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Abstract. In this article, we study the geometry of log Calabi–Yau pairs pX,Bq of index one and birational

complexity zero. Firstly, we propose a conjecture that characterizes such pairs pX,Bq in terms of their dual

complex and the rationality of their log canonical places. Secondly, we show that for these pairs the open set

XzB is divisorially covered by open affine subvarieties which are isomorphic to open subvarieties of algebraic

tori. We introduce and study invariants that measure the number of these open subvarieties of algebraic tori.

Thirdly, we study boundedness properties of log Calabi–Yau pairs of index one and birational complexity

zero. For instance, in dimension 2 we prove that such pairs are affinely bounded.
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1. Introduction

Calabi–Yau varieties are one of the three building blocks of smooth projective varieties. Log Calabi–Yau

pairs pX,Bq are geometric objects that appear as degenerations of Calabi–Yau varieties. The complexity of

a log Calabi–Yau pair pX,Bq is defined to be

cpX,Bq :“ dimX ` dimClQpXq ´ |B|,

where |B| is the sum of the coefficients of B. The complexity of a log Calabi–Yau pair is non-negative and

it determines whether the log Calabi–Yau pair is toric (see [3, Theorem 1.2]). The birational complexity,

denoted by cbirpX,Bq, of a log Calabi–Yau pair pX,Bq, is the infimum among the complexities of birational

models of pX,Bq. The birational complexity has recently been introduced by Mauri and the third author

as a proxy to study the dual complex of log Calabi–Yau pairs [22]. Log Calabi–Yau pairs of index one1 and

birational complexity zero are precisely those that admit birational toric models [22, Theorem 1.6]. In this

article, we study the geometry of log Calabi–Yau pairs of index one and birational complexity zero.
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1The index of a log Calabi–Yau pair pX,Bq is the smallest positive integer m for which mpKX ` Bq „ 0.
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1.1. Birational complexity zero. In this subsection, we discuss a fundamental conjecture and a structural

theorem for log Calabi–Yau pairs of birational complexity zero.

In what follows, we write Σn for the sum of the coordinate hyperplanes of the n-dimensional projective

space Pn. Thus, the log pair pPn,Σnq is a log Calabi–Yau pair of index one. We propose the following

conjecture that characterizes log Calabi–Yau pairs admitting toric models, i.e., log Calabi–Yau pairs of

birational complexity zero and index one.

Conjecture 1.1. Let pX,Bq be a log Calabi–Yau pair of dimension n. Assume that the following conditions

are satisfied:

(1) we have DpX,Bq »PL S
n´1; and

(2) each dlt stratum of pX,Bq is rational.

Then, we have cbirpX,Bq “ 0. In particular, we have a crepant birational map pPn,Σnq 99K pX,Bq.

In the previous conjecture, the dlt strata of pX,Bq are the strata of a dlt modification of the pair (see

Definition 2.6). Let us emphasize that due to [9, Corollary 4.(i)] and [20, Proposition 3], Conjecture 1.1.(1)

implies that KX ` B „ 0. This explains the last line in the statement of the conjecture. Conjecture 1.1

is known in dimension 2 by the work of Gross, Hacking, and Keel [15, Proposition 1.3]. Furthermore,

Conjecture 1.1 is known for X » P3 by the work of Ducat [7, Theorem 1.2]. It is worth mentioning that

the previous conjecture fails if we drop any of its hypotheses. In [16, §3], Kaloghiros gives an example of

a log Calabi–Yau pair pX,Bq with DpX,Bq »PL S2 and X is birationally superrigid. In particular, the

pair pX,Bq does not have a toric model, so its birational complexity is positive. In [22, Theorem 1.18], the

authors give examples, in each dimension n ě 3, of log Calabi–Yau pairs pXn, Bnq of dimension n, birational

complexity n, rational dlt strata, and dual complex DpXn, Bnq »PL Pn´1
R .

We turn to state a structural theorem for log Calabi–Yau pairs of index one and birational complexity

zero. Toric varieties are covered by algebraic tori with monomial gluing functions. Cluster varieties can be

regarded as generalizations of toric varieties. A cluster variety admits a big open subset that is covered by

algebraic tori. In the case of cluster varieties, the gluing functions are not necessarily monomial, however,

they preserve the volume function of the tori. The following theorem is a generalization of the previous facts

to the case of log Calabi–Yau pairs of birational complexity zero. As it is expected, in this broader setting,

one needs to consider more general affine varieties to perform these coverings.

Theorem 1.2. Let pX,Bq be a log Calabi–Yau pair of dimension n, index one and birational complexity

zero. Then, there is a finite set tUiuiPI of open affine subvarieties of XzB satisfying the two following

conditions:

(1) the set tUiuiPI divisorially covers XzB;2 and

(2) each Ui is isomorphic to an open subset of Gnm.

The open sets in Theorem 1.2 appear as ϕpGnmzExpϕqq where ϕ : pPn,Σnq 99K pX,Bq is a crepant birational

map. We say that a finite set tϕiuiPI of crepant birational maps ϕi : pPn,Σnq 99K pX,Bq divisorially covers

pX,Bq if the open affines Ui :“ ϕipGnmzExpϕiqq divisorially cover XzB (see Definition 2.21).

Theorem 1.2 states that whenever cbirpX,Bq “ 0 the variety XzB is divisorially covered by open subsets

U Ď Gnm. The geometry of U is determined by its complement on Gnm. We turn to study this complement

in the following subsection.

2We say that an algebraic variety V is divisorially covered by the open sets U1, . . . , Uk if codimV

´

V z
Ťk

i“1 Ui

¯

ě 2.
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1.2. The torus exceptional degree. In this subsection, we study the affine open subvarieties covering log

Calabi–Yau pairs of birational complexity zero. Let pX,Bq be a log Calabi–Yau pair and let φ : pPn,Σnq 99K
pX,Bq be a crepant birational map. We define the torus exceptional degree of φ to be

T pφq :“ degPn

´

Ex1pφq|Gn
m

¯

where Ex1pφq is the reduced divisorial part of the exceptional locus of φ. Note that the torus exceptional

degree is zero if and only if ϕ induces an embedding of a big open subset of the algebraic torus Gnm. A big

open subset of an algebraic torus will be called an almost torus. The torus exceptional degree of pX,Bq is

defined to be:

T pX,Bq :“ mintT pφq | φ : pPn,Σnq 99K pX,Bq is a crepant birational map u.

In the case that the set in the definition is empty, we will set T pX,Bq “ 8. If pX,Bq is a log Calabi–Yau

pair of index one, then the torus exceptional degree T pX,Bq is finite if and only if cbirpX,Bq “ 0. The total

torus exceptional degree is defined to be:

TtpX,Bq “ min

#

ÿ

iPI

T pφiq

ˇ

ˇ

ˇ

ˇ

ˇ

tφuiPI is a set of crepant birational maps divisorially covering pX,Bq

+

.

In Subsection 2.3, we expand on the aforementioned definitions. The following gives a structural theorem

for the torus exceptional degree and the total torus exceptional degree.

Theorem 1.3. Let pX,Bq be a log Calabi–Yau pair of index one. The following statements hold:

(1) we have TtpX,Bq ě T pX,Bq ě 0;

(2) the value TtpX,Bq is finite if and only if pX,Bq has birational complexity zero;

(3) T pX,Bq “ 0 if and only if pX,Bq is divisorially covered by finitely many almost tori; and

(4) If X is a Q-factorial Fano variety and T pX,Bq “ 0, then the log Calabi–Yau pair pX,Bq is covered

by finitely many algebraic tori.

Theorem 1.3.(3) was first proved by Corti in [4, Theorem 23]. We use analogous methods and write our

proof for the sake of completeness. In dimension two, we prove that the torus exceptional degree is either

infinite or bounded above by 13.

Theorem 1.4. Let pX,Bq be a log Calabi–Yau surface of index one and birational complexity zero. Then,

we have T pX,Bq ď 13.

The previous theorem states that log Calabi–Yau surfaces of birational complexity zero admit affine charts

of the form ϕpG2
mzExpϕqq where ϕ : G2

m 99K XzB is a birational map and the degree of Expϕq is bounded

above. In Example 6.2, we show that there is a sequence log Calabi–Yau pairs pXn, Bnq of dimension 2, index

one, and birational complexity zero, for which the sequence TtpXn, Bnq diverges to infinity. Theorem 1.4

will be a consequence of the following explicit result for Gorenstein del Pezzo surfaces of rank one.

Theorem 1.5. Let X be a Gorenstein del Pezzo surface of Picard rank one. Let pX,Bq be a log Calabi–Yau

pair of index one and birational complexity zero. Then, we have T pX,Bq P t0, 1, . . . , 13u.

We propose the following conjecture which predicts that the torus exceptional degree is bounded above

in terms of the dimension.

Conjecture 1.6. Let n be a positive integer. There exists a positive integer tn, only depending on n,

satisfying the following. Let pX,Bq be a log Calabi–Yau pair of dimension n, index one, and birational

complexity zero. Then, we have T pX,Bq ď tn.
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1.3. Connections with boundedness. In this subsection, we draw a connection between log Calabi–Yau

pairs of birational complexity zero and boundedness of algebraic varieties. First, we introduce the concept

of affinely bounded families of projective varieties.

Definition 1.7. Let F be a family of projective varieties. We say that F is affinely bounded if there exists

a scheme T of finite type over the ground field K and a finite type affine morphism U Ñ T such that every

element X P F admits an open affine set isomorphic to Ut for some t P T .

Bounded families of projective varieties are affinely bounded. In Example 6.5, we recall that the converse

is not true. Further, affinely bounded families are birationally bounded. In Example 6.6, we show that there

are families of rational varieties that are not affinely bounded. As an application of Theorem 1.4, we obtain

the following theorem.

Theorem 1.8. Let F2 be the family of projective surfaces X satisfying the following conditions:

‚ there is a log Calabi–Yau pair pX,Bq with KX `B „ 0; and

‚ we have cbirpX,Bq “ 0.

Then the family F2 is affinely bounded.

We expect the previous theorem to generalize to higher dimensions.

Conjecture 1.9. Let Fn be the family of n-dimensional projective varieties X satisfying the following

conditions:

‚ there exists a log Calabi–Yau pair pX,Bq with KX `B „ 0; and

‚ we have cbirpX,Bq “ 0.

Then the family Fn is affinely bounded.

1.4. The cluster type. In this subsection, we introduce the concept of cluster type log Calabi–Yau pairs

and prove some structural theorems about these pairs. We say that a log Calabi–Yau pair pX,Bq is of

cluster type if T pX,Bq “ 0. By Theorem 1.3, for a log Calabi–Yau pair pX,Bq of cluster type the open

subvariety XzB is covered by finitely many almost tori. In this case, the cluster type of pX,Bq, denoted by

CpX,Bq, is the smallest number of almost tori needed to divisorially cover XzB. If a log Calabi–Yau pair

is not of cluster type, then we set CpX,Bq “ 8. The following theorem characterizes log Calabi–Yau toric

pairs among pairs of cluster type.

Theorem 1.10. Let pX,Bq be a log Calabi–Yau pair. Then, we have that CpX,Bq ě 1. Furthermore, the

equality holds if and only if the pair pX,Bq is a toric log Calabi–Yau pair.

In Example 6.7, we show that for every c ě 1 there exists a log Calabi–Yau surface pX,Bq of cluster type

with CpX,Bq “ c. One observes that the log Calabi-Yau surfaces constructed in Example 6.7 are also of

large complexity, arising by performing a large number of non-toric blow ups of a toric pair. The following

theorem puts this observation in context.

Theorem 1.11. Let pX,Bq be a log Calabi-Yau pair of index one and cluster type. Then

CpX,Bq ď cpX,Bq ` 1.

In a related direction, the following theorem states that positivity of the boundary also imposes bounds

on the cluster type, at least in the case of surfaces.

Theorem 1.12. Let X be a Fano surface and let pX,Bq be a log Calabi–Yau pair. Then we have CpX,Bq P

t1, 2,8u.
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The previous theorem states that Fano surfaces of cluster type are quite similar to Fano toric surfaces. In

particular, for every Fano surface X of cluster type, we can write

X “ G2
m Yϕ G2

m \
j
i“1 Gm,i \k

i“1 txiu

where ϕ˚Ω “ Ω with Ω “ dt1^dt2
t1t2

and the x1, . . . , xk P X are closed points. Another pleasant property

shared between cluster type surfaces and toric surfaces is a tight bound on the number of singular points in

terms of Picard rank. It is shown in [1, Theorem 1.1] that a log Del Pezzo surface of Picard rank one has at

most 4 singular points, and in [17, Corollary 1.8.1] it is shown that a log Del Pezzo of arbitrary Picard rank

ρ has at most 2ρ` 4 singular points. For cluster type surfaces, we prove the following:

Theorem 1.13. Let pX,Bq be a log Calabi-Yau surface of index one and cluster type. Then

|Xsing| ď ρpXq ` 2.

