LOG CALABI-YAU PAIRS OF BIRATIONAL COMPLEXITY ZERO

JOSHUA ENWRIGHT, FERNANDO FIGUEROA, AND JOAQUIN MORAGA

ABSTRACT. In this article, we study the geometry of log Calabi—Yau pairs (X, B) of index one and birational
complexity zero. Firstly, we propose a conjecture that characterizes such pairs (X, B) in terms of their dual
complex and the rationality of their log canonical places. Secondly, we show that for these pairs the open set
X\B is divisorially covered by open affine subvarieties which are isomorphic to open subvarieties of algebraic
tori. We introduce and study invariants that measure the number of these open subvarieties of algebraic tori.
Thirdly, we study boundedness properties of log Calabi—Yau pairs of index one and birational complexity
zero. For instance, in dimension 2 we prove that such pairs are affinely bounded.
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1. INTRODUCTION

Calabi—Yau varieties are one of the three building blocks of smooth projective varieties. Log Calabi—Yau
pairs (X, B) are geometric objects that appear as degenerations of Calabi—Yau varieties. The complexity of
a log Calabi-Yau pair (X, B) is defined to be

¢(X,B) :=dim X + dim Clg(X) — |B|,

where |B| is the sum of the coefficients of B. The complexity of a log Calabi—Yau pair is non-negative and
it determines whether the log Calabi-Yau pair is toric (see [3, Theorem 1.2]). The birational complezity,
denoted by cpi (X, B), of a log Calabi—Yau pair (X, B), is the infimum among the complexities of birational
models of (X, B). The birational complexity has recently been introduced by Mauri and the third author
as a proxy to study the dual complex of log Calabi-Yau pairs [22]. Log Calabi-Yau pairs of index one' and
birational complexity zero are precisely those that admit birational toric models [22, Theorem 1.6]. In this
article, we study the geometry of log Calabi—Yau pairs of index one and birational complexity zero.
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IThe indez of a log Calabi—Yau pair (X, B) is the smallest positive integer m for which m(Kx + B) ~ 0.
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1.1. Birational complexity zero. In this subsection, we discuss a fundamental conjecture and a structural
theorem for log Calabi—Yau pairs of birational complexity zero.

In what follows, we write ™ for the sum of the coordinate hyperplanes of the n-dimensional projective
space P™. Thus, the log pair (P",¥") is a log Calabi—Yau pair of index one. We propose the following
conjecture that characterizes log Calabi-Yau pairs admitting toric models, i.e., log Calabi-Yau pairs of
birational complexity zero and index one.

Conjecture 1.1. Let (X, B) be a log Calabi—Yau pair of dimension n. Assume that the following conditions
are satisfied:

(1) we have D(X, B) ~p1, S"71; and
(2) each dit stratum of (X, B) is rational.

Then, we have cpir (X, B) = 0. In particular, we have a crepant birational map (P™,£") --» (X, B).

In the previous conjecture, the dlt strata of (X, B) are the strata of a dlt modification of the pair (see
Definition 2.6). Let us emphasize that due to [9, Corollary 4.(i)] and [20, Proposition 3], Conjecture 1.1.(1)
implies that Kx + B ~ 0. This explains the last line in the statement of the conjecture. Conjecture 1.1
is known in dimension 2 by the work of Gross, Hacking, and Keel [15, Proposition 1.3]. Furthermore,
Conjecture 1.1 is known for X ~ P3 by the work of Ducat [7, Theorem 1.2]. It is worth mentioning that
the previous conjecture fails if we drop any of its hypotheses. In [16, §3], Kaloghiros gives an example of
a log Calabi-Yau pair (X, B) with D(X, B) ~p;, S? and X is birationally superrigid. In particular, the
pair (X, B) does not have a toric model, so its birational complexity is positive. In [22, Theorem 1.18], the
authors give examples, in each dimension n > 3, of log Calabi—Yau pairs (X,,, B,,) of dimension n, birational
complexity n, rational dlt strata, and dual complex D(X,,, B,) ~pr, ]P’]g_l.

We turn to state a structural theorem for log Calabi—Yau pairs of index one and birational complexity
zero. Toric varieties are covered by algebraic tori with monomial gluing functions. Cluster varieties can be
regarded as generalizations of toric varieties. A cluster variety admits a big open subset that is covered by
algebraic tori. In the case of cluster varieties, the gluing functions are not necessarily monomial, however,
they preserve the volume function of the tori. The following theorem is a generalization of the previous facts
to the case of log Calabi—Yau pairs of birational complexity zero. As it is expected, in this broader setting,
one needs to consider more general affine varieties to perform these coverings.

Theorem 1.2. Let (X, B) be a log Calabi-Yau pair of dimension n, index one and birational complexity
zero. Then, there is a finite set {U;}icr of open affine subvarieties of X\B satisfying the two following
conditions:

(1) the set {U;}icr divisorially covers X\B;* and

(2) each U; is isomorphic to an open subset of G

m-*

The open sets in Theorem 1.2 appear as ¢(GI%,\Ex(¢)) where ¢: (P",X") --» (X, B) is a crepant birational
map. We say that a finite set {¢;}iesr of crepant birational maps ¢;: (P™,X") --s (X, B) divisorially covers
(X, B) if the open affines U; := ¢;(G\Ex(¢;)) divisorially cover X\B (see Definition 2.21).

Theorem 1.2 states that whenever cp;, (X, B) = 0 the variety X\B is divisorially covered by open subsets
U < G},. The geometry of U is determined by its complement on Gj},. We turn to study this complement
in the following subsection.

2We say that an algebraic variety V is divisorially covered by the open sets Uy, ..., Uy if codimy (V\ Ui-“:l Ui) > 2.
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1.2. The torus exceptional degree. In this subsection, we study the affine open subvarieties covering log
Calabi—Yau pairs of birational complexity zero. Let (X, B) be a log Calabi-Yau pair and let ¢: (P, X") --»
(X, B) be a crepant birational map. We define the torus exceptional degree of ¢ to be

T() 1= degpn (Ex'(¢)

=)

where Exl(go) is the reduced divisorial part of the exceptional locus of ¢. Note that the torus exceptional
degree is zero if and only if ¢ induces an embedding of a big open subset of the algebraic torus G}},. A big
open subset of an algebraic torus will be called an almost torus. The torus exceptional degree of (X, B) is
defined to be:

T(X,B) :=min{T (¢) | ¢: (P"*,X") --» (X, B) is a crepant birational map }.

In the case that the set in the definition is empty, we will set 7 (X, B) = co. If (X, B) is a log Calabi—Yau
pair of index one, then the torus exceptional degree T (X, B) is finite if and only if cpir (X, B) = 0. The total
torus exceptional degree is defined to be:

Ti(X, B) = min {Z T ()

el

{o}icr is a set of crepant birational maps divisorially covering (X, B)} .

In Subsection 2.3, we expand on the aforementioned definitions. The following gives a structural theorem
for the torus exceptional degree and the total torus exceptional degree.

Theorem 1.3. Let (X, B) be a log Calabi—Yau pair of index one. The following statements hold:
(1) we have T¢(X,B) = T(X,B) = 0;
(2) the value T¢(X, B) is finite if and only if (X, B) has birational complexity zero;

(3) T(X,B) =0 if and only if (X, B) is divisorially covered by finitely many almost tori; and

(4) If X is a Q-factorial Fano variety and T (X, B) = 0, then the log Calabi-Yau pair (X, B) is covered
by finitely many algebraic tori.

Theorem 1.3.(3) was first proved by Corti in [4, Theorem 23]. We use analogous methods and write our
proof for the sake of completeness. In dimension two, we prove that the torus exceptional degree is either
infinite or bounded above by 13.

Theorem 1.4. Let (X, B) be a log Calabi-Yau surface of index one and birational complexity zero. Then,
we have T(X,B) <13

The previous theorem states that log Calabi—Yau surfaces of birational complexity zero admit affine charts
of the form ¢(G2,\Ex(¢)) where ¢: G2, --» X\B is a birational map and the degree of Ex(¢) is bounded
above. In Example 6.2, we show that there is a sequence log Calabi—Yau pairs (X, B;) of dimension 2, index
one, and birational complexity zero, for which the sequence T;(X,, B,,) diverges to infinity. Theorem 1.4
will be a consequence of the following explicit result for Gorenstein del Pezzo surfaces of rank one.

Theorem 1.5. Let X be a Gorenstein del Pezzo surface of Picard rank one. Let (X, B) be a log Calabi—Yau
pair of index one and birational complexity zero. Then, we have T(X,B) €{0,1,...,13}.

We propose the following conjecture which predicts that the torus exceptional degree is bounded above
in terms of the dimension.

Conjecture 1.6. Let n be a positive integer. There exists a positive integer t,, only depending on n,
satisfying the following. Let (X, B) be a log Calabi-Yau pair of dimension n, index one, and birational
complexity zero. Then, we have T(X, B) < t,
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1.3. Connections with boundedness. In this subsection, we draw a connection between log Calabi—Yau
pairs of birational complexity zero and boundedness of algebraic varieties. First, we introduce the concept
of affinely bounded families of projective varieties.

Definition 1.7. Let F be a family of projective varieties. We say that F is affinely bounded if there exists
a scheme T of finite type over the ground field K and a finite type affine morphism &/ — T such that every
element X € F admits an open affine set isomorphic to U; for some t € T.

Bounded families of projective varieties are affinely bounded. In Example 6.5, we recall that the converse
is not true. Further, affinely bounded families are birationally bounded. In Example 6.6, we show that there
are families of rational varieties that are not affinely bounded. As an application of Theorem 1.4, we obtain
the following theorem.

Theorem 1.8. Let F5 be the family of projective surfaces X satisfying the following conditions:
e there is a log Calabi-Yau pair (X, B) with Kx + B ~ 0; and
e we have cpi (X, B) = 0.

Then the family Fs is affinely bounded.

We expect the previous theorem to generalize to higher dimensions.

Conjecture 1.9. Let F,, be the family of n-dimensional projective varieties X satisfying the following
conditions:

e there exists a log Calabi-Yau pair (X, B) with Kx + B ~ 0; and

e we have cpi (X, B) = 0.
Then the family F,, is affinely bounded.

1.4. The cluster type. In this subsection, we introduce the concept of cluster type log Calabi—Yau pairs
and prove some structural theorems about these pairs. We say that a log Calabi—Yau pair (X, B) is of
cluster type if T(X,B) = 0. By Theorem 1.3, for a log Calabi—Yau pair (X, B) of cluster type the open
subvariety X\B is covered by finitely many almost tori. In this case, the cluster type of (X, B), denoted by
C(X, B), is the smallest number of almost tori needed to divisorially cover X\B. If a log Calabi—Yau pair
is not of cluster type, then we set C(X, B) = 0. The following theorem characterizes log Calabi—Yau toric
pairs among pairs of cluster type.

Theorem 1.10. Let (X, B) be a log Calabi-Yau pair. Then, we have that C(X,B) = 1. Furthermore, the
equality holds if and only if the pair (X, B) is a toric log Calabi—Yau pair.

In Example 6.7, we show that for every ¢ > 1 there exists a log Calabi—Yau surface (X, B) of cluster type
with C(X, B) = ¢. One observes that the log Calabi-Yau surfaces constructed in Example 6.7 are also of
large complexity, arising by performing a large number of non-toric blow ups of a toric pair. The following
theorem puts this observation in context.

Theorem 1.11. Let (X, B) be a log Calabi-Yau pair of index one and cluster type. Then
C(X,B) <c¢(X,B) + 1.

In a related direction, the following theorem states that positivity of the boundary also imposes bounds
on the cluster type, at least in the case of surfaces.

Theorem 1.12. Let X be a Fano surface and let (X, B) be a log Calabi—Yau pair. Then we have C(X, B) €
{1,2, 00}.



