc (Ω) satisfying

λu−Au = f in Ω,

u = 0 on ∂Ω,
(2.1)

and this solution satisfies
λ ‖ u ‖L∞(Ω)≤‖ f ‖L∞(Ω) (2.2)

and
u ≥ 0, if f ≥ 0. (2.3)

✷

In the proof and lateron we will use the following test functions.

Lemma 2.2 There exists a function η ∈ C∞(R) such that η(x) > 0 for all x ∈ R and
that ηδ := ηδ for δ > 0 satisfies

|Dηδ|, |D2ηδ| ≤ Cδηδ,

ηδ > 0,

ηδ(t)→ 0 for t→∞.

(2.4)

Moreover there exist bδj , cδ ∈ L∞(Ω) satisfying

|bδj − bj| ≤ Cδ,

|cδ − c| ≤ Cδ,
(2.5)

such that for the operator Aδ obtained form A replacing bj and c by bδj and cδ one
has

Aδ(uηδ) = ηδAu for all u ∈W 2,n
loc (Ω), δ > 0. (2.6)

Proof:
Consider χ ∈ C∞([0,∞[) with χ(t) ≡ 1 for t ≤ 1, χ > 0, and χ(t) = e−t for t ≥ 2 .
Using the letter C as a constant which may change from line to line, we see that
|χ′′|, |χ′| ≤ Cχ and χ(t)→ 0 for t→∞ . Next we put η(x) := χ(|x|) for x ∈ R

n . Clearly
η ∈ C∞(Rn) , as η ≡ 1 on B1(0) , and η > 0, |D2η|, |Dη| ≤ Cnη, η(x)→ 0 for |x| → ∞ .
Putting ηδ := ηδ for δ > 0 , we see ηδ ∈ C∞(Rn) , as η > 0 , and (2.4) is satisfied.

Now let u ∈W 2,n
loc (Ω), δ > 0 , and uδ := uηδ ∈W 2,n

loc (Ω) . Then using the summation
convention, one obtains

Auδ − ηδAu = 2aij∂iu · ∂jηδ + aiju∂ijηδ + biu∂iηδ =

= (2aij∂jηδ/ηδ)∂iu · ηδ + (aij∂ijηδ/ηδ)u · ηδ + (bi∂iηδ/ηδ)uηδ.

Abbreviating the coefficients to

b̃δi := 2aij∂jηδ/ηδ,

ĉδ := (aij∂ijηδ/ηδ) + (bi∂iηδ/ηδ),
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we see that |b̃δi|, |ĉδ | ≤ Cδ and

Auδ − ηδAu = b̃δi∂iu · ηδ + ĉδuδ = b̃δi∂iuδ − b̃δiu∂iηδ + ĉδuδ =

= b̃δi∂iuδ + ((−b̃δi∂iηδ/ηδ) + ĉδ)uδ.

Therefore putting
c̃δ := ĉδ − b̃δi∂iηδ/ηδ ,

we see that |c̃δ | ≤ Cδ and

Auδ = ηδAu+ b̃δi∂iuδ + c̃δuδ. (2.7)

Putting bδi := bi − b̃δi, cδ := c− c̃δ and

Aδv := aij∂ijv + bδi∂iv + cδv = Av − b̃δi∂iv − c̃δv,

we get (2.5) and by (2.7) that

Aδ(uηδ) = Auδ − b̃δi∂iuδ − c̃δuδ = ηδAu,

which is (2.6).

✷

Proof of Theorem 2.1:
Replacing A, f by A/λ, f/λ , it suffices to consider λ = 1 . We put ΩR := Ω ∩ BR(0)
and see that ΩR satisfies a uniform exterior cone condition for fixed R > 0 .

By [ASch14] Theorem 2.4, there exists a solution uR ∈ C(ΩR) ∩W 2,q
loc (Ω) for any q <

∞ of

uR −AuR = f in ΩR,

uR = 0 on ∂ΩR.
(2.8)

We first prove

‖ uR ‖L∞(ΩR)≤‖ f ‖L∞(Ω),

uR ≥ 0, for f ≥ 0.
(2.9)

We observe for vR := uR− ‖ f+ ‖L∞(Ω) that

AvR = AuR − c ‖ f+ ‖L∞(Ω)≥ uR − f ≥ uR − f+ ≥ 0 in ΩR ∩ {vR > 0}

since c ≤ 0 . Then by Aleksandrov’s maximum principle, see [GT] Theorem 9.1,

sup
ΩR

vR ≤ sup
∂ΩR

(vR)+ = 0,

hence uR ≤‖ f+ ‖L∞(Ω)≤‖ f ‖L∞(Ω) and (2.9) by symmetry.
Then by interior Calderon-Zygmund estimate, see [GT] Theorem 9.11, we get for any

Ω′ ⊂⊂ Ω and R large that uR is bounded in W 2,q(Ω′) for any q < ∞ , hence after
passing to a subsequence uRl

→ u weakly in W 2,q
loc (Ω) and

u−Au = f in Ω.
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In the same way, we obtain by local Hölder regularity, see [GT] Corollary 9.29, that for
any x0 ∈ ∂Ω and R large uR is bounded in C0,α(B̺(x0)∩Ω) for appropriate ̺, α > 0
depending on the data and x0 , and we conclude that u ∈ Cb(Ω) with u = 0 on ∂Ω .
Moreover (2.2) and (2.3) follow from (2.9).

To prove uniqueness, we consider u ∈ Cb(Ω) ∩W 2,n
loc (Ω) with u = 0 on ∂Ω satisfying

u−Au = 0 in Ω

and prove u = 0 .
For δ > 0 let ηδ the function from Lemma 2.2 and uδ := ηδu . Then uδ ∈

Cb(Ω)∩W 2,n
loc (Ω), uδ = 0 on ∂Ω and lim|x|→∞ uδ(x) = 0 with (2.4). Choose δ such small

that |c − cδ| ≤ Cδ ≤ λ with (2.5). Then the coefficient of order zero of the operator
Aδ − λ , see Lemma 2.2, is

cδ − λ ≤ cδ − c− λ ≤ 0,

as c ≤ 0 by assumption. Moreover by (2.6) that

(Aδ − λ)uδ = ηδ(A− λ)u = 0.

If uδ 6≡ 0 , we may select after possibly switching the sign xk ∈ Ω with

uδ(xk)→ sup
Ω
|uδ| > 0.

As by above lim|x|→∞,x∈Ω uδ(x) = 0 , we see that xk is bounded, hence xk → x0 ∈ Ω
after passing to a subsequence. Then

uδ(x0) = sup
Ω
|uδ | > 0,

in particular x0 6∈ ∂Ω , as uδ = 0 on ∂Ω , and x0 ∈ Ω is an interior maximum of uδ . As
the coefficient of λ−Aδ in front of uδ is non-negative, we get from the strong maximum
principle, see [GT] Theorem 9.6, that uδ ≡ uδ(x0) 6= 0 is constant on the component of
Ω containing x0 . If Ω 6= R

n , any component of Ω has non-empty boundary contained
in ∂Ω , which gives a contradiction as uδ = 0 6= uδ(x0) on ∂Ω . If Ω = R

n , we get
a contradiction by 0 = lim|x|→∞,x∈Ω uδ(x) = u(x0) 6= 0 . Therefore uδ ≡ 0 , hence
u← uδ ≡ 0 , which proves uniqueness, and the theorem is proved.

✷

Remark:

We choose the space W 2,n
loc (Ω) ⊆ C(Ω) , since the Aleksandrov maximum princi-

ple is valid with the choice of p = n . But by Calderon-Zygmund estimates, if
u ∈W 2,n

loc (Ω) and Au ∈ L∞
loc(Ω) , then u ∈W 2,p

loc (Ω) for all p <∞ . ✷

In the following proposition, we add a property which will be needed later, see Theo-
rem 4.1, and prove, if the right-hand side f of the Poisson problem (2.1) vanishes at
infinity, so does the bounded solution of the Poisson problem. To simplify the notation,
we introduce the space

L∞
0 (Rn) := {f ∈ L∞(Rn) | lim

R→∞
‖ f ‖L∞(Rn−BR(0))= 0 }.
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Proposition 2.3 Let Ω ⊆ R
n be an open set with (1.1) and A with (1.2).