1.5. Connections with cluster varieties. We proceed to explain the connection of cluster type varieties

with previous concepts and results from the literature. Cluster varieties are often defined as the spectra

of cluster algebras as in the work of Fomin and Zelevensky (see, e.g., [12], [11]). Recently, Corti defined a

generalized notion of cluster varieties (see Definition [5, Definition 2]). If pX,Bq is a cluster type pair, then

the variety U :“ XzB is a cluster variety in the sense of Corti. Indeed, if pX,Bq is a cluster type pair with

j : Gnm 99K XzB a small birational map and p : pY,BY q Ñ pX,Bq a Q-factorial dlt modification, then the

triple pY,BY , p
´1 ˝ jq defines a cluster variety UY :“ Y zBY » U in the sense of Corti. However, the variety

U :“ XzB may not be a cluster variety in the usual sense. We use the notion of cluster type pairs and

cluster type varieties to resolve this ambiguity.

Acknowledgements. The authors would like to thank Alessio Corti, Konstantin Loginov, Mirko Mauri,

and Burt Totaro, for very useful comments.

2. Preliminaries

In this section, we collect some preliminaries about log Calabi–Yau pairs, birational transformations, and

bounded families. We work over an algebraically closed field K of characteristic zero. The least number of

generators of a group G, will be denoted as dpGq. We denote by Σn the sum of the coordinate hyperplanes

of Pn.

2.1. Log Calabi–Yau pairs. In this subsection, we recall some basic concepts related to log Calabi–Yau

pairs.

Definition 2.1. A log pair is a couple pX,Bq where X is a normal quasi-projective variety and B is an

effective Q-divisor for which KX `B is Q-Cartier. Let π : Y Ñ X be a projective birational morphism from

a normal variety and E Ă Y be a prime divisor. The log discrepancy of pX,Bq at E, denoted by aEpX,Bq

is the rational number

1 ´ coeffEpBY q where KY `BY “ π˚pKX `Bq.

The log discrepancy aEpX,Bq depends only on the divisorial valuation induced by E on X and not in

the model Y . We say that a log pair pX,Bq is log canonical (resp. Kawamata log terminal) if all its log

discrepancies are non-negative (resp. positive). We abbreviate log canonical (resp. Kawamata log terminal)

by lc (resp. klt). A non-klt place of pX,Bq is a prime divisor E over X for which aEpX,Bq ď 0. If pX,Bq is

lc, then the non-klt places are also called log canonical places. A log canonical center of pX,Bq is the image

on X of a log canonical place.
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Definition 2.2. Let pX,Bq be a log pair. We say that pX,Bq is canonical if all its log discrepancies are at

least 1. A divisor E over X for which aEpX,Bq “ 1 holds is called a canonical place of the log pair pX,Bq.

We adopt the previous terminology regardless of whether pX,Bq is a canonical pair or not.

Definition 2.3. Let pX,Bq be a log canonical pair. We say that pX,Bq is divisorially log terminal (or dlt

for short) if there exists an open subset U Ă X satisfying the following conditions:

(1) the pair pU,BU q is log smooth,

(2) every log canonical center of pX,Bq intersects U and is a stratum of tBU u.

Definition 2.4. Let pX,Bq be a log pair. A dlt modification p : Y Ñ X of pX,Bq is a projective birational

morphism satisfying the following conditions:

(1) the pair pY,BY q is dlt, where BY “ Exppq ` p´1
˚ pB ^Bredq,

(2) every p-exceptional divisor is a non-klt place of pX,Bq, and

(3) we have that KY `BY is nef over X,

In the previous setting, we may also say that p : pY,BY q Ñ pX,Bq is a dlt modification.

We recall the following lemma (see, e.g., [10, Theorem 2.9]).

Lemma 2.5. Let pX,Bq be a log pair. Then, there exists a dlt modification p : pY,BY q Ñ pX,Bq.

Definition 2.6. Let pX,Bq be a log pair. A dlt stratum of pX,Bq is either:

‚ a stratum of tBY u, or

‚ the variety Y ,

where pY,BY q Ñ pX,Bq is a dlt modification of pX,Bq. We will refer to the collection of all dlt strata among

all dlt modifications of pX,Bq as the dlt strata of pX,Bq.

We will need the following lemma.

Lemma 2.7. Let pX,Bq be a log canonical pair. Let P be a divisor on X. There is an ϵ ą 0 and a dlt

modification of pX,B ` ϵP q extracting only log canonical places of pX,Bq.

Proof. Let q : Z Ñ X be a log resolution of pX,B ` P q. Log discrepancies are continuous with respect to

the boundary divisor. Hence, for ϵ ą 0 small enough, for every q-exceptional divisor E, aEpX,B ` ϵP q ď 0

if and only if aEpX,Bq “ 0. Thus, every non-klt place of pX,B ` ϵP q is a log canonical place of pX,Bq. □

Definition 2.8. A projective log pair pX,Bq is said to be log Calabi–Yau if KX `B ” 0 and pX,Bq is lc.

For a log Calabi–Yau pair pX,Bq it is known that KX `B „Q 0 (see, e.g., [13, Theorem 1.5]).

Definition 2.9. The index of a log Calabi–Yau pair pX,Bq is the smallest positive integer m for which

mpKX `Bq „ 0.

Definition 2.10. Let pX,Bq and pY,BY q be two log pairs and let π : X 99K Y be a birational map. We

say that π is crepant for pX,Bq and pY,BY q if the following condition holds. There exists a common

resolution p : Z Ñ X and q : Z Ñ Y for which p˚pKX ` Bq “ q˚pKY ` BY q. In this case, we also say that

π : pX,Bq Ñ pY,BY q is a crepant birational map and that pY,BY q is crepant birational equivalent to pX,Bq.

In the previous setting, we write pX,Bq »bir pY,BY q.

If pX,Bq is a log Calabi–Yau pair, then every log pair pY,BY q which is crepant birational equivalent to

pX,Bq is also log Calabi–Yau. Furthermore, they have the same index (see, e.g. [9, Lemma 3.1]).
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Definition 2.11. Let pX,Bq be a log Calabi–Yau pair of dimension n. The coregularity of pX,Bq, denoted

by coregpX,Bq, is the dimension of the smallest log canonical center in any dlt modification of pX,Bq. If

pX,Bq is klt, then we set coregpX,Bq “ n. Thus, we have coregpX,Bq P t0, . . . , nu.

We finish this subsection by collecting some lemmata. The following lemma is a straightforward application

of the connectedness of log canonical centers, see, e.g., [10, Theorem 1.2].

Lemma 2.12. Let pX,Bq be a log Calabi–Yau surface with coregpX,Bq “ 0 and KX ` B „ 0. Let

p : X Ñ Y be a projective birational morphism contracting the irreducible curve C. Assume that the curve

C is not contained in B. Then, the curve C intersects B in at most one point.

The following lemma is known to the experts.

Lemma 2.13. Let pX,Bq be a log Calabi–Yau surface of index one. Let f : X Ñ Y be a birational contrac-

tion. Then we can factor f as h ˝ g where g is a birational contraction that only contracts canonical places

of pX,Bq and h is a birational contraction that only contracts log canonical places of pX,Bq.

2.2. Birational complexity. In this subsection, we recall the concepts of complexity and birational com-

plexity.

Definition 2.14. Let pX,Bq be a log pair. The complexity of pX,Bq, denoted by cpX,Bq, is defined to be

dimX ` dimClQpXq ´ |B|,

where |B| is the sum of the coefficients of B.

The complexity of a log Calabi–Yau pair is non-negative. Furthermore, if the complexity is zero, then

pX, tBuq is toric (see [3, Theorem 1.2]).

Definition 2.15. Let pX,Bq be a log Calabi–Yau pair. The birational complexity of pX,Bq, denoted by

cbirpX,Bq, is defined to be:

mintcpY,BY q | pY,BY q »bir pX,Bqu.

The minimum in the previous definition exists due to [22, Lemma 2.31].

The following theorem is due to Mauri and the third author (see [22, Theorem 1.6]).

Theorem 2.16. Let pX,Bq be a log Calabi–Yau pair of dimension n and index one. We have cbirpX,Bq “ 0

if and only if pX,Bq »bir pPn,Σnq.

The previous theorem states that a log Calabi–Yau pair admits a birational toric model if and only if it

has birational complexity zero.

2.3. Torus exceptional degree. In this subsection, we introduce the concept of torus exceptional degree

and related invariants.

Definition 2.17. Let pX,Bq be a log Calabi–Yau pair. Let ϕ : pPn,Σnq 99K pX,Bq be a crepant birational

map. The torus exceptional degree of ϕ is defined to be

T pϕq :“ degPn

´

Ex1pϕq|Gn
m

¯

where Ex1pϕq denotes the reduced sum of the exceptional divisors of ϕ. The torus exceptional degree is a

non-negative integer.
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For instance, for every toric birational map ϕ : pPn,Σnq 99K pT,BT q we have T pϕq “ 0 although the

exceptional locus of ϕ may contain the coordinate hyperplanes as exceptional divisors. Indeed, in this case,

we have that ϕ|Gn
m

is an isomorphism.

Definition 2.18. Let pX,Bq be a log Calabi–Yau pair. The torus exceptional degree of pX,Bq is defined to

be

T pX,Bq :“ mintT pϕq | ϕ : pPn,Σnq 99K pX,Bq is a crepant birational mapu.

If the set in the previous definition is empty, then we set T pX,Bq “ 8.

Given a crepant birational map ϕ : pPn,Σnq 99K pX,Bq, we can produce crepant birational maps to

pX,Bq of arbitrarily large torus exceptional degree by precomposing with Cremona transformations. On the

other hand, finding crepant birational maps with small torus exceptional degree is related to proving affine

boundedness of the pairs pX,Bq. This is why we are mostly concerned with minimizing this invariant. The

torus exceptional degree T pϕq is minimized precisely when XzB admits an affine open which is isomorphic

to a big open subset of an algebraic torus. This motivates the following definition.

Definition 2.19. An almost torus is a big open subset of an algebraic torus Gnm.

If pX,Bq is a log Calabi–Yau pair with T pX,Bq “ 0, then there is an open embedding U ãÑ XzB of an

almost torus U . Now, we turn to introduce some definitions and invariants that allow us to understand how

far is XzB from being covered by almost tori.

Definition 2.20. Let X be an algebraic variety. Let tUiuiPI be a finite set of open subvarieties Ui Ă X.

We say that the set tUiuiPI divisorially covers X if

codimXpXz YiPI Uiq ě 2.

It is clear that a set that divisorially covers X admits a finite subset that divisorially covers X.

Definition 2.21. Let pX,Bq be a log Calabi–Yau pair. Let tϕiuiPI be a set of crepant birational maps

ϕi : pPn,Σnq 99K pX,Bq. We say that the set tϕiuiPI divisorially covers pX,Bq if the open subvarieties

ϕipGnmzExpϕiqq divisorially cover XzB. In the previous setting, we also say that pX,Bq is divisorially

covered by the crepant birational maps tϕiuiPI .

Definition 2.22. Let pX,Bq be a log Calabi–Yau pair. The total torus exceptional degree is defined to be

TtpX,Bq :“ min

#

ÿ

iPI

T pϕq

ˇ

ˇ

ˇ

ˇ

ˇ

the crepant birational maps tϕiuiPI divisorially cover pX,Bq

+

.

The following lemma will be used in Example 6.2 to show that there are examples of log Calabi–Yau

surfaces pX,Bq for which TtpX,Bq is finite but arbitrarily large.

Lemma 2.23. Let X be a rational projective variety. Let tDiuiPN be an infinite sequence of prime divisors.

Set

rk :“ min tdimH1 pXregz YiPI Di,Qq | I Ă N and |I| “ ku .

Then, we have limkÑ8 rk “ 8.

Proof. Let ϕ : Pn 99K X be a birational map. We can find a hypersurface H Ă Pn such that ϕ restricts to

an embedding PnzH ãÑ X. Let P1, . . . , Pℓ be the prime components of XregzϕpPnzHq. Set

sk :“ min tdimH1 ppPnzHqz YiPI ϕ
˚Di,Qq | I Ă N and |I| “ ku .
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By [6, Proposition 4.1.3], we know that limkÑ8 sk “ 8. On the other hand, for every finite subset I Ă N,
we have

dimH1 pXregz YiPI Di,Qq ´ dimH1 ppPnzHqz YiPI ϕ
˚Di,Qq ď ℓ.

Then, the statement follows. □

2.4. Boundedness. In this subsection, we prove the following lemma related to affinely bounded families

of normal varieties.

Lemma 2.24. Let F be a family of normal varieties which is affinely bounded. Then, there exists a constant

r :“ rpFq, only depending on F , satisfying the following. Let X P F , then dpπ1pXregqq ď r.

Proof. Let A Ñ T be a bounded family of affine varieties such that for every X P F there is an open

embedding At ãÑ X. Then, the family Areg :“ tU reg | U P Au is also bounded. Let Areg Ñ W be its

bounding family. By Verdier Theorem [26, Corollaire 5.1], we can stratify the morphism Areg Ñ W into

finitely many locally trivial fibrations Areg
i Ñ Wi. We conclude that the family of groups tπ1pAreg

t q{ »utPT

is a finite set.