LOG CALABI-YAU PAIRS OF BIRATIONAL COMPLEXITY ZERO 5

The previous theorem states that Fano surfaces of cluster type are quite similar to Fano toric surfaces. In
particular, for every Fano surface X of cluster type, we can write

X = G?n Ue G%@ U'Zzl Gm,i I—'i‘€=1 {xl}

where ¢*Q = Q with Q = % and the z1,...,x, € X are closed points. Another pleasant property
shared between cluster type surfaces and toric surfaces is a tight bound on the number of singular points in
terms of Picard rank. It is shown in [1, Theorem 1.1] that a log Del Pezzo surface of Picard rank one has at
most 4 singular points, and in [17, Corollary 1.8.1] it is shown that a log Del Pezzo of arbitrary Picard rank

p has at most 2p + 4 singular points. For cluster type surfaces, we prove the following:
Theorem 1.13. Let (X, B) be a log Calabi-Yau surface of index one and cluster type. Then
| Xsingl < p(X) + 2.

1.5. Connections with cluster varieties. We proceed to explain the connection of cluster type varieties
with previous concepts and results from the literature. Cluster varieties are often defined as the spectra
of cluster algebras as in the work of Fomin and Zelevensky (see, e.g., [12], [11]). Recently, Corti defined a
generalized notion of cluster varieties (see Definition [5, Definition 2]). If (X, B) is a cluster type pair, then
the variety U := X\B is a cluster variety in the sense of Corti. Indeed, if (X, B) is a cluster type pair with
j: Gl --» X\B a small birational map and p: (Y, By) — (X, B) a Q-factorial dlt modification, then the
triple (Y, By,p~! 0 j) defines a cluster variety Uy := Y\By ~ U in the sense of Corti. However, the variety
U := X\B may not be a cluster variety in the usual sense. We use the notion of cluster type pairs and
cluster type varieties to resolve this ambiguity.

Acknowledgements. The authors would like to thank Alessio Corti, Konstantin Loginov, Mirko Mauri,
and Burt Totaro, for very useful comments.

2. PRELIMINARIES

In this section, we collect some preliminaries about log Calabi—Yau pairs, birational transformations, and
bounded families. We work over an algebraically closed field K of characteristic zero. The least number of
generators of a group G, will be denoted as d(G). We denote by 3™ the sum of the coordinate hyperplanes
of P™.

2.1. Log Calabi—Yau pairs. In this subsection, we recall some basic concepts related to log Calabi—Yau
pairs.

Definition 2.1. A log pair is a couple (X, B) where X is a normal quasi-projective variety and B is an
effective Q-divisor for which Kx + B is Q-Cartier. Let m: Y — X be a projective birational morphism from
a normal variety and E < Y be a prime divisor. The log discrepancy of (X, B) at E, denoted by ag(X, B)
is the rational number

1 — coeff g(By) where Ky + By = 7*(Kx + B).

The log discrepancy ag(X, B) depends only on the divisorial valuation induced by E on X and not in
the model Y. We say that a log pair (X, B) is log canonical (resp. Kawamata log terminal) if all its log
discrepancies are non-negative (resp. positive). We abbreviate log canonical (resp. Kawamata log terminal)
by lc (resp. klt). A non-kit place of (X, B) is a prime divisor E over X for which ag(X,B) < 0. If (X, B) is
lc, then the non-klt places are also called log canonical places. A log canonical center of (X, B) is the image
on X of a log canonical place.
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Definition 2.2. Let (X, B) be a log pair. We say that (X, B) is canonical if all its log discrepancies are at
least 1. A divisor E over X for which ag(X, B) =1 holds is called a canonical place of the log pair (X, B).
We adopt the previous terminology regardless of whether (X, B) is a canonical pair or not.

Definition 2.3. Let (X, B) be a log canonical pair. We say that (X, B) is divisorially log terminal (or dlt
for short) if there exists an open subset U < X satisfying the following conditions:

(1) the pair (U, By) is log smooth,

(2) every log canonical center of (X, B) intersects U and is a stratum of | By|.

Definition 2.4. Let (X, B) be a log pair. A dit modification p: Y — X of (X, B) is a projective birational
morphism satisfying the following conditions:

(1) the pair (Y, By) is dlt, where By = Ex(p) + px ' (B A Byeq),

(2) every p-exceptional divisor is a non-klt place of (X, B), and

(3) we have that Ky + By is nef over X,

In the previous setting, we may also say that p: (Y, By) — (X, B) is a dlt modification.
We recall the following lemma (see, e.g., [10, Theorem 2.9]).
Lemma 2.5. Let (X, B) be a log pair. Then, there exists a dlt modification p: (Y, By) — (X, B).

Definition 2.6. Let (X, B) be a log pair. A dlt stratum of (X, B) is either:
e a stratum of |By |, or
e the variety Y,

where (Y, By) — (X, B) is a dlt modification of (X, B). We will refer to the collection of all dlt strata among
all dlt modifications of (X, B) as the dit strata of (X, B).

We will need the following lemma.

Lemma 2.7. Let (X, B) be a log canonical pair. Let P be a divisor on X. There is an € > 0 and a dlt
modification of (X, B + €P) extracting only log canonical places of (X, B).

Proof. Let q: Z — X be a log resolution of (X, B + P). Log discrepancies are continuous with respect to
the boundary divisor. Hence, for ¢ > 0 small enough, for every g-exceptional divisor F, ag(X,B + €¢P) <0
if and only if ag (X, B) = 0. Thus, every non-klt place of (X, B + €P) is a log canonical place of (X, B). O

Definition 2.8. A projective log pair (X, B) is said to be log Calabi-Yau if Kx + B =0 and (X, B) is lc.

For a log Calabi-Yau pair (X, B) it is known that Kx + B ~g 0 (see, e.g., [13, Theorem 1.5]).
Definition 2.9. The indez of a log Calabi-Yau pair (X, B) is the smallest positive integer m for which
m(KX + B) ~ 0.

Definition 2.10. Let (X, B) and (Y, By) be two log pairs and let 7: X --» Y be a birational map. We
say that 7 is crepant for (X, B) and (Y, By) if the following condition holds. There exists a common
resolution p: Z — X and ¢: Z — Y for which p*(Kx + B) = ¢*(Ky + By). In this case, we also say that
m: (X, B) — (Y, By) is a crepant birational map and that (Y, By) is crepant birational equivalent to (X, B).
In the previous setting, we write (X, B) ~p;, (Y, By).

If (X, B) is a log Calabi-Yau pair, then every log pair (Y, By) which is crepant birational equivalent to
(X, B) is also log Calabi-Yau. Furthermore, they have the same index (see, e.g. [9, Lemma 3.1]).
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Definition 2.11. Let (X, B) be a log Calabi—Yau pair of dimension n. The coregularity of (X, B), denoted
by coreg(X, B), is the dimension of the smallest log canonical center in any dlt modification of (X, B). If
(X, B) is klt, then we set coreg(X, B) = n. Thus, we have coreg(X, B) € {0,...,n}.

‘We finish this subsection by collecting some lemmata. The following lemma is a straightforward application
of the connectedness of log canonical centers, see, e.g., [10, Theorem 1.2].

Lemma 2.12. Let (X, B) be a log Calabi-Yau surface with coreg(X,B) = 0 and Kx + B ~ 0. Let
p: X =Y be a projective birational morphism contracting the irreducible curve C'. Assume that the curve
C is not contained in B. Then, the curve C intersects B in at most one point.

The following lemma is known to the experts.

Lemma 2.13. Let (X, B) be a log Calabi-Yau surface of index one. Let f: X — Y be a birational contrac-
tion. Then we can factor f as h o g where g is a birational contraction that only contracts canonical places
of (X, B) and h is a birational contraction that only contracts log canonical places of (X, B).

2.2. Birational complexity. In this subsection, we recall the concepts of complexity and birational com-
plexity.

Definition 2.14. Let (X, B) be a log pair. The complezxity of (X, B), denoted by ¢(X, B), is defined to be
dim X + dim Clg(X) — | B,
where |B| is the sum of the coefficients of B.

The complexity of a log Calabi—Yau pair is non-negative. Furthermore, if the complexity is zero, then
(X,|BY]) is toric (see [3, Theorem 1.2]).

Definition 2.15. Let (X, B) be a log Calabi—Yau pair. The birational complezity of (X, B), denoted by
cbir (X, B), is defined to be:
min{c(Y, By) | (Y, By) ~pir (X, B)}.

The minimum in the previous definition exists due to [22, Lemma 2.31].
The following theorem is due to Mauri and the third author (see [22, Theorem 1.6]).

Theorem 2.16. Let (X, B) be a log Calabi-Yau pair of dimension n and index one. We have cpiy (X, B) = 0
if and only if (X, B) ~p; (P, X7).

The previous theorem states that a log Calabi—Yau pair admits a birational toric model if and only if it
has birational complexity zero.

2.3. Torus exceptional degree. In this subsection, we introduce the concept of torus exceptional degree
and related invariants.

Definition 2.17. Let (X, B) be a log Calabi-Yau pair. Let ¢: (P",X") --» (X, B) be a crepant birational
map. The torus exceptional degree of ¢ is defined to be
=)

T(9) := degen (Ex'(9)

where Exl(qb) denotes the reduced sum of the exceptional divisors of ¢. The torus exceptional degree is a
non-negative integer.
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For instance, for every toric birational map ¢: (P, X") --» (T, Br) we have T(¢) = 0 although the
exceptional locus of ¢ may contain the coordinate hyperplanes as exceptional divisors. Indeed, in this case,
we have that @|gr is an isomorphism.

Definition 2.18. Let (X, B) be a log Calabi—Yau pair. The torus exceptional degree of (X, B) is defined to
be
T(X,B) := min{T (¢) | ¢: (P",X") --» (X, B) is a crepant birational map}.

If the set in the previous definition is empty, then we set 7 (X, B) = c0.

Given a crepant birational map ¢: (P*, ") --» (X, B), we can produce crepant birational maps to
(X, B) of arbitrarily large torus exceptional degree by precomposing with Cremona transformations. On the
other hand, finding crepant birational maps with small torus exceptional degree is related to proving affine
boundedness of the pairs (X, B). This is why we are mostly concerned with minimizing this invariant. The
torus exceptional degree T (¢) is minimized precisely when X\B admits an affine open which is isomorphic
to a big open subset of an algebraic torus. This motivates the following definition.

Definition 2.19. An almost torus is a big open subset of an algebraic torus GJ,.

If (X, B) is a log Calabi—Yau pair with 7 (X, B) = 0, then there is an open embedding U — X\B of an
almost torus U. Now, we turn to introduce some definitions and invariants that allow us to understand how
far is X\ B from being covered by almost tori.

Definition 2.20. Let X be an algebraic variety. Let {U,}ic; be a finite set of open subvarieties U; < X.
We say that the set {U,}ier divisorially covers X if

codimx (X\ vier U;) = 2.
It is clear that a set that divisorially covers X admits a finite subset that divisorially covers X.

Definition 2.21. Let (X, B) be a log Calabi-Yau pair. Let {¢;};cr be a set of crepant birational maps
;s (P™,X") --s (X, B). We say that the set {¢;}ier divisorially covers (X, B) if the open subvarieties
(G \Ex(¢;)) divisorially cover X\B. In the previous setting, we also say that (X, B) is divisorially
covered by the crepant birational maps {¢;}icr.

Definition 2.22. Let (X, B) be a log Calabi—Yau pair. The total torus exceptional degree is defined to be

the crepant birational maps {¢; }:c; divisorially cover (X, B) } .

7.(X, B) := min {Z T(0)

iel

The following lemma will be used in Example 6.2 to show that there are examples of log Calabi—Yau
surfaces (X, B) for which 7;(X, B) is finite but arbitrarily large.

Lemma 2.23. Let X be a rational projective variety. Let {D;}ien be an infinite sequence of prime divisors.
Set
r := min {dim H; (X™®\ User D;,Q) | I < N and |I]| = k}.

Then, we have limy_, o, 7, = 0.

Proof. Let ¢: P™ --» X be a birational map. We can find a hypersurface H < P™ such that ¢ restricts to
an embedding P"\H — X. Let Pi,..., P, be the prime components of X"8\¢(P"\H). Set

s = min {dim Hy (P"\H)\ vie; $*D;,Q) | I « N and |I| = k}.
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By [6, Proposition 4.1.3], we know that limg_,o sp = 0. On the other hand, for every finite subset I < N,
we have

dim H1 (Xreg\ Uierl DZ,Q) — dlm H1 ((PH\H)\ Uiel (b*DZ,Q) < (

Then, the statement follows. O

2.4. Boundedness. In this subsection, we prove the following lemma related to affinely bounded families
of normal varieties.