For f ∈ L∞(Ω) ∩ L∞
0 (Rn) , the bounded solution u of the Poisson problem (2.1)

vanishes at infinity as well, that is,

lim
|x|→∞,x∈Ω

u(x) = 0.

Proof:
Again we may assume λ = 1 . First we consider f ∈ L∞(Ω) such that {f 6= 0} ⊆
Ω∩BR0

(0) for some R0 > 0 . We use again the auxiliary functions ηδ from Lemma 2.2
which satisfy (2.4) and calculate, observing that c ≤ 0, ηδ > 0 , that

Aηδ ≤ C(Λ, n)(|D2ηδ|+ |∇ηδ|) ≤ C(Λ, n)δηδ .

For C(Λ, n)δ ≤ 1/2 , we see

ηδ −Aηδ ≥
1

2
ηδ.

As ηδ > 0 on R
n by (2.4), we have τ := infBR0

(0) ηδ > 0 and see for Mτ/2 ≥ ‖ f ‖L∞(Ω)

that
M

2
ηδ ≥ |f | in Ω. (2.10)

We return to the solution uR on ΩR := Ω ∩BR(0) in (2.8) and claim

|uR| ≤Mηδ on ΩR. (2.11)

Indeed putting wR := ±uR −Mηδ on ΩR , we see with (2.10) that

wR −AwR ≤ ±f − (M/2)ηδ ≤ 0 in ΩR,

wR = ±uR −Mηδ ≤ 0 on ∂ΩR.

Then by Aleksandrov’s maximum principle, see [GT] Theorem 9.1,

sup
ΩR

wR ≤ sup
∂ΩR

(wR)+ = 0,

hence ±uR ≤Mηδ , which is (2.11).
Letting R→∞ in (2.11), we get

|u| ≤Mηδ on Ω,

and hence with (2.4) that

lim sup
|x|→∞,x∈Ω

|u(x)| ≤ lim
|x|→∞

M |ηδ(x)| = 0.

For general f ∈ L∞(Ω)∩L∞
0 (Rn) , we choose cut-off functions ξR0

∈ Cc(B2R0
(0)), ξR0

≡
1 on BR0

(0), 0 ≤ ξR0
≤ 1 and consider by Theorem 2.1 the unique bounded solution of

the Poisson problem

λvR0
−AvR0

= fξR0
in Ω,

vR0
= 0 on ∂Ω.
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As [fξR0
6= 0] ⊆ Ω ∩B2R0

(0) , we see from above

lim
|x|→∞,x∈Ω

|vR0
(x)| = 0.

Further wR0
:= u− vR0

∈ Cb(Ω) solves the Poisson problem

λwR0
−AwR0

= f(1− ξR0
) in Ω,

wR0
= 0 on ∂Ω.

As the bounded solution of the Poisson problem is unique by Theorem 2.1, we get from
(2.2) that

‖ wR0
‖L∞(Ω)≤‖ f(1− ξR0

) ‖L∞(Ω)≤‖ f ‖L∞(Rn−BR0
(0)),

and hence together

lim sup
|x|→∞,x∈Ω

|u(x)| = lim sup
|x|→∞,x∈Ω

|wR0
(x)| ≤‖ f ‖L∞(Rn−BR0

(0)) for any R0 > 0.

As ‖ f ‖L∞(Rn−BR0
(0))→ 0 for R0 →∞ by assumption, we get lim|x|→∞,x∈Ω |u(x)| = 0 ,

and the proposition is proved.

✷

This proposition enables us to consider the part A1 of A in the Banach space L∞(Ω) ∩
L∞
0 (Rn) . Its domain is

D(A1) := {u ∈ C0(Ω) ∩W 2,n
loc (Ω) | Au ∈ L∞(Ω) ∩ L∞

0 (Rn) }.

We conclude this section by proving denseness of its image in L∞(Ω) ∩ L∞
0 (Rn) , which

will be needed in Section 6.

Proposition 2.4 Let Ω ⊆ R
n be an open set with (1.1) and A with (1.2).

If Ω 6= R
n or c 6= 0 ∈ L∞(Rn) , then

A D(A1) is dense in L∞(Ω) ∩ L∞
0 (Rn).

Proof:
It suffices by rescaling to prove that for f ∈ L∞(Ω) satisfying {f 6= 0} ⊆ Ω ∩ B1(0) ,
there exists uk ∈ D(A) with Auk → f uniformly on Ω . Actually considering the unique
bounded solution uλ ∈ C0(Ω) of the Poisson problem

λuλ −Auλ = f in Ω,

uλ = 0 on ∂Ω,
(2.12)

by Theorem 2.1 and Proposition 2.3, as f ∈ L∞(Ω) ∩ L∞
0 (Rn) by the compact support

of f , we claim
−Auλ → f uniformly on Ω for λց 0, (2.13)

which proves the proposition.
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First we conclude from (2.2) for ũλ := λuλ ∈ C0(Ω) that

‖ ũλ ‖L∞(Ω)= λ ‖ uλ ‖L∞(Ω)≤‖ f ‖L∞(Ω) . (2.14)

Obviously

λũλ −Aũλ = λf in Ω,

ũλ = 0 on ∂Ω.
(2.15)

Then as in the proof of Theorem 2.1 by interior Calderon-Zygmund estimate, see [GT]
Theorem 9.11, and by local Hölder regularity, see [GT] Corollary 9.29, we get

‖ ũλ ‖W 2,q(Ω′)≤ CΩ′,q

(

‖ ũλ ‖L∞(Ω) + ‖ λf − λũλ ‖L∞(Ω)

)

≤ CΩ′,q for Ω′ ⊂⊂ Ω, q <∞

and

‖ ũλ ‖C0,α(Ω∩BR(0))≤ CR

(

‖ ũλ ‖L∞(Ω) + ‖ λf − λũλ ‖L∞(Ω)

)

≤ CR for R ≥ 1

and 0 < λ ≤ 1 . After passing to a subsequence λk ց 0 , we get

ũλk
→ ũ locally uniformly in Ω (2.16)

with ũ ∈ Cb(Ω) , and, as λũλ, λf → 0 , by (2.15), we get by interior Calderon-Zygmund
estimate, see [GT] Theorem 9.11, that u ∈W 2,q

loc (Ω) and

−Aũ = 0 in Ω,

ũ = 0 on ∂Ω.
(2.17)

We claim

ũ = 0,

ũλ → 0 uniformly on Ω.
(2.18)

To estimate ũλ outside B1(0) ⊇ {f 6= 0} , we observe from (2.15) that

λũλ −Aũλ = 0 in Ω−B1(0),

uλ = 0 on ∂Ω.