In particular, dpπ1pAreg
t qq is bounded above in terms of F , meaning that dpπ1pAreg

t qq ď rpFq holds for

every t P T . Let X P F . Then there is an open embedding At ãÑ X for some t P T . Therefore, we have a

surjective homomorphism

π1pAreg
t q Ñ π1pXregq.

Thus, we have dpπ1pXregqq ď rpFq. □

The previous lemma will be used in Example 6.6 to show an example of a birationally bounded family

that is not affinely bounded.

2.5. Cluster type. In this subsection, we introduce the concept of cluster type log Calabi–Yau pairs and

prove a lemma.

Definition 2.25. Let ϕ : pPn,Σnq 99K pX,Bq be a crepant birational map. We say that ϕ is of cluster type

if T pϕq “ 0. Equivalently, a crepant birational map is said to be of cluster type if it induces an embedding

of an almost torus in XzB.

Definition 2.26. Let pX,Bq be a log Calabi–Yau pair. We say that pX,Bq is of cluster type if T pX,Bq “ 0.

In other words, a log Calabi–Yau pair pX,Bq is said to be of cluster type if there exists a crepant birational

map ϕ : pPn,Σnq 99K pX,Bq which is of cluster type.

Definition 2.27. Let pX,Bq be a log Calabi–Yau pair. The cluster type of pX,Bq, denoted by CpX,Bq, is

the least number of almost tori that divisorially cover XzB. If XzB is not divisorially covered by almost

tori, then we set CpX,Bq “ 8.

Following the previous definitions, we may say that a log Calabi–Yau pair pX,Bq is of cluster type CpX,Bq.

Theorem 1.3 states that a log Calabi–Yau pair pX,Bq is of cluster type if and only if XzB is divisorially

covered by finitely many almost tori.



10 J. ENWRIGHT, F. FIGUEROA, AND J. MORAGA

Lemma 2.28. Let pX,Bq be a log Calabi–Yau pair of index one and dimension n. Let ϕ : pPn,Σnq 99K pX,Bq

be a cluster type crepant birational map. Then, there is a commutative diagram of projective birational maps:

pT,BT q

p1

��

pX0, B0q
q

oo

p2

��
pPn,Σnq pX,Bq

ϕ´1

oo

where the following conditions are satisfied:

‚ p1 is a toric projective birational morphism,

‚ p2 is a birational contraction map that only extracts log canonical places of pX,Bq, and

‚ q is a projective birational morphism that only extracts canonical places of pT,BT q.

We may choose T to be smooth and X0 to be Q-factorial. Furthermore, if n “ 2 then we may choose the

above such that p2 is a projective morphism.

Proof. We begin by choosing some toric projective birational morphism p1 : pT,BT q Ñ pPn,Σnq extracting

all those log canonical places which have divisorial center on X but not on Pn. Using [24, Lemma 2.37] to

replace pT,BT q by a higher model if necessary, we may assume that T is smooth and that the indeterminacy

locus of ϕ ˝ p1 contains no toric strata. As T is smooth, the log canonical centers of the toric pair pT,BT q

are precisely the toric strata. Thus, by [23, Corollary 1] we may find a projective birational morphism

q : pX0, B0q Ñ pT,BT q with the following properties:

(1) q extracts precisely those canonical places which have divisorial center on X but not on T,

(2) all q-exceptional divisors are Q-Cartier.

It follows from condition (2) and the smoothness of T that X0 is Q-factorial. It follows from condition (1)

that

p2 “ ϕ ˝ p1 ˝ q : pX0, B0q 99K pX,Bq

is a birational contraction map; in particular, if n “ 2 then p2 cannot have nonempty indeterminacy locus.

By construction, p2 contracts only log canonical places. □

3. Birational complexity zero

In this section, we show a structural theorem for varieties of birational complexity zero. In the first

subsection, we study affine varieties that divisorially cover log Calabi–Yau pairs of birational complexity

zero. In the second subsection, we study the birational complexity of Gorenstein del Pezzo surfaces of rank

one.

3.1. Log Calabi–Yau pairs. In this subsection, we give a proof of Theorem 1.2. First, we will need the

following lemma.

Lemma 3.1. Let pX,Bq be a toric log Calabi–Yau pair of dimension n. Let E be a divisorial valuation

exceptional over X with aEpX,Bq “ 1. Then, there exists a crepant birational map ϕ : pY,BY q 99K pX,Bq

satisfying the following conditions:

(1) we have cpY,BY q “ 1,

(2) the center of E on Y is a prime divisor EY ,

(3) the variety Y is Q-factorial and admits a fibration p : Y Ñ Z to a variety of dimension n´ 1,
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(4) there is a prime component FY of p´1pppEY qq that dominates ppEY q, is not contained in BY , and

it is different from EY , and

(5) the pair pY,BY ` ϵFY q is dlt for ϵ ą 0 small enough.

Furthermore, the birational map ϕ : Y 99K X only extracts EY and log canonical places of pX,Bq.

Proof. First, we argue that in some log resolution pT,BT q of pX,Bq the center of E on T is a prime divisor

of a prime component of BT . Since Gnm is smooth, for every toric modification pXi, Biq Ñ pX,Bq the center

of E on Xi must be contained in Bi. We construct a sequence of toric birational morphisms as follows:

we set pX0, B0q :“ pX,Bq, we let pX1, B1q be a toric log resolution of pX0, B0q, and for each i ě 1 we

let pXi`1, Bi`1q be the blow up of the smallest stratum of Bi containing cEpXiq. This process terminates

precisely when cEpXiq is contained in a prime component of Bi and is not contained in any stratum of smaller

dimension. If we are able to perform at least m blow ups without this process terminating, then it follows

from [19, Lemma 2.29] that aEpXq ě m. We conclude that this process must terminate after finitely many

steps. Thus, we can find a log resolution pT,BT q of pX,Bq where the center of E is a prime divisor of a prime

component of BT . By applying Lemma 2.7 to pT,BT q and any non-toric prime divisor P Ă T containing

cEpT q, we can further assume that the center cEpT q contains no toric strata. Note that pT,BT q Ñ pX,Bq

is a toric birational map so T Ñ X only extracts log canonical places of pX,Bq.

Let ΣT Ă NQ be the fan associated to T . Let Q Ă BT be the unique prime component that contains

cEpT q. Let ρQ P ΣT p1q be the ray corresponding to the torus invariant divisor Q. Let N0,Q Ă NQ be an

orthogonal complementary subspace to the ray generated by ρQ. Let te1, . . . , en´1u be an orthogonal basis

of N0,Q. Consider the fan

Σ0 :“ t˘e1, . . . ,˘en´1,˘ρQu.

Then XpΣ0q » pP1qn, the center of Q on XpΣ0q is a torus invariant divisor, and this torus invariant divisor

is a section for a fibration pP1qn Ñ pP1qn´1. Let Σ1 be a common refinement of ΣT and Σ0. Let T1 be the

projective toric variety associated to Σ1. Then, we have a projective birational morphism T1 Ñ T and a

fibration pT1 : T1 Ñ Z :“ pP1qn´1 such that the strict transform of Q on T1 dominates Z. We let pT1, BT1q be

the log pull-back of pT,BT q to T1. Observe that T1 Ñ X is a toric birational morphism, so it only extracts

log canonical places of pX,Bq.

Let Y0 Ñ T1 be a log resolution of pT1, BT1q that extracts E. Let EY0 be the center of E on Y0. Let BY0

be the strict transform of BT1 on Y0. Let RY0 be the reduced exceptional of Y0 Ñ T1 minus E. Then, the

pair pY0, BY0 `RY0q is log smooth. Note that

KY0
`BY0

`RY0
„Q

ÿ

PĎY0
P‰EY0

aP pT1, BT1
qP.

We call ΩY0
the effective divisor on the right side of the previous Q-linear equivalence. Note that ΩY0

contains

the support of all the prime divisors exceptional over T1 that have positive log discrepancy with respect to

pT1, BT1
q except for EY0

. The divisor ΩY0
is degenerate over T1 in the sense of [21, Definition 2.9]. We run

a pKY0
`BY0

`RY0
q-MMP over T1 with scaling of an ample divisor. After finitely many steps all the prime

components of ΩY0
are contracted. Note that this MMP terminates after these components are contracted.

We let Y1 be the model obtained by this MMP. Let BY1
be the push-forward of BY0

on Y1. Let EY1
be the

push-forward of EY0
on Y1. Then, the pair pY1, BY1

q satisfies the following conditions:

(i) the pair pY1, BY1q is Q-factorial and dlt, and

(ii) the birational morphism Y1 Ñ T1 only extracts EY1 and log canonical places of pT1, BT1q.
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Condition (ii) implies that cpY1, BY1
q “ 1. Let pY1

: Y1 Ñ Z be the induced fibration and let EY1
be the

center of E on Y1. Then we have that p´1
Y1

ppY1
pEY1

qq has at least two prime components: EY1
and the

strict transform of p´1
T1

ppY1
pEY1

qq. Thus, the log pair pY1, BY1
q satisfies conditions (1)-(4). Let FY1

be a

prime component of p´1
Y1

ppY1
pEY1

qq that dominates pY1
pEY1

q, is not contained in BY1
, and is different from

EY1
. By [18, Theorem 3.1], we can take a minimal dlt modification pY,BY ` ϵFY q of pY1, BY1

` ϵFY1
q. By

Lemma 2.7, for ϵ ą 0 small enough all the non-klt places of pY1, BY1
` ϵFY1

q are log canonical places of

pY1, BY1
q. In particular, the pair pY,BY q is a dlt modification of pY1, BY1

q. Thus, we have cpY,BY q “ 1.

Conditions (1)-(4) are clearly preserved on pY,BY q. We conclude that the pair pY,BY q satisfies the conditions

(1)-(5). Note that the birational map ϕ : Y 99K X only extracts EY and log canonical places of pX,Bq. □

Now, we turn to prove the first theorem of this article.

Proof of Theorem 1.2. Let pX,Bq be a log Calabi–Yau pair of dimension n, index one, and birational com-

plexity zero. By [22, Theorem 1.6], there is a crepant birational map ϕ : pT,BT q 99K pX,Bq where pT,BT q

is a toric log Calabi–Yau pair. Let

U1 :“ ϕpT zpBT Y Expϕqqq.

Then U1 is isomorphic to an open subvariety of T zBT » Gnm. As pT,BT q has no log canonical centers along

T zBT , we conclude that ϕ induces an embedding U1 ãÑ XzB. Let E2, . . . , Ek be the pn ´ 1q-dimensional

prime components of pXzBqzU1.

For each i P t2, . . . , ku, we argue that there exists a crepant birational map ϕi : pTi, BTiq 99K pX,Bq, from

a toric log Calabi–Yau pair pTi, BTiq such that the center of Ei on Ti is a divisor intersecting TizBTi . This

implies that the divisor Ei intersects

Ui :“ ϕipTizpBTi
Y Expϕiqqq.

Thus, the open affines U1, . . . , Uk cover XzB divisorially.

It suffices to show that the statement holds for E :“ E2. By assumption, the divisor E gives a divisorial

valuation exceptional over T . Note that aEpT,BT q “ 1. We can apply Lemma 3.1 to the toric log Calabi–

Yau pair pT,BT q and the valuation E. We obtain a crepant birational map ϕ : pY,BY q 99K pT,BT q satisfying

the following conditions:

(1) we have cpY,BY q “ 1,

(2) the center of E on Y is a prime divisor EY ,

(3) the variety Y is Q-factorial and admits a fibration p : Y Ñ Z to a variety of dimension n´ 1,

(4) there is a prime component FY of p´1pppEY qq that dominates ppEY q, is not contained in BY , and

is different from EY , and

(5) the pair pY,BY ` ϵFY q is dlt for ϵ ą 0 small enough.

By condition (5), we can run a pKY `BY ` ϵFY q-MMP over Z with scaling of an ample divisor. Note that

KY ` BY „Q 0 so KY ` BY ` ϵFY „Q ϵFY . By condition (4), we know that the divisor FY is degenerate

over Z, so this MMP terminates after contracting FY . Let T1 be the model obtained after contracting FY .

Let BT1
be the push-forward of BY on T1. Since FY is not contained in BY , the complexity drops precisely

by one when we contract this divisor. Hence, we get cpT1, BT1
q “ 0, so pT1, BT1

q is a toric log Calabi–Yau

pair. Further, the center of E on T1 is a divisor that intersects T1zBT1
. This finishes the proof. □

3.2. Log Calabi–Yau Surfaces. In this subsection we study the birational complexity of log Calabi–Yau

pairs pX,Bq, where X is a Gorenstein del Pezzo surface of Picard rank 1.
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Lemma 3.2. Let pX;xq be a D-type or E-type singularity. Then the only 1-complement of pX;xq is the

trivial one, i.e., B “ 0.

Proof. Let p : Y Ñ X be a minimal resolution. For each E Ă Y exceptional over X we have aEpXq “ 1.