Lemma 2.24. Let F be a family of normal varieties which is affinely bounded. Then, there exists a constant
r:=r(F), only depending on F, satisfying the following. Let X € F, then d(m (X)) <.

Proof. Let A — T be a bounded family of affine varieties such that for every X € F there is an open
embedding A; < X. Then, the family A™¢ := {U™® | U € A} is also bounded. Let A™ — W be its
bounding family. By Verdier Theorem [26, Corollaire 5.1], we can stratify the morphism 48 — W into
finitely many locally trivial fibrations A;*® — W;. We conclude that the family of groups {m; (A;"*)/ ~}ier
is a finite set.

In particular, d(m(A;°®)) is bounded above in terms of F, meaning that d(mi(A;°®)) < r(F) holds for
every t € T. Let X € F. Then there is an open embedding A; < X for some t € T. Therefore, we have a
surjective homomorphism

w1 (ALE) — i (XT°8).

Thus, we have d(m (X*8)) < r(F). H

The previous lemma will be used in Example 6.6 to show an example of a birationally bounded family
that is not affinely bounded.

2.5. Cluster type. In this subsection, we introduce the concept of cluster type log Calabi—Yau pairs and
prove a lemma.

Definition 2.25. Let ¢: (P, X") --» (X, B) be a crepant birational map. We say that ¢ is of cluster type
if T(¢) = 0. Equivalently, a crepant birational map is said to be of cluster type if it induces an embedding
of an almost torus in X\B.

Definition 2.26. Let (X, B) be a log Calabi-Yau pair. We say that (X, B) is of cluster type if T(X, B) = 0.
In other words, a log Calabi-Yau pair (X, B) is said to be of cluster type if there exists a crepant birational
map ¢: (P*,X") --» (X, B) which is of cluster type.

Definition 2.27. Let (X, B) be a log Calabi—Yau pair. The cluster type of (X, B), denoted by C(X, B), is
the least number of almost tori that divisorially cover X\B. If X\B is not divisorially covered by almost
tori, then we set C(X, B) = c0.

Following the previous definitions, we may say that a log Calabi—Yau pair (X, B) is of cluster type C(X, B).
Theorem 1.3 states that a log Calabi—Yau pair (X, B) is of cluster type if and only if X\B is divisorially
covered by finitely many almost tori.
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Lemma 2.28. Let (X, B) be a log Calabi—Yau pair of index one and dimensionn. Let ¢: (P*,X") --» (X, B)
be a cluster type crepant birational map. Then, there is a commutative diagram of projective birational maps:

(T, Br) <—— (X0, Bo)

I
Pli \\VP2
(P, ¥") < — — (X, B)

—1

where the following conditions are satisfied:

e p1 is a toric projective birational morphism,
e po is a birational contraction map that only extracts log canonical places of (X, B), and
e q is a projective birational morphism that only extracts canonical places of (T, Br).

We may choose T to be smooth and Xy to be Q-factorial. Furthermore, if n = 2 then we may choose the
above such that py is a projective morphism.

Proof. We begin by choosing some toric projective birational morphism p;: (T, By) — (P, ") extracting
all those log canonical places which have divisorial center on X but not on P". Using [24, Lemma 2.37] to
replace (T, Br) by a higher model if necessary, we may assume that T is smooth and that the indeterminacy
locus of ¢ o p; contains no toric strata. As T is smooth, the log canonical centers of the toric pair (7', Br)
are precisely the toric strata. Thus, by [23, Corollary 1] we may find a projective birational morphism
q: (Xo, By) — (T, Br) with the following properties:

(1) g extracts precisely those canonical places which have divisorial center on X but not on T,

(2) all g-exceptional divisors are Q-Cartier.
It follows from condition (2) and the smoothness of T that X, is Q-factorial. It follows from condition (1)
that

p2=¢oproq: (Xo,Bo) -+ (X, B)
is a birational contraction map; in particular, if n = 2 then ps cannot have nonempty indeterminacy locus.
By construction, ps contracts only log canonical places. O

3. BIRATIONAL COMPLEXITY ZERO

In this section, we show a structural theorem for varieties of birational complexity zero. In the first
subsection, we study affine varieties that divisorially cover log Calabi—Yau pairs of birational complexity
zero. In the second subsection, we study the birational complexity of Gorenstein del Pezzo surfaces of rank
one.

3.1. Log Calabi—Yau pairs. In this subsection, we give a proof of Theorem 1.2. First, we will need the
following lemma.

Lemma 3.1. Let (X, B) be a toric log Calabi-Yau pair of dimension n. Let E be a divisorial valuation
exceptional over X with ag(X,B) = 1. Then, there exists a crepant birational map ¢: (Y, By) --+ (X, B)
satisfying the following conditions:

(1) we have ¢(Y,By) =1,

(2) the center of E on'Y is a prime divisor Ey,

(3) the variety Y is Q-factorial and admits a fibration p: Y — Z to a variety of dimension n — 1,
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(4) there is a prime component Fy of p~*(p(Ey)) that dominates p(Ey ), is not contained in By, and
it is different from Ey, and
(5) the pair (Y, By + €Fy) is dlt for e > 0 small enough.

Furthermore, the birational map ¢: Y --+ X only extracts Ey and log canonical places of (X, B).

Proof. First, we argue that in some log resolution (7', Br) of (X, B) the center of F on T is a prime divisor
of a prime component of Br. Since G}, is smooth, for every toric modification (X;, B;) — (X, B) the center
of £ on X; must be contained in B;. We construct a sequence of toric birational morphisms as follows:
we set (Xo, Bg) := (X, B), we let (X1, B1) be a toric log resolution of (Xy, By), and for each i > 1 we
let (X;41,Bit1) be the blow up of the smallest stratum of B; containing cg(X;). This process terminates
precisely when cg(X;) is contained in a prime component of B; and is not contained in any stratum of smaller
dimension. If we are able to perform at least m blow ups without this process terminating, then it follows
from [19, Lemma 2.29] that ag(X) = m. We conclude that this process must terminate after finitely many
steps. Thus, we can find a log resolution (7', Br) of (X, B) where the center of F is a prime divisor of a prime
component of By. By applying Lemma 2.7 to (T, Br) and any non-toric prime divisor P < T containing
cg(T), we can further assume that the center cg(T") contains no toric strata. Note that (T, Br) — (X, B)
is a toric birational map so T'— X only extracts log canonical places of (X, B).

Let Y7 < Ng be the fan associated to T'. Let @) < Br be the unique prime component that contains
ce(T). Let pg € Xp(1) be the ray corresponding to the torus invariant divisor ). Let Nog < Ng be an
orthogonal complementary subspace to the ray generated by pg. Let {e1,...,e,—1} be an orthogonal basis
of Ny,g. Consider the fan

Yo :={fe1,...,ken1,%pq}

Then X (3¢) ~ (P!)™, the center of @ on X (¥) is a torus invariant divisor, and this torus invariant divisor
is a section for a fibration (P!)” — (P!)"~!. Let X; be a common refinement of X7 and ¥o. Let T} be the
projective toric variety associated to ;. Then, we have a projective birational morphism 77 — T and a
fibration pr, : T1 — Z := (P})"~! such that the strict transform of @ on 7} dominates Z. We let (T1, Br,) be
the log pull-back of (T, Br) to T}. Observe that T} — X is a toric birational morphism, so it only extracts
log canonical places of (X, B).

Let Yo — T be a log resolution of (71, Br,) that extracts E. Let Ey, be the center of E on Yj. Let By,
be the strict transform of Br, on Yy. Let Ry, be the reduced exceptional of Y, — T} minus E. Then, the
pair (Yp, By, + Ry,) is log smooth. Note that

KYO + BYO + RYO ~Q Z ap(Tl,BTl)P.

PCYy

P#Ey,
We call Qy, the effective divisor on the right side of the previous Q-linear equivalence. Note that 2y, contains
the support of all the prime divisors exceptional over T} that have positive log discrepancy with respect to
(Ty, Bry ) except for Ey,. The divisor {2y, is degenerate over T; in the sense of [21, Definition 2.9]. We run
a (Ky, + By, + Ry, )-MMP over T} with scaling of an ample divisor. After finitely many steps all the prime
components of (dy, are contracted. Note that this MMP terminates after these components are contracted.
We let Y7 be the model obtained by this MMP. Let By, be the push-forward of By, on Y;. Let Ey, be the
push-forward of Ey, on Y;. Then, the pair (Y7, By, ) satisfies the following conditions:

(i) the pair (Y7, By,) is Q-factorial and dlt, and
(ii) the birational morphism Y; — T only extracts Ey, and log canonical places of (11, Br, ).
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Condition (ii) implies that ¢(Y7,By,) = 1. Let py,: Y1 — Z be the induced fibration and let Ey, be the
center of £ on Y;. Then we have that p{,ll (py, (Ey,)) has at least two prime components: Ey, and the
strict transform of p;ll (py, (Ey,)). Thus, the log pair (Y1, By, ) satisfies conditions (1)-(4). Let Fy, be a
prime component of p{,ll (py; (Ey,)) that dominates py, (Ey, ), is not contained in By,, and is different from
Ey,. By [18, Theorem 3.1], we can take a minimal dlt modification (Y, By + e¢Fy) of (Y1, By, + €Fy,). By
Lemma 2.7, for € > 0 small enough all the non-klt places of (Y1, By, + €Fy,) are log canonical places of
(Y1, By,). In particular, the pair (Y, By) is a dlt modification of (Y7, By,). Thus, we have ¢(Y, By) = 1.
Conditions (1)-(4) are clearly preserved on (Y, By ). We conclude that the pair (Y, By ) satisfies the conditions
(1)-(5). Note that the birational map ¢: Y --» X only extracts Fy and log canonical places of (X, B). O

Now, we turn to prove the first theorem of this article.

Proof of Theorem 1.2. Let (X, B) be a log Calabi—Yau pair of dimension n, index one, and birational com-
plexity zero. By [22, Theorem 1.6], there is a crepant birational map ¢: (T, Br) --» (X, B) where (T, Br)
is a toric log Calabi—Yau pair. Let

Up := ¢(T\(Br v Ex(¢))).

Then U; is isomorphic to an open subvariety of T\Br ~ G}!,. As (T, Br) has no log canonical centers along
T\Br, we conclude that ¢ induces an embedding U; — X\B. Let Es,..., Ej be the (n — 1)-dimensional
prime components of (X\B)\U;.

For each i € {2,...,k}, we argue that there exists a crepant birational map ¢;: (T}, Br,) --+ (X, B), from
a toric log Calabi—Yau pair (7}, Br,) such that the center of E; on T; is a divisor intersecting T;\Br,. This
implies that the divisor F; intersects

Ui := ¢i(Ti\(Br, v Ex(¢)))-

Thus, the open affines Uy, ..., Uy cover X\B divisorially.

It suffices to show that the statement holds for F := E5. By assumption, the divisor E gives a divisorial
valuation exceptional over T. Note that ag(T, Br) = 1. We can apply Lemma 3.1 to the toric log Calabi-
Yau pair (T, Br) and the valuation E. We obtain a crepant birational map ¢: (Y, By) --» (T, Br) satisfying
the following conditions:

(1) we have ¢(Y, By) = 1,

(2) the center of E on Y is a prime divisor Fy-,

(3) the variety Y is Q-factorial and admits a fibration p: Y — Z to a variety of dimension n — 1,

(4) there is a prime component Fy of p~!(p(Ey)) that dominates p(Ey ), is not contained in By, and
is different from Ey, and

(5) the pair (Y, By + eFy) is dlt for € > 0 small enough.

