GEOMETRIC ANALYSIS OF A MIXED ELLIPTIC-PARABOLIC CONFORMALLY
INVARIANT BOUNDARY VALUE PROBLEM
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ABsTrRACT. We treat the blow-up behavior of @-Dirac-harmonic maps. Such maps arise from a version
of the nonlinear supersymmetric o-model of QFT, and the difficulties arise from the conformal invari-
ance of the problem and the coupling of a second order elliptic (or parabolic) system for a map with a
first order elliptic system for a spinor along this map. The solutions are called Dirac-harmonic maps.
Building upon the pioneering work of Sacks-Uhlenbeck, we develop a general spectrum of methods
(Pohozaev identity, three circle method, blow-up analysis, energy identities, energy decay estimates
etc.) for conformally invariant variational problems at this particularly challenging example. We study
the refined blow-up behaviour and asymptotic analysis for a sequence of @-Dirac harmonic maps from
a compact Riemann surface with smooth boundary into a compact Riemannian manifold with uni-
formly bounded energy. We prove generalized energy identities and novel energy decay estimates.
This enables us to present a very detailed blow-up analysis.

1. INTRODUCTION

The nonlinear supersymmetric o-model of quantum field theory contains the basic mathematical
ingredients of other such problems, like supersymmetric Yang-Mills, that are more difficult to ana-
lyze. Still, the mathematical analysis of this o-model is challenging. This is caused by the two main
ingredients, nonlinearity and supersymmetry. The nonlinearity is difficult because of the conformal
invariance of the problem. Supersymmetry is difficult because it needs non-commuting variables.
In our program, we want to disentangle these two difficulties and concentrate on the first, the non-
linearity. Therefore, we modify the model in such a way that we can replace the non-commuting by
ordinary, commuting variables. This leads us to a system of coupled nonlinear partial differentiel
equations for the stationary points of the action functional. We have called the solutions of theese
equations Dirac-harmonic maps. Dealing with the conformal invariance then brings us into the
realm of geometric analysis. In fact, perhaps the most important core of geometric analysis consists
of problems that are invariant under a non-compact group of local symmetries, like, as in our case,
the conformal group. Such problems, in particular, do not satisfy a Palais-Smale condition. There-
fore, the standard methods of the calculus of variations and nonlinear PDEs usually don’t apply. The
Palais-Smale condition for such problems, however, only barely fails, and more precisely, we are
typically looking at limit cases of this condition. And this then requires a sophisticated asymptotic
analysis that controls the formation of singularities and characterizes or even classifies the possible
singularities. While the techniques employed need to carefully exploit the particular structure at
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hand, the techniques developed for one particular problem sometimes generalize to others, because
the fundamental phenomena involving loss of compactness, blow-up of solutions, energy identities,
are similar.

A key insight was that the loss of compactness is caused by blow-up solutions that in many impor-
tant cases could be completely classified. This was first achieved for harmonic maps from Riemann
surfaces by Sacks-Uhlenbeck [30] and for constant mean curvature surfaces by Wente [34]]. In both
cases, the variational problem is conformally invariant, that is, depends only on the conformal struc-
ture of the underlying Riemann surface, but not on the choice of a metric in a conformal class.
The blow-up solutions then live on the 2-sphere and represent minimal or constant mean curvature
spheres. Also, by Noether’s theorem, the conformal invariance leads to a conserved quantity, which
here means that a certain quadratic differential is holomorphic. This holomorphic quadratic differ-
ential then on one hand helps to solve the regularity issue of solutions and on the other hand implies
that the blow-up solutions have a special structure, because on the 2-sphere, every holomorphic
quadratic differential vanishes. In the sequel, we shall focus on the situation for harmonic maps,
because that is the situation that we shall generalize in this paper.

Also, in this situation, two general schemes have been developed that provided systematic ap-
proaches. One scheme is a perturbation method, approaching the functional in question as a limit
of functionals that do satisfy the Palais-Smale condition. The other is a parabolic method, turning
the elliptic Euler-Lagrange equations into parabolic equations and to analyze the formation of sin-
gularities along the flow or as time goes to infinity. The perturbation method was introduced in [30].
As already said, the perturbed energy functional, obtained by raising the integrand to some power
a > 1, satisfies the Palais-Smale condition, so that variational methods can be applied to obtain so
called a-harmonic maps as critical points of this perturbed functional. By studying the limit of a se-
quence of a-harmonic maps as @ goes to 1, one can prove some existence result for harmonic maps.
Alternatively, one can apply the heat flow method. A global weak solution of the harmonic map heat
flow from closed surfaces or surfaces with boundary which is smooth except for finitely many singu-
larities was established in [33,3]]. In general, such a flow may develop singularities already at some
finite time, see for example Chang-Ding-Ye [4]]. Both the a-perturbation method and the heat flow
method allow for a precise analysis of the singularities and their formation. In the a-perturbation
case, the approximating functionals are explicit, and in the heat flow method situation, the formation
of singularities is controlled by an explicit parabolic equation.

Once these schemes were established, a general asymptotic analysis for the formation of singu-
larities for harmonic maps from Riemann surfaces could be developed, and we now understand this
issue in considerable detail. In particular, precise energy identities are known, meaning that the
possible loss of energy in the limit of a sequence is precisely captured by the energies carried by the
singularities, and there is no connecting neck between the limit and the singularities that might carry
a nontrivial amount of energy. For the energy identity of a minimax sequence of certain approximat-
ing harmonic maps, see [[17,22]. For a sequence of minimizing @-harmonic maps, it was proved by
Chen-Tian [6] that the necks converges to some limit geodesics of finite length which implies that
the energy identity holds true. The energy identity for a sequence of a-harmonic maps into certain
special target manifolds was investigated in [25}24]. For a general blow-up sequence of a-harmonic
maps, however, the energy identity is in general not necessary true, see the counter example con-
structed by Li-Wang [27]]. Nevertheless, in [26], they investigated the general blow-up situation for
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a-harmonic maps and established a generalized energy identity and studied the asymptotic behav-
iors of the necks, the limit of which are geodesics in the target but in general not necessary of finite
lengths.

Such advanced theories cannot succeed by analytical tools alone. They require a very precise and
careful utilization of the geometric and algebraic structure of the particular setting. On the other
hand, however, the approach should not be too specialized but rather also bring out some more
general features, and in particular, develop methods of a more general scope. For this reason, we
have systematically turned to another area, quantum field theory, where variational problems with
noncompact symmetries naturally arise that have a rich and subtle geometric and algebraic structure
and that have lead to spectacular mathematical insights. As an example of such a problem, motivated
by the nonlinear supersymmetric sigma model [12], Dirac-harmonic maps are defined as solutions of
a system consisting of a harmonic map type equation coupled with a Dirac type equation. They were
introduced and first studied in [, 8]. They combine and generalize harmonic maps and harmonic
spinors, both of which have been widely and extensively studied, but only separately and not coupled
as here.

In this paper, on one hand, we shall build upon the pioneering work of Sacks-Uhlenbeck [30]
and on the other hand use structures and identities from quantum field theory to deal with a refined
blow-up analysis corresponding to the existence problem of Dirac-harmonic maps considered in the
previous paper [20]. We shall use a heat flow method that links a parabolic system for a harmonic
map type functional with a first order elliptic system that solves a nonlinear Dirac equation along
the flow. As already mentioned, in general, such a flow does not exist globally, but may blow up
at finite time, even in the simpler case of harmonic maps [4]]. To overcome this difficulty, we study
the corresponding elliptic-parabolic system for @-Dirac harmonic maps, that is, the heat flow for a
Sacks-Uhlenbeck type functional with a non-linear Dirac equation along the flow. Of course, the
hardest difficulties that we need to overcome then emerge for @ — 1.

The resulting variational problems therefore combines also essentially all the difficulties that one
has to face in geometric analysis when dealing with problems with a noncompact local symmetry
group. And since these difficulties are intertwined, they cannot be solved with the individual tools
that have been developed for each of them in isolation, but we also need to extend the existing
methods substantially. In some sense, this is the culmination of the work of ourselves and many
colleagues over several years. Let us first informally describe the difficulties and point out our
strategies to overcome them. We consider the functional

1
(L) R R e

where ¢ is a map from a Riemann surface M with smooth boundary dM into a Riemannian manifold
N, and ¢ is a spinor along that map. ) is a nonlinear Dirac operator that depends on ¢, and through ¢
also on the geometry of N. Therefore, the two fields ¢ and ¢ are coupled. While the precise notation
will be explained shortly, hopefully this already suffices to understand the essential structure of the
problem. So, here are the difficulties and how we address them:

(1) The functional is conformally invariant, and since the conformal group is noncompact, the
Palais-Smale condition is violated. To handle this, there exist of course well established
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schemes. In particular, following Sacks-Uhlenbeck [30], we can modify (I.1)) as

1
(1.2) Lu(9.4) = 3 f {4+ 1dgP) + w, DY)} M,
M

for @ > 1. This functional then satisfies Palais-Smale, and we can study the limit @ N\ 1.

(2) However, neither (I.I) nor (I.2) is bounded from below, because of the spinor term, as the
spectrum of the Dirac operator is neither bounded from below nor from above. Therefore,
classical variational methods (like direct minimization procedure or minimax scheme) don’t
apply to get the existence of critical points of (1.2)), let alone (I.T)).

(3) Asalready indicated, we shall use heat flow methods as an alternative to variational methods.
But here the difficulty is that while the Euler-Lagrange equation for ¢ is second order and
can therefore be easily parabolized, the equation for i is first order (it looks simple, Dy = 0,
but this is nonlinear, because the operator depends on ¢, as already pointed out).

(4) Our solution consists in studying a new elliptic-parabolic system [10, [18, |19, 20] under
appropriate boundary conditions that carries the nonlinear Dirac equation along as an elliptic
side constraint for a harmonic type flow. To control that elliptic constraint, sharp estimates
for solutions of Dirac equations are needed [10, 20].

(5) In order to then control the limit @ ™\, 1, we need to carry out a blow-up analysis, because
singularities may form and so-called bubbles may split off in the limit, see [20]. While for
the original Sacks-Uhlenbeck scheme for harmonic maps, this procedure is well established,
here we encounter new difficulties due to the limiting behavior of the spinor part.

(6) Also, the bubbles that split off need not be connected to the remaining solution. In order to
show that in the limit, energy is only carried by that remaining solution and the bubbles, we
need to control the necks that connect the forming bubbles with the rest for @ > 1, but dis-
appear in the limit @ ~\, 1. In fact, the precise analysis reveals that they converge to geodesic
lines. When such a geodesic is of finite length, it appears as the image of a cylinder of infinite
length and therefore carries no energy. To show this, we shall apply three circle type method
in the spirit of Simon [31] and Qing-Tian [29], see also Colding-De Lellis-Minicozzi [11].
In our situation, we first need to derive a new Pohozaev identity. Incidentally, the validity
of a Pohozaev identity, rather than the stronger condition of conformal invariance, is what
is equivalent to the removability of singularities in geometric variational problems [21]], and
therefore, our emphasis of such an identity fits well into the general scheme.

(7) Nevertheless, we cannot directly use a classical technique like the three-circle method (or
alternative methods developed for harmonic maps), because in that scheme, we would have
to deal with two additional terms that are not uniformly bounded in L? (in fact they are even
not uniformly bounded in L? for any 1 < p < 2), causing new obstruction. In technical
terms, to overcome this difficulty, we need to control the decay of the tangential energies of
both the map part and the spinor part on the neck domain as @ N, 1. This is one of the main
technical achievements of the present paper. Also, we obtain a new estimate for the energy
decay of the spinor.

(8) After we having obtained the decay estimates of the tangential energies by applying the
new three-circle method, it is still unclear and difficult to derive the estimates of the radial
energies, especially for the spinor part. Here, we will apply a Hardy type inequality method,
which seems to be very useful for the study of first order type equations. Combining this with
a iteration argument, then we shall obtain an optimal decay estimate for the weighted energy
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of the spinor on the neck domain. With this in hand, by using a Pohozaev type identity for
the map part, we will get the decay estimate for this map part.

For more detailed explanations about the new difficulties and challenges mentioned above, see
discussions after the main results Theorem 2.2land Theorem [2.3]in Section 2l

The rest of this paper is organized as follows. In Section[2] we introduce our functional in precise
technical terms and state and explain our main results. In Section (3|, we shall then prove some
basic lemmas for a-Dirac-harmonic maps which will be used in this paper, such as the small energy
regularity, the energy gap theorem and a new Pohozaev type identity. Then we establish the three
circle theorem for a system of integro-differential equations which can be applied to the a-Dirac-
harmonic map system. In Section[d, we prove our first main Theorem [2.2]about generalized energy
identities. The limit behavior of @-Dirac-harmonic necks is studied in Section [5]and Theorem 2.3]is
proved in this section.

2. SUMMARY AND MAIN RESULTS

Let M be a compact Riemann surface with smooth boundary dM, equipped with a Riemannian
metric g and with a fixed spin structure, XM be the spinor bundle over M and (-, -)s), be the natural
Hermitian inner product on M. Choosing a local orthonormal basis e,,y = 1,2 on M, the usual
Dirac operator is defined as ¢ := ey - Vey, where V is the spin connection on XM and - is the Clifford
multiplication. This multiplication is skew-adjoint:

XY, s ==, X Q)su

forany X e I'(TM), ¥, ¢ € I'(ZM).