If supΩ−B1(0) |ũλ| > 0 , then, as ũλ ∈ C0(Ω) , there exists x0 ∈ Ω−B1(0) with |ũλ(x0)| ≥
supΩ−B1(0) |ũλ| > 0 . If x0 ∈ Ω − B1(0) , we get from the strong maximum prin-
ciple, see [GT] Theorem 9.6, that |ũλ| ≡ |ũλ(x0)| 6= 0 is constant on the com-
ponent of Ω containing x0 , which is a contradiction to ũλ ∈ C0(Ω) . Therefore
x0 ∈ ∂(Ω−B1(0))− ∂Ω ⊆ Ω ∩ ∂B1(0) , and we conclude

‖ ũλ ‖Cb(Ω−B1(0))≤‖ ũλ ‖Cb(Ω∩∂B1(0)) . (2.19)

Then we get from (2.16) that

‖ ũ ‖Cb(Ω−B1(0))≤ lim inf
k→∞

‖ ũλk
‖Cb(Ω−B1(0))≤

10



≤ lim
k→∞

‖ ũλk
‖Cb(Ω∩∂B1(0))=‖ ũ ‖Cb(Ω∩∂B1(0)) . (2.20)

Now if supΩ |ũ| > 0 , we select xk ∈ Ω with |ũ(xk)| → supΩ |ũ| > 0 . Then by (2.20),
we may assume that |xk| ≤ 1 and get after passing to a subsequence xk → x0 ∈
Ω with |ũ(x0)| = supΩ |ũ| > 0 . First this excludes x0 ∈ ∂Ω , as ũ = 0 on ∂Ω . Therefore
x0 ∈ Ω , and we get from (2.17) and the strong maximum principle, see [GT] Theorem 9.6,
that |ũ| ≡ |ũ(x0)| 6= 0 is constant on the component of Ω containing x0 . If Ω 6= R

n , any
component of Ω has non-empty boundary contained in ∂Ω , which gives a contradiction
as ũ = 0 6= ũ(x0) on ∂Ω . Therefore Ω = R

n and

−c · ũ(x0) = −Aũ = 0 in R
n,

hence c = 0 ∈ L∞(Rn) , as ũ(x0) 6= 0 , which again is excluded by assumption. Together
we conclude supΩ |ũ| = 0 or likewise ũ = 0 , which is the first part in (2.18).

This in turn implies with (2.16) that ũλ → ũ = 0 locally uniformly in Ω for λ ց 0 ,
hence

‖ ũλ ‖Cb(Ω∩B1(0))
→‖ ũ ‖

Cb(Ω∩B1(0))
= 0

and with (2.19) that
‖ ũλ ‖Cb(Ω)=‖ ũλ ‖Cb(Ω∩B1(0))

→ 0,

which gives the second part in (2.18).
Finally the second part in (2.18) and (2.12) yield

−Auλ = f − ũλ → f uniformly on Ω,

which establishes the claim (2.13), thereby proving the proposition.

✷

3 The Dirichlet problem for operators in non-divergence

form

In this section, we use our results on the Poisson problem to solve the Dirichlet problem.
We use C0(∂Ω) := {g ∈ C(∂Ω) : lim|x|→∞ g(x) = 0}.

Theorem 3.1 Let Ω ⊆ R
n be an open set with (1.1) and A with (1.2). Then for any

g ∈ Cb(∂Ω) and λ > 0 , there exists a unique u ∈ Cb(Ω) ∩W 2,n
loc (Ω) satisfying

λu−Au = 0 in Ω,

u = g on ∂Ω,
(3.1)

and this solution satisfies
‖ u ‖Cb(Ω)≤‖ g ‖Cb(∂Ω) (3.2)

u ≥ 0, for g ≥ 0, (3.3)

and
lim

|x|→∞,x∈Ω
u(x) = 0, for g ∈ C0(∂Ω). (3.4)

11



Proof:
Uniqueness is immediate from the uniqueness of the solution of the Poisson prob-
lem in Theorem 2.1. Moreover for any solution of the Dirichlet problem satisfying
lim|x|→∞,x∈Ω u(x) = 0 , we apply the Aleksandrov’s maximum principle, see [GT] Theorem
9.1, to get

sup
Ω∩BR(0)

u ≤ sup
∂(Ω∩BR(0))

u+ ≤ sup
∂Ω

g+ + sup
Ω∩∂BR(0)

u+,

hence letting R→∞ , we get
sup
Ω

u ≤ sup
∂Ω

g+,

which gives (3.2) and (3.3) by symmetry.
For existence, we first consider the case, when there is G ∈ C2

c (R
n) with G = g on ∂Ω .

Then we consider by Theorem 2.1 the bounded solution of the Poisson problem

λv −Av = λG−AG ∈ L∞(Ω) in Ω,

v = 0 on ∂Ω.

and see for u := G− v ∈ Cb(Ω) ∩W 2,q
loc (Ω) that

λu−Au = 0 in Ω,

u = g on ∂Ω,

hence u is a bounded solution of the Dirichlet problem.
Moreover, as λG − AG has compact support in R

n , we get from Proposition 2.3
that v(x) → 0 for |x| → ∞ , hence for u as well, as G has compact support, and u
satisfies (3.4) and further (3.2) and (3.3) by above.

Next for g ∈ Cc(∂Ω) , we extend g to G ∈ Cc(R
n) and smoothen this extension to

Gε ∈ C2
c (R

n) with Gε → G uniformly on R
n . By above, there exists a solution of the

Dirichlet problem

λuε −Auε = 0 in Ω,

uε = Gε on ∂Ω,

with (3.2) - (3.4). Then clearly the differences uε − uδ satisfy (3.4) as well and further
(3.2) and (3.3) by above. Therefore

‖ uε − uδ ‖Cb(Ω)≤‖ Gε −Gδ ‖L∞(Rn)→ 0 for ε, δ → 0,

and uε → u uniformly on Ω , in particular u ∈ Cb(Ω) and u = g on ∂Ω . Then by
interior Calderon-Zygmund estimate, see [GT] Theorem 9.11, we see further uε → u ∈
W 2,q

loc (Ω) and λu−Au = 0 in Ω . Clearly u inherits vanishing at infinity in the sense of
(3.4) from uε , hence satisfies (3.2) and (3.3) by above as well.

For general g ∈ Cb(∂Ω) , we choose cut-off functions ξR ∈ Cc(B2R(0)), ξR ≡
1 on BR(0), 0 ≤ ξR ≤ 1 and consider for gR := gξR ∈ Cc(∂Ω) by above a solution
of the Dirichlet problem

λuR −AuR = 0 in Ω,

uR = gR on ∂Ω,

12



with (3.2) - (3.4). We claim after passing to a subsequence

uR → u locally uniformly on Ω for R→∞. (3.5)

If this claim is true, we see u ∈ Cb(Ω) and u = g on ∂Ω and by interior Calderon-
Zygmund estimate, see [GT] Theorem 9.11, further uR → u ∈ W 2,q

loc (Ω) and λu − Au =
0 in Ω , hence u is a solution of the Dirichlet problem. Moreover by (3.2) that

‖ u ‖Cb(Ω)≤ lim inf
R→∞

‖ uR ‖Cb(Ω)≤ lim sup
R→∞

‖ gR ‖Cb(Ω)≤‖ g ‖Cb(Ω),

which is (3.2) for u . If g ≥ 0 , then gR ≥ 0 , hence uR ≥ 0 by (3.3) and u ≥ 0 , which
is (3.3) for u . If g ∈ C0(∂Ω) , then g − gR = g(1 − ξR) → 0 uniformly on ∂Ω , hence,
as uR vanish at infinity, we get by above from (3.2) for the differences uR − uS that

‖ u− uR ‖Cb(Ω)≤ lim inf
S→∞

‖ uS − uR ‖Cb(Ω)≤ lim sup
R→∞

‖ gS − gR ‖Cb(Ω)=‖ g − gR ‖Cb(Ω) .

This means uR → u uniformly on Ω , hence u inherits vanishing at infinity in the sense
of (3.4) from uR .

It remains to prove the claim (3.5). Actually we consider u ∈ Cb(Ω)∩W 2,q
loc (Ω) and 0 <

λ ≤ λ0 <∞, 3 ≤ R <∞ with

λu−Au = 0 in Ω,

u = g on (∂Ω) ∩BR(0),

‖ u ‖L∞(Ω)≤‖ g ‖L∞(∂Ω),

(3.6)

and we prove that the set

E := {u ∈ Cb(Ω) ∩W 2,q
loc (Ω) | u satisfies (3.6) }

is uniformly equicontinuous on Ω ∩BR−2(0).
(3.7)

Clearly uR above satisfy (3.6), and (3.5) follows from (3.7) by the theorem of Arzela-
Ascoli.