By condition (5), we can run a (Ky + By + eFy)-MMP over Z with scaling of an ample divisor. Note that
Ky + By ~g 0 so Ky + By + eFy ~q €Fy. By condition (4), we know that the divisor Fy is degenerate
over Z, so this MMP terminates after contracting Fy. Let T be the model obtained after contracting Fy .
Let Br, be the push-forward of By on Tj. Since Fy is not contained in By, the complexity drops precisely
by one when we contract this divisor. Hence, we get ¢(Ty, Br,) = 0, so (T, By, ) is a toric log Calabi-Yau
pair. Further, the center of E on T3 is a divisor that intersects T7\Br,. This finishes the proof. O

3.2. Log Calabi—Yau Surfaces. In this subsection we study the birational complexity of log Calabi—Yau
pairs (X, B), where X is a Gorenstein del Pezzo surface of Picard rank 1.



LOG CALABI-YAU PAIRS OF BIRATIONAL COMPLEXITY ZERO 13

Lemma 3.2. Let (X;z) be a D-type or E-type singularity. Then the only 1-complement of (X;x) is the
trivial one, i.e., B = 0.

Proof. Let p: Y — X be a minimal resolution. For each E < Y exceptional over X we have ag(X) = 1.
Assume that (X, B;x) is a 1-complement and B # 0 through 2 € X. Then ag(X, B) is integral and strictly
less than 1 for each E c Y exceptional over X. Thus, ag(X, B) = 0 for every such a curve. We conclude that
p*(Kx + B) = Ky + By + E where F is the reduced exceptional divisor. Here, By is the strict transform of
BonY. As (X;x) is either D-type or E-type, there is a curve C' c E that intersects at least 3 other prime
components Fy, Fs, and F3 of E. Note that Ky + By + F is log canonical and trivial over X. Performing
adjunction to C we observe

(Ky + By + E)|c = K¢ + Er|lc + Ez|c + Es|lc + By|c.
From the previous formula, we get that (Ky + By + E) - C > 0 leading to a contradiction. ]

By [27, Theorem 1.2], there is an explicit list of the possible singularities Gorenstein del Pezzo surfaces of
Picard rank 1. Moreover these are up to isomorphism uniquely determined by their singularity type, except
for the cases with singularities in {Es, F7 + A1, Eg + A2, 2Dy}.

For the case of singularities 2Dy, there is an infinite family of Gorenstein del Pezzo surfaces of Picard
rank 1, we will label any member of this family by X (2Dy).

For each of the singularities {Fg, F7 + A1, Eg + Az}, there are two isomorphism classes of Gorenstein del
Pezzo surfaces of Picard rank 1, and they can be obtained as contractions from rational elliptic surfaces. For
each one of these singularities there is a case where the elliptic surface does not have an I; singular fiber (see
[2, Table 4.1]), these cases will be labeled X;(—). The other case will be labeled X (—) as with any other
singularity that has a unique member.

The main statement of this subsection is the following theorem:

Theorem 3.3. Let X be a Gorenstein del Pezzo surface of rank 1. Then there exists a 1-complement B of
X with epir (X, B) = 0, if and only if X is not isomorphic to X (2Dy), X1(Es), X1(E; + A1), X1(Fs + As).

In [25, Example 3.13], it is shown that the varieties of type X(2D4) do not admit a 1-complement of
coregularity 0, hence a fortiori they cannot have a 1-complement with birational complexity 0. This is also
true for the remaining 3 varieties in the statement of Theorem 3.3

Lemma 3.4. Let X be one of X1(Fs), X1(E7 + A1), X1(Es + A2), then X admits no 1-complement of
coregularity 0.

Proof. Assume that B is such that Kx + B ~ 0 and coreg(X, B) = 0. Let € X be the E-type singularity,
and f:Y — X the minimal resolution of X. Let By be the strict transform of B.

Let E1, Es, ... Ey be the exceptional curves over x of f : Y — X, where FEs,...E; form a chain, and
E; intersects only Fy. Here k can be 6, 7 or 8. By Lemma 3.2, B cannot contain z, therefore By cannot
intersect any E;. By [2, Table II], there exists a unique sequence of blow downs ¢ : Y — P? that contracts
every Ej;, except for E1. Let Ef and B’ be the images of E; and By by ¢. In P? B’ is of degree 3 and E}
is a line.

By the description of the maps in [2, Table II], in ¢ : Y — P? there is a unique point in E] over which
blow ups are performed, three of these are performed over the strict transforms of Ej, whose exceptional
divisors are the strict transforms of Fo, E3 and Ej4. If any irreducible component of B’ were to have order of
contact with Ef of 1 or 2, it would imply that By would intersect Es or E3 respectively. Therefore B’ can
have only one irreducible component, hence B is also irreducible. Since coreg(X, B) = 0, B must have nodal
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singularities. This would imply that a fiber in the rational elliptic surface from which X can be obtained
(see [2, Table 4.1]) is a nodal curve, a contradiction
a

To prove Theorem 3.3, we will study some special configurations of curves in P? that get mapped to the
exceptional divisors of minimal resolutions of these surfaces.

Lemma 3.5. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is {As +
Al, A4, 1)57 EG, E7, Eg, D6+A1, Dg, E7—|—A1, 3142, 142‘1‘1457 A2+E6, D4+3A1, 2A1 +D6, A1 -|-21437 D5+A3, 4142}
and let (P%,C) be the projective plane with a nodal cubic. Then, there ewists a crepant birational map
(P2,C) --+ (X, B), where (X, B) is log canonical.

Proof. We will start by describing some maps from P? to each of these surfaces.

Let C be a nodal cubic in P? with a flex P and let L be a line tangent to C at P. If we blow up 3,4, 5,6,7
or 8 times over P along the strict transform of C, we end up with the minimal resolutions of X (A; + As),
X(A4), X(Ds), X(Eg), X(E7) or X(FEjg), respectively.

Let C be a nodal cubic in P? with a flex P, L1 be the line tangent to C' at P and Ly another line passing
through P, tangent to C' at some other point Q). If we blow up 5 times over P along the strict transform of
C, and we blow up over ) two times along the strict transform of C, we end up with the minimal resolution
of X(Dg + Ay). If we blow up once more over @ at the strict transform of C, we end up with the minimal
resolution of X (Dg).

Let C be a nodal cubic in P? with a flex P, L1 be the line tangent to C' at P and Ly another line passing
through P, tangent to C' at some other point . If we blow up 6 times over P and 2 times over @) along the
strict transform of C', we end up with the minimal resolution of X (E7 + Aj).

Let C be a nodal cubic in P? with two flexes P, and P», and L; and L be the lines tangent to C' at P,
and P, respectively. If we blow up 3 times over P; and 3 times over P, along the strict transform of C, we
end up with the minimal resolution of X (3As). If we furthermore blow up over P; along the strict transform
of C once more, we end up with the minimal resolution of X (A5 + As). If we furthermore blow up over Py
along the strict transform of C' once more, we end up with the minimal resolution of X (Eg + As).

Let C be a nodal cubic in P? with a flex P and node N, let L, be the line tangent to C' at P, let Ly be a
line passing through P tangent to C' at @ and let L3 be the line passing through P and N. If we blow up 3
times over P and 2 times over ) along the strict transform of C. And we blow up twice over N along the
strict transform of L3, then we have the minimal resolution of X (D4 + 3A;) . If we blow up once more over
Q along the strict transform of C, then we have the minimal resolution of X (2A4; + Dg).

Let C be a nodal cubic in P? with a flex P, let L; be the line tangent to C at P, let Ly be a line passing
through P and tangent to C' at @)1, and let L3 be a line passing through @; and tangent to C' at Q2. If we
blow up 3 times over P, 2 times over (; and 2 times over 5 along the strict transform of C, then we have
the minimal resolution of X (A; + 2A43). If we blow up once more over ()2 along the strict transform of C,
then we have the minimal resolution of X (D5 + As).

In any of these previous cases let X be the Gorenstein del Pezzo surface of rank 1. If we take the pair
(X, C‘), where C' is the strict transform of C' via the maps described. The described maps from (P2, C) to
(X, C) are crepant birational.

Let C be a nodal cubic in P?, with node N and two flexes P; and P», and L; and Ls be the lines tangent
to C' at P, and P, respectively. If we blow up 2 times over N, 3 times over P; and 3 times over P, along C,
then we have the minimal resolution of X (445).
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In this final case, let B be the image on X of the (—1)-curve on the minimal resolution that maps to N
in P2, Then the described map from (P?,C) to (X, B) is crepant birational. O

Lemma 3.6. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is X (2A4)
and let (P2,Q + L) be the projective plane with a conic and a transversal line. Then, there exists a crepant
birational map (P2, Q + L) --» (X, B), where (X, B) is log canonical.

Proof. Let @ be a conic with secant line L;. Write P; and P, for the points of intersection between () and
L;. Let Ly be a line tangent to @ at P», and let L3 be a line tangent to @ at a point Ps € Q\L;. Write Py
for the point of intersection between L3 and Lq. Blow up once at P; and once at P,. Blow up three times
above P, along Lo and three times above P; along (). We obtain the minimal resolution of X (24,).

As (P2,Q + L) is crepant birational to (P2, X?), via one standard Cremona transformation, we obtain the
desired result. O

Lemma 3.7. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is {Ag, A7+
Ay, Ay + Ag + A5, 2A1 + A3, Ay + As, A7} and let (P2, Ly + Lo + L3) be the projective plane with the three
coordinate azes. Then, there exists a crepant birational map (P?, Ly + Loy + L3) --» (X, B), where (X, B) is
log canonical.

Proof. Let L1, Lo, L3 be three lines in P? where P; is the intersection of L and Lz and P, is the intersection
of Ly and L3. Blow up 3 times over P; at the strict transform of L, and 3 times over P, at the strict transform
of L;. Next, blow up one interior point of each of the two exceptional (—1)-curves. We obtain the minimal
resolution of X (As).

Let L1, Lo, L3 be three lines in P2. Write P; for the point of intersection between L; and Lo, P, for the
the point of intersection between Lo and Ls, and @ for a point in Li\(Ls u L3). Blow up twice over @ along
L, and three times over P, along L3. Blow up twice over P; along L,. Finally, blow up once at an interior
point of the exceptional (—1)-curve over P;. We obtain the minimal resolution of X (A7 + Ay).

Let L, Ly, L3 be three lines in P2 where P, is the intersection of L; and Ls. Let Q1 and Q2 be points
in L; and Ly respectively, but in no other L;. If we blow up 3 times over P; along the strict transform of
L3, we blow up 2 times over (01 along the strict transform of L; and we blow up 3 times over ) along the
strict transform of Lo, then we have the minimal resolution of X (A; + Ay + As)

Let Ly, Lo, L3 be three lines in P? where P, is the intersection of L; and L3 and P, is the intersection of
Lo and L3. If we blow up 3 times over P; along the strict transform of L; and we blow up 2 times over P
along the strict transform of Ls, then we have the minimal resolution of X (24; + As).

If furthermore we blow up once over P; at a point in the (—1)-curve, not in any (—2)-curve, then we have
the minimal resolution of X (A + As).

If furthermore we blow up once more over P, at a point in the (—1)-curve, not in any (—2)-curve, then
we have the minimal resolution of X (A47).

|

Proof of Theorem 3.3. By [27, Theorem 1.2], the surfaces in Lemmas 3.5, 3.6, and 3.7, are all the Gorenstein
del Pezzo surface of rank 1, other than those listed in the statement of the theorem. Therefore, all the
required surfaces admit a 1-complement B with ¢pi (X, B) = 0. By Lemma 3.4 and [25, Example 3.13], the
surfaces listed in the statement of the Theorem do not admit a 1-complement with coregularity 0, those a
fortiori they cannot admit a 1-complement of birational complexity 0. O
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4. TORUS EXCEPTIONAL DEGREE

In this section, we prove several statements about the torus exceptional degree of log Calabi—Yau pairs.
First, we are concerned with the general picture, and then we focus on log Calabi—Yau surfaces.

4.1. Log Calabi—Yau pairs. In this subsection, we prove the positivity of the torus exceptional degree and
the characterization of log Calabi—Yau pairs with torus exceptional degree zero.