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, 4) with dimension
n > 2. Denote ¢*T'N the pull-back bundle of TN by ¢ and then we get the twisted bundle ZM®¢*TN.
There is a natural metric (-, )spep 7y On ZM ® ¢*TN induced from the metrics on M and ¢*TN.
Likewise, there is a natural connection V on =M ® ¢*TN induced from the connections on M and
¢*TN. Let ¢ be a section of the bundle XM ® ¢*TN. In local coordinates, it can be written as

Y =v'®0u(9).
where each ¢/ is a usual spinor on M and 9, is the nature local basis on N. Then V becomes
2.1) VY = Vo' ® 0,(¢) + (T, Vo ® 0,:(9),

where I“;.k are the Christoffel symbols of the Levi-Civita connection of N. The Dirac operator along
the map ¢ is defined by

Dy = eV, .
We consider the following functional
1
L(¢,¢¥) = 2 f (|d¢’|2 + (Y, m¢>2M®¢*TN)dM,
M

where dM = dvol,.
The functional L(¢, ) is conformally invariant, see [8]. That is, for any conformal diffeomor-
phism f : M — M, setting

p=¢of and Y=1"yof.
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where A is the conformal factor of the conformal map f, i.e. f*g = A°g, there holds L(E, J) = L(¢,¥).
Critical points (¢, ¥) are called Dirac-harmonic maps from M to N.
The Euler-Lagrange equations of the functional L are

- , 0
2.2) (Mg’ + T8 6105 GO = R@.w).
(2.3) by = 0,
where A, := \%%( \/EgﬁV%) is the Laplacian operator with respect to the Riemannian metric g,

R(¢, ) is defined by
1 . 0
R(¢,¥) = SR (@)Y, Vo' - W) g 00)-

Here R’l’l?j is the Riemann curvature tensor of the target manifold (N, h).

By Nash’s embedding theorem, we embed N isometrically into some RX. Then, critical points
(¢, ¥) of the functional L satisty the following extrinsic Euler-Lagrange equations

(2.4) Ay —A($)(dg,dp) + Re(P(A(dg(ey), e, - ¥); ),
(25) (ﬁg‘ﬁ = ﬂ(d(b(ey)’ €y - lﬁ),
where @ is the usual Dirac operator on (M, g), A is the second fundamental form of N in RX, and
Adg(ey), ey - ) = (V¢ - §)) ® A(Dy, D),
Re(P(A(dd(ey), ey - ); 1)) := P(A@By1,0y); B, )Re((W', dg’ - ).

Here P(¢; -) denotes the shape operator, defined by (P(¢; X), Y) = (A(X, Y), &) for X, Y € I'(TN), and
Re(z) denotes the real part of z € C.
For p > 1, we denote

W'P(M, N) := {¢ e WY (M,RX) | ¢(x) € N, a.e. x € M},

WIP(EM ® ¢*TN) = {w e W (EM ® ¢*R¥) | y(x) is along the map ¢, a.e. x € M} .

Here ¢ € I'(EM ® ¢*TN) is along the map ¢ and should be understood as a K-tuple of spinors

W', ..., y*) satisfying
K

D v =0

i=1
for any normal vector v = (vi,...,vx) € RX at ¢(x). For more details and background on Dirac-
harmonic maps, we refer to [[7, 8,136, 9} 32].

The blow-up theory for sequences of Dirac-harmonic maps including the energy identity and the
no neck property, i.e., bubble tree convergence, was systematically explored in [7, 35, 28]]. However,
the existence problem for Dirac-harmonic maps turns out to be difficult. Since the functional L(¢, ¢)
does not have a lower bound due to the fact that the second term in L does not have a fixed sign,
classical variational methods and heat flow methods developed for harmonic maps cannot be applied
directly. In order to study the existence problem, a modified heat flow approach for Dirac-harmonic
maps from spin Riemann surface with smooth boundary was introduced in [10], and the short time
existence of a solution was shown. This is a heat flow that couples a parabolic second order equation
for the map with a first order elliptic equation for the spinor. That is, the solution of the first order
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Dirac type equation is carried along a harmonic map type flow. We call this flow the Dirac-harmonic
map flow, which is:

0,6 = Ayt + A(d.dg) + Re (P(A(de(ey). e, - ¥):),  in Mx[0,T),
By = A(dg(ey), ey - ), in M x1[0,7),

with the following boundary-initial data:

o(x, 1) = o(x), on OMx][0,T];
26 G0 =dox), in M

By(x, 1) = Byo(x), on OM x|[0,T];

Po(x) = @(x), on OM.

where B = B* is the chiral boundary operator defined as follows:

B* : L>(OM,XM ® ¢*TNlgy) — L*(OM, =M & ¢"TNlyur)
1 -
W E(Mi -Gy,

where 77 is the outward unit normal vector field on M , G = ie; - e, is the chiral operator defined

using a local orthonormal frame {67}5:1 on M and satisfying:

G’=1Id, G'=G, VG=0, G-X=-X-G,

for any X € I'(TM). One can also take B to be the MIT bag boundary operator B3, as considered
in [10]. See e.g. [16, 2] for more detailed discussions on these boundary operators.

Furthermore, the existence of a global weak solution to the Dirac-harmonic map flow in dimension
two under certain boundary-initial constraint was obtained in [18]]. By studying the limit behaviour
as time approaches infinity, we proved the existence results of Dirac-harmonic maps with Dirichlet-
chiral boundary condition in a given homotopy class under certain boundary-initial constraint in
[18]. A technical difficulty stems from the fact that along the Dirac-harmonic map flow considered
in [18], we can not control the energy of the spinor field |[i/||.+, as time approaches the first singular
time 7; > 0, even for the L'-norm. This is the main difficulty and why we need to impose the
boundary-initial constraint in [18] in order to obtain a global weak solution to the Dirac-harmonic
map flow and show some existence results by letting ¢ go to infinity.

In order to get rid of the above mentioned boundary-initial constraint and study the general exis-
tence problem, in [20], we have therefore introduced the following functional

1
@7 Lu(9.4) = 3 f {0+ 1dgP) + w, DY)} am,
M

where @ > 1 is a constant. Critical points (¢,, ¥, ) of L, are called a-Dirac-harmonic maps from M
to N. They satisfy the Euler-Lagrange equations [20]

Re (P(A(dd(e,), e, - ¥):w)
a(l + Vo)t ’

V,IV.4*V,
A s
4

(2.9) B A(dg(ey), ey - ).
When the spinor field vanishes, the functional L, reduces to Sacks-Uhlenbeck’s perturbed one [30].

— A(d¢.d¢) +
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Since the functional L, is not bounded from below, the classical Ljusternik-Schnirelman the-
ory may not be applied here to obtain critical points and hence the existence problem of a-Dirac-
harmonic map is subtle. To overcome this difficulty, we introduced a new parabolic-elliptic system
in [20] under appropriate boundary value conditions, i.e., the so called a-Dirac-harmonic map flow
with Dirichlet-chiral boundary data:

) VIV 0PV Re (P(A(dg(ey), e, - 1); 1))
(210) thﬁ = Ag¢ + (a - I)W + A(d¢, d¢) - a/(l T |Vg¢|2)a_1 ’
(211) lﬁglﬁ = ﬂ(d¢(€7), €y - lﬁ),

with the boundary-initial data (2.6). The advantage of the a-Dirac-harmonic map flow over the
Dirac-harmonic map flow of [10, [18] is explained in [20]. There, we showed that for any @ > 1
sufficiently close to 1, there is a global regular solution to this new flow and hence as time goes to
infinity, one gets a limit a-Dirac-harmonic map (¢, ¥,) : M — N with Dirichlet-chiral boundary
data (¢, Bv,)|lm = (¢, BYy) and with uniformly bounded energy

f(l + |d¢a|2)adM+f |lﬂa|4dM < C(M, N, [|[Véoll 22 ay» IBYoll 22om))-
M M

The second important step in [20] then is to perform the blow-up analysis for above sequence
of a-Dirac-harmonic maps with Dirichlet-chiral boundary data and with uniformly bounded energy.
We can show that the weak limit is just the desired Dirac-harmonic map (note that the nontrivial
boundary condition ensures that the map part and the spinor part are both nontrivial). Precisely, we
proved the following

Theorem 2.1 (Theorem 1.2 in [20]). Let (M, g) be a smooth compact spin Riemann surface with
smooth boundary OM, (N, h) an n-dimensional smooth compact Riemannian manifold. Let A € (0, 1)
and

(Pag> W) € CTHH(M,N) x C" (M, =M ® ¢, TN)

with ay \ 1 be a sequence of ay-Dirac-harmonic maps with uniformly bounded energy, i.e.

f (1 + |dpo)*dM + f Wol'dM < A
M M

and with Dirichlet-chiral boundary data (¢o,, Boo)om = (¢, Byo) where ¢ € C>* OM,N), Y, €
C"YOM, XM ® ¢*TN). Then there exists a finite blow-up set S = {pi, ..., p;} such that, by passing
to a subsequence, there exists a smooth Dirac-harmonic map

(¢, %) € C**Y(M,N) x C"™ (M, =M ® ¢*TN)

with Dirichlet-chiral boundary data (¢, By)|sn = (¢, Byo) such that (¢, Ya,) — (¢, ¢) weakly in
W'2(M) x L*(M) and strongly in C2 (M \ S) x C} (M \ S).

loc loc

In this paper, we shall carry out the most difficult step and study the finer blow-up behavior and
asymptotic analysis for a sequence of @-Dirac-harmonic maps near the interior blow-up points. More
precisely, we shall investigate the limit behaviour of the Dirac-harmonic necks appearing during the
blow-up process.
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Since in general, multiple bubbles can split off at a blow-up point and the functional L, is not
conformally invariant, we shall consider the following more general a-energy functional{]

1
L) =3 [ (@0 9P + 0l o)) dvol > 1,

where g, = e?*((dx")? + (dx*)?), ¢, € C¥(D)), ¢,(0) = 0, ¢, converges smoothly to ¢y € C(D),
0 < o, < 1 satisfying

0 < B < liminf o' < 1.
a\\1

Critical points of L, ., are also called a-Dirac-harmonic mapsﬂ which satisfy the following Euler-
Lagrange equations

Re (P(A(dg(ey), ey - );1))

(0 + [V, 1)

Vgalvga¢|2Vga¢
e D TV oP
(2.13) agalﬂ ﬂ(d(ﬁ(ey), ey ).

As (%1__3']) is conformally invariant, it is easy to see that the equations (2.12) and (2.13)) are equiv-
alent to

(2.12) Ay é

— A(d¢,d¢) +

b

Re (P(Add(e,), e, - ) 1)
+ A(p)(dg, dg) — =0,

a(og + [V, g12)!

VIV, 8I’V¢

@ 8a

div{(Tg + Ve, 817V} + (04 + [V, )" AD)(d, dp)

1
(2.15) ~ —Re(P(AWdd(e,). e, - ¥): ) = 0
and
(2.16) Dy = Aldg(ey). e, - ).

where A = % + % and V are the derivatives and @ is the Dirac operator corresponding to the
standard Euclidean metric. e, is a local orthonormal basis with respect to the standard Euclidean
metric which is different from (2.12)) and (2.13)), but for simplicity of notation, we still use it. Al-
though the original considered object is a sequence of a-Dirac-harmonic maps on a domain surface
with a general Riemannian metric (see (2.12) and (2.13)), for the purposes of this paper, where in
the end the difficulties boil down to elliptic estimates, we always work with the equations (2.14),

1One can check that a rescaled a-Dirac-harmonic map, e.g. (%(/l(,x), et \/Zzpa(rax)) is locally a critical point of
this functional, we refer to Section 4 (the proof of Theorem 1.4) in [20] for details. One can also see the beginning of
section 2 in [26] for the analogous case of a-harmonic maps.

’In our pervious paper [20], critical points of L, -, are called general a-Dirac-harmonic maps and we established
appropriate analytical background for this kind of maps, see Lemma 4.1 and Lemma 4.2 in [20]. In this paper, for
simplicity of notations, these maps are collectively called a-Dirac-harmonic maps.

3More precisely, (¢ o Id, ey o Id) satisfies (Z.14)-@2.16), where Id : (D1(0), (dx")? + (dx®)?) — (D1(0),g,) is a
conformal map defined by /d(x) = x. For simplicity of notation, we identify (¢ o Id, ey o Id) with (¢, ) in the sequel.
Although the energy fM(l + |dp|*)*dM is not conformally invariant for @ > 1, the limit limo~ fM ((l + |dg?)® - 1) am

is conformally invariant. Combining this with the fact that fM [y|*dM is conformally invariant, this identification is
indeed legitimate for the questions we are concerned with in this paper.
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and whose domain metric is the standard Euclidean metric, where g, can be viewed as
a smooth function on (D;(0), (dx")? + (dx?)?).

Before presenting our results, we shall first give a general description of the blow-up procedure
and the bubbling phenomena for a-Dirac-harmonic maps. For the case of @-harmonic maps, see
(30} 26] .

Denote

Evo(6) = fM (00 + dGPY dM, E(6) = fM doPdM, EW) = fM witdM,

E,(¢) = f (1 + |dgI*)*dM, E(¢,y) = f (Idg* + lyIHdM.
M M

Consider a sequence of a-Dirac-harmonic maps {(¢,,¥,)} : M — N with Dirichlet-chiral bound-
ary data (¢, Bv )|y = (¢, BYy) and with uniformly bounded energyﬁ]

Eoo (o) + E(WYy) < A

From Theorem 1.2 and Theorem 1.4 in [20], we know that, by passing to a subsequence, (¢, ¥/,)
converges smoothly to some limit Dirac-harmonic map (¢, ¢) : M — N with Dirichlet-chiral bound-
ary data (¢, By)|ly = (¢, Byo) away from at most finitely many blow-up points S = {x;}/_ as @ \ 1.
Moreover, we show that at each blow-up point, that is, when the energy of the map concentrates,
after suitable rescaling, a bubble, namely, a nontrivial Dirac-harmonic sphere splits off.

By the classical blow-up theory for @-harmonic maps [30, 26]], it is well known that at most
finitely many bubbles can occur at a given blow-up point and the necks connecting the weak limit
map and the bubbles or one bubble to the next are all converging to geodesics, i.e., a bubble tree
construction holds. Here, we shall see that this phenomenon also holds for @-Dirac-harmonic maps.
See Section |4| for the constructions of the first and the second bubble (if multiple bubbles occur at
the blow-up point). The rest bubbles (if any) can be constructed by a standard induction argument
similar to the works by Li-Wang [26] and Chen-Li [3]].

More precisely, for a fixed blow-up point x;, 1 < i < I, we may assume there are k; bubbles
occurring at this point, i.e. there are a sequence of points {(x7y, j =1,..,k;, and a sequence of
positive numbers {1;} with x;] — x;, /l’ — 0 as @ N\, 1 and one of the followmg two alternatives
holds true: if 1 < ji, jo < k;and j; # jo,

(A1) for any fixed R > 0, DM N DM (x'7) = 0, whenever « is sufficiently close to 1.

111 112

AR
(A2) 4 + g =0, asa \ L.