To prove equicontinuity, we first rescale for B2̺(x0) ⊆ Ω, 0 < ̺ ≤ 1 by putting
u̺(x) := u(x0 + ̺x), a̺ij(x) := aij(x0 + ̺x), b̺i (x) := ̺bi(x0 + ̺x), c̺(x) := ̺2c(x0 + ̺x) ≤
0 for x ∈ B2(0) , and see that a̺ij, b

̺
i , c

̺ satisfy (1.2) for the same Λ, ν , as ̺ ≤ 1 .
Putting A̺v := a̺ij∂ijv + b̺i ∂iv + c̺v , we see

λ̺2u̺ −A̺u̺ = 0 in B2(0)

and get by local Hölder regularity, see [GT] Corollary 9.24, that

‖ u̺ ‖C0,α(B1(0))≤ C
(

‖ u̺ ‖L∞(B2(0)) + ‖ λu̺ ‖L∞(B2(0))

)

≤ C

for some C = C(Λ, ν,Ω) < ∞ and α = α(Λ, ν,Ω) > 0 , where Λ is an upper bound of
the infinity norm of the coefficients of A̺ which does not depend on 0 < ̺ ≤ 1 , hence

[u]Hα(B̺(x0)) ≤ C̺−α for B2̺(x0) ⊆ Ω, 0 < ̺ ≤ 1. (3.8)
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If Ω = R
n , this already gives uniform equicontinuity of E in R

n . Therefore we assume
Ω 6= R

n or likewise ∂Ω 6= ∅ in the following.
Next we choose a modulus of continuity σ for g|BR(0) ∩ ∂Ω , that is, σ satisfies

|g(x) − g(y)| ≤ σ(|x− y|) for x, y ∈ (∂Ω) ∩BR(0) (3.9)

and σ(t)ց 0 for tց 0 . Then by Hölder regularity at the boundary, see [GT] Corollary
9.28, we get for any x0 ∈ (∂Ω) ∩BR−1(0) that

oscB̺(x)u ≤ C(Λ, ν, n)
(

̺α(‖ u̺ ‖L∞(Ω∩B1(0)) + ‖ λu̺ ‖L∞(Ω∩B1(0)))) + σ(
√
̺)
)

≤

≤ C(̺α + σ(
√
̺)) for 0 < ̺ ≤ 1 (3.10)

and some C = C(Λ, ν, n,Ω, R) <∞ and α = α(Λ, ν, n,Ω, R) > 0 .
Now let x, y ∈ Ω ∩BR−2(0) . In the first case, we assume |x− y| ≤ δd(x, ∂Ω)2 . We

put 2̺ := min(1, d(x, ∂Ω)) , in particular B2̺(x) ⊆ Ω . For x̄ ∈ ∂Ω 6= ∅ , we see

d(x, ∂Ω) ≤ |x− x̄| ≤ R+ |x̄| =: CR

and choose δ > 0 small such that

C2
Rδ, δ ≤ 1/4.

Then
|x− y| ≤ δd(x, ∂Ω)2 ≤ C2

Rδ ≤ 1/4

and

|x− y| ≤ 1

4
d(x, ∂Ω)2,

hence

|x− y| ≤
(1

2
min(1, d(x, ∂Ω))

)2
= ̺2 ≤ ̺,

as ̺ ≤ 1 . Therefore y ∈ B̺(x) , and we get from (3.8) that

|u(x)− u(y)| ≤ [u]Hα(B̺(x0)) · |x− y|α ≤ C̺−α|x− y|α ≤ C|x− y|α/2. (3.11)

In the second case, when |x − y| ≥ δd(x, ∂Ω)2 , we select x0 ∈ ∂Ω 6= ∅ with |x − x0| =
d(x, ∂Ω) . Clearly for ̺ := |x − x0| + |x − y| , we have x, y ∈ B̺(x0) . Further for
|x− y| ≤ c0(δ) ≤ 1 small enough

̺ = |x− x0|+ |x− y| = d(x, ∂Ω) + |x− y| ≤

≤
√

δ−1|x− y|+ |x− y| ≤ Cδ

√

|x− y| ≤ 1,

in particular
|x− x0| ≤ ̺ ≤ 1

and x0 ∈ (∂Ω) ∩BR−1(0) . Then we obtain from (3.10) that

|u(x)− u(y)| ≤ oscB̺(x0)u ≤ C(̺α + σ(
√
̺)) ≤ Cδ(̺

α/2 + σ(Cδ̺
1/4)). (3.12)

Since ̺ ≤ Cδ

√

|x− y| for c0(δ) small enough, (3.11) and (3.12), show uniform equicon-
tinuity of E on Ω ∩BR−2(0) , which is (3.7), and the theorem is proved.
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✷

Now Theorem 1.1 is a consequence of Theorem 2.1 and Theorem 3.1.
As the L∞−bound for the solution of the Dirichlet problem is independent of λ > 0 ,

we can solve the Dirichlet problem also for λ = 0 , but we may loose uniqueness.

Proposition 3.2 Let Ω ⊆ R
n be an open set with (1.1) and A with (1.2). Then for

any g ∈ Cb(∂Ω) , there exists a u ∈ Cb(Ω) ∩W 2,q
loc (Ω) for all q <∞ satisfying

−Au = 0 in Ω,

u = g on ∂Ω,
(3.13)

which satisfies
‖ u ‖Cb(Ω)≤‖ g ‖Cb(∂Ω) (3.14)

and
u ≥ 0, for g ≥ 0. (3.15)

Proof:
For λ > 0 , we consider by Theorem 3.1 the unique bounded solution of the Dirichlet
problem

λuλ −Auλ = 0 in Ω,

uλ = g on ∂Ω.

Then ‖ uλ ‖L∞(Ω)≤‖ g ‖L∞(Ω) by (3.2), and uλ satisfy (3.6). Then for 0 < λ ≤ 1 by

(3.7), the solutions uλ are locally, uniformly equicontinuous on Ω , hence after passing
to a subsequence uλ → u locally uniformly in Ω for λ ց 0 with u ∈ Cb(Ω) , and, as
λuλ → 0 , we get by interior Calderon-Zygmund estimate, see [GT] Theorem 9.11, that
u ∈W 2,q

loc (Ω) and

−Au = 0 in Ω,

u = g on ∂Ω,

u is a bounded solution of the Dirichlet problem. Clearly

‖ uλ ‖L∞(Ω)≤ lim sup
λ→0

‖ uλ ‖L∞(Ω)≤‖ g ‖L∞(Ω),

which is (3.14). For g ≥ 0 , we have uλ ≥ 0 by (3.3), hence u ≥ 0 , which is (3.15), and
the proposition is proved.

✷

As to uniqueness, we see for the Laplace operator in the exterior domain Ω := R
n−B1(0) ,

that the Dirichlet problem

∆u = 0 in R
n −B1(0),

u = 0 on ∂B1(0),

has for n ≥ 3 the solutions

u(x) := α(1 − |x|2−n) for |x| ≥ 1

and any α ∈ R , in particular the solution to this Dirichlet problem is not unique.
Actually, it is unique for n = 2 . For more details, see [DL90] Chapter 2 §4 Example 13
p. 358.

15



4 m-dissipativity and semigroups

Let X be a real Banach space. A semigroup is a mapping S : (0,∞)→ X such that

S(t+ s) = S(t) S(s).

We say that S is a C0-semigroup if

lim
t→0+

S(t)x = x

for all x ∈ X. In that case, setting S(0) := I, the mapping S(.)x : [0,∞) → X is
continuous for all x ∈ X. If S is a C0-semigroup, then its generator A is defined by

Ax = lim
t→0+

S(t)x− x

t

with domain

D(A) :=

{

x ∈ X : lim
t→0+

S(t)x− x

t
exists

}

.