Assume that pX,B;xq is a 1-complement and B ‰ 0 through x P X. Then aEpX,Bq is integral and strictly

less than 1 for each E Ă Y exceptional over X. Thus, aEpX,Bq “ 0 for every such a curve. We conclude that

p˚pKX `Bq “ KY `BY `E where E is the reduced exceptional divisor. Here, BY is the strict transform of

B on Y . As pX;xq is either D-type or E-type, there is a curve C Ă E that intersects at least 3 other prime

components E1, E2, and E3 of E. Note that KY ` BY ` E is log canonical and trivial over X. Performing

adjunction to C we observe

pKY `BY ` Eq|C “ KC ` E1|C ` E2|C ` E3|C `BY |C .

From the previous formula, we get that pKY `BY ` Eq ¨ C ą 0 leading to a contradiction. □

By [27, Theorem 1.2], there is an explicit list of the possible singularities Gorenstein del Pezzo surfaces of

Picard rank 1. Moreover these are up to isomorphism uniquely determined by their singularity type, except

for the cases with singularities in tE8, E7 `A1, E6 `A2, 2D4u.

For the case of singularities 2D4, there is an infinite family of Gorenstein del Pezzo surfaces of Picard

rank 1, we will label any member of this family by Xp2D4q.

For each of the singularities tE8, E7 `A1, E6 `A2u, there are two isomorphism classes of Gorenstein del

Pezzo surfaces of Picard rank 1, and they can be obtained as contractions from rational elliptic surfaces. For

each one of these singularities there is a case where the elliptic surface does not have an I1 singular fiber (see

[2, Table 4.1]), these cases will be labeled X1p´q. The other case will be labeled Xp´q as with any other

singularity that has a unique member.

The main statement of this subsection is the following theorem:

Theorem 3.3. Let X be a Gorenstein del Pezzo surface of rank 1. Then there exists a 1-complement B of

X with cbirpX,Bq “ 0, if and only if X is not isomorphic to Xp2D4q, X1pE8q, X1pE7 `A1q, X1pE6 `A2q.

In [25, Example 3.13], it is shown that the varieties of type Xp2D4q do not admit a 1-complement of

coregularity 0, hence a fortiori they cannot have a 1-complement with birational complexity 0. This is also

true for the remaining 3 varieties in the statement of Theorem 3.3

Lemma 3.4. Let X be one of X1pE8q, X1pE7 ` A1q, X1pE6 ` A2q, then X admits no 1-complement of

coregularity 0.

Proof. Assume that B is such that KX `B „ 0 and coregpX,Bq “ 0. Let x P X be the E-type singularity,

and f : Y Ñ X the minimal resolution of X. Let BY be the strict transform of B.

Let E1, E2, . . . Ek be the exceptional curves over x of f : Y Ñ X, where E2, . . . Ek form a chain, and

E1 intersects only E4. Here k can be 6, 7 or 8. By Lemma 3.2, B cannot contain x, therefore BY cannot

intersect any Ei. By [2, Table II], there exists a unique sequence of blow downs φ : Y Ñ P2 that contracts

every Ei, except for E1. Let E1
1 and B1 be the images of E1 and BY by φ. In P2, B1 is of degree 3 and E1

1

is a line.

By the description of the maps in [2, Table II], in φ : Y Ñ P2 there is a unique point in E1
1 over which

blow ups are performed, three of these are performed over the strict transforms of E1
1, whose exceptional

divisors are the strict transforms of E2, E3 and E4. If any irreducible component of B1 were to have order of

contact with E1
1 of 1 or 2, it would imply that BY would intersect E2 or E3 respectively. Therefore B1 can

have only one irreducible component, hence B is also irreducible. Since coregpX,Bq “ 0, B must have nodal
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singularities. This would imply that a fiber in the rational elliptic surface from which X can be obtained

(see [2, Table 4.1]) is a nodal curve, a contradiction

□

To prove Theorem 3.3, we will study some special configurations of curves in P2 that get mapped to the

exceptional divisors of minimal resolutions of these surfaces.

Lemma 3.5. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is tA2 `

A1, A4, D5, E6, E7, E8, D6`A1, D8, E7`A1, 3A2, A2`A5, A2`E6, D4`3A1, 2A1`D6, A1`2A3, D5`A3, 4A2u

and let pP2, Cq be the projective plane with a nodal cubic. Then, there exists a crepant birational map

pP2, Cq 99K pX,Bq, where pX,Bq is log canonical.

Proof. We will start by describing some maps from P2 to each of these surfaces.

Let C be a nodal cubic in P2 with a flex P and let L be a line tangent to C at P . If we blow up 3, 4, 5, 6, 7

or 8 times over P along the strict transform of C, we end up with the minimal resolutions of XpA1 ` A2q,

XpA4q, XpD5q, XpE6q, XpE7q or XpE8q, respectively.

Let C be a nodal cubic in P2 with a flex P , L1 be the line tangent to C at P and L2 another line passing

through P , tangent to C at some other point Q. If we blow up 5 times over P along the strict transform of

C, and we blow up over Q two times along the strict transform of C, we end up with the minimal resolution

of XpD6 ` A1q. If we blow up once more over Q at the strict transform of C, we end up with the minimal

resolution of XpD8q.

Let C be a nodal cubic in P2 with a flex P , L1 be the line tangent to C at P and L2 another line passing

through P , tangent to C at some other point Q. If we blow up 6 times over P and 2 times over Q along the

strict transform of C, we end up with the minimal resolution of XpE7 `A1q.

Let C be a nodal cubic in P2 with two flexes P1 and P2, and L1 and L2 be the lines tangent to C at P1

and P2 respectively. If we blow up 3 times over P1 and 3 times over P2 along the strict transform of C, we

end up with the minimal resolution of Xp3A2q. If we furthermore blow up over P1 along the strict transform

of C once more, we end up with the minimal resolution of XpA5 ` A2q. If we furthermore blow up over P1

along the strict transform of C once more, we end up with the minimal resolution of XpE6 `A2q.

Let C be a nodal cubic in P2 with a flex P and node N , let L1 be the line tangent to C at P , let L2 be a

line passing through P tangent to C at Q and let L3 be the line passing through P and N . If we blow up 3

times over P and 2 times over Q along the strict transform of C. And we blow up twice over N along the

strict transform of L3, then we have the minimal resolution of XpD4 ` 3A1q . If we blow up once more over

Q along the strict transform of C, then we have the minimal resolution of Xp2A1 `D6q.

Let C be a nodal cubic in P2 with a flex P , let L1 be the line tangent to C at P , let L2 be a line passing

through P and tangent to C at Q1, and let L3 be a line passing through Q1 and tangent to C at Q2. If we

blow up 3 times over P , 2 times over Q1 and 2 times over Q2 along the strict transform of C, then we have

the minimal resolution of XpA1 ` 2A3q. If we blow up once more over Q2 along the strict transform of C,

then we have the minimal resolution of XpD5 `A3q.

In any of these previous cases let X be the Gorenstein del Pezzo surface of rank 1. If we take the pair

pX, Ĉq, where Ĉ is the strict transform of C via the maps described. The described maps from pP2, Cq to

pX, Ĉq are crepant birational.

Let C be a nodal cubic in P2, with node N and two flexes P1 and P2, and L1 and L2 be the lines tangent

to C at P1 and P2 respectively. If we blow up 2 times over N , 3 times over P1 and 3 times over P2 along C,

then we have the minimal resolution of Xp4A2q.
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In this final case, let B be the image on X of the p´1q-curve on the minimal resolution that maps to N

in P2. Then the described map from pP2, Cq to pX,Bq is crepant birational. □

Lemma 3.6. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is Xp2A4q

and let pP2, Q ` Lq be the projective plane with a conic and a transversal line. Then, there exists a crepant

birational map pP2, Q` Lq 99K pX,Bq, where pX,Bq is log canonical.

Proof. Let Q be a conic with secant line L1. Write P1 and P2 for the points of intersection between Q and

L1. Let L2 be a line tangent to Q at P2, and let L3 be a line tangent to Q at a point P3 P QzL1. Write P4

for the point of intersection between L3 and L1. Blow up once at P1 and once at P4. Blow up three times

above P2 along L2 and three times above P3 along Q. We obtain the minimal resolution of Xp2A4q.

As pP2, Q`Lq is crepant birational to pP2,Σ2q, via one standard Cremona transformation, we obtain the

desired result. □

Lemma 3.7. Let X be a Gorenstein del Pezzo surface of Picard rank one, whose singularity type is tA8, A7`

A1, A1 ` A2 ` A5, 2A1 ` A3, A1 ` A5, A7u and let pP2, L1 ` L2 ` L3q be the projective plane with the three

coordinate axes. Then, there exists a crepant birational map pP2, L1 ` L2 ` L3q 99K pX,Bq, where pX,Bq is

log canonical.

Proof. Let L1, L2, L3 be three lines in P2 where P1 is the intersection of L1 and L3 and P2 is the intersection

of L2 and L3. Blow up 3 times over P1 at the strict transform of L1 and 3 times over P2 at the strict transform

of L1. Next, blow up one interior point of each of the two exceptional p´1q-curves. We obtain the minimal

resolution of XpA8q.

Let L1, L2, L3 be three lines in P2. Write P1 for the point of intersection between L1 and L2, P2 for the

the point of intersection between L2 and L3, and Q for a point in L1zpL2 YL3q. Blow up twice over Q along

L1 and three times over P2 along L3. Blow up twice over P1 along L2. Finally, blow up once at an interior

point of the exceptional p´1q-curve over P1. We obtain the minimal resolution of XpA7 `A1q.

Let L1, L2, L3 be three lines in P2 where P1 is the intersection of L1 and L3. Let Q1 and Q2 be points

in L1 and L2 respectively, but in no other Li. If we blow up 3 times over P1 along the strict transform of

L3, we blow up 2 times over Q1 along the strict transform of L1 and we blow up 3 times over Q2 along the

strict transform of L2, then we have the minimal resolution of XpA1 `A2 `A5q

Let L1, L2, L3 be three lines in P2 where P1 is the intersection of L1 and L3 and P2 is the intersection of

L2 and L3. If we blow up 3 times over P1 along the strict transform of L1 and we blow up 2 times over P2

along the strict transform of L3, then we have the minimal resolution of Xp2A1 `A3q.

If furthermore we blow up once over P1 at a point in the p´1q-curve, not in any p´2q-curve, then we have

the minimal resolution of XpA1 `A5q.

If furthermore we blow up once more over P2 at a point in the p´1q-curve, not in any p´2q-curve, then

we have the minimal resolution of XpA7q.

□

Proof of Theorem 3.3. By [27, Theorem 1.2], the surfaces in Lemmas 3.5, 3.6, and 3.7, are all the Gorenstein

del Pezzo surface of rank 1, other than those listed in the statement of the theorem. Therefore, all the

required surfaces admit a 1-complement B with cbirpX,Bq “ 0. By Lemma 3.4 and [25, Example 3.13], the

surfaces listed in the statement of the Theorem do not admit a 1-complement with coregularity 0, those a

fortiori they cannot admit a 1-complement of birational complexity 0. □
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4. Torus exceptional degree

In this section, we prove several statements about the torus exceptional degree of log Calabi–Yau pairs.

First, we are concerned with the general picture, and then we focus on log Calabi–Yau surfaces.

4.1. Log Calabi–Yau pairs. In this subsection, we prove the positivity of the torus exceptional degree and

the characterization of log Calabi–Yau pairs with torus exceptional degree zero.

Proof of Theorem 1.3. Let pX,Bq be a log Calabi–Yau pair of dimension n and index one. By definition,

we have that TtpX,Bq ě T pX,Bq ě 0. This proves (1). If TtpX,Bq is finite, then the log Calabi–Yau pair

admits a crepant birational map pPn,Σnq 99K pX,Bq so its birational complexity is zero. On the other hand,

assume that pX,Bq has birational complexity zero. Then, by the proof of Theorem 1.2, there is a finite set

tϕiuiPI of crepant birational maps ϕi : pPn,Σnq 99K pX,Bq that divisorially cover pX,Bq. Thus, we get

TtpX,Bq ď
ÿ

iPI

T pϕiq,

and the right-hand side is finite. This proves (2).

We turn to prove (3). If pX,Bq is divisorially covered by almost tori, then there are birational maps

φi : Pn 99K X,

that induce embeddings φi : GnmzZi ãÑ XzB where Zi is a closed subvariety of Gnm of codimension at least

2. Let pi : Yi Ñ Pn and qi : Yi Ñ X give a resolution of the birational map ϕi. Let ∆i :“ pi˚q
˚
i B. Since

GnmzZi ãÑ XzB is an embedding, we conclude that ∆i is supported on PnzGnm. This means that ∆i is

supported on the coordinate hyperplanes. As pPn,∆iq is a sub log Calabi–Yau pair, we conclude that

∆i “ Σn for each i. Thus, we have a finite set of crepant birational maps

ϕi : pPn,Σnq 99K pX,Bq,

that divisorially cover pX,Bq. Furthermore, for each i, we have T pϕiq “ 0. Indeed, the birational maps

ϕi : Pn 99K X are small in the algebraic torus. We conclude that T pX,Bq “ TtpX,Bq “ 0.