Moreover, the following two rescaled ﬁeldﬂ

o = o+ Ax), T = ()Y (6T + A7)
converge in C§ _(R?\ { pij e p"s{;}) to a nontrivial Dirac-harmonic map (o, &) defined on R?, which
can be conformally extended to a nontrivial Dirac-harmonic map from S2. See the beginning of

“Here and in the sequel, for simplicity of notations, when talking about a sequence of (¢,,¥,) for @ \, 1, we mean
the sequence of (¢, , Yo, ) for a given sequence of @y \, 1.

SLet us explain the transformation of the spinor. It can be seen as a linear transformation (i.e. 127'y,) composed
with a conformal transformation (i.e. VAgWa(x, + A0X)). Since a-Dirac-harmonic maps are not conformally invariant,
in order to get unified bubble equations, we need an additional factor A2~ in the scale.
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Section[d] Define two types of quantities:
(2.17) ;= lim \ilnf(ﬁg)z—h, v;j = lim \ilnfuj{)— Va-1

It is easy to see that v;; € [1, 00]. Also, we can see that there exists a positive constant f,,,, > 1
such that y;; € [1, imay]. In fact, for simplicity of notations, we may assume there is only one blow-
up point denoted by x € M, and there are k; bubbles occurring at this point, i.e., there are a sequence
of points {xa} and a sequence of positive numbers {/l] 11 < J < ky satisfying (A1) or (A2). Without

loss of generality, we assume A! is the smallest one, i.e. ‘J’ <C<ooforall j=2,..,k,asa \ 1.
Ay

We just need to show that
pr = Bminf(45)"" < -

By applying the standard blow-up argument for a-Dirac-harmonic maps (see the beginning of Sec.
M or Sec. 4 in [20]), we have:

(368 = (a0 + 200, () A (3l + A1) = (0,8 in (B2

where (0!, £') can be conformally extended to a nontrivial Dirac-harmonic sphere. Therefore, we
have

T 2 1322 12
A > lim lim Ve, Pol™dvol,, = 1%1_{{)10 }3{?%) "f Ve, 0 1" dvol, 1 a1 5

RNt Jp | pd) Dg(0)

= lim f Vo' Pdx = i E(oh).
Dg(0)

R—o0

By the energy gap property for Dirac-harmonic spheres (see Lemma 3.3)), we have

A A
2.18 < < —.
( ) M1 = Eoh " e

Now, we state our first main result about the generalized energy identities for @-Dirac-harmonic
maps. In this paper, we shall only consider the case of interior blow-up. The case of boundary
blow-up will be considered in the future.

Theorem 2.2. Under the assumptions of Theorem assume S N OM = 0, i.e. all the blow-up
points are the interior points, then there are finitely many bubbles: a finite set of Dirac-harmonic
spheres (O'f,ff) :S?2 > N, Il=1,..1, where l; > 1,i = 1,...,1, such that, the following generalized
energy identities hold:

I
lim E,(¢0,) = E@) + M| + ) > 1iE(@).

i=1 [=1

lim E@,) = E@) + Z Zu E(E),

i=1 I=1
where the quantities p; are defined as in (2.17)).

Furthermore, we shall show that the map parts of the a-Dirac-harmonic necks appearing during
the interior blow-up process converge to geodesics in the target manifold N and then derive the
length formula of these neck geodesics. More precisely, we have



12 JOST, LIU, AND ZHU

Theorem 2.3. Under the same assumptions as in Theorem assume S = {x,} and there is only
one bubble in DY (x;) C M for some r > 0, for the sequence {(¢,,¥a,)}, denoted by (o', &"), which
is a Dirac-harmonic sphere. Let

(2.19) yl = lim\_‘ilnf(/l}l)‘m .

Then the map part of the Dirac-harmonic neck appearing during the blow-up process is converging
to a geodesic in the target manifold N. Moreover, we have the following alternatives:

(1) when v' = 1, the set d(DM(x1)) U o'(S?) is a connected set in N;

(2) when v! € (1, 0), then the set $(DM(x,)) and o(S?) are connected by a geodesic of length

E(oh)

L= logv';

(3) when v! = oo, the map part of the Dirac-harmonic neck contains at least an infinite length
curve which is a geodesic in N;

Remark 2.4. Although Theorem is stated and proved for the case that only one single bubble
occurs at a blow-up point, by following the arguments in Section [3] it is not hard to extend these
results to the case of multiple bubbles occurring at the blow-up point. In fact, the multiple bubble
case will be more complicated. For example, if we have three bubbles: (o', &), (02, &%), (02,&%)
with the blow-up positions and radii (x,, /lﬁl), i=1,2,31.e.

(qba(xa £ 0, () J (g + Af,x)) ~ (o, &)

weakly in W*(R?) x L! (R?), satisfying j—2 —0,% - 0and v',12, 3 < oo, then ¢(D¥(x,)) and

loc loc ’ E

0(S?) are connected by a geodesic with length

. \/E(al) + E(02) + E(0?) log?
T

and 0(5?) and 0>(S?) are connected by a geodesic of length

E(o! E(c2 2
L:\/—(O-)+ (O-)logv—3,
T

0%(5?) and o' (S?) are connected by a geodesic of length

[E(o! !
L= (@ )log V—2
T 1%

A key step in proving Theorem[2.3]is to establish certain decay estimates of the tangential energies
of both the map part and the spinor part on the neck domain as @ ™\, 1. In the absence of the spinor
part, i.e., when ¢, are @-harmonic maps, this is achieved by Li-Wang [26] where the authors used
some idea in [13]] to derive a differential inequality on the neck. However, this kind of technique
requires the special structure of harmonic map type equations and hence cannot be applied to the
a-Dirac-harmonic map systems, where a-harmonic map type equations are coupled with some first
order Dirac type equations.
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Recall that another powerful tool in deriving exponential decay on the long cylinders is the three
circle type method. For maps {¢,} with L>-uniformly bounded tension fields 7(¢,), or equivalently,
solutions to the harmonic map system up to some error terms 7(¢,,) that are L>-uniformly bounded,
the corresponding three circle method was derived in [29], which used a special case of the three
circle theorem due to [31] to show that the tangential energy of the sequence of solutions on the
long cylinder decays exponentially. In fact, the condition that the error terms 7(¢,) are L?>-uniformly
bounded ensures the following decay estimate:

llx = x| - T( DI 2Dy 60\ D)) < CE,

which is crucial in [29] to get the exponential decay.
However, in view of the equation (2.12) for the map part ¢, in the @-Dirac-harmonic map system,
the error term contains the following two terms: the second derivative term

VIV, 6a Ve,
2.20 -1)—
(2.20) P N

and the curvature term
Re (P(A(dga(ey), ey - ¥a): Ya)
(0, + |Veo?)* !

both of which are not uniformly bounded in L?> anymore and hence the results in [29] cannot be
applied.

Therefore, we need to develop new methods. Instead of the schemes just discussed, in the present
paper, to overcome the new difficulties occurring, we shall first establish a type of three circle theo-
rem for the integro-differential equations corresponding to @-Dirac-harmonic map type systems, see
Theorem [3.8] Then, we shall derive the decay of the tangential energies of both the map part and
the spinor part on the neck domain, see Lemma|[5.2] To achieve this, we shall handle the two error
terms separately. For the second derivative term (2.20)), although it is not uniformly bounded in L?
for any p > 1 and the exponential decay will not hold ﬂ however, our new observation is that one
can still get some decay at the speed of a — 1. For the curvature term (2.21]), we need to decompose
it into several forms which can be used in the three circle theorem. We will see that the proof is
still subtle. In particular, our result applies to the case of @-harmonic maps, i.e. when ¢, = 0 and
hence leads to decay estimates for @-harmonic map type systems, which is still new in the existing
literature. Moreover, in the case of a-harmonic maps, by applying the results in Lemma([5.2] we can
show that the tangential energies decay at a speed of @ — 1, which is an improvement of the speed of
Va — 1 given by Proposition 4.2 in [26].

Differently from the case of Dirac-harmonic maps [28, [19] where the decay of the tangential
energy of the spinor is sufficient, in order to study the limit behaviour of @-Dirac-harmonic necks,
here we need to get the decay of some weighted energy of the spinor as @ N, 1. Compared to the
cases of Dirac-harmonic maps [28, [19]], here, however, the exponential decay of the spinor’s energy
will not hold, since the map part ¢, satisfies @-harmonic map system rather than the harmonic map
system.

(2.21)

b

Sone can see that it is controlled by (@ — D|V2¢,| and by Lemma we have

2(1-1y o2
1% = %™ 2 IV balllr Dy e\ Dy ey < CHV‘pa”LZ(DM(x(,)\D%(x(,))-
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To overcome this new difficulty, we shall need new observations. We shall prove the energy ||y, ||+
of the spinor decays at a speed of (o — 1)” for any y € (0, %), more precisely, the following holds:

1
(2.22) lim ——— f W |*dx = 0.
o\ (a — DY Dy ta (xa)\D 1 o (Xa) v

See Lemma [5.4]and Lemma |[5.5] Such kind of decay estimate plays a key role in the present paper,
as it is not only important in the proof of Theorem [2.3] (see Proposition [5.9) which will be discussed
later. In technical terms, the above decay estimate (2.22)) is achieved by applying a Hardy-type
inequality to derive a differential inequality on the neck to get the decay of some weighted energy
of a spinor.

Notations: A,, V, and @, are operators corresponding to the Riemannian metric g. A, V and 4
operators corresponding to the standard Euclidean metric. dM = dvol, and dx = dx'dx* are the
volume forms with respect to g and standard Euclidean metric respectively. Throughout the paper,
the uppercase letter C denotes a positive constant which may vary from line to line.

3. A POHOZAEV TYPE IDENTITY AND A THREE CIRCLE THEOREM

In this section, we shall first prove several basic lemmas for @-Dirac-harmonic maps, for instance,
the small energy regularity, the energy gap theorem and a new Pohozaev type identity. Secondly, we
shall establish a new type of three circle theorem for @-Dirac-harmonic map system.

Lemma 3.1. For any 1 < p < oo, there exist two positive constants € > 0 and ay > 1 depending
only on g and N, such that if (¢, ¥.) : (D1(0),8,) — N is a sequence of a-Dirac-harmonic map
with E(¢,, ¥,) < A and

E(p,) <€, 1<ac<a,

where g, = e?((dx")? + (dx*)*) and ¢,(0) = 0, ¢, — @o in C*(D;(0)) as & — 1, then there hold:
G WVéellwiem, poy < C(Ps & A, NIVl 0y Wallwiow, n0p < Cps & A N)IWallzao, )
(3.2)  IVallcipyp0) < C(& A NIVPallzzp o, Wellcow, pop < €& A N)IIWallzsmp, 0))-
Proof. Since (¢, ) satisfy (2.14) and (2.16)), according to Lemma 4.1 in [20], we have that (3.1))
holds. By Sobolev embedding, for some 0 < ¢ < 1, there holds
IV@allcsps a0 < €8s A NIIV@ellzp,ops Wellesms a0y < C(& A NI all o, 0)-
To estimate ||V, ||c1, by (2.14), noting that ¢, satisfies the following elliptic equation that
gl gy, A di + (P(APa(ey). ey - Ya): o))
T + Vg, Pal? OP0x7 e (0 + Vo)

988 by 900 900
AxY OxX 9xP OxY
— (@ — 1) 220 o 9w

0o + |Vydal?
:: f(¢(19 wa/a V¢(1)’

when « — 1 is sufficiently small, using the standard schauder estimates of elliptic operator, we get
||V¢(Y||C1(D1/2(0)) < C(||f||C6(D3/4(O)) + ||V¢(¥||CO(D3/4(0))) < C(g’ Aa N)||V¢(Z||L2(D1(0))'

A¢a+(a'_ 1)
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As an application of Lemma 3.1 we have
Lemma 3.2. Let D;(0) C R? be the unit disk, g, = e*P((dx")? + (dx*)*) and g = e#P((dx")* +
(dx*)?) be a family of metrics on D;(0), where ¢, € C*(D;), ¢,(0) = 0 and p, — @y in C°(D))
as a N\ 1. Let (¢q,¥,) € C*(D1(0), N) be a sequence of a-Dirac-harmonic maps with uniformly

bounded energy E, . (¢o) + E(Y,) < A and with 0 < By < lim(,\l(oyl)“‘1 < 1, then there exists a
positive B independent of a, such that

o 2va-1 . 2va-1
Bo < hm\l]nf l(oo + Vg, @) llcowy < limsupll(oy + [V, dal)*  llcop) < Bi-
a a\1

Proof. Without loss of generality, we assume 0 is the only energy concentration point for the se-
quence {(¢,, ¥,)}. Then by the blow-up process described in Section 2] we can get finite bubbles at
this point, i.e. there exist a positive sequence /lg — 0 and a sequence of points x{l —-0,i=1,...,1,
as @ \, 1, which satisfy (Al) or (A2). Also, without loss of generality, we assume /l}l is the

smallest one, i.e. limsup,. % < C for j = 2,...,1. By a standard blow-up argument, we know
(ha(xo + A1), (A1) /A, (x0 + AL x)) has no energy concentration points for all points xo € D L

By Lemma 3.1 we have
Vo, |(x) < C forany x € D1(0) \ D),

since 0 is the only energy concentration point and

C
Val(x) < 5 forany x € Dy,

a

Thus, we obtainn
”(0-(1 + Ivgﬁbalz)a_lllco(D) < C(l + (/1(11)2_2(1) < C(l +/-lmax)-
Then the conclusion of the lemma follows immediately. O

The following energy gap result is a small improvement of the one given in Theorem 3.1. in [[7].

Lemma 3.3 (Energy gap). There exists an €, = €,(N) > 0 such that, if (¢,) : S*> — N is a smooth
Dirac-harmonic map satisfying
f ldo|* < ef.
S2

Proof. Stepl. Claim: [|y||;455s2) < Clldllz453(52), where i is a spinor on S? and C > 0 is a universal
constant.
In fact, if not, then there exists a sequence of spinors {1/} on S 2 such that

Wil ancs2y > k ldllLancs2).
Without loss of generality, we assume [[]|;43s2) = 1, then we have

Then both ¢ and  are trivial.