A semigroup S is called contractive if ‖ S(t) ‖ ≤ 1 for all t > 0. If X = L∞(Ω) or
X = C0(Ω) we say that S is positive if for f ∈ X, f ≥ 0 implies S(t)f ≥ 0 for all t > 0.
Here we write f ≥ 0 if f(x) ≥ 0 a.e.; hence f(x) ≥ 0 for all x ∈ Ω if f is continuous.

In this section we show that the part A0 of A in C0(Ω) generates a positive, contractive
C0-semigroup T0 on the space C0(Ω). Define the operator A∞ on L∞(Ω) by

D(A∞) :=
{

u ∈ Cb
(

Ω
)

∩W 2,n
loc (Ω) : u|∂Ω = 0 , Au ∈ L∞(Ω)

}

,

A∞u = Au .

Now Theorem 2.1 can be reformulated as follows.

Theorem 4.1 The operator A∞ is m-dissipative; i.e. for each λ > 0, λ − A∞ is
invertible and ‖ λ(λ−A∞)−1 ‖L∞(Ω) ≤ 1. Moreover, (λ−A∞)−1 ≥ 0. ✷

m-dissipative operators have interesting properties, see e.g. [ABHN11] Section 3.5. If the
coefficient aij are not only bounded and continuous as we are assuming so far, but even
uniformly continuous on Ω, then we will see in Section 5 that A∞ generates a holomorphic
semigroup which is contractive but not a C0-semigroup.

Next we consider the closed subspace

C0(Ω) :=

{

u ∈ C
(

Ω
)

: u|∂Ω = 0, lim
|x|→∞

u(x) = 0

}

of L∞(Ω). Denote by A0 the part of A∞ in C0(Ω). Then

D(A0) =
{

u ∈ C0(Ω) ∩W 2,n
loc (Ω) : Au ∈ C0(Ω)

}

,

A0u := A∞u .

Theorem 4.2 The operator A0 generates a positive contractive C0-semigroup (T0(t))t≥0

on C0(Ω). ✷
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It follows from the results in Section 2 that A0 is m-dissipative. The main point in the
proof of Theorem 4.2 is to show that D(A0) is dense in C0(Ω). For that we need local
Hölder continuity which is a consequence of [GT] Corollary 9.24 and which we used before.

Proof of Theorem 4.2
a) Let λ > 0. Given f ∈ C0(Ω), by Theorem 2.1 there exists a unique u ∈ Cb

(

Ω
)

∩
W 2,n

loc (Ω) such that u|∂Ω = 0 and λu − Au = f . It follows from Proposition 2.3 that
lim|x|→∞, x∈Ω u(x) = 0. Thus u ∈ C0(Ω). This shows that (0,∞) ⊂ ̺(A0) (the resolvent
set of A0). Moreover by (2.3), ‖ λR(λ,A0) ‖ ≤ 1, where R(λ,A0) = (λ−A0)

−1.
b) We show that D(A0) is dense in C0(Ω). Let u ∈ C∞

c (Ω). We show that u ∈ D(A0).
Since C∞

c (Ω) is dense in C0(Ω) this proves the claim.
Let u ∈ C∞

c (Ω), u − Au =: f ∈ L∞(Ω). Then f has compact support. Consider a
mollifier (̺ε)ε>0 C∞

c (Rn); i.e. ̺ε ≥ 0,
∫

Rn ̺ε dx = 1, supp ̺ε ⊂ Bε(0). Let fε = ̺ε ∗ f .
Then fε ∈ C∞

c (Ω), ‖ fε ‖∞ ≤ ‖ f ‖∞ and fε → f in Ln(Ω) as ε → 0. By a) there exist
uε ∈ D(A0) such that uε −A0uε = fε.

We show that uε → u as ε → 0 uniformly on Ω. Let K ⊂ Ω be compact and ε0 > 0
such that supp fε ⊂ K for all ε ∈ (0, ε0]. Choose R > 0 such that K ⊂ BR(0), and let
ΩR := Ω ∩BR(0).

Claim: There exist ̺ > 0, α > 0 such that ‖ uε ‖Cα(B̺(x))≤ const for all ε ∈ (0, ε0], x ∈
ΩR. In fact,

‖ uε ‖L∞(Ω) ≤ ‖ fε ‖L∞(Ω) ≤ ‖ f ‖L∞(Ω), 0 < ε ≤ ε0.

Choose ̺ > 0 such that dist (K,∂Ω) > 2̺. There exist x1, . . . , xm ∈ K such that
K ⊂ ⋃m

j=1B̺(xj). Then there exists δ > 0 such that for each pair z1, z2 ∈ K satisfying
|z1 − z2| ≤ δ there exists j ∈ {1 . . . m} such that z1, z2 ∈ B̺(xj).

By local Hölder regularity [GT] Corollary 9.24, for each j ∈ {1, . . . ,m} we find α > 0,
C > 0 such that |uε(x) − uε(y)| ≤ C|x − y|α whenever x, y ∈ B̺(xj), 0 < ε ≤ ε0. Thus
we find α > 0, C > 0 such that |uε(z1) − uε(z2)| ≤ C|z1 − z2|α for all z1, z2 ∈ K such
that |z1 − z2| ≤ δ and for all 0 < ε ≤ ε0. Since ‖ uε ‖L∞(Ω)≤ c1 for all 0 < ε ≤ ε0 and
some c1 > 0 one has for |z1 − z2| > δ, |uε(z1) − uε(z2)| ≤ 2c1 ≤ (2c1/δ

α)|z1 − z2|α. Thus
sup0<ε≤ε0 ‖ uε ‖Cα(K)< ∞. As a consequence there exists a sequence εm → 0 such that
uεm converges uniformly on K as m→∞. Observe that uε−Auε = 0 on Ω\K. Moreover,
lim|x|→∞, x∈Ω uε(x) = 0.

It follows from the Aleksandrov maximum principle that

‖ uεl − uεm ‖L∞(Ω\K) = ‖ uεl − uεm ‖L∞(∂(Ω\K)) =

= ‖ uεl − uεm ‖L∞(∂K) → 0 as l,m→∞.

Here we used that uε|∂Ω = 0. We have shown that uεm converges uniformly on Ω as
m→∞, say to w ∈ C0(Ω).

By the Calderon-Zygmund estimate [GT] Theorem 9.11, for Ω′ ⊂⊂ Ω there exists
C > 0 such that

‖ v ‖W 2,n(Ω′) ≤ C ‖ v −Av ‖Ln(Ω′) .

This shows that uεm converges inW 2,n
loc (Ω) asm→∞. Thus w ∈W 2,n

loc (Ω) and w−Aw = f .

It follows from Theorem 2.1 that w = u. Thus u = limm→∞ uεm ∈ D(A0).
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c) The Hille-Yosida Theorem implies that A0 generates a contractive C0-semigroup T0

on C0(Ω). Theorem 2.1 shows that for 0 ≤ f ∈ C0(Ω), R(λ,A0)f ≥ 0 for all λ > 0. Thus

T0(t)f = limm→∞

(

I − t
mA0

)−m
f ≥ 0. We have shown that the semigroup T0 is positive.

✷

We show next that the semigroup T0 is irreducible (see [Na86] B-III Definition 3.1).

Proposition 4.3 If Ω is connected, the semigroup T0 is irreducible; i.e. if 0 ≤ f ∈
C0(Ω), then for all x ∈ Ω there exists t > 0 such that (T0(t)f)(x) > 0.

Proof:
Let λ > 0, 0 ≤ f ∈ C0(Ω), f 6= 0, u = R(λ,A0)f . We have to show that u(x) > 0 for all
x ∈ Ω (see [Na86] B-III Definition 3.1). We know that u ≥ 0.

Assume that there exists x0 ∈ Ω such that u(x0) = 0. Then u attains a non-positive,
interior minimum, hence by the strong maximum principle [GT] Theorem 9.11 and since
u ∈W 2,n

loc (Ω), we get that u ≡ 0 is constant on the connected Ω, a contradiction to f 6= 0.