Now, assume that T pX,Bq “ 0. This means that there exists a crepant birational map

ϕ : pPn,Σnq 99K pX,Bq,

such that T pϕq “ 0. In other words, no exceptional divisor of ϕ intersects the algebraic torus Gnm. Let

U1 :“ ϕpPnzpΣn Y Expϕqqq.

Then U1 is an almost torus that admits an embedding U1 ãÑ XzB. Let E2, . . . , Ek be the divisorial prime

components of pXzBqzU1.

For each i P t2, . . . , ku, we show that there exists a crepant birational map ϕi : pPn,Σnq 99K pX,Bq such

that the center of Ei on Pn is a divisor intersecting Gnm and ϕi is of cluster type, i.e., induces a small

birational map on Gnm. This would imply that the open sets

Ui :“ ϕipPnzpΣn Y Expϕiqqq

are almost tori that cover XzB divisorially.

It suffices to show the statement for E :“ E2. The divisor E is exceptional over the domain Pn of ϕ.

Then, we can apply Lemma 3.1 to the pair pPn,Σnq and the valuation E. We obtain a crepant birational

map ϕ : pY,BY q 99K pX,Bq satisfying the following conditions:

(1) we have cpY,BY q “ 1,

(2) the center of E on Y is a prime divisor EY ,
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(3) the variety Y is Q-factorial and admits a fibration p : Y Ñ Z to a variety of dimension n´ 1,

(4) there is a prime component FY of p´1pppEY qq that dominates EY , is not contained in BY , and it is

different from EY , and

(5) the pair pY,BY ` ϵFY q is dlt for ϵ ą 0 small enough.

Furthermore, we know that the crepant birational map pY,BY q 99K pPn,Σnq only extracts EY and log

canonical places of pPn,Σnq. By condition (5), we can run a pKY ` BY ` ϵFY q-MMP over Z. This MMP

terminates with a toric log Calabi–Yau pair pT,BT q due to conditions (1) and (3). Let ET be the center of

E on T . Note that pT,BT q 99K pPn,Σnq is a crepant birational map that only extracts ET and log canonical

places of pPn,Σnq. Since the center of ET on X is a divisor, we conclude that the crepant birational map

f : pT,BT q 99K pX,Bq is small on T zBT . Let g : pT,BT q 99K pPn,Σnq be any crepant toric birational map to

pPn,Σnq. Toric birational maps are isomorphisms on the algebraic torus Gnm. We conclude that the crepant

birational map

ϕ2 :“ g´1 ˝ f : pPn,Σnq 99K pX,Bq

is of cluster type and the center of E on its domain Pn is a divisor that intersects Gnm non-trivially. Hence,

the almost tori U2 :“ ϕ2pPnzpΣn Y Expϕ2qqq intersects the divisor E2 non-trivially. This finishes the proof

of (3).

Now, we turn to prove (4). Assume that X is Fano and T pX,Bq “ 0. By (3), we know that pX,Bq

is divisorially covered by finitely many almost tori. It suffices to show that, in this case, such almost tori

are indeed algebraic tori. Let tϕiuiPI be a finite set of crepant birational maps ϕi : pPn,Σnq 99K pX,Bq of

cluster type such that Vi :“ ϕipGnmzExpϕiqq divisorially cover XzB. Let P1, . . . , Pk be the prime exceptional

divisors of ϕ´1
i that are not contained in B. As X is Fano, the variety XzB is affine, and so Ui :“

Xz supppB ` m1P1 ` ¨ ¨ ¨ ` mkPkq is affine, where mi is the Cartier index of Pi. The birational map ϕ´1
i

induces a small birational map between the affine variety Ui and the affine variety Gnm. Note that Vi and

Ui are small birational. So, ϕ´1
i induces an isomorphism between Ui and Gnm. We conclude that XzB is

divisorially covered by finitely many algebraic tori. □

4.2. Log Calabi–Yau surfaces. In this subsection, we study the torus exceptional degree of log Calabi–

Yau surfaces. In order to prove Theorem 1.5, we first establish some lemma regarding particular birational

maps in P2.

Lemma 4.1. Let C be a nodal cubic in P2 with node N and two other points P1 and P2. Let Li be some lines,

each one passing through at least one of the points P1, P2 or N . Let Qj be some conics, each one passing

through at least two of the points P1, P2 or N . There exists a crepant birational map φ : pP2,Σ2q 99K pP2, Cq,

with τpφq ď 3, such that the strict transform of each Li is empty or a curve of degree at most 2, and the

strict transforms of each Qj is empty or a curve of degree at most 4.

Proof. Let φ1 be the standard Cremona transformation with centers at N,P1, P2. Let L1
i, Qj and C 1 be

the strict transforms of Li, Qj and C respectively. By the choice of centers, C 1 is a conic, L1
i are lines or

points and Q1
j have degrees 1 or 2. Let P the strict transform of the line P1P2, and N1, N2 be the images of

the points over N lying on the strict transform of C. Let φ2 be the standard Cremona transformation with

centers N1, N2, P . Let C2, L2
i and Q2

j be the strict transforms of C 1, L1
i and Q

1
j . By the choice of centers

C2 is a line and the degrees of L2
i and Q2

j are at most 2 and 4 respectively. Let EN1 and EN2 be the images

of the blow ups at N1 and N2.

The birational map φ´1
1 ˝φ´1

2 : pP2, C2 `EN1 `EN2q 99K pP2, Cq is crepant birational, with τpφ´1
1 ˝φ´1

2 q “

3, satisfying the desired properties. □
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Lemma 4.2. Let Q be a conic in P2 and L a line transversal to Q. Let Ci be some curves in P2. There

exists a crepant birational map ϕ : pP2,Σ2q 99K pP2, Q` Lq, with τpϕq “ 1, such that the strict transform of

each Ci is empty or a curve of degree at most twice the degree of Ci.

Proof. Let P1, P2 be the intersection points of Q and L, and let P3 be another point in Q. Let φ be the

standard Cremona transformation center at P1, P2, P3. Then φ
´1 satisfies the desired properties. □

Proof of Theorem 1.5. As a Gorenstein del Pezzo surface of Picard rank one that admits a 1-complement of

birational complexity zero, X must be one of the surfaces appearing in the hypotheses of Lemmas 3.5, 3.6

or 3.7. Denote by f : Y Ñ X the minimal resolution of X. The pair pY,BY q induced from pX,Bq via log

pullback has BY effective, hence pY,BY q is a log Calabi–Yau pair of index one. Given a crepant birational

map ϕ : pP2,Σ2q 99K pY,BY q, we can compute T pf ˝ ϕq as the sum of T pϕq and the degrees of the strict

transforms on P2 of the p´2q-curves on Y. We will use this observation to bound T pX,Bq by considering ϕ

that factor as ϕ “ g´1 ˝φ for φ : P2 99K P2 as in Lemmas 4.1 and 4.2 and g : Y Ñ P2 a birational morphism

as in [2, Table II].

Let us establish some notation. Given a singularity type Γ appearing in the hypotheses of Lemmas 3.5, 3.6

or 3.7, we will denote by XpΓq the Gorenstein del Pezzo surface of Picard rank one with that singularity

type and by Y pΓq its minimal resolution. We will refer to morphisms in [2, Table II] via triples of the form

pΓ, pp´1q-curves to be contractedq , p´2q-curves to be contracted.q For example, the unique morphism listed

in the case Γ “ A3`2A1 will be referred to as pA3`2A1, p15, 35q, 235q.We will denote by Di the p´2q-curves

on the surfaces Y pΓq, numbered as in [2, Table II]. We will denote by Ei1...ik a p´1q-curve on a surface Y pΓq

that meets the p´2q-curves Di1 , . . . , Dik and no others.

We separate in cases, depending on the isomorphism class of X.

(1) The surface X is isomorphic to one of XpA2 `A1q, XpA4q, XpD5q, XpE6q, XpE7q or XpE8q.

Let g : Y pA2 ` A1q Ñ P2 be the morphism pA2 ` A1, p13q, 12q. The morphisms pA4, p2q, 234q,

pD5, p3q, 2345q, pE6, p6q, 23456q, pE7, p7q, 234567q and pE8, p8q, 2345678q factor through this morphism

in such a way that every p´2q-curve has image on Y pA2 `A1q either a p´2q-curve or the p´1q-curve

E13. Thus, it suffices to analyze only the case X “ XpA2 `A1q.

Write Y “ Y pA2`A1q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq via log

pullback. Write BP2 “ g˚BY . The curve D3 is the only p´2q-curve on Y that is not g-exceptional,

and its image under g is a line L. If BY does not contain D3, then BP2 must be a nodal cubic

meeting the line L in exactly one point. It follows from Lemma 4.1 that T pX,Bq ď 5 in this case.

If BY contains D3, then it follows from Lemmas 4.1 and 4.2 that T pX,Bq ď 3.

(2) The surface X is isomorphic to one of XpD6 `A1q or XpD8q.

Let g : Y pD6`A1q Ñ P2 be the morphism pD6`A1, p67, 3q, 12356q. The morphism pD8, p2, 7q, 123567q

factors through this morphism in such a way that every p´2q-curve has image on Y pD6 `A1q either

a p´2q-curve or the p´1q-curve E67. Thus, it suffices to analyze only the case X “ XpD6 `A1q.

Write Y “ Y pA2 ` A1q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq via

log pullback. Write BP2 “ g˚BY . The curves D4 and D7 are the only p´2q-curves on Y that are not

g-exceptional, and their images under g are lines L1 “ g˚D4 and L2 “ g˚D7. If BY does not contain

D7, then BP2 must be a nodal cubic meeting L1 and L2 at their point of intersection. It follows from

Lemma 4.1 that T pX,Bq ď 7 in this case. If BY contains D7, then BP2 consists of either L2 and a

conic or L1, L2 and a third line. We have T pX,Bq “ 0 in the latter case, and T pX,Bq ď 3 in the

former case by Lemma 4.2.

(3) We have X “ XpE7 `A1q.



LOG CALABI–YAU PAIRS OF BIRATIONAL COMPLEXITY ZERO 19

Write Y “ Y pE7 ` A1q, let g : Y Ñ P2 be the morphism pE7 ` A1, p78, 2q, 234568q, and denote

by pY,BY q the log Calabi–Yau pair induced from pX,Bq via log pullback. Write BP2 “ g˚BY . The

curves D1 and D7 are the only p´2q-curves on Y that are not g-exceptional, and their images under

g are lines L1 “ g˚D1 and L2 “ g˚D7. If BY does not contain D1, then BP2 must be a nodal cubic

meeting L1 and L2 at their point of intersection. It follows from Lemma 4.1 that T pX,Bq ď 7 in

this case. If BY contains D1, then BP2 consists of either L1 and a conic or L1, L2 and a third line.

We have T pX,Bq “ 0 in the latter case, and T pX,Bq ď 3 in the former case by Lemma 4.2.

(4) The surface X is isomorphic to one of Xp3A2q, XpA2 `A5q, XpA2 ` E6q or XpA8q.

Let g : Y p3A2q Ñ P2 be the morphism p3A2, p16, 23, 45q, 246q. The morphisms pA2`A5, p17, 56, 3q, 2357q,

pA2`E6, p27, 68, 1q12458q and pA8, p18, 3, 6q, 13467q factor through this morphism in such a way that

every p´2q-curve has image on Y p3A2q either a p´2q-curve or one of the p´1q-curves E23 or E45.

Thus, it suffices to analyze only the case X “ Xp3A2q.

Write Y “ Y p3A2q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq via log

pullback. Write BP2 “ g˚BY . The curves D1, D3 and D5 are the only p´2q-curves on Y that are not

g-exceptional, and their images L1, L2 and L3 on P2 form a triangle of lines. If BY contains none

of the p´1q-curves E16, E23 or E45, then BP2 is a nodal cubic passing through each of the points

of intersection between pairs of L1, L2 and L3. Choosing any two of these points, it follows from

Lemma 4.1 that T pX,Bq ď 9. If BY contains at least one of the p´1q-curves E16, E23 or E45, then

BP2 is a triangle of lines containing at least two of L1, L2 and L3. We have T pX,Bq ď 1 in this case.

(5) The surface X is isomorphic to one of XpD4 ` 3A1q or XpD6 ` 2A1q.

Let g : Y pD4 ` 3A1q Ñ P2 be the morphism pD4 ` 3A1, p15, 37, 46q, 1267q. The morphism pD6 `

2A1, p17, 38, 5q, 12568q factors through this morphism in such a way that every p´2q-curve has image

on Y pD4 ` 3A1q either a p´2q-curve or the p´1q-curve E46. Thus, it suffices to analyze only the case

X “ XpD4 ` 3A1q.