1
(3.3) Wil 52y < A

By standard elliptic estimates, we get

illwians2y < C.
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Thus, there exists a subsequence of {1/} (we still denote it by {1/;}) and n € W'*3(S5?) satisfying
3.4) Y =1 weakly in W3(S?)  and strongly in LY3(S?).

Combining this with |[|,+352) = 1 and the inequality (3.3)), we get [|l|;453s2) = 1 and

(3.5) ||0777||L4/3(52) =0.

So, 17 = 0 since there is no nontrivial harmonic spinor on S2. This is a contradiction.
Step2. By standard elliptic estimates, we have

||w||L4(S2) S C||w||W|4/3(SZ)
< CUldllerncs) + Wollencs2)
< Clldllzancszy < Cllldollylllns2y < CllddllzsllYllesy) < Cealllliss?.

Taking €, > 0 sufficiently small, then we have ¢ = 0. Therefore,

||d¢||W1’4/3(52) S C||A¢||L4/3(S2)
2
< Cllldel I s2
< C||d¢||L2(S2)||d¢||L4(S2) < Cl|d¢||L2(SZ)||d¢”W1,4/3(S2) < C€1||d¢||W1‘4/3(S2)'

Thus ¢ has to be a constant map. O

Now we state a new Pohozaev type identity for a-Dirac-harmonic maps.

Lemma 3.4. Let (D, g,) be a unit disk in R* equipped with a metric g, = e* ((dxl)2 + (dxz)z), where

Yo € C¥(D). If (¢a,¥a) is a critical point of Ly, (¢, ), then for any 0 < t < 1, there holds

_ 1 210 1 ety 1-2,0Pa o
(1 ) (o + Vg, d0l”) l@rl ZafaD(O'aHVgaf/)aU |x] |60|

aD,

bl f (00 + V3, BaP ) VPl
at D,

Tq a— o =
+ Z (0-(1 + |Vga¢a ) 1840 f <l,//(,, o V%W(ﬁ
+(1—1>l [ @or mosprwa
o 2t D, 04 go¥a @ (9
o _ r 0p
3.6 - = w1V, 0T + = )edx.
(3.6) - D,(O- + Vg, Pal”) (+2ar)e x

Here, dx = dx'dx?.

Proof. Multiplying (2.13) by rajr", we have

3.7
0¢a Pa

. o 1
O:th le{(O'a‘Flvgad)alZ) 1V¢>a} a—d _fD,< (P(ﬂ(a’d)a(ey) ey Ua); %)) 8r>
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On one hand, integrating by parts, by using the fact that r% = 2123:1 xﬁﬁ, we have

0¢a

. 2\a—1
fD | div (0 + V4, 0aP)" "' Vo) r=2dx
1,00, _ 0,
— \v 2ya-1 2 _f \V Hya-lyg ¢
| @ vaay e - [ v aPy Ve v

36s
= f (o + IV a2y H 2 f (00 + Vg, Gal)* Vo Pdx
oD, @ ar D, @

1 0
3.8 - o+ Vo, 0o = r—|Vo|*dx.
(3.8) Lt(g Ve, ®al”) 2r8r|¢|x
Noting that |V, |* = €|V, @.l*, we get

1 0
_ \v/ 2ya—1__. "~ \v/ 2
L,(Ua + | gu¢a| ) 2rar| dol"dx

ol 8 e
o K R K R e

1 0 N o 1 dg,
69 =5 fD T WPy~ fD CRNARLE S

Integrating by parts yields that

1 a a

=5 jl;{ FE”(O-Q + |Vga¢a|2) e dx
1

— oo [ reu s Waren oo [ @19, divte

2a oD, ‘ 20 D,

1 _ Oo e

=—-— HO o + Vg, 0aD) IVBal* - —f Koo + Vg, al) e

2a oD, 2a oDy,

1 1 00,
(310) + — (O-a + |Vg ¢a|2)aetpadx 4+ — f (O-a + |Vg ¢a|2)a/r ¥ e’ dx.
a ' 2a Jp ' or

D, @

t
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By (3.8), (3.9) and (3.10), we obtain

— 8 @ 1 a—
(Ta + Vg, o) 1r|i|2 - f (0o + Vg, dal) ' Vol
oD, 81’ 2()’ oD,

d¢
. 2\a—1 @
- fD | div{(0y + Ve, 0al) 7 Vbu r o dx
O-(I a— a— 1 o3
=2 [ oy + WPy e + f (@ + V3, ) V8, P~ - f (7o + 1V a5
@ Jop, D @ Jp,
(0 + |Vga¢a|2)"—1|V¢a| Srtdy— - f (0 + Ve, 8al’ )" e godx
Dy
(o a— a—
= 2_ r(o-a + |Vg(,¢a|2) 16‘/}0 + (1 - _)f (O-a + |Vga¢oz| ) 1|V¢a|2d~x
@ oD,
Oo a—1_¢ a—1 1 aQOQ
- (O-Cl + |Vg(y¢a| ) e (de + (O-a + |Vgg¢a| ) |V¢a| dx
(04 D, 2 8
1 @
- % (0'0[ + |Vga¢a| ) or ew”d-x
O o 1 o
= 2_ r(o-a + |Vgn¢a| ) 169% + (1 - _)f (0-(2 + |Vgn¢(r|2) 1|V¢a|2dx
104 oD, a

—% (00 + Ve, dal)™ 1<1+ "”">e%dx+<1——> f (T + Vg, dal) 1|V¢a|2

D

which implies

d¢
. 2\a—1 a
fD | div (04 + 1V, 6ul)" Voo r= dx
0 1

= L+ V., B[P _flz__f |V, 6.V, P

[ @y - o [ e s w9

Ta a— 1 a—
- 2_ I"(O'a + |Vg,y¢(t| ) 1 (1 - _)f (0-0 + |Vg(y¢(l|2) 1|V¢(t|2d-x
@ Jop, @ Jp,

(3.11)
o _ r 0p 1 _ 1 dp
o o v, (12(211 ra <p{,d _ 1__f (z \vj Q2wlva2 ad
+ath(G + Vg, $al”) (+28r)€ x—( a) D,(O- + Vg, el ) VO '3

On the other hand, according to Proposition 2.2 in [19] that
W, Vx(By) — BVxy)) = 2 (Re (P(Ad(ey), ey - 1): ), Vep)

whenever [X,e,] =0, ¥y = 1,2, where [+, -] is the Lie bracket and a well-known fact that

f('vb’lba» = f(mlﬁ,‘U)— mlﬁ»(@
M M oM
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where 77 is the outward unit normal vector field on M, using the equation Py, = 0, we get

o)

- ‘[Dt <R€ (P(ﬂ(d¢a(ey)’ €y - lﬂa), wa)) » F or

<x%,1fv'gwa>

f (DOPY ),V 4 wa>dx—5 fa (e, V s ) o )dx
D,

1 0 =
= -5 f <waa lpl/’a>d-x + <lpwm I"V l//a>d-x + = <l//(,, r4~—- Vilr//oz>
2 2 oD, 01’ or
1 1 0
as V a/ — T F @ . VL als
ARG o) =7 | Wer” g5 e
Then the conclusion of the lemma follows immediately from the above two formulas. O

As adirect corollary of Lemma([3.2land Lemma[3.4] we have the following Pohozaev type estimate
for a-Dirac-harmonic maps.

Corollary 3.5. Let (D, g,) be a unit disk in R? equipped with a metric g, = e* ((dx1 )+ (dxz)z),
where ¢,(0) = 0 and ¢, — ¢o € C*(D) smoothly. If (¢4, ¥.) is a critical point of L, (¢, ) where
0<Bo <limy ;0! < 1and E,, (¢o) < A, then for any 0 < t < 1, we have

0p 1 -
o \v/ a-1 a2 a-1
(-5 ) aD,(%H g®al?) % "2 i (0o + Vg, o)1 Iae

2,9%a o 2

_a- bl f (0o + IV o) VP
a t D,

1
(3.12) Yar1”

2a i 70 V a,ba> + O0(t) + O(a - 1).

In the end of this section, we will establish the three circle theorem for a-Dirac-harmonic type
system. Let us first state the three circle theorem for harmonic functions (see e.g. [31} 29, 28]).

Theorem 3.6. There exists a constant L > 0, such that if u is a nontrivial smooth harmonic function
defined in [(i — 1)L, (i + 2)L] X S that satisfies

f udf = f udd = 0,
(iL}xS! ((+DL)xS!

1
sy < 5le el

then

(3.13) + e

”u”LZ([lL (+1)L]x L2([(i—1)LL]xS 1) ||””L2([(z+1)L (i+2)LIxS 1))

Next, we prove an L? interior estimate for the following integro-differential equations correspond-
ing to the @-Dirac-harmonic map type system.
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Lemma 3.7. Suppose u € W>*(Dy \ D)), v e W'(D, \ D)) and satisfies

1 27
(3.14) Au = Alu+A*Vu+ A’y + 2_f A'u+ AVu + A%do + fi,
T Jo
1 2
(3.15) dv = Bu+BVu+Bv+ > f B*u + B°Vu + B%vdo + f>,
T Jo
where
6 2
(3.16) > A=, + 1B l=pany) < A and Y Ifillzpaoy < A.
i=1 i=1
Then there holds
2
(3.17) leellw22ps\pyy + IVIlwr2p\Dyy < C(A) (”u”LZ(D4\D]) + Vllz2p\p)y + Z fill2cpam0 |-
i=1

Proof. The proof is similar to Lemma 3.1 in [28]] or Lemma 3.2 in [19].

Denote B, = D3,y \ D2, 0 < 0o < 1. Let o’ = UTH Take a cut-off function n(x) = n(|x|) with

compact support in B, satisfying n(x) = 1 in B, and |Vp| < (1%) and |An| < ﬁ. Computing
directly, we get

A(nqu) = nAu + 2VnVu + Anu

1 2
= 2Vn + nA*)Vu + (An + nAYu + nA%>v + nfi + 1 - > f A*u + ASVu + A%vdo.
T Jo

By the standard elliptic estimate, we have

o ” 1 :

We now introduce seminorms as in [19, 28] and define for j =0, 1,2

(3.18) nwwmsd

EJ. = sup (1 - O')j”Dju”Lz(Ba)'
0<o<l1

Multiplying (3-18) by (1 — 0°)? and noting that 1 — o’ = 15, we have

(3.19) E, < C(El + Zo + IVll2p\ny) + ||fl||L2(D4\D|))-
Since Z; satisfy an interpolation inequality

C
(3.20) Ei<eEr+—5

€

for any € > 0, where C > 0 is a universal constant. Using (3.20) in (3.19)), we get
= < C(Ilullzwnny + Wlzoany + Ifillzoa) -
this is
D’ <€
| u”LZ(B(,) = m ||u||L2(D4\D1) + ||V||L2(D4\D1) + ||f1||L2(D4\D1) .

Taking o = % it follows

(3.21) lellwzzis,) < € (llz2pgon) + Wlzon0) + 1fillzono) -
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Similarly, we can compute
1 27
dmv) = nB'u + nB*Vu + (nB® + Vn)v + n3- f B*u + B’Vu + B%vdb + nf>.
T Jo
By the first order elliptic estimate and choosing a new cut-off function 7 suitably, we have
||V||W1-2(Bl) < C(“VMHLZ(BL) + ”u”LZ(Bl) + ||V||L2(Bl) + ”fZ”LZ(Bl))
4 2 2 2 2

2
< C(lullz2p\pyy + IVIl2aDy) + Z I fill2p\D)))-

i=1

Then it is easy to see that the conclusion of the lemma follows immediately. O

Denote P; := D i+, \ D,ir,, and

1 1
lulPdx + | —|v]’dx,

Fi(u,v) := P ™
P, P,

where L > 0 is the constant in Theorem 3.6
We have the following three circle theorem for the integro-differential equations corresponding to
a-Dirac-harmonic map type systems:

Theorem 3.8. Suppose u € W>*(P,_; UP;UP,,,), v € W' (P,_; UP; U Py,) satisfy equations (3.14)
and (3.15)). Then there exists a positive constant &, > 0, such that if

(3.22) max (bxlfillsgp,, + I Al ) < S0F i,
and

A" + A% + 1312 (A°] + 1A°) + B'] + |B)
(3.23) + [xI(1A%] + |A] + B3 + |B%]) + x12 (1B| + |B°]) < 6,
and

21 271
| f u(etry, 0)dof* + | f u(e™Vr,, 0)do)
0 0

2 21
(3.24) +é'lr f v(e'try, 0)doP + Vi, f (e ™Dy, 0)doP < 6oFi(u,v),
0 0

then, there hold
(@) Fi1(u,v) < e " Fi(u,v) implies Fi(u,v) < e "Fi_y(u,v);

(b) Fioi(u,v) < e “Fi(u,v) implies Fi(u,v) < e “Fi,1(u, v);

(c) either Fi(u,v) < e LFi_i(u,v) or Fi(u,v) < e *Fi1(u,v).

Proof. One can find that the condition (3.23) is in fact stronger than (3.12) in [19], so the conclusions
of theorem follow immediately from Theorem 3.3 in [19]. O

As a direct application of the above three circle theorem, we can get the following decay lemma:
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Lemma 3.9. Let 59 > 0 be the constant in Theorem Let u € WZ’Z(DQ(M)L,2 \'D,,) and v €
W'(Dyesie,, \ Dy,), for some integer 1 > 1, satisfy equations (3.14) and (3.13) and assume the
followings hold:

A" + 1A% + 12 (1A] + 1A% + |B'| + |BY))
(3.25) + 1XI(1A%) + |A%] + |B| + |BY]) + x| (1B| + |B]) < &,

and
f u= f v =0.
oD, oD,
Then for any 1 <i <, there holds

(326)  Fiw,v) < € max (Ifillp + 12 Al ) + C(Fo(t, v) + Fiw, )™ + &™),

.....

Proof. Denote the set
(3.27) I:= {1 <i<l- 1| ig%%?il(lllxlfllliz(Pj) + |||X|%f2||iz(Pj)) > 0o Fi(u, V)}-
If i € I then it is easy to see that (3.26) holds. If i ¢ I, by (c) of Theorem 3.8 we have

Fi(u,v) < e“F;_1(u,v) or Fi(u,v) < e “Fip1(u,v).