Proof of Theorem 1.3. Let (X, B) be a log Calabi-Yau pair of dimension n and index one. By definition,
we have that T;(X, B) = T (X, B) > 0. This proves (1). If T;(X, B) is finite, then the log Calabi-Yau pair
admits a crepant birational map (P, ") --» (X, B) so its birational complexity is zero. On the other hand,
assume that (X, B) has birational complexity zero. Then, by the proof of Theorem 1.2, there is a finite set
{@;}ier of crepant birational maps ¢;: (P, ") --» (X, B) that divisorially cover (X, B). Thus, we get
7;(X7 B) < ZT((bz)a
iel

and the right-hand side is finite. This proves (2).

We turn to prove (3). If (X, B) is divisorially covered by almost tori, then there are birational maps

®i: P" ——» X7
that induce embeddings ¢;: G} \Z; — X\B where Z; is a closed subvariety of G, of codimension at least
2. Let p;: Y; — P™ and ¢;: Y; — X give a resolution of the birational map ¢;. Let A; := p;,qFB. Since
GI'\Z; — X\B is an embedding, we conclude that A; is supported on P™\G},. This means that A; is
supported on the coordinate hyperplanes. As (P",A;) is a sub log Calabi-Yau pair, we conclude that
A; = X" for each i. Thus, we have a finite set of crepant birational maps
oi: (P*,X") --» (X, B),

that divisorially cover (X, B). Furthermore, for each i, we have T (¢;) = 0. Indeed, the birational maps
¢;: P™ --» X are small in the algebraic torus. We conclude that 7 (X, B) = T;(X, B) = 0.
Now, assume that 7 (X, B) = 0. This means that there exists a crepant birational map

¢: (P*,X") --» (X, B),
such that T(¢) = 0. In other words, no exceptional divisor of ¢ intersects the algebraic torus GI,. Let
Ur := ¢(P"\(X" v Ex(¢))).
Then U is an almost torus that admits an embedding U; — X\B. Let Fs,..., Ey be the divisorial prime
components of (X\B)\U;.
For each i € {2,...,k}, we show that there exists a crepant birational map ¢;: (P, ¥") --» (X, B) such

that the center of E; on P" is a divisor intersecting G}}, and ¢; is of cluster type, i.e., induces a small
birational map on Gji,. This would imply that the open sets

Ui := ¢i(P"\(X" U Ex(¢:)))
are almost tori that cover X\B divisorially.

It suffices to show the statement for E := E5. The divisor E is exceptional over the domain P™ of ¢.
Then, we can apply Lemma 3.1 to the pair (P, X") and the valuation E. We obtain a crepant birational
map ¢: (Y, By) --» (X, B) satisfying the following conditions:

(1) we have ¢(Y,By) =1,
(2) the center of E on Y is a prime divisor Fy,
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(3) the variety Y is Q-factorial and admits a fibration p: ¥ — Z to a variety of dimension n — 1,

(4) there is a prime component Fy of p~1(p(Ey)) that dominates Ey, is not contained in By, and it is
different from Fy, and

(5) the pair (Y, By + eFy) is dlt for € > 0 small enough.

Furthermore, we know that the crepant birational map (Y, By) --» (P",£") only extracts Ey and log
canonical places of (P",¥"). By condition (5), we can run a (Ky + By + e¢Fy)-MMP over Z. This MMP
terminates with a toric log Calabi-Yau pair (T, Br) due to conditions (1) and (3). Let Er be the center of
E on T. Note that (T, Br) --» (P, X") is a crepant birational map that only extracts E7 and log canonical
places of (P",X™). Since the center of Er on X is a divisor, we conclude that the crepant birational map
f: (T, By) --» (X, B) is small on T\Br. Let g: (T, By) --» (P, X") be any crepant toric birational map to
(P™,3™). Toric birational maps are isomorphisms on the algebraic torus G?,. We conclude that the crepant
birational map

¢21=g " o f: (P",T") --» (X, B)

is of cluster type and the center of E on its domain P" is a divisor that intersects G}, non-trivially. Hence,
the almost tori Us := ¢2(P"\(X" U Ex(¢2))) intersects the divisor Ey non-trivially. This finishes the proof
of (3).

Now, we turn to prove (4). Assume that X is Fano and 7(X,B) = 0. By (3), we know that (X, B)
is divisorially covered by finitely many almost tori. It suffices to show that, in this case, such almost tori
are indeed algebraic tori. Let {¢;};c;r be a finite set of crepant birational maps ¢;: (P, X") --» (X, B) of
cluster type such that V; := ¢;(G\Ex(¢;)) divisorially cover X\B. Let Pi, ..., Py be the prime exceptional
divisors of q[)[l that are not contained in B. As X is Fano, the variety X\B is affine, and so U; :=
X\supp(B + m1 Py + -+ + mpPy) is affine, where m; is the Cartier index of P;. The birational map gbi_l
induces a small birational map between the affine variety U; and the affine variety GJ},. Note that V; and
U; are small birational. So, ¢; ' induces an isomorphism between U; and G?,. We conclude that X\B is

K3
divisorially covered by finitely many algebraic tori. ([l

4.2. Log Calabi—Yau surfaces. In this subsection, we study the torus exceptional degree of log Calabi-
Yau surfaces. In order to prove Theorem 1.5, we first establish some lemma regarding particular birational
maps in P2.

Lemma 4.1. Let C be a nodal cubic in P? with node N and two other points P, and P,. Let L; be some lines,
each one passing through at least one of the points Py, P, or N. Let QQ; be some conics, each one passing
through at least two of the points Py, Py or N. There exists a crepant birational map ¢ : (P%,%2) —-» (P2, C),
with 7(p) < 3, such that the strict transform of each L; is empty or a curve of degree at most 2, and the
strict transforms of each Q; is empty or a curve of degree at most 4.

Proof. Let @1 be the standard Cremona transformation with centers at N, Py, P». Let L), @Q; and C’ be
the strict transforms of L;, @; and C respectively. By the choice of centers, C’ is a conic, L} are lines or
points and Q; have degrees 1 or 2. Let P the strict transform of the line P; P>, and N7, No be the images of
the points over N lying on the strict transform of C. Let 3 be the standard Cremona transformation with
centers N1, Na, P. Let C”, Lj and Q7 be the strict transforms of C’, L] and Q. By the choice of centers
C" is a line and the degrees of L} and Q7 are at most 2 and 4 respectively. Let En, and Ey, be the images
of the blow ups at N7 and N.

The birational map ¢ o, ' 1 (P2, C” +Ep, + En,) -—+ (P2, C) is crepant birational, with 7(¢;  opy!) =
3, satisfying the desired properties. O
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Lemma 4.2. Let Q be a conic in P? and L a line transversal to Q. Let C; be some curves in P2. There
exists a crepant birational map ¢ : (P?,%2) --» (P2,Q + L), with 7(¢) = 1, such that the strict transform of
each C; is empty or a curve of degree at most twice the degree of C;.

Proof. Let Pi, P, be the intersection points of @ and L, and let P; be another point in ). Let ¢ be the
standard Cremona transformation center at Py, Py, P3. Then ¢! satisfies the desired properties. O

Proof of Theorem 1.5. As a Gorenstein del Pezzo surface of Picard rank one that admits a 1-complement of
birational complexity zero, X must be one of the surfaces appearing in the hypotheses of Lemmas 3.5, 3.6
or 3.7. Denote by f: Y — X the minimal resolution of X. The pair (Y, By) induced from (X, B) via log
pullback has By effective, hence (Y, By) is a log Calabi-Yau pair of index one. Given a crepant birational
map ¢: (P%,%2) --» (Y, By), we can compute 7 (f o ¢) as the sum of T(¢) and the degrees of the strict
transforms on P? of the (—2)-curves on Y. We will use this observation to bound 7 (X, B) by considering ¢
that factor as ¢ = g~ o for p: P2 ——» P? as in Lemmas 4.1 and 4.2 and g: Y — P? a birational morphism
as in [2, Table II].

Let us establish some notation. Given a singularity type I'" appearing in the hypotheses of Lemmas 3.5, 3.6
or 3.7, we will denote by X (I') the Gorenstein del Pezzo surface of Picard rank one with that singularity
type and by Y (T') its minimal resolution. We will refer to morphisms in [2, Table II] via triples of the form
(T, ((—1)-curves to be contracted) , (—2)-curves to be contracted.) For example, the unique morphism listed
in the case I' = A3+ 2A; will be referred to as (A3 +2A44, (15, 35), 235). We will denote by D; the (—2)-curves
on the surfaces Y (I'), numbered as in [2, Table IT]. We will denote by F;, ;, a (—1)-curve on a surface Y (I")
that meets the (—2)-curves D;,, ..., D;, and no others.

We separate in cases, depending on the isomorphism class of X.

(1) The surface X is isomorphic to one of X (As + A1), X(A4), X(Ds), X(Es), X (E7) or X(Es).

Let g: Y(Ay + A1) — P? be the morphism (A + Ag, (13),12). The morphisms (Ay, (2),234),
(D5, (3),2345), (Eg, (6),23456), (E7, (7),234567) and (Es, (8),2345678) factor through this morphism
in such a way that every (—2)-curve has image on Y (As + A;) either a (—2)-curve or the (—1)-curve
Ey3. Thus, it suffices to analyze only the case X = X (A + Ay).

Write Y = Y (A3 + A;) and denote by (Y, By) the log Calabi—Yau pair induced from (X, B) via log
pullback. Write Bp2 = g By. The curve Dj is the only (—2)-curve on Y that is not g-exceptional,
and its image under ¢ is a line L. If By does not contain Dj3, then Bp2 must be a nodal cubic
meeting the line L in exactly one point. It follows from Lemma 4.1 that 7 (X, B) < 5 in this case.
If By contains D3, then it follows from Lemmas 4.1 and 4.2 that 7 (X, B) < 3.

(2) The surface X is isomorphic to one of X (Dg + A;) or X (Dg).

Let g: Y(Dg+A;) — P? be the morphism (Dg+ A1, (67, 3),12356). The morphism (Dg, (2,7), 123567)
factors through this morphism in such a way that every (—2)-curve has image on Y (Dg + A;) either
a (—2)-curve or the (—1)-curve Eg7. Thus, it suffices to analyze only the case X = X (Dg + A1).

Write Y = Y (A3 + A1) and denote by (Y, By) the log Calabi-Yau pair induced from (X, B) via
log pullback. Write Bpz = g4 By . The curves Dy and Dy are the only (—2)-curves on Y that are not
g-exceptional, and their images under g are lines L1 = g4 D4 and Lo = g, D7. If By does not contain
D7, then Bp2 must be a nodal cubic meeting L1 and Lo at their point of intersection. It follows from
Lemma 4.1 that 7(X, B) < 7 in this case. If By contains D7, then Bp2 consists of either Ly and a
conic or Ly, Ly and a third line. We have T (X, B) = 0 in the latter case, and 7 (X, B) < 3 in the
former case by Lemma 4.2.

(3) We have X = X (E7 + Ay).
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Write Y = Y (E7 + Ay), let g: Y — P? be the morphism (E; + Ay, (78,2),234568), and denote
by (Y, By) the log Calabi—Yau pair induced from (X, B) via log pullback. Write Bpz = g4 By. The
curves Dy and Dy are the only (—2)-curves on Y that are not g-exceptional, and their images under
g are lines L1 = g, Dy and Lo = g, D7. If By does not contain D7, then Bpz must be a nodal cubic
meeting Ly and Lo at their point of intersection. It follows from Lemma 4.1 that 7(X,B) < 7 in
this case. If By contains Dy, then Bp2 consists of either L; and a conic or L1, Lo and a third line.
We have T (X, B) = 0 in the latter case, and 7 (X, B) < 3 in the former case by Lemma 4.2.

(4) The surface X is isomorphic to one of X (34s), X (A2 + As), X (A2 + Eg) or X (Asg).

Let g: Y(3As) — P? be the morphism (345, (16,23, 45), 246). The morphisms (As+A4s, (17,56, 3), 2357),
(A2+ Fs, (27,68,1)12458) and (A4s, (18,3,6),13467) factor through this morphism in such a way that
every (—2)-curve has image on Y (3Az) either a (—2)-curve or one of the (—1)-curves Eag or Eys.
Thus, it suffices to analyze only the case X = X (3Az).