Write Y “ Y pD4 ` 3A1q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq via

log pullback. Write BP2 “ g˚BY . The curves D3, D4 and D5 are the only p´2q-curves on Y that are

not g-exceptional, and their images L1 L2 and L3 on P2 are three lines meeting in a single point. If

BY contains none of the p´1q-curves E15, E37 or E46, then BP2 is a nodal cubic passing through the

common intersection point of L1, L2 and L3. It follows from Lemma 4.1 that T pX,Bq ď 9 in this

case. If BY contains at least one of the p´1q-curves E15, E37 or E46, then BP2 must be a triangle of

lines containing two of L1, L2 and L3. We have T pX,Bq ď 1 in this case.

(6) The surface X is isomorphic to one of XpA1 ` 2A3q, XpD5 `A3q or XpA7 `A1q.

Let g : Y pA1 ` 2A3q Ñ P2 be the morphism pA1 ` 2A3, p14, 57, 36q, 1267q. The morphisms pD5 `

A3, p16, 38, 4q, 14578q and pA7 ` A1, p28, 17, 4q, 34678q factor through this morphism in such a way

that every p´2q-curve has image on Y pA1 ` 2A3q either a p´2q-curve or one of the p´1q-curves E36

or E57. Thus, it suffices to analyze only the case X “ XpA1 ` 2A3q.

Write Y “ Y pA1 ` 2A3q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq

via log pullback. Write BP2 “ g˚BY . The curves D3, D4 and D5 are the only p´2q-curves on Y

that are not g-exceptional, and their images L1 “ g˚D3 L2 “ g˚D4 and L3 “ g˚D5 on P2 form a

triangle of lines. If BY contains neither of the p´1q-curves E14 or E36, then BP2 is a nodal cubic

passing through the points L1 X L2 and L1 X L3. It follows from Lemma 4.1 that T pX,Bq ď 9 in

this case. If BY contains at least on of the p´1q-cuves E14 or E36, then BP2 “ L1 ` L2 ` L3. We

have T pX,Bq “ 0 in this case.

(7) We have X “ Xp4A2q.
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Write Y “ Y p4A2q, let g : Y Ñ P2 be the morphism p4A2, p138, 145, 12q, 25678q, and denote

by pY,BY q the log Calabi–Yau pair induced from pX,Bq via log pullback. Write BP2 “ g˚BY .

The curves D1, D3 and D4 are the only p´2q-curves on Y that are not g-exceptional. The curve

C “ g˚D1 is a nodal cubic, and L1 “ g˚D3 and L2 “ g˚D4 are lines tangent to C at flex points. If

BY contains D1, then BP2 “ C. We have T pX,Bq ď 7 in this case by Lemma 4.1. If BY contains

at least one of D3 or D4, then BY is a triangle of lines containing L1 `L2. We have T pX,Bq ď 3 in

this case.

Suppose that BY contains none of D1, D3 and D4. Then BP2 is a nodal cubic passing through

the node of C and both of the points C X L1 and C X L2. Let φ1 : P2 99K P2 be a standard

Cremona transformation centered at points p1, p2, p3 P P2, at least one of which is the node of BP2

and at least two of which are the points C X L1 and C X L2. Let pP2, B1
P2q be the log Calabi–Yau

pair induced on the codomain of φ1 by pP2, BP2q. Thus, B1
P2 is a conic and a secant line. Write

C 1 “ pφ1q˚C, L
1
1 “ pφ1q˚L1 and L1

2 “ pφ1q˚L2. Note that L1
1 and L1

2 are lines and that degpC 1q ď 4.

Let φ2 : P2 99K P2 be a standard Cremona transformation chosen as in the proof of Lemma 4.1. Let

pP2, B2
P2q be the log Calabi–Yau pair induced on the codomain of φ2 by pP2, B1

P2q. Thus, B2
P2 is a

triangle of lines. Write C2 “ pφ2q˚C
1, L2

1 “ pφ2q˚L
1
1 and L2

2 “ pφ2q˚L
1
2. Then degpC2q ď 6 and L2

1

and L2
2 both have degree at most 2. It follows from the proof of Lemma 4.1 that T pφ´1

1 ˝ φ´1
2 q ď 3.

Thus, we see that T pX,Bq ď 13 in this case.

(8) We have X “ Xp2A4q.

Write Y “ Y p2A4q, let g : Y Ñ P2 be the morphism pA4, p16, 58q, 123478q, and denote by pY,BY q

the log Calabi–yau pair induced from pX,Bq via log pullback. Write BP2 “ g˚BY . The curves D5 and

D6 are the only p´2q-curves on Y that are not g-exceptional. The curve Q “ g˚D6 is a conic, and

the curve L “ g˚D5 is a secant line to Q. If BY contains at least one of D5 or D6, then BP2 “ Q`L.

We have T pX,Bq ď 1 by Lemma 4.2 in this case. If BY contains neither D5 nor D6, then BP2 is a

nodal cubic meeting Q in two points, one of which is a point of L X Q. It follows from Lemma 4.1

that T pX,Bq ď 9 in this case.

(9) We have X “ XpA5 `A3 `A1q.

Write Y “ Y pA5`A3`A1q, let g : Y Ñ P2 be the morphism pA5`A3`A1, p27, 38, 15q, 45678q, and

denote by pY,BY q the log Calabi–yau pair induced from pX,Bq via log pullback. Write BP2 “ g˚BY .

The curvesD1, D2 andD3 are the only p´2q-curves on Y that are not g-exceptional, and their images

L1 “ g˚D1, L2 “ g˚D2 and L3 “ g˚D3 on P2 form a triangle of lines. If BY contains at least one

of D1, D2 or D3, then BP2 “ L1 ` L2 ` L3. We have T pX,Bq “ 0 in this case. If BY contains none

of D1, D2 or D3, then BP2 is a nodal cubic meeting L2 and passing through the point L1 X L3. It

follows from Lemma 4.1 that T pX,Bq ď 9 in this case.

(10) The surface X is isomorphic to one of Xp2A1 `A3q, XpA1 `A5q or XpA7q.

Let g : Y p2A1 ` A3q Ñ P2 be the morphism p2A1 ` A3, p15, 34q, 235q. The morphisms pA1 `

A5, p16, 4q, 2346q and pA7, p2, 6q, 23467q factor through this morphism in such a way that every p´2q-

curve has image on Y p2A1 `A3q either a p´2q-curve or one of the p´1q-curves E15 or E34. Thus, it

suffices to analyze only the case X “ Xp2A1 `A3q.

Write Y “ Y pA1 ` 2A3q and denote by pY,BY q the log Calabi–Yau pair induced from pX,Bq via

log pullback. Write BP2 “ g˚BY . The curves D1 and D4 are the only p´2q-curves that are not g-

exceptional, and their images L1 “ g˚D1 and L2 “ g˚D2 on P2 are lines. If BY doesn’t contain E34,

then BP2 is a nodal cubic meeting both L1 and L2. It follows from Lemma 4.1 that T pX,Bq ď 7
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in this case. If BY contains E34, then BP2 is a triangle of lines that contains L1 ` L2. We have

T pX,Bq “ 0 in this case.

□

Now, we turn to prove Theorem 1.4. First, we state a lemma which is a consequence of [14, Lemma 2.12].

Lemma 4.3. Let pX,Bq be a dlt log Calabi–Yau surface of index one. If f : X Ñ Y is a composite of

divisorial contractions, then BY “ f˚B is contained in the smooth locus of Y .

Proof of Theorem 1.4. Let pX,Bq be a log Calabi–Yau surface of index one. Let f : pX 1, B1q Ñ pX,Bq be

a dlt modification. Then X 1 is canonical and B1 is contained in the smooth locus of X 1. We may run a

KX1 -MMP to obtain

X 1 g
ÝÑ X2 π

ÝÑ Z,

with g a composite of divisorial contractions and π a Mori fiber space. We note that X2 is canonical. By

Lemma 4.3, B2 “ g˚B
1 is contained in the smooth locus of X2. Note that for any crepant birational map

ϕ : pP2,Σ2q 99K pX,Bq we have

T pϕq ď T pg ˝ f´1 ˝ ϕq

since g is a morphism and f only extracts log canonical places of pX,Bq. It follows that we have an inequality

T pX,Bq ď T pX2, B2q,

and thus it suffices to consider index one log Calabi–Yau surfaces pX,Bq satisfying the following:

(1) X is canonical,

(2) X is equipped with a Mori fiber space π : X Ñ Z, and

(3) B Ă Xreg and B ‰ 0.

If Z is a point, then X is a rank one Gorenstein del Pezzo surface. In this case, the statement follows

from Theorem 1.5.

From now on, we assume that Z » P1 and π has irreducible fibers. We have B ¨ F “ 2 for every fiber F

of π, and since B is contained in the smooth locus of X we have that B ¨ Fred is an integer for each fiber

F . Since π can only have multiple fibers it follows that either F is contained in the smooth locus of X or

that B ¨ Fred “ 1. In particular, there are no singular fibers that contain a node of B. Thus, after possibly

performing an elementary transformation centered at some node of B, we may assume that B has at least

two components and that at least one of them is a fiber. If B has at least three components, then at least

one component B0 satisfies B0 ¨ F “ 1 for each fiber F. But this means there can be no multiple fibers, and

so X must be smooth. In particular, X is a Hirzebruch surface. After performing at most one additional

elementary transformation centered at a node of B, we may assume that B contains two fibers of π and

hence is the toric boundary for some toric structure on X. In the previous process, we only extracted log

canonical places of pX,Bq, so T pX,Bq “ 0 in this case.

To conclude, we consider the case in which B has only two components. Both components are isomorphic

to P1, one component B1 is a fiber of π, and the other component B2 is a 2-section. Each singular fiber

meets B2 in precisely one point, hence it corresponds to a ramification point of the morphism B2 Ñ P1

induced by π. By Riemann-Hurwitz, there can be at most two singular fibers. We resolve the singularities
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of X and run a relative MMP over P1. We obtain a crepant birational map

pX,Bq

π
##

g // pX 1, B1q

π1

{{
P1.

over P1, where X 1 is a Hirzebruch surface and B1 is a 1-complement consisting of a fiber B1
1 of π1 and a

2-section B1
2. Write F1 and F2 for the two fibers of π1 meeting B1

2 at ramification points of the induced

morphism B1
2 Ñ P1. Observe that F1 and F2 are canonical places of pX,Bq extracted on X 1.

We note that X 1 is either P1 ˆ P1 or the blow up F1 of P2 at a point. Indeed, let C Ă X 1 be a section

with C2 “ ´n, n ě 0. Since C is distinct from both B1
1 and B1

2 and since B1
1 ¨ C “ 1, we have

2 ´ n “ ´KX1 ¨ C “ B1 ¨ C ě 1,

hence n ď 1. If X 1 – P1 ˆ P1, then we may perform an elementary transformation centered at a node of

B1 to obtain a 1-complement of F1. with two components. Thus, we may assume that X 1 – F1. Note that

the negative section on X 1 does not meet the 2-section B1
2. Blowing down the negative section, we obtain a

complement B2 on P2 consisting of a line B2
1 and a conic B2

2 intersecting transversely, and the images of F1

and F2 are tangent lines to B2
2 . We perform a standard Cremona transformation centered at the points of

intersection between B2
2 and F1, B

2
2 and F2, and one of the intersection points of B2

1 and B2
2 . We obtain

a crepant toric model for pX,Bq whose exceptional locus consists of at most four lines, namely two of the

exceptional divisors of the Cremona together with some subset of the strict transforms of F1 and F2. It

follows in this case that T pX,Bq ď 4. □

Proof of Theorem 1.8. By Theorem 1.4 any projective surface in F2 has a log pair structure pX,Bq, with

T pX,Bq ď 13. This implies that there exists a birational map φ : G2
m 99K XzB, with Expφq of degree at

most 13. Thus there exists an open subset of X isomorphic to A2zD, where D is a curve of degree at most

15. These open subsets are fibers of the morphism:

SpecpKrx, y, a0,0, a0,1 . . . , a15,15sΣi,jai,jxiyj q Ñ SpecpKra0,0, a0,1 . . . , a15,15sq.

Thus F2 is affinely bounded. □

5. Cluster type

In this section, we prove several statements about the cluster type of a log Calabi–Yau pair. First, we

characterize log Calabi–Yau toric pairs as those having cluster type one. Secondly, we study the cluster type

of Fano surfaces.

5.1. Log Calabi–Yau pairs. In this subsection, we prove the characterization of log Calabi–Yau toric pairs

using the cluster type as well as the bound relating cluster type and complexity.

Proof of Theorem 1.10. Let pX,Bq be a log Calabi–Yau pair. By definition the cluster type CpX,Bq of

pX,Bq is either infinite or a finite number at least one.

If pX,Bq is a toric log Calabi–Yau pair, then XzB » Gnm and so CpX,Bq “ 1. Now, assume that

CpX,Bq “ 1. Then, there exists a crepant birational map

ϕ : pPn,Σnq 99K pX,Bq

that is of cluster type and U :“ ϕpPnzpΣnYExpϕqqq divisorially coversXzB. In other words, every exceptional

divisor of ϕ´1 is contained in B. Thus, there exists a crepant birational morphism ψ : pT,BT q Ñ pPn,Σnq,
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that only extracts log canonical places of pPn,Σnq such that the induced birational map φ : pT,BT q 99K pX,Bq

is a birational contraction. Henceforth, we get a commutative diagram

pT,BT q

ψ

��

φ

%%
pPn,Σnq

ϕ // pX,Bq.