✷

Proposition 4.3 implies that σ(A0) 6= ∅ and that s(A0) = sup{Reλ : λ ∈ σ(A0)} ∈ σ(A0),
see [Na86] C-III Theorem 3.7.

5 Holomorphic semigroups

In this section we show that the C0-semigroup generated by A0 is holomorphic. We
also consider the space L∞(Ω) on which we obtain a holomorphic semigroup which is
not strongly continuous at t = 0. In this section the underlying field is C, i.e. the
spaces Lp(Ω), Cb(Ω), C0(Ω),W

2,p
loc (Ω) are all complex-valued, but the coefficients are all

real valued as before.
We use the following terminology. Let X be a complex Banach space. A holomorphic

semigroup is a holomorphic mapping S : Σθ → L(X) such that S(z1 + z2) = S(z1)S(z2)
for all z1, z2 ∈ Σθ,

sup
z∈Σθ,|z|≤1

‖ S(z) ‖<∞ (local bondedness)

and such that for x ∈ X,S(t)x = 0 for all t > 0 implies x = 0 (non-degeneracy). Here
θ ∈ (0, π/2] and Σθ is the sector Σθ :=

{

reiα : r > 0, |α| < θ
}

. To make the angle precise
we say that S is a holomorphic semigroup of angle θ. As a consequence, there exist
M ≥ 0, ω ∈ R such that

‖ S(z) ‖≤Meω|z| (z ∈ Σθ). (5.1)

Moreover, there exists a unique operator B on X such that {λ ∈ C : Reλ > ω} ⊂ ̺(B)
and

R(λ,B) =

∞
∫

0

e−λtS(t) dt (Reλ > ω).
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We call B the generator of S. Here, ̺(B) := {λ ∈ C : λ − B : D(B) →
X is bijective and (λ − B)−1 ∈ L(X)} denotes the resolvent set of B. For λ ∈
̺(B), R(λ,B) := (λ − B)−1 is the resolvent of B at λ. The set σ(B) = C\̺(B) is the
spectrum of B. In fact one has even Σθ+π/2 ⊂ ̺(B) and R(λ,B) =

∫∞
0 e−λtS(t) dt when-

ever λ ∈ Σθ+π/2. By [Lu95] Proposition 2.1.1 (c), we have S(t)X ⊂ D(B) and S′(t) =

BS(t) for all t > 0 . Moreover, S is a C0-semigroup if and only if D(B) = X. In that
case limz→0,z∈Σθ

S(z)x = x for all x ∈ X.

Remark (non-degeneracy): The non-degeneracy condition is supposed to make sure
that B is an operator (and not just a relation). The C0-condition implies trivially non-
degeneracy. Since S is holomorphic, S is non-degenerate if and only if S(z) is injective for
all (equivalently one) z ∈ Σθ. In fact, if S(z0)x = 0, then S(t0 + t)x = S(t)S(z0)x = 0 for
all t > 0. By the uniqueness theorem this implies that S(z)x = 0 for all z ∈ Σθ. Hence
x = 0, if S is non-degenerate.

Generators of holomorphic semigroups can be characterized as follows.

Proposition 5.1 An operator B on X generates a holomorphic semigroup S if and only
if there exists ω ∈ R such that

λ ∈ ̺(B) whenever Reλ > ω and sup
Reλ>ω

‖ λR(λ,B) ‖<∞.

In that case

S(t) = lim
m→∞

(

I − t

m
B

)−m

(5.2)

in L(X) for all t > 0. ✷

This follows from [ABHN11] Corollary 3.7.12 and Proposition 3.7.4. The Euler formula
(5.2) follows from Widder’s Theorem [ABHN11] Theorem 1.7.7 (cf. the proof of [ABHN11]
Corollary 3.3.6).

For later purposes we give the following result on invariant subspaces. If B is an
operator on X and Y a subspace of X, the part BY of B in Y is defined by

D(BY ) := {y ∈ D(B) ∩ Y : By ∈ Y },
BY y := By.

Proposition 5.2 Let B be the generator of a holomorphic semigroup S : Σθ → L(X)
where 0 < θ ≤ π/2 such that ‖ S(t) ‖≤Meωt(t > 0) and let Y be a closed subspace of X.
If

R(λ,A)Y ⊂ Y for λ > ω,

then S(z)Y ⊂ Y for all z ∈ Σθ and SY (t) := S(z)|Y defines a holomorphic semigroup SY

on Y whose generator is BY .

Proof:
By the definition of BY , we have (ω,∞) ⊂ ̺(BY ) and R(λ,BY ) = R(λ,B)|Y for all λ > ω.
Let y ∈ Y . Then by (5.2), S(t)y = limn→∞(I − t

nB)−ny ∈ Y for all t > 0. We show that
even S(z)Y ⊂ Y for all z ∈ Σθ. Denote by q : X → X/Y the quotient map. Then

q ◦ S : Σθ → L(X,X/Y )
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is holomorphic. Since q ◦ S|(0,∞) = 0, it follows from the uniqueness theorem for holomor-
phic functions that q(S(z)) = 0 for all z ∈ Σθ. Thus S(z)Y ⊂ Y for all z ∈ Σθ. It is clear
that SY is a holomorphic semigroup of angle θ on Y . Moreover, for y ∈ Y , we have

R(λ,BY )y = R(λ,B)y =

∞
∫

0

e−λtS(t)y dt =

∞
∫

0

e−λtSY (t)y dt.

Thus BY is the generator of SY .

✷

Now we consider the domain Ω and the real coefficients satisfying the hypotheses
formulated in the introduction. But in the present and following sections we assume in
addition that the aij : Ω→ R are uniformly continuous. Throughout this section

we consider complex spaces. As before the operator A : W 2,n
loc (Ω) → Ln

loc(Ω) is given by
Au =

∑

aij∂i∂ju+
∑

bj∂ju+ cu and we define its part A∞ in L∞(Ω) by

D(A∞) :=
{

u ∈ Cb(Ω) ∩W 2,n
loc (Ω) : u|∂Ω = 0, Au ∈ L∞(Ω)

}

,

A∞u = Au.

Theorem 5.3 The operator A∞ generates a holomorphic semigroup T on L∞(Ω).
Moreover

‖ T (t) ‖L(L∞(Ω)) ≤ 1

for all t > 0 and T (t)f ≥ 0 for all t > 0 if 0 ≤ f ∈ L∞(Ω). ✷

For the proof we need some preparation. The following result is valid for arbitrary complex
Banach lattices E,F . We need it for E = F = L∞(Ω) and for E = Cb(∂Ω) and F = Cb(Ω).

Lemma 5.4 Let S : E → F be linear such that

f ≥ 0⇒ Sf ≥ 0 and ‖ Sf ‖F ≤ ‖ f ‖E if 0 ≤ f ∈ E.

Then ‖ S ‖ ≤ 1.

Proof:
For any f ∈ E, |f | = supθ∈RRe(eiθf). Hence |Sf | ≤ S|f |. Thus ‖ Sf ‖ = ‖ |Sf | ‖ ≤
‖ S|f | ‖ ≤ ‖ |f | ‖ = ‖ f ‖.

✷

Let λ > 0. As a consequence of Theorem 2.1, (0,∞) ⊂ ̺(A∞). Since R(λ,A)f ≥ 0 and
‖ λR(λ,A∞)f ‖L∞(Ω) ≤ ‖ f ‖L∞(Ω) if 0 ≤ f ∈ L∞(Ω), it follows from Lemma 5.4 that

‖ λR(λ,A) ‖L(L∞(Ω)) ≤ 1 (λ > 0).

We have shown that A∞ is m-dissipative and R(λ,A∞) ≥ 0 for λ > 0.