Write Y = Y (343) and denote by (Y, By) the log Calabi-Yau pair induced from (X, B) via log
pullback. Write Bpz = g, By. The curves D1, D3 and D5 are the only (—2)-curves on Y that are not
g-exceptional, and their images L1, Ly and L3 on P? form a triangle of lines. If By contains none
of the (—1)-curves Ejg, Fa3 or Ey5, then Bpe is a nodal cubic passing through each of the points
of intersection between pairs of Lj, Lo and Ls. Choosing any two of these points, it follows from
Lemma 4.1 that 7 (X, B) < 9. If By contains at least one of the (—1)-curves E1g, Fa3 or Eys5, then
Bps: is a triangle of lines containing at least two of L1, Ly and Ls. We have T (X, B) < 1 in this case.

(5) The surface X is isomorphic to one of X (D4 + 34;) or X(Dg + 241).

Let g: Y(Dy + 3A4;) — P? be the morphism (D4 + 34y, (15,37,46),1267). The morphism (Dg +
2A1,(17,38,5), 12568) factors through this morphism in such a way that every (—2)-curve has image
on Y (D4 +3A,) either a (—2)-curve or the (—1)-curve E46. Thus, it suffices to analyze only the case
X = X(Dy + 344).

Write Y = Y(D4 + 3A;) and denote by (Y, By) the log Calabi-Yau pair induced from (X, B) via
log pullback. Write Bp2 = g4 By. The curves D3, Dy and Ds are the only (—2)-curves on Y that are
not g-exceptional, and their images L, Lo and L3 on P? are three lines meeting in a single point. If
By contains none of the (—1)-curves E15, E37 or Eysg, then Bp:2 is a nodal cubic passing through the
common intersection point of Ly, Ly and L3. It follows from Lemma 4.1 that 7(X, B) < 9 in this
case. If By contains at least one of the (—1)-curves Fy5, E37 or Eys, then Bp2 must be a triangle of
lines containing two of Ly, Ly and Ls. We have T (X, B) < 1 in this case.

(6) The surface X is isomorphic to one of X (A4; + 243), X (D5 + A3) or X (A7 + A4y).

Let g: Y(A; + 243) — P? be the morphism (A; + 243, (14, 57,36),1267). The morphisms (D5 +
As, (16,38,4),14578) and (A7 + Ay,(28,17,4),34678) factor through this morphism in such a way
that every (—2)-curve has image on Y (A; + 2A43) either a (—2)-curve or one of the (—1)-curves Esg
or Es7. Thus, it suffices to analyze only the case X = X (A4; + 243).

Write Y = Y(A4; + 2A43) and denote by (Y, By) the log Calabi-Yau pair induced from (X, B)
via log pullback. Write Bpz = g.By. The curves D3, Dy and Dj are the only (—2)-curves on YV
that are not g-exceptional, and their images L, = g«Ds Ly = g+D4 and L3 = g.Ds on P? form a
triangle of lines. If By contains neither of the (—1)-curves Ej4 or Esg, then Bpz is a nodal cubic
passing through the points L1 n Ls and Ly n L3. It follows from Lemma 4.1 that 7(X,B) < 9 in
this case. If By contains at least on of the (—1)-cuves E14 or Esg, then Bp2 = Ly + Lo + L3. We
have T(X, B) = 0 in this case.

(7) We have X = X (4A3).
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Write Y = Y (443), let g: Y — P? be the morphism (4As, (138,145,12),25678), and denote
by (Y, By) the log Calabi-Yau pair induced from (X, B) via log pullback. Write Bp: = ¢.By.
The curves Dy, D3 and Dy are the only (—2)-curves on Y that are not g-exceptional. The curve
C = g4 Dy is a nodal cubic, and L = g« Ds and Ly = g4 D4 are lines tangent to C at flex points. If
By contains D1, then Bpz = C. We have 7 (X, B) < 7 in this case by Lemma 4.1. If By contains
at least one of D3 or Dy, then By is a triangle of lines containing L; + Ls. We have T (X, B) < 3 in
this case.

Suppose that By contains none of D1, D3 and D4. Then Bp2 is a nodal cubic passing through
the node of C' and both of the points C' n Ly and C n Ly. Let ¢;: P2 -5 P2 be a standard
Cremona transformation centered at points p1,ps, ps € P2, at least one of which is the node of Bpe
and at least two of which are the points C' n Ly and C' n Lo. Let (P?, Bf,) be the log Calabi-Yau
pair induced on the codomain of ¢; by (P?, Bpz). Thus, Bp. is a conic and a secant line. Write
C' = (1)xC, L} = (p1)«L1 and L} = (1)« Lo. Note that L} and L} are lines and that deg(C”") < 4.
Let @o: P2 ——» P2 be a standard Cremona transformation chosen as in the proof of Lemma 4.1. Let
(P2, Bf.) be the log Calabi-Yau pair induced on the codomain of ¢ by (P?, Bp,). Thus, By, is a
triangle of lines. Write C” = (2)+C’, L] = (¢2)« L} and L§ = (v2)«L5. Then deg(C”) < 6 and LY
and LY both have degree at most 2. It follows from the proof of Lemma 4.1 that T (¢; 0 o5 ') < 3.
Thus, we see that 7 (X, B) < 13 in this case.

We have X = X (24,).

Write Y = Y (244), let g: Y — P? be the morphism (Ay4, (16,58),123478), and denote by (Y, By)
the log Calabi—yau pair induced from (X, B) via log pullback. Write Bpz = g4 By . The curves D5 and
Dg are the only (—2)-curves on Y that are not g-exceptional. The curve @ = g, Dg is a conic, and
the curve L = g4 D5 is a secant line to Q. If By contains at least one of D5 or Dg, then Bpz = Q + L.
We have T (X, B) < 1 by Lemma 4.2 in this case. If By contains neither D5 nor Dg, then Bp: is a
nodal cubic meeting ) in two points, one of which is a point of L n Q. It follows from Lemma 4.1
that 7(X, B) < 9 in this case.

We have X = X (A5 + As + 44).

Write Y = Y (As+ A3+ A1), let g: Y — P? be the morphism (As+ Az + A1, (27,38, 15),45678), and
denote by (Y, By ) the log Calabi—yau pair induced from (X, B) via log pullback. Write Bpz> = g4 By .
The curves Dy, Dy and D3 are the only (—2)-curves on Y that are not g-exceptional, and their images
Ly = g+D1, Ly = g+.D5 and L3 = g.D3 on P2 form a triangle of lines. If By contains at least one
of Dy, Dy or D3, then Bpz = Ly + Lo + L3. We have T (X, B) = 0 in this case. If By contains none
of Dy, Dy or D3, then Bpz is a nodal cubic meeting Lo and passing through the point Ly n L3. It
follows from Lemma 4.1 that 7 (X, B) <9 in this case.

The surface X is isomorphic to one of X (24; + A3z), X(A; + As) or X(A7).

Let g: Y(2A; + A3) — P? be the morphism (24; + As, (15,34),235). The morphisms (A; +
As, (16,4),2346) and (A7, (2,6),23467) factor through this morphism in such a way that every (—2)-
curve has image on Y (24; + Aj3) either a (—2)-curve or one of the (—1)-curves Ey5 or Es4. Thus, it
suffices to analyze only the case X = X (24; + Aj3).

Write Y = Y(A; + 2A3) and denote by (Y, By) the log Calabi-Yau pair induced from (X, B) via
log pullback. Write Bp2 = g4 By. The curves Dy and D, are the only (—2)-curves that are not g-
exceptional, and their images Ly = g, D1 and Ly = gDy on P? are lines. If By doesn’t contain Fay,
then Bp2 is a nodal cubic meeting both L; and Ls. It follows from Lemma 4.1 that 7(X,B) < 7
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in this case. If By contains Fs4, then Bp: is a triangle of lines that contains L; + Ls. We have
T(X,B) =0 in this case.

O

Now, we turn to prove Theorem 1.4. First, we state a lemma which is a consequence of [14, Lemma 2.12].

Lemma 4.3. Let (X,B) be a dit log Calabi-Yau surface of index one. If f: X — Y is a composite of
divisorial contractions, then By = fy B is contained in the smooth locus of Y.

Proof of Theorem 1.4. Let (X, B) be a log Calabi-Yau surface of index one. Let f: (X', B’) — (X, B) be
a dlt modification. Then X’ is canonical and B’ is contained in the smooth locus of X’. We may run a
K x,-MMP to obtain

XL x5z,

with g a composite of divisorial contractions and 7 a Mori fiber space. We note that X” is canonical. By
Lemma 4.3, B” = g, B’ is contained in the smooth locus of X”. Note that for any crepant birational map
¢ : (P2,%2%) --» (X, B) we have

T(¢) <T(gof o)

since ¢ is a morphism and f only extracts log canonical places of (X, B). It follows that we have an inequality
T(X,B) <T(X",B"),

and thus it suffices to consider index one log Calabi—Yau surfaces (X, B) satisfying the following:

(1) X is canonical,
(2) X is equipped with a Mori fiber space 7: X — Z, and
(3) Bc X,y and B # 0.

If Z is a point, then X is a rank one Gorenstein del Pezzo surface. In this case, the statement follows
from Theorem 1.5.

From now on, we assume that Z ~ P! and 7 has irreducible fibers. We have B - F' = 2 for every fiber F
of 7, and since B is contained in the smooth locus of X we have that B - F}..4 is an integer for each fiber
F. Since 7w can only have multiple fibers it follows that either F' is contained in the smooth locus of X or
that B - F..q = 1. In particular, there are no singular fibers that contain a node of B. Thus, after possibly
performing an elementary transformation centered at some node of B, we may assume that B has at least
two components and that at least one of them is a fiber. If B has at least three components, then at least
one component By satisfies By - F' = 1 for each fiber F. But this means there can be no multiple fibers, and
so X must be smooth. In particular, X is a Hirzebruch surface. After performing at most one additional
elementary transformation centered at a node of B, we may assume that B contains two fibers of 7= and
hence is the toric boundary for some toric structure on X. In the previous process, we only extracted log
canonical places of (X, B), so T(X, B) =0 in this case.

To conclude, we consider the case in which B has only two components. Both components are isomorphic
to P!, one component B; is a fiber of m, and the other component Bs is a 2-section. Each singular fiber
meets By in precisely one point, hence it corresponds to a ramification point of the morphism By — P!
induced by 7. By Riemann-Hurwitz, there can be at most two singular fibers. We resolve the singularities
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of X and run a relative MMP over P'. We obtain a crepant birational map

over P!, where X’ is a Hirzebruch surface and B’ is a l-complement consisting of a fiber Bf of n' and a
2-section B). Write F} and Fy for the two fibers of 7’ meeting B at ramification points of the induced
morphism B) — P!. Observe that F} and Fy are canonical places of (X, B) extracted on X'.

We note that X'’ is either P! x P! or the blow up F; of P? at a point. Indeed, let C' = X’ be a section
with C? = —n, n > 0. Since C is distinct from both B} and B} and since B} - C = 1, we have

2—’[7,:—KXI'C:B/-CZL

hence n < 1. If X’ = P! x P!, then we may perform an elementary transformation centered at a node of
B’ to obtain a 1-complement of F;. with two components. Thus, we may assume that X’ =~ F;. Note that
the negative section on X’ does not meet the 2-section Bj. Blowing down the negative section, we obtain a
complement B” on P? consisting of a line B} and a conic Bj intersecting transversely, and the images of F}
and Fy are tangent lines to Bj. We perform a standard Cremona transformation centered at the points of
intersection between Bj and Fy, Bj and Fy, and one of the intersection points of By and Bj. We obtain
a crepant toric model for (X, B) whose exceptional locus consists of at most four lines, namely two of the
exceptional divisors of the Cremona together with some subset of the strict transforms of F; and Fy. It
follows in this case that 7 (X, B) < 4. O

Proof of Theorem 1.8. By Theorem 1.4 any projective surface in Fp has a log pair structure (X, B), with
T(X, B) < 13. This implies that there exists a birational map ¢ : G2, --» X\B, with Ex(¢) of degree at
most 13. Thus there exists an open subset of X isomorphic to A%\ D, where D is a curve of degree at most
15. These open subsets are fibers of the morphism:

Spec(K[z,y, ao,0,a0,1 - -, a15,15]2,-,ja1-,ja;7?y.7’) — Spec(K[ao,0,a0,1 - - -, a15,15])-
Thus F3 is affinely bounded. ]

5. CLUSTER TYPE

In this section, we prove several statements about the cluster type of a log Calabi—Yau pair. First, we
characterize log Calabi—Yau toric pairs as those having cluster type one. Secondly, we study the cluster type
of Fano surfaces.