If Fi(u,v) < e”LF;_i(u,v), we shall consider the following two cases:

Case 1-1: if there exists 1 < i; < i such thati; € I and for any i; < j < i, there holds j ¢ I, then by
(a) in Theorem [3.8] we will get

—(i—i)L 2 L2
Fi(l/l, V) <e (=) Fil(u7 V) < C maX (|||x|.f1||L2(p) + |||x|2f2||L2(P-))'
11—1,11,11+1 J J

Case 1-2: if such constant i; does not exist, i.e. j ¢ I, j = 2,...,7, then by (a) in Theorem we
will get
Fi(u,v) < e"EFo(u, v).
Similarly, if Fi(u,v) < e LFi.1(u,v), then

Case 2-1: if there exists i < i < [ — 1 such that i, € [ and for any i < j < i, there holds j ¢ I, then
by () in Theorem [3.8] we will get
—(ia—i 1
Fi(u,v) < e @ F(u,v) < C max (X fill2sp ) + X2 Al ).
ir—1,ip,ir+1 ( I) ( /)
Case 2-2: if such constant i, does not exist, i.e. j ¢ I, j =1,...,/— 1, then by (b) in Theorem 3.8}, we
will get 4
Fi(u,v) < e TLF (u, v).
Thus, we obtain

.....

or

.....

Then the conclusion of the lemma follows immediately. O
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Corollary 3.10. Under the assumptions of Lemma we have

Vullr2p, + ||VV||L1(P)

(3.28) < € max (Il fillzzee, + llxi  llizey) + CEYu,v) + F)2(u, v) (e 200E 4¢3y,

.....

Proof. By the interior estimate in lemma [3.7]and the standard scaling argument, we have

IVallzey #1745

1
< C(F (u,v) + Fz *(u,v) + F,+1(M v) + Il fill ez, upops ) + X2 Sall2e, jupiop, )

< € max (Il fillizer) + 2 follzgey) + CCFY*(, v) + F () (e 2070 4 72,

.....

4. GENERALIZED ENERGY IDENTITIES FOR @-DRIAC-HARMONIC MAPS

In this section, we shall prove our first main result Theorem @ We first consider the following
simpler case of a single interior blow-up point.

Theorem 4.1. Let D,(0) C R? be the unit disk, let g, = e**V((dx")? + (dx*)*) and g = e#((dx")* +
(dx*)?) be a family of metrics on D,(0), where @, € C*(D)), 0,(0) = 0 and ¢, — @y in C°(D)) as
a \ L. Let (¢4, ¥o) € C7(D1(0), N) be a sequence of a-Dirac-harmonic maps satisfying

(a) Supa(Ea,(r(y(gba) + E('/’a)) < A7 and 0 < ﬁO < lima\l(o-a)a_l < 1;

(b) (¢o, Vo) — (@,4) strongly in C;; (D\{0}) as a \, 1.

Then there exist a subsequence of (¢, ¥,) (still denoted by (p,,¥,)) and a nonnegative integer
L such that, for any i = 1,...,L, there exist a sequence of points x.,, positive numbers A;, and a
nonconstant Dirac-harmonic sphere (o, &) such that:

(1) x, >0, /lg—>0,asoz\,l;

Ix x|

(2) hma\l( + , m +/lj

) = oo forany i # J;

(3) (0%,€) is the weak limit of (o], + A1), (AL)7™" U, + A1) in Wi2(R?) x L (R?).

loc

(4) Generalized energy identities: we have

(4.1) limlim E, -, (¢, Ds(0)) = Z [2E(),

-0

(4.2) limlim E(y,., Dy(0)) = Zu EE),
i=1

where p; = lim 1 (4))*2.
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Proof of Theorem By our assumptions, we know that O is the only blow-up point of the se-
quence {(Pq,¥,)} In D, i.e.

2
€
(4.3) liminf E(¢,. 03 D;) 2 §° forall ¥ > 0

where €, > 0 is the constant in Lemma 3.1 By the standard blow-up argument, we can assume that
there exist sequences x, — 0 and A, — 0 such that

2
(4.4) Euthoi Da, (i) = Sup E(@osthai D) = 35,

xeD,r<dy
D,(x)cD

We first recall the process of constructing the first bubble for a sequence of @-Dirac-harmonic
maps (one can also refer to the proof of Theorem 1.4 in [20]). Setting

(4.5) (Ta(3), Vo)) = (B0 + A0 ), VAatha(Xe + o)),
by (2.14)) , it is easy to see that, for any R > 0, (#1,(x), V,(x)) lives in Dg(0) c R? for a close to 1 and
satisfies

VIV o ttal* Vit

Au, = —(a - D—=g—s — Aldile, dutg) +
Wa = ﬂ(d-ﬁa(ey)a €y 'Va),

Re( P(A(dii(ey).eyVa)Va))
AT+ Vg o)t

(4.6)

where g,(x) = efCa*a®((dx")? + (dx*)*) and we used the fact that the second equation, i.e. the
equation for the spinor part, is conformally invariant.

Although (u,(x), v,(x)) is not a @-Dirac-harmonic map, from the proof of Lemma (or the proof
of Lemma 4.1 and Lemma 4.2 in [20]), one can easy check that the small energy regularity result
still holds for (i, (x), Va(x)), i.e. the conclusions of Lemma 3.1]also hold for (i,(x), V4(x)). Combing
this with (@.12)), we know there exists a subsequence of {@} (still denoted by the same symbols) and

(T,2) € W22(R2) x W)2(R2), such that E(F,Z: D, (0)) = 2 and

4.7) (Wo(X), V() = (T, ) weakly in WEA(R?) x WEA(R),
(4.8) (e (%), V(X)) = (T, €) in W2 (R?) x L, (R).

Next, we prove the following Claim 1:

4.9) 1 < liminf 22 < lim sup 22 < 0 < 0.
a1 a1

To show this claim, we just need to prove that

lim sup 2217 < oo,
a\,1

In fact, if it does not hold, then there exists a subsequence a; — 1 such that

. 2(l-a;
lim /L,(/. o= [y = o0,
J—)OO ;
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By and (@7), it is easy to see that & : R* — N is a harmonic map such that u,, — & in C; _(R?)
as j — oo. Then we have
A > lim lim Vg, @, *dvol,, = lim lim(d,,)> > f Vg, U, " dvoly, (v, 12, )
R0 = by wtap T R joe D) Y

= lim y, f \Vo |’ dx = 1, E(0).
ke Jpr(o)
which is a contradiction to the fact that E(c) > € > 0 which follows from well known energy gap
theorem of harmonic sphere, since & : R — N is a nontrivial harmonic map with finite energy and
hence it can be conformally extended to a harmonic sphere. Thus, Claim 1, i.e. (4.9) holds true.
Now setting

U (X) 1= Po(Xy + AeX), Vo(X) := /lg_l \/ﬂ_awa(xa + Ay X),

since the equation for the spinor part is also invariant by multiplying a constant to the spinor, it is
easy to see that (u,, v, ) satisfies

— _ Vlvgaualzvury _ 2(1—(1) Re(P(ﬂ(dua(ey),ey'V(r);vtt))
(4. 10) {Au(r - (a/ 1)0'n/l(21+|vgaua|2 A(ducw dua) + /1(1/ 0(0'a+/1;2lvgaun|2)“‘l )

vy = A(dug(ey), ey - vy).

By (@.9), it is easy to see that (u,(x),v,(x)) is an a-Dirac-harmonic map (by replacing o, with
o,A%) living in a region which tends to R? as @ \, 1. Moreover, for any x € R?, when « is sufficiently
close to 1, by (#.4) and the fact that 227! < 1, we have

&
(4.11) E(ua, ve: Di(x) < =7

According to Lemma [3.1] there exist a subsequence of (u,, v,) (We still denote it by (u,, v,)) and a
Dirac-harmonic map (¢!, &') € W'2(R2, N) such that

11{1} Uo(x) = o' (x) in WA(R?) and 11{51 Ve(x) = E'(x) in L} (R?).

loc loc

Besides, by (4.4)) and (4.9), we know
E(0",¢53D1(0) = lim E(¢; Dy, (x2)) + 1im 4,V EW3 Dy, (x2))

1
> li /14(a_1)E s a;D ) 2 555
lim A5 B i Da () 2 533

max

By the standard theory of harmonic maps, (o', £') can be extended to a nontrivial Dirac-harmonic
sphere. We call the above nontrivial Dirac-harmonic sphere (o, &') the first bubble.

By a standard induction argument as in the case of approximate harmonic maps with L2-uniformly
bounded tension fields [14]], we only need to prove the theorem in the case where there is only one
bubble. Under the “one bubble” assumption, we first make the following:

Claim 2: For any € > 0, there exist 6 > 0 and R > 0 such that

1
(4.12) f Vol dx + ( f Wol'dx)? < € forany f € (=R, 26)
Dy (xa)\Dy(x) Dsy(xa)\ Dy (x) 4

when @ — 1 is small enough.
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The proof of this claim is now standard and follows from a contradiction argument. In fact, if
(@12) is not true, then we can find € > 0, £, — 0, such that lim,~; #* = co and

(4.13) E(¢as Ya3 Dy, (Xa) \ Dy, (X)) 2 € > 0.

Setting
’ . ’ . a—1
U (X) 1= Pu(Xo + 10 X), V(%) 1= 15 ViaWa(Xe + 1),
then from the above arguments, we know that (u,,, v,) is also a a-Dirac-harmonic map. Furthermore,
it is easy to see that 0 is an energy concentration point for («,,v/,) and (o', £') is also a bubble for

u’,,v"). To construct the second bubble, we have to consider the following two cases:
(., v,,). T truct th d bubbl have t der the foll gt
(a) (u,,v/,) has no other energy concentration points except 0.

By Lemma passing to a subsequence, we may assume that (u),v,) converges to a Dirac-
harmonic map (0%, &%) : R — N strongly in W,->(R? \ {0}) x L} (R?\ {0}) as @ \, 1. In particular,
we have |

E(0?,&:Ds\ D)) = lim E(u,, v Dg \ Dy) 2 ——F.

max
According to the standard theory of Dirac-harmonic maps, we know that (02, £?) is a nontrivial
Dirac-harmonic sphere. This is the second bubble. This is a contradiction to the “one bubble”
assumption.

(b) (u,,,v,,) has another energy concentration point p # 0.
Without loss of generality, we may assume that p is the only blow-up point in D,(p) for some

small » > 0. By the standard theory of blow-up analysis, there exist x,, — p and A, — 0 such that
2

€,
(4.14) E@W,,V,;Dy (X)) = sup E@l,V,;Dy(x)) = —=.
X€D,(p),s<ry 32

Dy(x)CDy(p)

From the process of constructing the first bubble, we know that there exists a nontrivial Dirac-
harmonic sphere (02, £?) such that

(), (X, + A,x), () AL, + %) = (02, €7) in WEAR?) x L (R?)
as a \, 1. This is
(Gaba + tal, + 12 },2), (tad)* ™ ViadWa(ha + 1aX, + tad, 1)) = (07, ) in W2(R) X L}, (R?)

as a \, 1. By @.14), (02, £?) is nontrivial. Therefore, we again get the second bubble contradicting
the “one bubble” assumption. So, we proved Claim 2 {.12).

To proceed, we need to establish a series of auxiliary lemmas and we leave the rest of the proof
of Theorem d.1lto the end of this section. O

Without loss of generality, we always assume 6 = e*«21,R where L > 0 is the constant in Theorem

and k, is an integer which goes to infinity as @ , 1. For simplicity of notation, we still denote
P; = Disnrg,r(Xa) \ Deitg,r(Xa)-
Firstly, we show the generalized energy identity for the spinor part.
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Lemma 4.2. Under the assumption of Theorem if there is no energy concentration for the
sequence (Pq, W) in the region Ds(x,) \ Dar(xy), i.e. @.12) holds, we have

hm lim lim (IIlﬁa||L4(D(,(xa)\DM<xa)) + IV, | 4 (D&(X(y)\D/l(,R(X(y)))

—0 R—oo a\(1

Proof. Firstly we use a finite decomposition argument that is similar to the one in [35] to decompose
2 := Ds(x,) \ D, r(x,) into finite parts
E:Uj.ile, Q;:= P, O0=my<m <,...,<my, =k,

z m, 1+1

such that s, < S and

1
(4.15) E(¢a¥a: Q) < X

where C{(N) > 01s a constant depending only on N to be determined later and S is a uniform integer
for all @ — 1 small enough.

j=1,.., 5,

From (@.12), for any € << 35 5 (N), we have
1
E@ ¥o; P)) < Cl)e< ———, i=1,..,k,
(P> Yas Pi) (L)e 26N !
when @ — 1 is small.
If .
E( as a/;z) < =0
o2 =

let m; = k, and then Q; = X. Otherwise, we can choose an integer 1 < m; < k, such that

1
E(¢(1’ l//a’ Ql) = and E(¢a’ '7[/(1; Ql U Pm1+l) >

2C1(N) Ci(N) Ci(N)
This is the first step of the division. Inductively, suppose that m; is chosen such that E(¢,, ¥/o; Q) <
—. If
Ci(N)

E(pos a3 U m, P) < ——,
fort Do B0 = )

let mj, = ko, thus Qi = Uf;’mj .1 Pi. If not, then similar to the first step, we can find m; < mj, <k,
such that

1
2C1(N) < E(¢(l’ lr//(l’ Qj+1) < m and E(¢(¥a l//(y’ Q]+1 U Pm/+l+1) > — l(N)

Since E(¢,, ¥,) is uniformly bounded by A, we will finish our division after at most S = [2C{(N)A]+
1 steps. So we have finished the division.
Take a cut-off function 7 € C°(D oo p(xa) \ Dynjiry p(xe)) such that O < n < 1 and

nlDe(mj+l)L/lnR(xar)\De(mj_ I +1)LMR(Xa) =

and

|V}7| < on De(mj+2)L/laR(.xa,) \ De(mj+l)L/laR(.xa) and

C
et A, R

[Vl <

= m on De<mj,l+1)L/laR(Xa) \ De’"f-lL/laR(x“)'
(02
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By the standard elliptic estimates, we have

”nw(x”WM“(Dl) < C”T](?lﬂa + V?] : w(x“ 4

L3y

< %C(N)Illd%lln%llng(D]) + CllVallgell 5 ) )

< %C(N Ndallizp w50y e an ol + CllvnwaHL%(ij_]Uij”)
< %C(N) \/% ibellusoy + ClIVAllzr,, oryolWallise, o0,

where the last inequality is from (#.15) and (#.12). Then, taking C,(N) = C*(N) + 1, by (#.12) and
Sobolev embedding, for any € > 0, we have

||l/’a||L4(Qj) + ||Vl//a||L4/3(Q,-) < C”'»l’a”L“(ij_lqujH) < Cg,

when a — 1, 6, 1% are small enough.