Lemma 5.5 Let B be an m-dissipative operator on a complex Banach space X. Then
(λ−B) is invertible and ‖ (λ−B)−1 ‖ ≤ 1/Reλ whenever Reλ > 0.
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Proof:
By [ABHN11] Corollary 3.4.6 there exists S : (0,∞)→ L(X) satisfying S(0) = 0 and

‖ S(t)− S(s) ‖ ≤ |t− s|

such that

(λ−A)−1 =

∞
∫

0

λe−λtS(t) dt

if Reλ > 0. Let x ∈ X,x′ ∈ X ′ such that ‖ x ‖ ≤ 1, ‖ x′ ‖ ≤ 1. Then there exists
h ∈ L∞(0,∞) such that ‖ h ‖L∞(0,∞) ≤ 1 and

〈S(t)x, x′〉 =

t
∫

0

h(s) ds (t > 0).

Integration by parts yields

∣

∣〈(λ−A)−1x, x′〉
∣

∣ =

∣

∣

∣

∣

∣

∣

∞
∫

0

e−λth(t) dt

∣

∣

∣

∣

∣

∣

≤
∞
∫

0

e−Reλt ‖ h ‖∞ dt ≤ 1

Reλ
.

This proves the claim.

✷

For the proof of Theorem 5.3 we will use known holomorphy estimates on R
n. For that

we extend the coefficients to R
n.

Lemma 5.6 There exist uniformly continuous, bounded extensions ãij : Rn → R of aij
such that

n
∑

i,j=1

ãij(x)ξiξj ≥ min
{ν

2
, 1
}

|ξ|2

for all x ∈ R
n, ξ ∈ R

n.

Proof:
By a result of [McS34] Theorem 2 there exist uniformly continuous, bounded extensions
bij : Rn → R of aij. Let ǫ = (ν/2) (1/n2). There exists δ > 0 such that |x − y| < δ
implies |bij(x)− bij(y)| < ǫ. Choose a continuous function ϕ : R→ R such that ϕ(r) = 1
for r ≤ 0, ϕ(r) = 0 for r ≥ δ and 0 < ϕ(r) < 1 if 0 < r < δ. Let η(x) = ϕ(d(x,Ω)).
Then η : Rn → R

n is uniformly continuous and η(x) = 1 if x ∈ Ω, η(x) = 0 if x /∈ Ωδ and
0 < η(x) < 1 if x ∈ Ωδ\Ω, where Ωδ = {x ∈ R

n : dist(Ω, x) < δ}.
Let

ãij(x) = η(x)bij(x) + (1− η(x))δij .

Then ãij is uniformly continuous on R
n, ãij(x) = aij(x) for x ∈ Ω.

For x ∈ Ω,
∑

ãij(x)ξiξj ≥ v|ξ|2, for x /∈ Ωδ,
∑

ãij(x)ξiξj = |ξ|2. For x ∈ Ωδ\Ω we choose
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y ∈ Ω s.t. |x− y| < δ. Then |bij(x)− aij(y)| < ǫ = (ν/2) (1/n2).
Hence

n
∑

i,j=1

ãijξiξj =

n
∑

i,j=1

η(x)(bij(x)− aij(y)ξiξj +

n
∑

i,j=1

η(x)aij(y)ξiξj + (1− η(x))|ξ|2 ≥

≥ −ǫ
n
∑

i,j=1

ξiξj
|ξ|2 |ξ|

2η(x) + η(x)ν|ξ|2 + (1− η(x))|ξ|2.

✷

We extend bj and cj by 0 on R
n\Ω. Define B : W 2,n

loc (R
n)→ Ln

loc(R
n) by

Bu :=

n
∑

i,j=1

ãij(x)∂i∂ju+

n
∑

i=1

bi∂iu+ cu,

and then define the operator B∞ on L∞(Ω) by

D(B∞) =
{

u ∈W 2,n
loc (R

n) ∩ L∞(Ω);Bu ∈ L∞(Ω)
}

,

B∞u = Bu.

Perturbing a result of Lunardi [Lu95] it was shown in [ASch14] Theorem 4.6 that B∞

generates a holomorphic semigroup on L∞(Rn); i.e. there exist ω ∈ R,M ≥ 0 such that
(λ−B∞) is invertible and

‖ λ(λ−B∞)−1 ‖ ≤M (5.3)

whenever Reλ > ω.
It is here that we need the assumption that the coefficients aij are uniformly continuous.

Proof of Theorem 5.3:
Let Reλ > ω ≥ 0 where ω ≥ 0 is such that (5.3) holds. Let f ∈ L∞(Ω). Since A∞

is m-dissipative, by Lemma 5.5, there exists a unique u ∈ Cb(Ω) ∩ W 2,n
loc (Ω) such that

λu−Au = f , and u|∂Ω = 0. By (5.3) there exists a unique v ∈ Cb(Rn)∩W 2,n
loc (R

n) such that
λv−Av = f , where we extend f by 0 outside Ω. Moreover, ‖ λv ‖L∞(Rn) ≤M ‖ f ‖L∞(Ω).

Let w = u− v ∈ Cb(Ω) ∩W 2,n
loc (Ω). Then λw −Aw = 0. We want to show that

‖ w ‖Cb(Ω) ≤ ‖ w ‖Cb(∂Ω) .

For that we modify w as in Lemma 2.2 using the same notation. For δ > 0 small, let
wδ = ηδw. Then λwδ − Aδwδ + |cδ |wδ = |cδ|wδ. Since lim|x|→∞wδ(x) = 0, there exists

x0 ∈ Ω such that
|wδ(x0)| = sup

x∈Ω

|wδ(x)| > 0 (if w 6= 0).

Assume that x0 ∈ Ω. Then by [ASch14] Lemma 4.2,

Re(wδ(x0) · (λwδ(x0)− |cδ|wδ(x0))) = Re(wδ(x0) · (Aδwδ − |cδ |wδ)(x0)) ≤ 0

Hence
(Reλ)|wδ(x0)|2 ≤ |cδ |(wδ(x0))

2 ≤ δC|wδ(x0)|2.
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Choosing δ > 0 so small that δC < Reλ, we deduce that wδ(x0) = 0, a contradiction.
Thus x0 ∈ ∂Ω. Consequently,

‖ wδ ‖Cb(Ω) ≤ ‖ wδ ‖Cb(∂Ω)

for δ > 0 small. Let x ∈ Ω. Then

|wδ(x)| ≤ ‖ wδ ‖Cb(∂Ω) ≤ ‖ w ‖Cb(∂Ω) .

Sending δ → 0+, we deduce that |w(x)| ≤ ‖ w ‖Cb(∂Ω). Hence ‖ w ‖Cb(Ω) ≤ ‖ w ‖Cb(∂Ω) =
‖ v ‖Cb(∂Ω). Then

‖ λu ‖Cb(Ω) = ‖ λω + λv ‖Cb(Ω) ≤ ‖ λω ‖Cb(Ω) + ‖ λv ‖Cb(Ω)≤
≤ ‖ λv ‖Cb(∂Ω) + ‖ λv ‖Cb(Ω) ≤ 2M ‖ f ‖L∞(Ω) .

We have shown that ‖ λR(λ,A∞) ‖L(L∞(Ω)) ≤ 2M for Reλ > ω. Thus A∞ generates a
holomorphic semigroup T on L∞(Ω). Since A∞ is dissipative, it follows from [ABHN11]
Proposition 3.7.16 that

‖ T (t) ‖L(L∞(Ω)) ≤ 1 for all t ∈ (0,∞).

For λ > 0 we have

0 ≤ (λ−A∞)−1 =

∞
∫

0

e−λt T (t) dt.

By (5.2) this implies that T (t) ≥ 0.

✷

Next we consider the closed subspace

C0(Ω) :=

{

u ∈ Cb(Ω) : u|∂Ω = 0, lim
|x|→∞,x∈Ω

u(x) = 0

}

of L∞(Ω). By A0 we denote the part of A∞ in C0(Ω), i.e.

D(A0) :=
{

u ∈W 2,n
loc (Ω) ∩ C0(Ω) : Au ∈ C0(Ω)

}

,

A0u := Au.