5.1. Log Calabi—Yau pairs. In this subsection, we prove the characterization of log Calabi—Yau toric pairs
using the cluster type as well as the bound relating cluster type and complexity.

Proof of Theorem 1.10. Let (X, B) be a log Calabi-Yau pair. By definition the cluster type C(X, B) of
(X, B) is either infinite or a finite number at least one.
If (X,B) is a toric log Calabi-Yau pair, then X\B ~ G}, and so C(X,B) = 1. Now, assume that
C(X,B) = 1. Then, there exists a crepant birational map
¢: (P",X") --» (X, B)

that is of cluster type and U := ¢(P™\(X" UEx(¢))) divisorially covers X\B. In other words, every exceptional
divisor of ¢! is contained in B. Thus, there exists a crepant birational morphism v : (T, Br) — (P*, "),



LOG CALABI-YAU PAIRS OF BIRATIONAL COMPLEXITY ZERO 23

that only extracts log canonical places of (P™, ¥") such that the induced birational map ¢: (T, Br) --» (X, B)
is a birational contraction. Henceforth, we get a commutative diagram

(T7 BT)

~N
~ P
\Lw )
~N
A

@, - 2 = (X, B).
Every log canonical place over a toric pair is a toric valuation. Hence, the log Calabi—Yau pair (T, Br) is a
toric log Calabi-Yau pair. We conclude that (X, B) is toric, since ¢ is a birational contraction [3, Lemma
2.3.2] . |

Proof of Theorem 1.11. Begin by fixing some cluster type crepant birational map
¢: (P",2") --» (X, B).
By applying Lemma 2.28 we obtain a commutative diagram of projective birational maps

(T, Br) <—— (X0, By)

I
ipl | P2
—1 \
(Pn72n) <¢* - (X7B)

where the following conditions are satisfied:

e p; is a toric projective birational morphism,
e po is a birational contraction map that only extracts log canonical centers of (X, B), and
e ¢ is a projective birational morphism that only extracts canonical centers of (T, Br).

Write E, ..., E, < Xy for the prime g-exceptional divisors. For each i € {1,...,m}, we argue that there
exists a cluster type crepant birational map ¢;: (T;, Br,) --» (X, B) from a toric log Calabi-Yau pair (7}, Br,)
such that the center of F; on T; is a divisor intersecting T;\Br,. The maps ¢, ¢1,. .., ¢, will then give a
divisorial covering of X\B by almost tori. Since m = ¢(Xo, Bg) = ¢(X, B), the desired bound will then
follow.
For i € {1,...,m}, apply Lemma 3.1 to the toric log Calabi-Yau pair (T, Br) and the valuation E;. We
obtain a crepant birational map v;: (Y;, By,) --+ (T, Br) satisfying the following conditions:
1) we have ¢(Y;, By,) = 1,
2) the center of E; on Y; is a prime divisor Ey,,
3) the variety Y; is Q-factorial and admits a fibration p;: ¥; — Z; to a variety of dimension n — 1,
4) there is a prime component Fy, of p;*(p;(EFy;)) that dominates Fy;, is not contained in By;, and is
different from Ey,, and
(5) the pair (Y;, By, + €;Fy;) is dlt for ¢; > 0 small enough,
(6) ;:Y; --» T only extracts Ey, and log canonical places of (T, Br).

(
(
(
(

By condition (5), we can run a (Ky, + By, + €, Fy,)-MMP over Z; with scaling of an ample divisor. By
condition (4), we know that the divisor Fy, is degenerate over Z;, so this MMP terminates after contracting
Fy,. Let T; be the model obtained after contracting Fy;, and write ¢;: Y; --» T; for the resulting map. Let
By, be the push-forward of By, by ¢,. Since Fy, is not contained in By;, the complexity drops precisely by one
when we contract this divisor. It follows that ¢(T;, Br,) = 0, hence that (T}, Br,) is a toric log Calabi-Yau
pair. Further, the center of E; on T; is a divisor that intersects T;\Br,. Finally, we note by condition (6)
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the only canonical place contracted by ! o q; LT, —-> T is E;. But E; is extracted again by the cluster
type pa2 0 ¢!, so it follows that

¢pi=proq oy tog ' (T}, Br,) -+ (X, B)

is a cluster type map. This completes the proof.
O

5.2. Fano surfaces of cluster type. In this subsection, we study the cluster type of Fano surfaces. Our
main result is that a Fano surface has cluster type either one, two, or infinite. In addition, we prove a bound
on the size of the singular set of a cluster type surface in terms of its Picard rank.

Proposition 5.1. Let X be a surface of cluster type. Then X has only A-type singularities.

Proof. Let ¢: (P?,%2) --» (X, B) be a crepant birational map of cluster type. By Lemma 3.2, we know that
X has A-type singularities along B. Thus, it suffices to show that X only has A-type singularities along
X\B. Let By, ..., Bg be the components of B. Let C1,...,C; be the divisors on X exceptional over P? that
are not contained in B. Let p;: (T, Br) — (P?,%?) be a toric crepant birational morphism satisfying the
following conditions:

e the center of each B; on T is a divisor, and

e every divisor C; can be obtained from T by a sequence of blow ups at points of By that are not zero

strata.
Let t1,...,ts be the centers of the curves C; in T. Let p: Xqg — T be a projective birational morphism
obtained by consecutively blowing up the points t1,...,ts such that each C; is indeed a divisor on Xj. Let

(X0, Bo) be the crepant pull-back of (T, Br) to Xo. For each i € {1,...,s} the divisor p~1(¢;) is a chain
E;1u---UE,;;, of rational curves such that only E; j, intersects By. We have a crepant projective birational
morphism ¢: (Xo, Bg) — (X, B). Observe that, as ¢ is of cluster type, the projective birational morphism ¢
can only contract curves on By u | J_, <U{;:1 EM). Let 2 € X\B be a singular point and let F = ¢~ *(z). If
F intersects By, then x is contained in B and hence (X;z) is an A-type singularity. If F' does not intersect
By, then F is contained in | J]_, (Ufc":l Elk) We conclude that F' is contained in a disjoint union of chains
of rational curves. As F' is connected, it must be a chain of rational curves itself so (X;x) is an A-type
singularity. 0

Lemma 5.2. Let X be a Fano surface and (X, B) be a complement. Let ¢: (P?,%2) --» (X, B) be a crepant
birational map of cluster type. Let Cq,...,Cy be the curves of X that are not contained on B and are
exceptional over P?. Then fori # j the curves C; and C; can only intersect along B.

Proof. Let ¢: (P?,%2) --» (X, B) be a crepant birational map of cluster type. Let By,..., B, be the
components of B. Let p; : (T, Br) — (P?,%2) be a toric crepant birational morphism satisfying the following
conditions:

e the center on T of each B; is a divisor,

e every C; can be obtained from T by a sequence of blow ups at points of By that are not zero strata.
Let t1,...,ts be the centers of the curves C;’s in T. Let p: X9 — T be a projective birational morphism
obtained by consecutively blowing up the points ¢;’s such that each C; is a divisor on Xy. We may choose p
minimal with this property. For each i € {1,...,s} the divisor p~1(¢;) is a chain E; := E;1 U --- U E; 4, of
rational curves. Note that only E; ,, intersects By. We have a crepant birational morphism ¢: (Xo, By) —

(X, B). Since ¢ is of cluster type, the morphism ¢ only contracts curves in By | J;_, (Uf;:z E”) As we chose
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p to be minimal, the curves E; 4, is not contracted. Since B is ample the image of each E; ; on X is either
a point or a curve intersecting B. Hence, all the curves E; 1,..., E; 1 must be contracted. Otherwise,
their images would not intersect B in X, leading to a contradiction of the Fano condition. As the chains
E,,...,E, are disjoint, we conclude that the curves ¢(E1 ;,),...,¢(FEsye,) can only intersect on X along B.
By construction, we conclude that the curves ¢(E1 j,),...,¢(Es ) coincide with the curves Cy,...,C;, up
to reordering. This finishes the proof. ([

Proof of Theorem 1.12. If (X, B) is not a cluster type pair, then C(X) = oo and we are done. Hence, from
now on, we assume that (X, B) is of cluster type and we aim to show that either C(X, B) = 1 or C(X, B) = 2.

Let X be a Fano surface and (X, B) be a cluster type log Calabi-Yau pair. Let ¢: (P2,%2) --» (X, B) be
a crepant birational map of cluster type. Let C1, ..., Cj be the curves of X that are not contained in B and
are exceptional over P3. If k = 0, then ¢,(G,) divisorially covers X\B and C(X, B) = 1. From now on, we
assume that k& > 1. For each crepant birational map ¢: (Pi, %2) --» (X, B) of cluster type, we denote by
M () the number of curves in {C1,...,C)} that are not exceptional over IP’?O. If there exists such a ¢ with
M(y) = k, then we are done. Indeed, in this case, the almost tori ¢(G2,) and ¢(G?2,) divisorially cover X\B
and hence C(X, B) = 2.

Let ¢: (P7,%?) --» (X, B) be the crepant birational map of cluster type that maximizes M (¢)). Assume
that M (¢) = s < k. We may assume that the curves C1,...,Cs are non-exceptional over IE”?L and the curves
Csy1,...,Cf are exceptional over ]P’?p. Let py: (T, By) — (P2, %2) be a toric projective birational morphism
satisfying the following conditions:

(i) every component of B is a divisor on T,
(ii) every 1)~ !-exceptional curve can be obtained from T by blowing up a sequence of points of B that
are not zero strata, and
(iii) If t € T is the center of a ¢~ !-exceptional curve, then t is contained on a prime component B; of Br
that is the section of a toric fibration f,: T — P!.

By assumption, the curve Cs;1 is exceptional over Pi and so it is exceptional over T. Thus Csyq is a
1~ L-exceptional curve. Note that C 1 is not contained in B so condition (ii) applies. Henceforth, the curve
Cs41 can be obtained from T by blowing up consecutively a point ts,1 of Br that is not a zero strata.
Furthermore, by condition (iii), we know that there is a prime component B,;1 of By containing ts41 and
a toric fibration fe41: 7 — P! for which B, is a section. Let p € G,,, P! be the image of tey1 in P! via
fs+1. Let Fsyq be the fiber of f; over t511. There are two cases: either Fy; agrees with one of the curves
C; with i € {1,..., s} or it does not. In the previous sentence, for simplicity, we are identifying the C;’s with
their strict transforms in 7. In what follows, we arise to a contradiction in either case.

First, assume that Fy, 1 = Cy. Let p: Xo — T be a projective birational map obtained by a sequence of
blow ups of points of By that are not strata such that ¢: Xy — X is a morphism. We may assume that p is
minimal with the previous property. Let z1, ..., x, be the points blown up by p. We may assume x; = t541.
For each i the curve p~!(z;) = E;1 U... E; 4, is a chain of rational curves. By the minimality of p, only E; 4,
intersects Bg. By the cluster type assumption of ¢, we know that Ex(p) is contained in Ul_;p~!(x;) U Bo.
As B is ample, all the curves Fy 1,...,E; 5,1 must be contracted by p. We conclude that p(E; s,) and
p(Fs41) intersect along X\B. However, by construction, we have p(E 5,) = Csy1 and p(Fsy1) = C1. We
conclude that Cy and Csq intersect along X\B. This contradicts Lemma 5.2.