So,
s(l/
Wallisw + IV¥alling < D Walloy + IV¥allne,) < CSe,
j=1
which implies the conclusion of the lemma immediately. O

As a corollary of Lemmal4.2] we get the following generalized energy identity for the spinor part.
Corollary 4.3. Under the assumptions of Lemma we have

lim lim E(Ya, D5(0)) = ILEE).

Proof. By Lemma[4.2] we have

lim il{l} E(Wa, Ds(0))

= limim (EWa, Do)\ Dy() + Eas Dy50) \ Daa(a)) + EWias D)

= 1im EWa, Dy, r(%e)) = lim A3 f Vol*dx = LI EE").

O

Next, we will show that there is no concentration for some kind of stronger weighted energy of
the spinor part. The proof is based on some Hardy-type inequality on R.

Lemma 4.4. Under the assumption of Lemmad.2] there holds

2

(4.16) lim lim lim Wl dx = 0.
6—0 R—00 21 DJ(X(,)\D,Q(YR(XH) |x - xal

Proof. Without loss of generality, we may assume x,, = 0.

The key of the proof is the following Hardy-type inequality on R?: for any f € Ccy (R2\ {0}), there
holds

(4.17) ”é”Ll(Rz) < IVfllo w2y
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where the constant 1 is the best possible constant (for a simple proof, see [1]).
We choose the cut-off function 7 € C3’(Ds \ D,y,g) suchthat 0 < < landnp=1on D%a \ Do,k
and

C C
V| < — on Ds\Dis and |Vl < on Doy r\ Dyr.
0 2 AR
Taking f = nly,|* in the inequality (#.17), we have
ol 2
|7 |;| Iz r2y < IV L1 g2
2
< |2no Vivallo w2y + IVOWal Il 05Dy, 0
1 2 1 2
S ||l7[/(l||L4(D§\D4QR)||V¢I(I”L%(Da\D/{HR) + Cgllll//a| ||L1(D6\D%6) + C/la/_R”l,?b(ll ||L1(D2110R\D)QR)
2 2
< ||wa||L4(D(5\DAHR)||Vw(I”L%(Dé\D/l(lR) + C”w“HL“(D(;\D%J) + Cllwa||L4(D2/inR\D/l(yR)

< Ce

where the last inequality is from (.12)) and Lemma.2] Thus,

2
f ol dx < Ce.
D%é\DZ/lU/R |X|

Combining this with (#.12]) again, we get the conclusion of the lemma. |

As an application of Lemma 3.1 we have the following lemma.

Lemma 4.5. Under the assumption of Lemma[d.2] for any A,R < t, < t, < 6, there hold

(418) |X - xa”V(pal + |.X - xa|2|V2¢a| + le - xa”'v[’al < CG’ Yxe th(-xa) \ Dtl (-xa)
and
(4.19) f IV ¢oll¢pe — pldx < C f IVol’dx,

Dy, (x)\Dy, (%0 Day (Ga)\D 1, (x)

where ¢, (r) = 21—” fOZH @ (1, 0)d6 and C > 0 is independent of a.

Proof. For any t; < t < t,, it is easy to see that (%(xa + tx), 127! \/?wa(xa + tx)) is a a-Dirac-
harmonic map which is defined on D,(0) \ D ! (0). By assumption (4.12)) and Lemma we have

2192
HIV@a(xo + tX)||=Dy00\D 0)) + E IV Pa(Xe + 1)y 00\D 0)) < C||V¢a||L2(D2,(xa)\D£(xp,)),
2 2
-1 -1
1" ‘/;”lﬂa(xa + 10|z, 00\D, 0y < Ct* ||¢a||L4(D2,(xa)\D%(xw))-
2
Noting that

< (/IQR)(Y—l < l,af—l < 1

max
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where (1, = £ (see (2.18)), we obtain

2192
HIVéo (X + tlz=mionn, 0 + LIV Ga(Xe + t)|=my0nD, 0y + VEIWa(Xe + 20)]lom1 0000, 0)
2 2 2

<C (||V¢a||L2(Dz,<xa>\D£(xa)) + ||¢’a||L4<Dz,(xa)\Dim»)’
which implies (#.18]).
For (4.19), denoting 1, is a positive integer such that
21"_11‘1 <K< 21”11,

then according to Lemma (3.1 we have

Iy
f V2 gullpe — d3ldx < ) f V> $allge — ¢5ldx
Dr2 (-x(r)\Dtl (xa/)

i=1 ¥ Daiy (e)\Dyi-1, (xa)

A
I ‘
<C Z(Zlﬁ) IV-¢alli=wy, conpyir, a2 IV Balliony, Dy, )

i=1
Iy
< CZ; fD Vo |2dx < C f Vo |*dx.

ity Ca)\Dyi2, () Dapy(Ga)\Dy (50)

O

To estimate the energy of the map part, we first prove that the tangential energy on the neck
domain is converging to zero.

Lemma 4.6. Under the assumptions of Lemma there holds:

0dq
lim lim Lim = 21%% gy = 0
-0 R=00 o\ J (2, \ Dy (x) a0
Proof. Denote
i} 1 27
(0= 5 | gur0)do.
0

Then by Lemma 3.1} we have

e = Poll=Dstxa\Driy e = SUP B0 = DllDarxa)\Dy(x)
AoR<1<5

IA

Sup  |léallosepya\Ditxa))
AgR<t<6

C sup |IVall2pyan, ) < CEs
Ao RLt<6 2

IA

where the last inequality follows from (@.12).
Using equation (2.14), we have

. VIV, $al* Vo
f Aol — &)dx = f (= D=0 4,00 ds)
Ds(xa)\Dr1y (xa) Ds(xa)\Di1y () 0o + Vg, 0l

_ Re (P(ﬂ(d¢w(ey)’ €y l/’(x); l//(l’))

(0 + [V

[ = 12
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On the one hand, integrating by parts, we get

left = f _A¢a(¢a - ¢Z)dx
Do (xtt)\DR/hy (xa)

0p, 0P 0o, .
- [ (90 - 2y~ | e (4~ )
Dis(xe)\Drag (Xa) r A(Ds(xa)\Drig (%)) OT

0, 0,
zf (Vg - 15 %y —f a‘b(qb — ).
Dis(xe)\Drag (Xa) (Ds(x)\Drag (x0)) 9T

On the other hand, by Lemma 3.2]and Lemmal4.5] there holds

right < Cf (@ = DIV?@lle — ¢ ldx + Cf IVol*lpe — ¢ ldx
Ds(xa)\DRray (xa) 5(Xa)\DR1y (Xa)

+ Cf IVoollal’lde — dildx
Ds(xa)\DRray (Xe)

<Cl@-1 Vo |*dx + Ce f (IVdol* + WolHdx < C((@ - 1) + €).

Dos(xa) Ds(xe)\DRay (xa)

Combing these together, we arrived

f = x| ;;“Fdx: f (V. - |¢“|> dx
Ds(xa)\DRag (Xa) Ds(xe)\DRrag (Xa)

0dq .
Sfa i(<15@—¢Q)+C((0/— D +e.

(st )\Diag () OT
As for the boundary term, by trace theory, we have

0 a * a @
f e (g %)s&f e,
dDs(x,) OF dDs(xy)  OF

2
< Ce(llVallzmyeonp, (xan + OV Gall 200000 (300)
2 2

< CellVeall2a50\0) 0 S CE,
7

where the third inequality follows from Lemma

Similarly,
0dq .
[ e -g<ce
aDAaR(x(y)
Then the conclusion of the lemma follows immediately. O

Combining Lemma .6 with Lemma [3.2] we get

Lemma 4.7. Under the assumptions of Lemma there holds

.

lim lim lim (00 + Vg, 0a)* N = xal” 2| |2d =0.

020 R0 a1 Jpj(x, )\ Dy (xa)

Denote

Fo(t) = f (00 + Vg, 0al) ™ Vool dx,
AL (xar)
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99

2ya-1 2

Fr,a(t) = f (0-& + |Vga¢a| )a Ia_a| dx
Dyt (xa)\D g (%) r

and
09,

aelzdx,0<t§to<l.

2\a—1 -2
F@,a(t) = f (0-(1/ + |Vg,1¢a| )a |X - xoz' |
Dﬂﬁy(xa)\Dﬂl() (xe)

By Corollary[3.5] for ¢ € [€, #y], we have

1.d 1 d
1-—)—F ___ZF
( 2a)dt r’a(t) 20 dt b
a-—1 1, Lo = |
= log /laFa/(t) + —/la lOg /10 (l/’a, |X — )Cal — Vil//a/> + 0(/1(1 lOg /10).
¢ 20’ aD/[t (xe) 80 Jg
Then
! ! 1 [ 1 2(1-a) ¢
(1= 5)Fa(®) = 5-Foo =5 | [==1log 4"V Fo(t) + O log A)ld
20,’ ’ 2a/ ’ 2 % a
| Lo -
(4.20) +— W, 1x = Xl 2= - Vathy).
za D/l{, (xzr)\D/lf() (xa) 69 dg

It is easy to check that
1 (1
3 f [~ log LD () + O, log A,)]dt
1o
is compact in C°([€, to]). By Lemma[4.2]

1 L0 = :
7 W I = %ol 22 - V s a) = 0in C'([e, 1o)).
@ IDy ()\D 1y (x2) o %

Combing these with the fact that Fy,(f) — 0 by Lemma we know that the sequences (1 —

3)Fro(t) = 5=Foa, {Fo(D)}, {Fro(0)} and {F4(1)} are compact in the C°([e, 10]) topology for any

€ > 0. Thus, there exist two functions F and F, which belong to C°([e, ty]) such that
F,—>F and F,,— F, inC%et))

asa \ l.

Lemma 4.8. The functionals F(t) and F,(t) satisfy the following relation:

4.21) F.(t) = i’ "F(ty) — F(ty) forany 0 <t <1y < 1.

Moreover, we have:

(4.22) lim F(to) = pE(o' (x)),

where p := limg 1 (1,)* 727

Proof. With the help of Lemma4.6)and equality (4.20)), the proof of this lemma is similar to Lemma
3.4 in [26]]. Noting that

Wao 0da

[Vaothal < C(| 20 |+ IEIIII/QI),
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we have
1 f L0 =
= <'7ba, |-x - xal o V@l//(»
200 Jpy(ea\Digr(xa) 9
o, _1,00,
< Cf (Wallx = Xol ™ =1 + Wal*lx = Xol ' 1=22D)
Ds(xa)\Dig i) 90 90
o
1 a
< Cllallz s Dy rean lllX = Xal ™| %0 |||L§(Dﬁ(xa)\DM(xa))
_1,00,
(4.23) + C||lﬁa||i4(D5(xa)\DM(xa»|||X — Xof 1|%|”L2(D5(xa)\DMR(xa)) -0
asa \y 1, R — o0, § = 0, where we used Lemma[4.2]
Letting @ N\ 1 in (4.20) and using @#.23)), we get
!
(4.24) F.(t) = —log,uf F(s)ds forany 0 <t < t.
to

Since
Fo(t) = Fro(1) + Foo(t) + Fo(to),
letting @ \, 1, Lemma[4.7] yields
F@) = F.(t) + F(ty).

Then,

F.(r) = —log,uf F(s)ds = —log,uf (F.(s)+ F(ty)) ds,

fo

which implies F,(f) € C' and

d
—Fi(0) = —log u(F.(1) + F(to)).

Thus,

Fy(t) = 1"""F(to) — Fto).



34 JOST, LIU, AND ZHU

For equation (#.22), by Corollary [3.5] integrating (3.12) from A,R to 12, we have

Fa(tO) - f (O-a + |Vga¢a|2)a_llv¢a/|2dx
D, r(xa)

< Cf (o + Vg, 80l x = xo| 7| %I dx
D/lg) o) \D o r(Xa)
W1
+C (W X = Xo| 72 V 2 Wo)dx| + Cf dr+ C(A0 — A,R)
D10 10y \Pak (a) uR T
2\a—1 - ¢f¥
<C (Ta + Vg, 0ol )" 1x = X I%'
Dﬂg) (m)\Dﬂ,,R(xa)
+C f <lpm |X xa| an V %)dx
Dﬂto( )\DAQR(XH)
(4.25) +C((to— (@ —1)log A, — (@ — 1)logR) + C(A° — A,R).
Combining this with Lemma.7]and (#.23)), we get
hr{l F(t) = lim 11{3 (0o + Vg, 00"Vl dx
fo=17 R—oooa Da,r(xa)
= lim lim (002 + Vg (st otal ) (A0)* 2 Vit dix
R=eoaNT J g0
= u lim Vo'’ dx = uE(c' (x)).

R—o0 Dg(0)

Lemma 4.9. Under the assumptions of Lemma foranyt € (0, 1), there holds

lim (o + Vg, 8al) 7 IV@al’dx = i’ E(a).
(1/\1 D/lfl(xa)

Proof. By Lemma.7]and Lemma[4.8] we have

lim (0o + Ve, 0al) T Vel dx = Fo(t) + Flt9) = "™ F(1).
@ D/lfl(x")

Then the conclusion of the lemma follows from letting 7y 1 and Lemma

In the end of this section, we complete the proof of Theorem @
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Proof of Theorem By Corollary we have
| (@0 + [V 8 P) V0,
Ds(xo)\D yr (xo)

a »

1 -2
<C f X e A
é(xa)\D,,f (xn)

0 = -1
+C f W 16 = xa 22 ¥ x| + C f C dr+C- )
Dy \Dys (32) o9 X
< Cf (o + Vg, el = 0|7 a¢;|
()(xa)\D/ll (Xa)
+ C f <lpm |.X xal V(')glpa>dx
D(i(xa)\D,lzy(xa)
(4.26) +C((@-1)logé — ta - 1)log A,) + C(6 — A).
Combining with (#.23), we have

lim lim lim (0o + Vg, ¢l Vool dx = 0.
6—0 -0 a\\1 D(S(xn)\DAL(xn)

By Lemma[4.9] we get

lim lim (0o + Vg, 0D Vo [dx
0—0 a\1 Ds(xa)

= lim lim lim ( f (00 + Vg, 0al)* Vo |*dx + f (00 + Vg, 0a)* Vo |*dx
D&(xa)\DJI (Xa) A (Xe)

6—0 -0 a\\1
= ,qu(O']).
Combining the above equality with Corollary {.3] we finished the proof of Theorem m|
Proof of Theorem 2.2] 1t is easy to see that Theorem [2.2]is a consequence of Theorem {.1] o

5. DECAY ESTIMATES AND REFINED NECK ANALYSIS

In this section, we shall study the asymptotic behaviour of the necks and prove Theorem 2.3
Firstly, we state the main theorem in this section.