Every log canonical place over a toric pair is a toric valuation. Hence, the log Calabi–Yau pair pT,BT q is a

toric log Calabi–Yau pair. We conclude that pX,Bq is toric, since φ is a birational contraction [3, Lemma

2.3.2] . □

Proof of Theorem 1.11. Begin by fixing some cluster type crepant birational map

ϕ : pPn,Σnq 99K pX,Bq.

By applying Lemma 2.28 we obtain a commutative diagram of projective birational maps

pT,BT q

p1

��

pX0, B0q
qoo

p2

��
pPn,Σnq pX,Bq

ϕ´1

oo

where the following conditions are satisfied:

‚ p1 is a toric projective birational morphism,

‚ p2 is a birational contraction map that only extracts log canonical centers of pX,Bq, and

‚ q is a projective birational morphism that only extracts canonical centers of pT,BT q.

Write E1, . . . , Em Ă X0 for the prime q-exceptional divisors. For each i P t1, . . . ,mu, we argue that there

exists a cluster type crepant birational map ϕi : pTi, BTi
q 99K pX,Bq from a toric log Calabi-Yau pair pTi, BTi

q

such that the center of Ei on Ti is a divisor intersecting TizBTi
. The maps ϕ, ϕ1, . . . , ϕm will then give a

divisorial covering of XzB by almost tori. Since m “ cpX0, B0q “ cpX,Bq, the desired bound will then

follow.

For i P t1, . . . ,mu, apply Lemma 3.1 to the toric log Calabi-Yau pair pT,BT q and the valuation Ei. We

obtain a crepant birational map ψi : pYi, BYiq 99K pT,BT q satisfying the following conditions:

(1) we have cpYi, BYiq “ 1,

(2) the center of Ei on Yi is a prime divisor EYi ,

(3) the variety Yi is Q-factorial and admits a fibration pi : Yi Ñ Zi to a variety of dimension n´ 1,

(4) there is a prime component FYi of p´1
i ppipEYiqq that dominates EYi , is not contained in BYi , and is

different from EYi , and

(5) the pair pYi, BYi ` ϵiFYiq is dlt for ϵi ą 0 small enough,

(6) ψi : Yi 99K T only extracts EYi and log canonical places of pT,BT q.

By condition (5), we can run a pKYi ` BYi ` ϵiFYiq-MMP over Zi with scaling of an ample divisor. By

condition (4), we know that the divisor FYi is degenerate over Zi, so this MMP terminates after contracting

FYi . Let Ti be the model obtained after contracting FYi , and write qi : Yi 99K Ti for the resulting map. Let

BTi be the push-forward of BYi by qi. Since FYi is not contained in BYi , the complexity drops precisely by one

when we contract this divisor. It follows that cpTi, BTiq “ 0, hence that pTi, BTiq is a toric log Calabi–Yau

pair. Further, the center of Ei on Ti is a divisor that intersects TizBTi . Finally, we note by condition (6)
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the only canonical place contracted by ψ´1 ˝ q´1
i : Ti 99K T is Ei. But Ei is extracted again by the cluster

type p2 ˝ q´1, so it follows that

ϕi “ p2 ˝ q´1 ˝ ψ´1 ˝ q´1
i : pTi, BTiq 99K pX,Bq

is a cluster type map. This completes the proof.

□

5.2. Fano surfaces of cluster type. In this subsection, we study the cluster type of Fano surfaces. Our

main result is that a Fano surface has cluster type either one, two, or infinite. In addition, we prove a bound

on the size of the singular set of a cluster type surface in terms of its Picard rank.

Proposition 5.1. Let X be a surface of cluster type. Then X has only A-type singularities.

Proof. Let ϕ : pP2,Σ2q 99K pX,Bq be a crepant birational map of cluster type. By Lemma 3.2, we know that

X has A-type singularities along B. Thus, it suffices to show that X only has A-type singularities along

XzB. Let B1, . . . , Bk be the components of B. Let C1, . . . , Cj be the divisors on X exceptional over P2 that

are not contained in B. Let p1 : pT,BT q Ñ pP2,Σ2q be a toric crepant birational morphism satisfying the

following conditions:

‚ the center of each Bi on T is a divisor, and

‚ every divisor Ci can be obtained from T by a sequence of blow ups at points of BT that are not zero

strata.

Let t1, . . . , ts be the centers of the curves Ci in T . Let p : X0 Ñ T be a projective birational morphism

obtained by consecutively blowing up the points t1, . . . , ts such that each Ci is indeed a divisor on X0. Let

pX0, B0q be the crepant pull-back of pT,BT q to X0. For each i P t1, . . . , su the divisor p´1ptiq is a chain

Ei,1 Y¨ ¨ ¨YEi,ji of rational curves such that only Ei,ji intersects B0. We have a crepant projective birational

morphism q : pX0, B0q Ñ pX,Bq. Observe that, as ϕ is of cluster type, the projective birational morphism q

can only contract curves on B0 Y
Ťj
i“1

´

Ťji
k“1Ei,k

¯

. Let x P XzB be a singular point and let F “ q´1pxq. If

F intersects B0, then x is contained in B and hence pX;xq is an A-type singularity. If F does not intersect

B0, then F is contained in
Ťj
i“1

´

Ťji
k“1Ei,k

¯

. We conclude that F is contained in a disjoint union of chains

of rational curves. As F is connected, it must be a chain of rational curves itself so pX;xq is an A-type

singularity. □

Lemma 5.2. Let X be a Fano surface and pX,Bq be a complement. Let ϕ : pP2,Σ2q 99K pX,Bq be a crepant

birational map of cluster type. Let C1, . . . , Ck be the curves of X that are not contained on B and are

exceptional over P2. Then for i ‰ j the curves Ci and Cj can only intersect along B.

Proof. Let ϕ : pP2,Σ2q 99K pX,Bq be a crepant birational map of cluster type. Let B1, . . . , Bℓ be the

components of B. Let p1 : pT,BT q Ñ pP2,Σ2q be a toric crepant birational morphism satisfying the following

conditions:

‚ the center on T of each Bi is a divisor,

‚ every Ci can be obtained from T by a sequence of blow ups at points of BT that are not zero strata.

Let t1, . . . , ts be the centers of the curves Ci’s in T . Let p : X0 Ñ T be a projective birational morphism

obtained by consecutively blowing up the points ti’s such that each Ci is a divisor on X0. We may choose p

minimal with this property. For each i P t1, . . . , su the divisor p´1ptiq is a chain Ei :“ Ei,1 Y ¨ ¨ ¨ Y Ei,ℓi of

rational curves. Note that only Ei,ℓi intersects B0. We have a crepant birational morphism q : pX0, B0q Ñ

pX,Bq. Since ϕ is of cluster type, the morphism q only contracts curves in B0

Ťs
i“1

´

Ťℓi
k“iEi,j

¯

. As we chose
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p to be minimal, the curves Ei,ℓi is not contracted. Since B is ample the image of each Ei,j on X is either

a point or a curve intersecting B. Hence, all the curves Ei,1, . . . , Ei,ℓi´1 must be contracted. Otherwise,

their images would not intersect B in X, leading to a contradiction of the Fano condition. As the chains

E1, . . . , Es are disjoint, we conclude that the curves ϕpE1,j1q, . . . , ϕpEs,ℓsq can only intersect on X along B.

By construction, we conclude that the curves ϕpE1,j1q, . . . , ϕpEs,ℓsq coincide with the curves C1, . . . , Cj , up

to reordering. This finishes the proof. □

Proof of Theorem 1.12. If pX,Bq is not a cluster type pair, then CpXq “ 8 and we are done. Hence, from

now on, we assume that pX,Bq is of cluster type and we aim to show that either CpX,Bq “ 1 or CpX,Bq “ 2.

Let X be a Fano surface and pX,Bq be a cluster type log Calabi–Yau pair. Let ϕ : pP2
ϕ,Σ

2q 99K pX,Bq be

a crepant birational map of cluster type. Let C1, . . . , Ck be the curves of X that are not contained in B and

are exceptional over P2
ϕ. If k “ 0, then ϕ1pG2

mq divisorially covers XzB and CpX,Bq “ 1. From now on, we

assume that k ě 1. For each crepant birational map φ : pP2
φ,Σ

2q 99K pX,Bq of cluster type, we denote by

Mpφq the number of curves in tC1, . . . , Cku that are not exceptional over P2
φ. If there exists such a φ with

Mpφq “ k, then we are done. Indeed, in this case, the almost tori ϕpG2
mq and φpG2

mq divisorially cover XzB

and hence CpX,Bq “ 2.

Let ψ : pP2
ψ,Σ

2q 99K pX,Bq be the crepant birational map of cluster type that maximizes Mpψq. Assume

that Mpψq “ s ă k. We may assume that the curves C1, . . . , Cs are non-exceptional over P2
ψ and the curves

Cs`1, . . . , Ck are exceptional over P2
ψ. Let p1 : pT,BT q Ñ pP2

ψ,Σ
2q be a toric projective birational morphism

satisfying the following conditions:

(i) every component of B is a divisor on T ,

(ii) every ψ´1-exceptional curve can be obtained from T by blowing up a sequence of points of BT that

are not zero strata, and

(iii) If t P T is the center of a ψ´1-exceptional curve, then t is contained on a prime component Bi of BT
that is the section of a toric fibration ft : T Ñ P1.

By assumption, the curve Cs`1 is exceptional over P2
ψ and so it is exceptional over T . Thus Cs`1 is a

ψ´1-exceptional curve. Note that Cs`1 is not contained in B so condition (ii) applies. Henceforth, the curve

Cs`1 can be obtained from T by blowing up consecutively a point ts`1 of BT that is not a zero strata.

Furthermore, by condition (iii), we know that there is a prime component Bs`1 of BT containing ts`1 and

a toric fibration fs`1 : T Ñ P1 for which Bs`1 is a section. Let p P Gm Ă P1 be the image of ts`1 in P1 via

fs`1. Let Fs`1 be the fiber of ft over ts`1. There are two cases: either Fs`1 agrees with one of the curves

Ci with i P t1, . . . , su or it does not. In the previous sentence, for simplicity, we are identifying the Ci’s with

their strict transforms in T . In what follows, we arise to a contradiction in either case.

First, assume that Fs`1 “ C1. Let p : X0 Ñ T be a projective birational map obtained by a sequence of

blow ups of points of BT that are not strata such that q : X0 Ñ X is a morphism. We may assume that p is

minimal with the previous property. Let x1, . . . , xr be the points blown up by p. We may assume x1 “ ts`1.

For each i the curve p´1pxiq “ Ei,1 Y . . . Ei,ℓi is a chain of rational curves. By the minimality of p, only Ei,ℓi
intersects B0. By the cluster type assumption of ψ, we know that Exppq is contained in Yr

i“1p
´1pxiq Y B0.

As B is ample, all the curves E1,1, . . . , E1,s1´1 must be contracted by p. We conclude that ppE1,s1q and

ppFs`1q intersect along XzB. However, by construction, we have ppE1,s1q “ Cs`1 and ppFs`1q “ C1. We

conclude that C1 and Cs`1 intersect along XzB. This contradicts Lemma 5.2.

Now, we assume that Fs`1 is not among the curves C1, . . . , Ck. We can perform a weighted blow up at

ts`1 that only extracts Cs`1. Let X1 Ñ X0 be such a blow up. Let pX1, B1q be the crepant pull-back of

pX0, B0q. Note that we still have a fibration X1 Ñ P1 and the strict transform of Fs`1 is degenerate over
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P1. Thus, there is a projective birational morphism X1 Ñ X2 that only contracts Fs`1. Let pX2, B2q be

the log Calabi–Yau pair obtained by pushing-forward B1 to X2. By construction, the log Calabi–Yau pair

pX2, B2q is toric and the curves C1, . . . , Cs`1 are divisors on X2 not contained in B2. As pX2, B2q is toric,

we have a commutative diagram of crepant birational maps:

pX2, B2q
π1 //

π2

��

pX,Bq

pP2
ξ ,Σ

2q

ξ

99

where π1 is a toric birational map and ξ is of cluster type. As π1 is a toric birational map, it is an

isomorphism on G2
m. In particular, the center of the curves C1, . . . , Cs`1 are divisors on P2

ξ . We conclude

that Mpξq “ s` 1 ą Mpψq. This contradicts the minimality of ψ.

We conclude that Mpϕq “ k and so CpX,Bq “ 2. This finishes the proof. □

Proof of Theorem 1.13. Begin by fixing some cluster type crepant birational map

ϕ : pP2,Σ2q 99K pX,Bq.

By applying Lemma 2.28 we obtain a commutative diagram of projective birational maps

pT,BT q

p1

��

pX0, B0q
qoo

p2

��
pP2,Σ2q pX,Bq

ϕ´1

oo

where the following conditions are satisfied:

‚ p1 is a toric projective birational morphism,

‚ p2 is a projective birational morphism that only extracts log canonical centers of pX,Bq,

‚ q is a projective birational morphism that only extracts canonical centers of pT,BT q, and

‚ T is smooth and X0 is Q-factorial.