Then, as a consequence of Lemma 5.4 and Theorem 4.2, the operator A0 generates a
positive contractive C0-semigroup T0 on C0(Ω).

Corollary 5.7 Consider θ ∈ (0, π/2] such that the holomorphic semigroup T generated
by A∞ has angle θ. Then T (z)C0(Ω) ⊂ C0(Ω) for all z ∈ Σθ and T|C0(Ω) : Σθ → L(C0(Ω))
is a holomorphic C0-semigroup whose generator is A0.
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Proof:
By Proposition 2.3, R(λ,A∞)C0(Ω) ⊂ C0(Ω) for all λ > 0. Now the claim follows from
Proposition 5.2.

✷

Corollary 1.4 from the introduction is an immediate consequence of Corollary 5.7 and well-
known properties of holomorphic C0−semigroups, see for example [ABHN11] Corollary
3.7.21.

The semigroup T0 is positivity-improving in the following sense.

Proposition 5.8 Let 0 ≤ f ∈ C0(Ω), f 6= 0. Then (T0(t)f)(x) > 0 for all x ∈ Ω, t > 0.

Proof:
Since T0 is irreducible by Proposition 4.3 the claim follows from holomorphy by a result
of Majewski and Robinson [Na86] C-III Theorem 3.2 b.

✷

We may also consider the closed subspace

E1 := L∞(Ω) ∩ L∞
0 (Rn) =

{

u ∈ L∞(Ω) : lim
|x|→∞

u(x) = 0

}

.

By the same proof and with the same notations as in Corollary 5.7 one obtains the fol-
lowing.

Corollary 5.9 One has T (z)E1 ⊂ E1 for all z ∈ Σθ and the restriction T1 of T to E1

defines a holomorphic semigroup on E1. Its generator A1 is given by

D(A1) :=
{

u ∈W 2,n
loc (Ω) ∩ C0(Ω) : Au ∈ E1

}

,

A1u := Au.

✷

We conclude this section commenting on the case where Ω is bounded. Then Theorem 5.3
also holds if Ω is merely Wiener regular, but does not necessarily satisfy the uniform exte-
rior cone condition if in addition one assumes that the coefficients aij are Dini-continuous,
see [ASch14] Theorem 4.1. The proof was based on elliptic results by Krylov. Those have
been generalized recently by H. Dong, D-H Kim and S. Kim [DKK25].

6 Asymptotic behavior as t→∞
We keep the assumptions of Section 5. In particular, all spaces are complex and T is
the holomorphic semigroup generated by A∞ on L∞(Ω). Recall that c ∈ L∞(Ω) is the
coefficient of order 0 of A and c ≤ 0. Recall also that we assume that the coefficients aij
are supposed to be uniformly continuous. Our aim is to prove the following result.
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Theorem 6.1 Assume that Ω 6= R
n or c 6= 0. Let f ∈ L∞(Ω) such that

limR→∞ ‖ f ‖L∞(Ω\BR(0))= 0. Then

lim
t→∞

‖ T (t)f ‖L∞(Ω)= 0.

✷

Remark 6.2 If Ω = R
n and c = 0, then T (t)1Ω = 1Ω for all t > 0 so that the assertion

of Theorem 6.1 does not hold for f = 1Ω. ✷

We will use the following abstract result which is based on the complex Tauberian theorem
[ABHN11] Corollary 4.4.10.

Theorem 6.3 Let S be a holomorphic semigroup on a Banach space X with generator
B. Assume that

(a) supt>0 ‖ S(t) ‖ <∞ and

(b) σ(B) ∩ iR ⊂ {0}.

Then limt→∞ S(t)x = 0 for all x ∈ ranB.

Proof:
For 2 ≤ s < t,

‖ S(t)− S(s) ‖ =
∥

∥

∥

∥

∥

t
∫

s

d

dr
S(r) dr

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

t
∫

s

BS(r) dr

∥

∥

∥

∥

∥

=

=

∥

∥

∥

∥

∥

t
∫

s

S(r − 1)BS(1) dr

∥

∥

∥

∥

∥

≤ M ‖ BS(1) ‖ |t− s|.

Thus S is Lipschitz continuous on [2,∞) and in particular slowly oscillating (see [ABHN11]
Definition 4.2.1).
Now let x = By where y ∈ D(B), f(t) = S(t)x. Then f is slowly oscillating and

t
∫

0

f(s) ds =

t
∫

0

S(s)By ds = S(t)y − y.

Thus

sup
t>0

∥

∥

∥

∥

∥

t
∫

0

f(r) dr

∥

∥

∥

∥

∥

<∞.

Now by [ABHN11] Corollary 4.4.10, the spectral hypothesis (b) implies that

lim
t→∞

f(t) = 0.

Since S is bounded on (0,∞), it follows that limt→∞ S(t)x = 0 for all x ∈ ranB.

✷
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Corollary 6.4 More generally, the following holds under the assumptions (a) and (b) of
Theorem 6.3. Let x ∈ X. Then

limt→∞ S(t)x = 0 if and only if

S(t0)x ∈ ranB for some t0 > 0 if and only if

S(t)x ∈ ranB for all t > 0.

Proof:
If S(t0)x ∈ ranB, then Theorem 6.3 implies that

lim
t→∞

S(t)x = lim
t→∞

S(t)S(t0)x = 0.

Conversely, assume that limt→∞ S(t)x = 0. Let x′ ∈ X ′ such that x′|ranB = 0. Then

d

dt
〈x′, S(t)x〉 = 〈x′, BS(t)x〉 = 0

for all t > 0. Hence 〈x′, S(·)x〉 is constant. Since limt→∞ S(t)x = 0, it follows that
〈x′, S(t)x〉 = 0 for all t > 0. Thus S(t)x ∈ ranB by the Hahn-Banach Theorem.

✷

For the proof of Theorem 6.1 we use the following result of Greiner.

Theorem 6.5 (Greiner) Let B be an operator on L∞(Ω) (or more generally on a com-
plex Banach lattice) such that (0,∞) ⊂ ̺(B),

sup
λ>0
‖ λR(λ,B) ‖<∞,

and R(λ,B) ≥ 0 for all λ > 0. Then σ(B)∩ iR is cyclic; i.e., if iη ∈ σ(B), where η ∈ R,
then iηk ∈ σ(B) for all k ∈ Z.

Proof:
This is [Na86] C-III Remark 2.15 (a).

✷

Proof of Theorem 6.1:
Since ‖ λR(λ,A∞) ‖ ≤ 1 for λ > 0, the hypotheses of Greiner’s Theorem are satisfied.
Since A∞ generates a holomorphic semigroup one has ω + Σθ+π/2 ⊂ ̺(A∞) for some
ω ∈ R, θ ∈ (0, π/2]. Thus σ(A∞)∩ iR is bounded. By Greiner’s Theorem this implies that
σ(A∞)∩ iR ⊂ {0}. Let f ∈ L∞(Ω)∩L∞

0 (Rn). Then by Proposition 2.4, f ∈ ran(A∞). It
follows from Theorem 6.3 that limt→∞ T (t)f = 0.

✷
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Corollary 6.6 Assume that c 6= 0 or Ω 6= R
n. Then the semigroup T0 is stable; i.e.

lim
t→∞

T0(t)f = 0 in C0(Ω)

for all f ∈ C0(Ω). ✷

Recall that we assume here that the coefficients aij are uniformly continuous on Ω. This
was needed for the proof of the holomorphy of T0. We do not know whether Corollary 6.6
is true if the aij are merely bounded and continuous as in Section 4. It would be enough
to show that σ(A0) ∩ iR is bounded. We also do not know whether Corollary 6.6 is true
for Ω = R

n if c = 0. It is so, if A has constant coefficients as can be seen by the explicit
formula for T0 in that case. But in general, if c = 0 and Ω = R

n, then we do not know
whether ranA0 is dense in C0(Ω).
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