Theorem 5.1. Under the assumptions of Theorem 4.1} if we assume that there is only one bubble
(o', &Y, which is a Dirac-harmonic sphere, let v = limy_;(1,)” Ve-I We have

(1) when v = 1, the set ¢(D(0)) U o (S?) is a connected set in N;

(2) when v € (1, 00), the set ¢(D,(0)) and o' (S?) are connected by a geodesic y in N with length

E 1
L) = 2

logv;
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(3) when v = oo, the neck contains at least an infinite length geodesic curve.

There are two main crucial steps in proving Theorem The first one is to apply the three-
circle method developed for the class of integro-differential equations considered in Section [3|to the
general @-Dirac-harmonic map system to get some decay of tangential neck energies of both the map
part and the spinor part. Here, we get a decay at the speed of a — 1 rather than the exponential decay
as in the (approximate) Dirac-harmonic map case [28, [19]. The key point is to write the general
a-Dirac-harmonic system into the special forms given in our three-circle result - Theorem [3.8] The
treatment of the two bad error terms mentioned in Section [2] namely, the second derivative term
(2.20) and the curvature term (2.21)), is complicated and subtle, see Lemma([5.2] The second step is
to derive the decay of some weighted neck energy of the spinor part. The key point here is to apply
some Hardy-type inequality to derive a differential inequality on the neck domain, see Lemma
and Lemma(5.5] This step is tricky.

As a first step towards Theorem by applying the three circle theorem given in Section |3 we
shall establish the following decay estimate for the tangential energies of both the map part and the
spinor part:

Lemma 5.2. (Decay of tangential energies) If there is no energy concentration for the sequence
(¢as W) in the region Ds(x,) \ D, r(xe), i.e. @.12) holds, we have

(f|x %l ¢“2d) (f|x %ol

where P; = D iy g(Xq) \ D,icy,r(xe) and limgs_,o limg_,o limg; 0(@, 6, R) =

Proof. Since (@.12)) holds, by (@.18)), we have

.1 ¢ = X[Vl + 1x = X PVl + VIx = xallfial < Ce, ¥ x € Ds(xa) \ Dy r(a)-

iL ka —i).

|3dx) ((a—1)+e-7+e z)o(a(SR)

Denote
27 27

1
¢Z(r) = 2_ ¢(l(ra 9)d09 lﬁ;(”) =5 ¢a(r7 g)dgs
T Jo 2 0

and
u:¢a_¢:;’ V_l/’a_‘//a

Next, we use the same method as in [28] to compute the equation for (¢, — ¢, ¥, — ¥,). By
equation (2.14)), we have

1 2
0
1 VIV, b0l Voo Re (P(A(dgaley). e, )i Ua)
"y, TG A O T N e

= [+II+1IL
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Computing directly, we have
1 21
= o f A ds dba) — AGL) Ao da) + AW dar ddba) — AL A7)
0
+A(¢,)(de,, d¢,)do
1 21
= A7) + 5 f A4 (o — 61) + AVV(d — 1)d0,
0

where A’ may change from line to line and it just stands for some expression satisfying

A% < C(N)(dal + ldgalliral®), 1A°] < CN)(dal + Iral®).

Similarly,
oo L [Re (P@a)(AWPaley), €y - Wa)s ) Re(P(@3)(Adaley), ey-wawa))de
N (0 + Vg, gal) ! B A0 + [V, pal)e
1 (% Re(P@)(Adba(ey). ey - Ya):tha))  Re(P@)(AWAD,(e)). ey Ya): ra)
"2x Jy (0 + |V, Pal?)! - (0 + Vg, Pel?)*!
1 (2 Re(P(g5)(AWAB,(ey). ey Wa)iWa))  Re(P(@))(AMG}(ey). ey )i o)) ,
T2 o ATy + IV, bl } AT+ IV, )
1 (% Re(P(@,)(AWd,(ey) e - Y3)i ) Re(P(@3)(AP (ey), €, - ); wi))de
Ton ATy + IV, Bl ) ATy + Vg 9o Py
1 o * * *\. * 1 1
o [ Re(P<¢a><ﬂ<d¢a(ey>,ey.wa),w)(a(gﬁWgaw)a_l N mz)a_l)de
L . . - 1 1
bom fo Re (P(6, (AW} (e,), ey.wa),wa>)(a(aa+|Vga(x)¢,z|z)a_1 ST E ¢le)a_l)d0

Re (P@)(AG A3 e, 0,):0)
(04 + Vg, 00!
Re (P(¢*)(A(S")de’ (e)), ey - W) o
| Re(P@)AG ALy, ¢, w>¢>)+if hod
0

00 + VeI 2

+

27 &
'|'i f A4(¢a - ¢Z) + ASV(¢(¥ - ¢3) + LREI A6(lr//(t - l/’z)de’
7 o 2w 0

where
|A®] < C(N)ldgollal,

1 1
hi = Re (P(¢,)(A(dd(ey). ey - Y2):05)) ( - )

CL’(O'Q + |ng(x)¢:;|2)a_l a’(o_a + |Vg,y(xa)¢2|2)a_l

and we used the estimate
(5.2)

1
Re (P(G)(AB;)( A} (ey), ey - Y2): 012) (

(Ta + Vg, o)1 (00 + Vg, ¢3!

) = AV($o — ¢7)
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In fact, if |V, @al = |Vg, @75l then the estimate holds immediately for A% = 0. If |V, dal # |V, &1,
without loss of generality, we assume |V, ¢’| < |V, &,|. Then

0< ( 1 . _ 1
(00 + Vg, 851" (00 + Vg, dal)!
1 \vj o 2 _ \vj *12
— > ([(1 + | gar¢ | | gafa|
(00 + Vg, ¢al*)” To + Vg, 85
Ve, bal” = Vg, 0
(00 + Vg, 0alH™
where in the last estimate we used the inequality
(1+x)*-1<2x, Yx€[0,b,]
when @ — 1 is small enough, where b, satisfies limsup,,. (1 + by)* ! < C < 0. Taking

_ Ve 8ol = Ve, 00
O-Q/ + |Vga¢;|2

Y~ 10 + IV 6 + [V 6 — |Vg(,¢a|2)

53) <

by
and noting that, by Lemma|3.2] there holds

|Vga¢a|2 - |Vga¢(>;|2 |Vga¢a|2

lim sup(1 + 3! < limsup(l + !
a1 p Oq + Ivgn¢:;|2 a1 p (o
=limsup o) (0 + Vg, dal?)* ™! < C < oo,

a\1
it is easy to see that (5.3)) follows immediately.
According to (5.3), we can write that

( 1 _ 1 ) _ A‘5|ng¢a|2 - |Vga¢2|2
(o + Vg, 85l (00 + Vg, @al?)*! (o + Vg, Bal?)

where 0 < A% < 1 and then

Re (P(B,)(AG,)( Ay (ey), ey - 05 ): 01) (

1 1
(o + Ve, 2 P)2 1 (00 + [V, pal?)e!
_ * * * AT 15 |Vg¢y¢a|2 - |Vga¢jl|2
= Re (POAG A o). ey 0 )i i) A= mg b
XS <Vg(,¢a, Vga ((ba - ¢Z)> - <Vga¢z’ Vg(,((ba - ¢;)>
(o + Vg, 0al?)"

= Re (PUAWG,)BL e, ¢y - U2):U1)

= AV(¢a — ¢3),
which implies that (5.2) holds.
Therefore, we get

) o Re(P@O)AG ey ey ULU) 1
A, = —AW)(dd, dg) + -5 [ @1

CL’(O'Q + |Vg(,(x,1)¢3|2)a_1 2r

V|V, al* Vo
0o + |V, 00l

do

1 2 1 2 1 2
+— | mdo+— f AN (Bo — ¢5) + AV(py — ¢%) + —Re f AS(, — w)d6.
2r 0 2 0 2n 0
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Using the same method, we get
Ao =83 = Al(@a — 8;) + A’V (o — 6;) + Re(A> Wy — ¥3))
+%T fo ” A Go = §,) + AV(Bo — 8,) + Re(A°(Yo — ¢))d6
5.4) +h) — %T fozn hyd0 — (a — 1)% + %T OZH(a - 1)%%,
and
I —y,) = B'(Go—¢3)+BV(bo — 8;) + BWa — §)
(5.5) bom fo T B0 - 00) + BV — 62) + B — )0,

where A’, B, i = 1, ..., 6 satisfy
AT + A% < CIN)(Idgal* + ld@allral®), 1A% + [A°] + B + |BY| < C(N)ldpallisal
A%+ |A°] + B + |BI® < C(N)(Idal + 1al®), |B?| + Bl < C(N)ral-
By (5.3)) and Lemma[3.2] we have

%12 %12
|Vga(x)¢0(| - |Vgn(xa)¢(1|
(o + [V 2)e

(870~ & () 22 22 ‘

Il < IVl

= CIVg; v,

(0o + Ve )

X — Xal |V

< Vg | = Xl Vel
bl Ve

< Clx — x IV,

which implies
l1x = xolillzzcey < Ml = XoPIVBLIN 2y
(5.6) < elA,Ro(a,6,R) = e * S0, 8,R) = e %o(a, 6, R),

where we used the fact that

1 27
b= %IV + Vix = xllgil < o f (Ix = xallVeal + VIx = Xallral) 46 = 0(e, 5, R),
0

which follows from (5.1).
Note that
PAY + IAY) + 312 (A°] + 1A% + |B'] + |B*)
(5.7 + xI(1A% + |A%] + |B%| + | B%)) + x| (|B?| + |B%)) < Ce.
Substituting u = ¢, — ¢, v =¥, — ¥, fr = 0and

VIV, 6.V, 1 (¥ VIV, ¢.Vo,
Ve, 8V f2(a_l)|ga¢| ¢
0

1 2
e — | mdo-(a— 1) fl T L
fi=h 27Tf0 1 (a-1) + o+ Vo bul?

de
0o + Vg, 00> 21

39
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in Corollary and noting that

2
llx = xolfillz2cpy < Cla = DIllx = xolIV-@alllrzp,y + Clllx — xollAilll2p,
< C(@ = DIV@allizee, yomomn + Clllx = Zellhilll e
< ((a — D+ e-<’<a-f>L) o(@,8,R), i=1,..k,

where we used (5.6) and Lemma 3.1} we obtain the energy decay in the 6-direction,

1 ¢a -1 w(y
I Sl + I = s
< ||VM||L2<P> IVl

< Cla - 1) max ||V¢a||Lz(P) + C(F)*(u, v) +F”2(u V) (e 2 keI 4 =3Il

(5.8) <C((a- 1) + e—ﬂ’%—l)L + e o(e, 6, R),
where we used the fact that
Fo”(u,v) + F,”*(u,v) = 0(@, 6, R),
which follows from the Poincaré inequality and (4.12). We finished the proof of this lemma. o

As a direct corollary of Lemma([5.2] we have

Corollary 5.3. Under the assumption of Lemma assume v > 1, then for t, € [t,t,] where
0<t <t <1, we have

%

b

1 o9
1 @ 1
llm (|||x xal | |||L (D T(y a)\D l tar (¥a)) * |||x x(tl | L3 (D[(/]t(‘! (xa)\D 1 Ala (xa)))

a\J @ —
where K > 1 is any fixed positive constant.
Proof. Let iy, i, € [0, k,] be two integers such that
. 1 . . )
e"PALR < E/lg’ < e™VER and e A,R < KA < ¢2*VEQR.

Then we have

. . K . 2logK
et < KRet A, o heml < Qe 1y ) < g2
0 L
By Lemma[5.2] we have
1,09 1, MW
ﬁ (|||x — Xl | 90 Il 2 2D, ;l,(x(,)\Dl ,(,(x(,)) + llx = x| | |||L3(Dmla(x(,)\D1 i (50)
1 2 1 6¢0/ woz
< — oy T — T2
< ——= D (= a1 ez + ke =l

i=1

i|L (ka—ip)L

ﬁ((a— D@ —i)+e = +e 2 )0(0/ 5,R)

1 2log K i [K
—1[(a—1) (Zb’ + VKR, + w/gaffJo(a,a,R).

IA




ELLIPTIC-PARABOLIC BOUNDARY VALUE PROBLEM 41

Since v > 1, then 4, < ¢” %= and the conclusion of the corollary follows immediately from the
above inequality. O

Next, combining the Hardy type inequality (4.17) with Lemma[5.2] we shall derive the following
new decay estimate of the weighted energy of spinor part on the neck region, which is crucial in the
proofs of Theorem[2.3](e.g. Proposition [5.9).

Lemma 5.4. (Decay of spinor) Under the assumption of Lemma assume v > 1, then for t, €
[t1, 2] where 0 < t; < 1, < 1, we have

2
5.9 lim b Wl

NLO =1 Jp i e\Dy o (o) X = Xl
@ K ‘o

dx =0,

which implies

) 1
(5.10) lim —— Woltdx = 0,
a\l a - 1 DK/lta (xa/)\Di lfa (xa)
« K ‘a
where K > 1 is any fixed positive constant.

Proof. We divide the proof into two steps.
Step 1 We prove

dx=0.