The nodes of B account for at most |B| singular points of X. There is at most one singular point contained

in the image on X of any q-exceptional curve on X0; there are ρpX0{T q “ cpX0, B0q “ cpX,Bq such curves.

Putting these together, we obtain

|Xsing| ď |B| ` cpX,Bq

“ ρpXq ` 2.

This completes the proof. □

6. Examples and questions

In this section, we collect some examples and questions. We start with some examples of log Calabi–Yau

pairs that exhibit some pathological behavior with respect to the torus exceptional degree.

Example 6.1. In this example, we show a log Calabi–Yau surface pX,Bq of index one and birational

complexity zero that is not of cluster type. Let pP1 ˆ P1, Q` F q where Q is a general curve of multi-degree

p2, 1q and F is a fiber of the projection onto the first component. Then, the pair pP1 ˆ P1, Q ` F q is a log

Calabi–Yau pair. Let F 1 be a fiber that is tangent to Q at a single point x. Let p be the image on P1 of x.

We construct a new log Calabi–Yau pair following the next steps:
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(1) we blow up X at x,

(2) we blow up the intersection of the two components of the fiber over p,

(3) we recursively blow up n times the intersection of the strict transform of Q and the fiber over p, and

(4) we blow down all the p´2q-curves contained in the fiber over p.

By doing so, we obtain a new log Calabi–Yau pair pXn, Bnq of index one with a Mori fiber space to P1.

Since pP1 ˆ P1, Q ` F q »bir pP2,Σ2q, we have that pXn, Bnq has birational complexity zero. Furthermore,

the surface Xn has a Dn singularity. By Proposition 5.1, we conclude that pXn, Bnq is not of cluster type.

Example 6.2. In this example, we show that there is a sequence of log Calabi–Yau surfaces pXn, Bnq of

index one and birational complexity zero for which the sequence TtpXn, Bnq diverges to infinity.

Let pX,Bq be a log Calabi–Yau pair of index one, birational complexity zero, that is not of cluster type.

For instance, we can consider the log Calabi–Yau surface constructed in Example 6.1. Let p be a point on

B that is not a zero-dimensional strata. Let pXn, Bnq be the log Calabi–Yau pair obtained by recursively

blowing up p, and then blowing up n times the intersection of the strict transform of B with the previously

introduced p´1q-curve. We let E1 Y . . . En`1 be the chain of rational curves that is the exceptional divisor of

Xn Ñ X. Assume by the sake of contradiction that TtpXn, Bnq ď k for some constant k. For each crepant

birational map ϕ : pP2,Σ2q 99K pXn, Bnq, we have T pϕq ě 1. Thus, we conclude that for each n the log

Calabi–Yau pair pXn, Bnq is divisorially covered by tϕn,iuiPIn with |In| ď k. For each n and i, we let

|ϕn,i| “ |tj P t1, . . . , n` 1u | ϕn,ipG2
mzExpϕn,iq X Ej ‰ Hu|.

Observe that
ÿ

iPIn

|ϕn,i| ě n` 1.

Since |In| ď k, for each n, there is one of the ϕn,i’s for which |ϕn,i| ě tn`1
k u. Let’s assume that it is ϕn,1.

Set Vn :“ ϕn,1pG2
mzExpϕn,1qq. Let Xn Ñ X 1

n be the projective birational contraction over X that contracts

all the curves Ej that intersect Vn trivially. Let B1
n be the push-forward of Bn on X 1

n. Thus, we get a

commutative diagram

pXn, Bnq

πn

��
pX 1

n, B
1
nq

π1
n

��
pP2,Σ2q //

ϕn,1

99
ϕn,1

BB

pX,Bq.

Let Cn,1, . . . , Cn,jn be closure on X 1
n of the prime components of

pX 1
nzB1

nqzVn.

Since ρpXq “ 2, we get |jn| ě tn`1
k u ´ 1. By Lemma 2.24, since T pϕn,1q ď k, we conclude that

dimH1pVn,Qq ď fpkq

for certain constant fpkq that only depends on k. Since all the exceptional divisors of π1
n are mapped to a

smooth point in X, we get

dimH1pVnzExpπ1
nq,Qq ´ dimH1pVn,Qq ď 1.

In particular, we have

dimH1pVnzExpπ1
nq,Qq ď fpkq ` 1.
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Let Un be the image on X of VnzExpπ1
nq. Then, as observed above we have dimH1pUn,Qq ď fpkq ` 1. Note

that

Un “ Xz

´

B Y
jn
j“1 π

1
n˚Cn,j

¯

.

The sequence of divisors tπ1
n˚Cn,ju is infinite, as jn diverges to infinite. Thus, we get a contradiction of

Lemma 2.23 as dimH1pUn,Qq is bounded above.

In Theorem 1.8, we show that there exists a bounded family of affine surfaces A Ñ T such that for every

log Calabi–Yau surface pX,Bq of index one and birational complexity zero there is an embedding At ãÑ XzB

for a suitable t P T . The previous example shows that, in general, there is no upper bound k such that

every such XzB can be divisorially covered by at most k open affines of the form At. One may wonder if

the log pair pX,Bq can be divisorially covered by an arbitrary number of open affines of the form At. This

motivates the following definition.

Definition 6.3. Let pX,Bq be a log Calabi–Yau pair of index one and birational complexity zero. We define

the covering torus exceptional degree of pX,Bq, denoted by TcpX,Bq, to be

min

"

max
iPI

T pϕiq | tϕiuiPI is a set of crepant birational maps divisorially covering pX,Bq

*

.

From the definitions, it is clear that a log Calabi–Yau pair pX,Bq satisfies:

TtpX,Bq ě TcpX,Bq ě T pX,Bq.

While we expect T pX,Bq to be bounded above in terms of the dimension (see Conjecture 1.6), we know that

TtpX,Bq can be arbitrarily large even for surfaces (see Example 6.2). This leads to the following question.

Question 6.4. Let pX,Bq be a log Calabi–Yau pair of dimension n and birational complexity zero. Is

TcpX,Bq bounded above in terms of the dimension?

Now, we turn to discuss some examples of bounded, affinely bounded, and birationally bounded families.

Example 6.5. In this example, we show a family of varieties that is affinely bounded but is not bounded.

Let n ě 2. The set Tn of n-dimensional projective toric varieties is affinely bounded. Indeed, for every

n-dimensional projective toric variety X we have an open embedding Gnm ãÑ X. On the other hand, the

family Tn is not bounded as we can find an infinite sequence of smooth projective toric varieties Xr with

ρpXrq “ r.

Example 6.6. In this example, we show a set of varieties that is birationally bounded but is not affinely

bounded. Let R2 be the set of all projective rational surfaces. The set R2 is birationally bounded. We show

that is not affinely bounded. Consider π1 : P1ˆP1 Ñ P1 the projection to the first component. Let tpiuiPN be

an infinite sequence of points in P1. Let Xk be the projective surface obtained as follows. We blow up P1ˆP1

at qi P π´1
1 ppiq for each i P t1, . . . , ku and then over each pi we blow up the intersection of the p´1q-curve

and the strict transform of the fiber. Finally, we obtain Xk by contracting all the p´2q-curves contained in

the fibers of the fibration to P1. By doing so, we obtain a projective surface Xk with 2k singularities of type

A1. Furthermore, Xk admits a Mori fiber space onto P1 with precisely 2k fibers of multiplicity 2. By [8,

Lemma 3.13], we conclude that there is a surjective homomorphism

πreg
1 pXkq Ñ π1

ˆ

P1,
1

2
pp1 ` ¨ ¨ ¨ ` pkq

˙

» xγ1, . . . , γk | γ1 ¨ ¨ ¨ γk, γ
2
1 , . . . , γ

2
ky.

Then the rank of πreg
1 pXkq diverges as k goes to infinite. Thus, the sequence of varieties tXkukPN is birationally

bounded but it is not affinely bounded.
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Finally, we explain an example of a log Calabi–Yau surface of large cluster type.

Example 6.7. In this example, we show that for every integer n ě 0 there exists a log Calabi–Yau pair

pX,Bq of dimension two with CpX,Bq “ n` 1.

Consider the log Calabi–Yau surface pXn, Bnq obtained as follows. Start from pP1 ˆP1, Bq where B is the

toric boundary. Pick a point p P B which is not a zero stratum. Let B1 be the unique prime component of

B containing p. Blow up p and then recursively blow up pn´1q times the intersection of the strict transform

of B with the previously extracted p´1q-curve. By doing so, we get a log Calabi–Yau pair pXn, Bnq that

admits a fibration f : Xn Ñ P1. Furthermore, the fibers f´1p0q and f´1p8q are contained in the support

of Bn. All fibers of f are isomorphic to P1, except a single fiber, which is a chain of rational curves all of

which are p´2q-curves except for p´1q-curves at either end. We may assume that this unique reducible fiber

is f´1p1q and write f´1p1q “ E0 YE1 Y ¨ ¨ ¨ YEn. Let ϕ : pP2,Σ2q 99K pXn, Bnq be a crepant birational map

of cluster type. We apply Lemma 2.28 and obtain a commutative diagram of projective birational maps

pTn, BTn
q

p1

��

pXn,0, Bn,0q
qoo

p2

��
pP2,Σ2q pXn, Bnq

ϕ´1

oo

where the following conditions are satisfied:

‚ p1 is a toric projective birational morphism,

‚ p2 is a projective birational morphism that only extracts log canonical centers of pX,Bq, and

‚ q is a projective birational morphism that only extracts canonical centers of pTn, BTnq.

By abuse of notation, we write Ei for the strict transform of Ei on Xn,0. Note that p2 only extracts log

canonical centers of pXn, Bnq. Let f0 : Xn,0 Ñ P1 be the induced fibration on Xn,0. The fibers of f0
are either rational curves intersecting Bn,0 twice, are contained in Bn,0, or are equal to E0 Y ¨ ¨ ¨ Y En.

Furthermore, every curve in Xn,0 which is horizontal over P1 is either contained in Bn,0 or intersects Bn,0
at least twice. Indeed, every curve on Xn,0 which is horizontal over P1 must intersect f´1

n,0p0q and f´1
n,0p8q

and both fibers are contained in Bn,0. By Lemma 2.12, we conclude that all the exceptional divisors of q are

vertical over P1. Since every fiber f´1
0 ptq, with t P Gm and t ‰ 1, intersects Bn,0 twice, we conclude that

every exceptional divisor of q must be contained in E0 Y ¨ ¨ ¨ Y En. Since pT,BT q is toric, by a complexity

computation, we conclude that q must contract n of the curves E0, . . . , En. Thus, for every crepant birational

map ϕ : pP2,Σ2q 99K pXn, Bnq of cluster type, the image ϕpG2
mq can intersect at most one of the curves

E0 Y ¨ ¨ ¨ Y En. Hence, we conclude that at least n` 1 almost tori are required to cover XnzBn divisorially.

This means that CpXn, Bnq ě n`1. On the other hand, by contracting precisely n of the curves E0, . . . , En,

we observe that n` 1 almost tori cover XnzBn divisorially. Thus, we get CpXn, Bnq “ n` 1.

The previous example shows that the cluster type of a log Calabi–Yau surface can be an arbitrary positive

integer. In contrast, Theorem 1.12 implies that CpX,Bq ď 2 for a cluster type log Calabi–Yau pair pX,Bq

whenever X is a Fano surface. It is natural to expect similar behavior in higher dimensions. This motivates

the following question.

Question 6.8. Let X be a n-dimensional Fano variety. Let pX,Bq be a log Calabi–Yau pair of cluster type.

Can we bound CpX,Bq above in terms of n?
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normale supérieure, volume 42, pages 865–930, 2009.

[12] S. Fomin and A. Zelevinsky. Cluster algebras i: foundations. Journal of the American mathematical society, 15(2):497–529,

2002.

[13] O. Fujino and Y. Gongyo. Log pluricanonical representations and the abundance conjecture. Compos. Math., 150(4):593–

620, 2014. doi:10.1112/S0010437X13007495.

[14] C. Gachet, Z. Liu, and J. Moraga. Fundamental groups of log Calabi-Yau surfaces, 2023, 2312.03981.

[15] M. Gross, P. Hacking, and S. Keel. Mirror symmetry for log Calabi-Yau surfaces I. Publ. Math. Inst. Hautes Études Sci.,

122:65–168, 2015. doi:10.1007/s10240-015-0073-1.

[16] A.-S. Kaloghiros. Some examples of Calabi-Yau pairs with maximal intersection and no toric model. In Birational geometry

and moduli spaces, volume 39 of Springer INdAM Ser., pages 57–75. Springer, Cham, [2020] ©2020. doi:10.1007/978-3-

030-37114-2 5.

[17] S. Keel and J. McKernan. Rational curves on quasi-projective surfaces. Mem. Amer. Math. Soc., 140(669):viii+153, 1999.

doi:10.1090/memo/0669.
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