Now, we assume that F,, 1 is not among the curves C1,...,C,. We can perform a weighted blow up at
ts+1 that only extracts Csiq. Let X3 — Xg be such a blow up. Let (X1, B1) be the crepant pull-back of
(X0, Bo). Note that we still have a fibration X; — P! and the strict transform of F,; is degenerate over



26 J. ENWRIGHT, F. FIGUEROA, AND J. MORAGA

P!'. Thus, there is a projective birational morphism X; — X, that only contracts Foy1. Let (Xo,Bs) be
the log Calabi—Yau pair obtained by pushing-forward B; to Xs. By construction, the log Calabi—Yau pair
(X2, Bs) is toric and the curves C1,...,Cs4q are divisors on X5 not contained in Bs. As (X3, Be) is toric,
we have a commutative diagram of crepant birational maps:

(X2, Bs) - = = (X, B)

| 7
T2 | -
v 7 €
(PZ,%?)
where 71 is a toric birational map and £ is of cluster type. As m; is a toric birational map, it is an
isomorphism on G2,. In particular, the center of the curves C1,...,C,y1 are divisors on IP’?. We conclude
that M(§) = s+ 1> M (¢)). This contradicts the minimality of ).
We conclude that M(¢) = k and so C(X, B) = 2. This finishes the proof. O

Proof of Theorem 1.13. Begin by fixing some cluster type crepant birational map
¢: (P?,%?) - (X, B).
By applying Lemma 2.28 we obtain a commutative diagram of projective birational maps

(T, Br) =—— (Xo, Bo)

(P2,52) <"~ — (X, B)

where the following conditions are satisfied:

e p; is a toric projective birational morphism,

e po is a projective birational morphism that only extracts log canonical centers of (X, B),

e ¢ is a projective birational morphism that only extracts canonical centers of (T, Br), and

e T is smooth and X is Q-factorial.
The nodes of B account for at most |B| singular points of X. There is at most one singular point contained
in the image on X of any g-exceptional curve on Xg; there are p(Xo/T) = ¢(Xo, Bo) = ¢(X, B) such curves.
Putting these together, we obtain

[ Xsing| < |B + (X, B)
= p(X) + 2.
This completes the proof. ([l

6. EXAMPLES AND QUESTIONS

In this section, we collect some examples and questions. We start with some examples of log Calabi—Yau
pairs that exhibit some pathological behavior with respect to the torus exceptional degree.

Example 6.1. In this example, we show a log Calabi—Yau surface (X, B) of index one and birational
complexity zero that is not of cluster type. Let (P! x P1,Q + F) where Q is a general curve of multi-degree
(2,1) and F is a fiber of the projection onto the first component. Then, the pair (P! x P1,Q + F) is a log
Calabi-Yau pair. Let F’ be a fiber that is tangent to @ at a single point z. Let p be the image on P! of z.
We construct a new log Calabi—Yau pair following the next steps:
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(1) we blow up X at z,

(2) we blow up the intersection of the two components of the fiber over p,

(3) we recursively blow up n times the intersection of the strict transform of @ and the fiber over p, and
(4) we blow down all the (—2)-curves contained in the fiber over p.

By doing so, we obtain a new log Calabi-Yau pair (X,, B,,) of index one with a Mori fiber space to P!.

Since (P! x PL,Q + F) ~p;; (P?,%2), we have that (X,,, B,,) has birational complexity zero. Furthermore,

the surface X,, has a D,, singularity. By Proposition 5.1, we conclude that (X, B,,) is not of cluster type.

Example 6.2. In this example, we show that there is a sequence of log Calabi—Yau surfaces (X,,, B,) of
index one and birational complexity zero for which the sequence T¢(X,,, B,) diverges to infinity.

Let (X, B) be a log Calabi-Yau pair of index one, birational complexity zero, that is not of cluster type.
For instance, we can consider the log Calabi—Yau surface constructed in Example 6.1. Let p be a point on
B that is not a zero-dimensional strata. Let (X, B,) be the log Calabi—Yau pair obtained by recursively
blowing up p, and then blowing up n times the intersection of the strict transform of B with the previously
introduced (—1)-curve. We let Ej U ... E, 11 be the chain of rational curves that is the exceptional divisor of
X,, — X. Assume by the sake of contradiction that T;(X,, B,) < k for some constant k. For each crepant
birational map ¢: (P?,%2) --» (X,,, By,), we have T(¢) > 1. Thus, we conclude that for each n the log
Calabi-Yau pair (X, B,,) is divisorially covered by {¢n.;}icr, with |I,,| < k. For each n and 7, we let

|fnil = {7 € {1, .n + 1} | 6ni (G \Ex(¢n.) N Ej # B}

Observe that
Z |¢n,l| =n+ 1.

iel,
Since |I,| < k, for each n, there is one of the ¢, ;’s for which |¢, ;| = ["THJ Let’s assume that it is ¢ 1.
Set V,, := ¢n.1(G2,\Ex(én 1)). Let X,, — X/, be the projective birational contraction over X that contracts
all the curves E; that intersect V,, trivially. Let B; be the push-forward of B, on X]. Thus, we get a
commutative diagram

(Xna Bn)

7
/ Tn
/
Gna1 7

s (X5, By)
/ 7
;s o
/// - ¢n,1 l "
(HDQaZQ) - - = (X7B)
Let Cp1,...,Cy j, be closure on X, of the prime components of
(X2\B,)\Va-
Since p(X) = 2, we get |j,| = [%2] — 1. By Lemma 2.24, since T (¢n,1) < k, we conclude that
dim H1(V,, Q) < f(k)

for certain constant f(k) that only depends on k. Since all the exceptional divisors of 7], are mapped to a
smooth point in X, we get
dim Hy (V,\Ex(n},),Q) — dim Hy(V,,,Q) < 1.
In particular, we have
dim Hy(V,\Ex(7,), Q) < f(k) + 1.
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Let U, be the image on X of V,\Ex(n],). Then, as observed above we have dim H; (U,,Q) < f(k) + 1. Note
that 4

U, = X\ (B v w;*cn,j) .
The sequence of divisors {m;,,Cy ;} is infinite, as j, diverges to infinite. Thus, we get a contradiction of
Lemma 2.23 as dim Hy(U,, Q) is bounded above.

In Theorem 1.8, we show that there exists a bounded family of affine surfaces A — T such that for every
log Calabi—Yau surface (X, B) of index one and birational complexity zero there is an embedding A; — X\B
for a suitable ¢t € T. The previous example shows that, in general, there is no upper bound % such that
every such X\B can be divisorially covered by at most k open affines of the form A;. One may wonder if
the log pair (X, B) can be divisorially covered by an arbitrary number of open affines of the form A;. This
motivates the following definition.

Definition 6.3. Let (X, B) be a log Calabi—Yau pair of index one and birational complexity zero. We define
the covering torus exceptional degree of (X, B), denoted by T.(X, B), to be

min {malx T (i) | {¢i}ier is a set of crepant birational maps divisorially covering (X, B)} .
€

From the definitions, it is clear that a log Calabi-Yau pair (X, B) satisfies:
Ti(X,B) = T«(X,B) = T(X, B).

While we expect 7 (X, B) to be bounded above in terms of the dimension (see Conjecture 1.6), we know that
T:(X, B) can be arbitrarily large even for surfaces (see Example 6.2). This leads to the following question.

Question 6.4. Let (X, B) be a log Calabi-Yau pair of dimension n and birational complexity zero. Is
T.(X, B) bounded above in terms of the dimension?

Now, we turn to discuss some examples of bounded, affinely bounded, and birationally bounded families.

Example 6.5. In this example, we show a family of varieties that is affinely bounded but is not bounded.
Let n = 2. The set 7, of n-dimensional projective toric varieties is affinely bounded. Indeed, for every
n-dimensional projective toric variety X we have an open embedding G}}, — X. On the other hand, the
family 7, is not bounded as we can find an infinite sequence of smooth projective toric varieties X, with
p(Xr) =T

Example 6.6. In this example, we show a set of varieties that is birationally bounded but is not affinely
bounded. Let R5 be the set of all projective rational surfaces. The set R is birationally bounded. We show
that is not affinely bounded. Consider 7 : P! x P* — P! the projection to the first component. Let {p; };en be
an infinite sequence of points in P*. Let X}, be the projective surface obtained as follows. We blow up P! x P!
at ¢; € m; *(p;) for each i € {1,...,k} and then over each p; we blow up the intersection of the (—1)-curve
and the strict transform of the fiber. Finally, we obtain X}, by contracting all the (—2)-curves contained in
the fibers of the fibration to P'. By doing so, we obtain a projective surface X, with 2k singularities of type
Aj. Furthermore, X, admits a Mori fiber space onto P! with precisely 2k fibers of multiplicity 2. By 8,
Lemma 3.13], we conclude that there is a surjective homomorphism

1
ﬂ-ieg(Xk) — T (P172(p1 + - +pk>) = <’yl7"'a’7k | 717k7712777]3>

Then the rank of 7]°®(X},) diverges as k goes to infinite. Thus, the sequence of varieties { X} } ren is birationally
bounded but it is not affinely bounded.
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Finally, we explain an example of a log Calabi—Yau surface of large cluster type.

Example 6.7. In this example, we show that for every integer n > 0 there exists a log Calabi—Yau pair
(X, B) of dimension two with C(X,B) =n + 1.

Consider the log Calabi-Yau surface (X,,, B,) obtained as follows. Start from (P! x P!, B) where B is the
toric boundary. Pick a point p € B which is not a zero stratum. Let B; be the unique prime component of
B containing p. Blow up p and then recursively blow up (n —1) times the intersection of the strict transform
of B with the previously extracted (—1)-curve. By doing so, we get a log Calabi-Yau pair (X,,, B,,) that
admits a fibration f: X,, — P!. Furthermore, the fibers f~1(0) and f~!(o0) are contained in the support
of B,,. All fibers of f are isomorphic to P!, except a single fiber, which is a chain of rational curves all of
which are (—2)-curves except for (—1)-curves at either end. We may assume that this unique reducible fiber
is f71(1) and write f71(1) = Eg U Ey U -+ U E,. Let ¢: (P?,%?) --» (X,,, B,,) be a crepant birational map
of cluster type. We apply Lemma 2.28 and obtain a commutative diagram of projective birational maps

(Tn» BTn) DR (Xn,()7 Bn,o)

lpl lpz
¢71

(P27Z2) <- - - (XH’BTL)

where the following conditions are satisfied:

e p; is a toric projective birational morphism,
e po is a projective birational morphism that only extracts log canonical centers of (X, B), and
e ¢ is a projective birational morphism that only extracts canonical centers of (T, Br, ).

By abuse of notation, we write F; for the strict transform of E; on X, o. Note that ps only extracts log
canonical centers of (X,,,B,). Let fo: X,0 — P! be the induced fibration on Xn,0- The fibers of f
are either rational curves intersecting B,, o twice, are contained in B, o, or are equal to Ey U --- U Ej,.
Furthermore, every curve in X,, o which is horizontal over P! is either contained in B, o or intersects By, o
at least twice. Indeed, every curve on X,, o which is horizontal over P! must intersect f, 6(0) and I, o(0)
and both fibers are contained in By, o. By Lemma 2.12, we conclude that all the exceptional divisors of ¢ are
vertical over P!. Since every fiber fo_l(t), with t € G, and ¢ # 1, intersects B, o twice, we conclude that
every exceptional divisor of ¢ must be contained in Fg U --- U E,. Since (T, Br) is toric, by a complexity
computation, we conclude that ¢ must contract n of the curves Ey, ..., E,. Thus, for every crepant birational
map ¢: (P?,%?) --» (X,, By,) of cluster type, the image #(G?2,) can intersect at most one of the curves
Ey v -+ U E,. Hence, we conclude that at least n + 1 almost tori are required to cover X,,\B,, divisorially.
This means that C(X,, B,,) = n+ 1. On the other hand, by contracting precisely n of the curves Ey, ..., E,,
we observe that n + 1 almost tori cover X,\B,, divisorially. Thus, we get C(X,,, B,) =n + 1.

The previous example shows that the cluster type of a log Calabi—Yau surface can be an arbitrary positive
integer. In contrast, Theorem 1.12 implies that C(X, B) < 2 for a cluster type log Calabi—Yau pair (X, B)
whenever X is a Fano surface. It is natural to expect similar behavior in higher dimensions. This motivates
the following question.

Question 6.8. Let X be a n-dimensional Fano variety. Let (X, B) be a log Calabi—Yau pair of cluster type.
Can we bound C(X, B) above in terms of n?
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