: 1 ol
(5.11) lim
NV =T Ib gy )y o (i) ¥~ Yol

For simplicity of notation, we also assume x, = 0. Define

2
[0 = f W/wl e [0, 810g
ta \D

IXI

E’t/lgy
. < ..
Since v > 1, then 4, < e Ye-T and it is easy to see that

e <(

- (02

I s
< A°,
_ 1)
where € < min{t;, 1 — t,}.

For any p > 0, taking the cut-off function n € C3' (D, ey, \ Do-r1ye_,) such that 0 < < 1 and

n=1lonD,ye\ D,y and |Vp| < % Taking f = nly,|* in the Hardy inequality (#.17), we get

ol
|x]

|2 g2) < ||V(77|lﬁa| Nz r2)
< ||2Ul//aVl//a||Ll(R2) + ||V77|Wa|2||L1(R2)

< |2ne—

|lm

2
®2) + [IVOlge Il r2)-

] ;//9 Il @2y + ||2771/’a l/’

On the one hand, we know

N _ 0 10 1 (')l//(l
ar  or |xa0 |x| 06 ar - Aldpa(ey), ey - o)

(5.12)
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from equation (2.13). So, we have

1 oy,
x| 96

W

2o —=1 < 20 = — 25| + Clllddallyal
On the other hand, by inequality (4.18)), we have

(5.13) Ixlld¢al + VIxllWol < Ce on Ds\ Dyx.

Combining these, we get

al® o
|77 ] Iz ®2) < 4||7Wa| | 00 —— @) + C||77|d¢a||lﬁa| 21 r2) + ||V77|lﬁa| Il ®2)
a"/’(l |l// |
< 4||7Wa| | 00 —— @2 + Celln x| |z m2) + ||V77|¢a| Il R2)-

Taking € > 0 sufficiently small such that Ce < 3, we have

ol 1 8y,
17 ¥ g2y < SIIW| 750 0 D \D e, )+ 20Vl Il Do Do)
- w(l
<8 o!
< 8lWalleso, gy, \D,1 o IX 50 I 4 O D)
+ [l + Pl
0 al [IL (Det/lff,“rp\De’A:f) p al lIL (De’t/lff,’ \De”/lgyfa)
oy 4 4
-1 (4 ) 5

< - —_—

(5.14) < CIA B sy v,y T p Vel M0, 0 + SN\

where p is small enough such that D ye,, \ D,y _, C Dyt o \ Dypein o
Let iy, i, € [0, k,] be two integers such that

AR < e DN < VIR and €?FA,R < "D A < e@DEQR.
Then we have

. . e
e—llL < Re(t+l+L)/lCly—t[, < CR(Q’ _ 1)—8/1(11—101’ e—(ka—lz)L < _/lta < C—/lt(,

and

2(1 +¢
Ih—1i < (L )+1<C10g
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Combing this with (5.14) and Lemma[5.2] we get

Wal*
[i7; I ||L1(R2)

i> |
< Z((a— D+e? +e

i=i

(kg =DL
2

4 4
2 2
Jote,5.R) + WP, 0,0+ S WPl o)

((ylz

. _iL 4 )
< ((01 — Dy —i))+e 7 +e 2 )o(a o,R) + /—)llllﬁa| 1o FRRUIS /—)|||l//a| ”Ll(De_u;a\De_ur‘LP)

(( log —— + VR( 1)4112+(“_)4I)( 5.R)
a - R(a — B o(a,
Vo
;|||lﬂa| Il D, Do) + —|||lﬂa| Iz o o Do)
Letting p — 0, we get
2
o) - f Wl
D, \D e X
1-tg —_ 4 la 2
((a/— 1)log Tt VR(@ - 1)*2,2 + u )o(a 5,R) + 4e %’wf Vol
\/5 6De1/lt" |-x|
2
+ 46—1/155 f |¢a|
0D,y X1
-ty - 4 la
((a/— l)log + VR(@ - 1)*2,2 + u )o(a 6, R) +4f'(v).
Vo
This is
1 1 1 I-tq (a - ) —4 ’0
(5.15) (e 4 f(1) = —e ((af - 1)log T+ VR(@ - 1)*2,2 + 7 )o(a o, R).
Integrating the above ODE from K to 8 log -~ —, we get
Ity - W
f(K)SC(cy—l)zf(Slog )+((a—l)log +\/_(a—l) ‘1, +% )o(a/éR)
I-tg -1 4 f(y
(af—l)+(af—1)10g +\/_(a D™*a,7 +% ) o(a,6,R).
)

where the last inequality follows from Lemma [.4] since

2
)Sf Vel .
-1 Ds\D,,r ||

1
f(8log
a

Then (5.11) follows immediately, which implies

1
(5.16) lim
a1 Va — 1 DKA?(X‘Y)\D%AQ? (xq)

Step 2 We prove the conclusions of the lemma.

Wol'dx =0
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Using the decay estimate (5.16) (i.e. [[Wollzsp,y) = 0 ((a - 1)%)) in (5.14) and repeat above process
again, we have

Ilﬁal

1
L X7 —= 1l s

9 L3 (D ol+1 lfrx \D —(r+l)lt:y )

—— @) < 8lWallm FRIALI Hlllx

2 2
+ p|||¢a| “Ll(De,AZ,w\De, o T p|||l//a| ”Ll(De_,/lZ, \D, i)

- %
<28||wa||y<p>2||| I

i=iy i=iy

—III%I Lo

4 2
D) T ;|||lﬁa| ”LI(DE,,A?\DE,,AIQ7 )

’A'O‘+

iL (ka—in)L
< (@= Dy - il)((a/ =i+ e ¥ 4T )o(a 5.R)
2 2
+ ;|||¢a| ”LI(Dngw\De,A{g) + l—)|||%0a| 1o et Do)
(@a—D* @

i1)2+\/§(a 1)‘% +T )( ,0,R)

2 2
+ p|||¢a| ”L‘(DE,A:;IW\DE,AZ,) + p|||lﬁa| Il (Dt o \Dot a )"

< ((a — )5 (log
@

Letting p — 0 and similar to deriving (5.13), we have

PPN —H( 141 1 5 4y (@=-D ’“)
(5.17) (e f(1)) = —e %' [(a — D'*3(log Y + VR(@ — )™, + ——2—172 |o(@, 6, R).
a—-1 Vo
Integrating the above ODE from K to 8 log - —, we get
1- —_ 4 I
f(K) < Cla - 1)*f(8log 1 )+ ((a— 1)1+%(1og ) + VR@-1)*, + @D ) )o(a/ 5,R),
a—1 Vo

which implies

1 of
(5.18) hm—f L2 —
N (@ — 1)“16 Dy ta Ga)\D 1 o (x0) |x = Xal
@ K ‘a
Thus we proved (5.9). The inequality (5.10) is a consequence of (5.9) and (@.18). o

From the proof of Lemma we can actually get a better decay estimate.

Lemma 5.5. (Improved decay of spinor) Under the assumption of Lemma for any B € (0, % ,
we have

2
|w(l| x — O,
w\l (a — Dﬂ ke Ca)\D o (¥o) X — xol

Wal*dx =0

lim
oI (@ — 1)5 Do Ga\D 1o ()
“a K" a



ELLIPTIC-PARABOLIC BOUNDARY VALUE PROBLEM 45

Proof. Set

1 e
hm Vel

=0;.
a1 a’ - l)ﬁ t(y(xa)\Dl fo/(xn) |X xdl

=supqfS =1

By estimate (5.18), it ie easy to see that y > 1. Next, we claim: y = %.

In fact, if not, then y < $ and there exists a small constant € > 0 such that y < (1 — 2¢’). Taking
B=vy—€ >1,then
1 Wl

1m
@ = 1P Iy ) ¥ = Xl
@ K ‘a

(5.19) dx =0.

Using the new decay estimate (5.19) and repeating the process of Step 2 in the proof of Lemma[5.4]
again, we have

(@-D* s

7 + VR - D =

F(K) < Cla = 17 f(8log L O+ ((a - 1)1+’%(1og )o(a 5. R),

which implies

1 of?
(5.20) lim —f Wl dx =0.

B_gr —
N (@ = D5 Ip e Dy g (x0) 1X el

Since y < %‘(1 — %6’), it is easy to see that 1 + § — € > v. This is a contradiction to the definition of
Y. |

It is interesting to ask whether the constant in the decay estimate in Lemma ﬂ is the best
constant to characterise the decay of the spinor or not?

As a corollary of Lemma[5.4]and Lemma [3.1] we get

Corollary 5.6. Assume v > 1. Let 0 <t} £t <1, by passing to a subsequence, there holds

lim ——— II\/x XellWalllco 1 G\D o () = = 0.

a1 (a —
Proof. For any t € [A2,A!1], by Lemman (or see the proof of Lemma , we have
I Vix = Xallalllcomy by < Cl|Wa||L4(D4,(xq)\D%[(xa))-
Then the conclusion of the corollary follows immediately from Lemma [5.4] m|

By Lemma 5.2] (or Corollary[5.3), we have

Lemma 5.7. Under the assumption of Lemma suppose that v > 1 and t, is a positive number
such that 0 <t <t, <t <1, then we have:

(1)
(ha (X + X2X) = Balxq + (A2,0))) — d log |x]

1
Va -1

strongly in C lOC(R2 \ {0}, RX) for any integer j, where d € T,N is a vector in R¥ with

, E(o!
I—a)l — #l—llma\lta ( )

T
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(2)
1 1 27
| y— (¢a A f ¢ad9)
a—1 2 Jo COD gy Ga\D o ()
= Xl ( ! fz” )
Z_y(p, - — badb — 0.
Va -1 2 Jo COD 1y (5a)\D o (5)
Proof. Set

Ma(-x) = ¢w(xw + Aglx)’ W(z(x) = (/li;)w_l /lﬁ*t//(,(x(, + Aglx)
and

Va(X) = \/1— (Pa (e + A5 %) = PalXe +(47,0))) -

By (4.26), (¢.23), Lemma[3.2]and Lemma/5.2] we have
f Vo, Pdx
Dzk/l;a (xry)\DQ—kAgr (xa)

2ya—1 2
< Cf (a0 + Vg, 0al)* Vol dx
Dzk 1 (xa)\Dz k yla (Xe)

2ya-1 2 ¢w
< Cf (Ta + Vg, 0l x = xol 2=
Dzk/l[ar (xa)\Dz k pla (Xa)

00
8 . Zk/lta"
+C| f (War |X = Xo 2= - Vatho)dx| + C f dr + C(k)A™
Do (Ga\Dyi g (50) 90 kT
— ¢a -1 awa
< C”lx - -xal ||L2(D ko (x)\D -k (x2)) ”W/a”L (Dzk/lt” ()Q,,)\D2 ke (xa))”l xal || 4

80 "LY (D o G0)\Dy 1 g (x0)

2 — ¢a ly
+ C”lwa”Ut(Dzkﬂm (-x(k)\Dz—k/l[(t (xa))lllx - xal (9 ”L (Dzk l’lY (,\cn)\D2 k/lt(}/ ()Ca)) + C(k)(a’ - 1 + /l )

(5.21)
< Clk)(a - 1),
where we used the fact that
Ao = o((@— 1"
for any m > 0 since v > 1.
By Lemma 3.1}, we have

(5.22)
Then,

2 N/
||Vua||c0(D2k(0)\D2,k(0)) +|IV ua”CO(DZk(O)\Dz,k(O)) < C(k) Va — 1.

2
IVVellcow . onn,- 0 + IV Velli=m i 0np, 0y < CK).
Noting that v, (1, 0) = 0, thus

IVellc2 00D, -0 < C k).
Since v, satisfies the following equation

Av, + Va = 1O(Vv,*) + (@ = D)O(IV,]) + O(Iwo>)O([Vv,]) = 0
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and by (.18)), there holds

(111{1} Iwallcow,wonn, 0y = 0,
then there exists a subsequence of v, (without changing the notation) such that

Ve = Vo in Cp.(R*\{0})
where v, satisfies vy(1,0) = 0 and

AVO = 0.
Moreover, Corollary [5.3]tells us that vo(x) = vo(|x]). Set
%
vo = d logr = (ay,...,ag)logr.

By Corollary [3.5]and Corollary we have

1 _
- 4 (O-a + |Vga¢oz|2)a 1|V¢a|2d-x
@ =1 b, an\D g ()

2 f”if’ 1 0 =
= —F,(log, ndt + f W 1X = Xal P - Vo o) + 0(1)
2a - 1 /lgry t o (2a - 1)(a - l) DZ/II(’ (xa)\D/lfa (xa) 80 »

2 .
= 55 —1 108 2Falta) + o(1) = 2log 2F (lim 75,

where we used the fact that

A =o((@—1)")
for any m > 0 since v > 1.
On the other hand, there also holds

1
— (Oa + Vg, 0l Voo Pdx = f

@ =1 Jb D e () D20)\D1 (0)

a-1
(aa + 1V, Vel 7) Vv, | dx

— 2rlog 2[d [Puimanifo
Therefore,
1 . E 0'1 .
I—a)lz — _ﬂ_llmu\l I“F(lim ta/) — ( )/12_2 limg 1 l‘(,,
Vs a\ 1 T

where the last equality follows from Lemma4.9 and we proved the statement (1).

For statement (2), if it was false, then there would exist ¢, € [#1,1,] and 8, € [0, 27] such that

1
(5.23) (A2IVP (A2, 0,) = Voo (A + |po (A2, 6,) — ¢ (A)]) = b 0,
Va -1
where
1 2
Y= — ,do.
bi=50 )

Let lim,\; 6, = 6, then it is obvious that
[Vvo(1,60) — Vvo(D| + [vo(1, 6o) — vo (D] = 0,

where vj is the average of v, similar to the definition of ¢;,.
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However, by (5.23) and the fact that v, — vy in C}

loc

(R?\ {0}), we have

b= lim . (A51V9a (A5, 00) = Voo (4] + 10a(A7, 62) — $5(45)])
a a —

= }Xl{‘r} [Vvo(1, 60) = Vv (D] + }}{r} vo(1,60) — v, (1)

= [Vvo(1,60) — Vv(D)] + [vo(1,6p) — vy(D) = 0
which is a contradiction. So, the statement (2) holds and we finished the proof of the lemma. O

Corollary 5.8. Under the assumption of Lemma we have:

LA | a¢ [E(o))
d log2 — 2 inC%[#,t
. «/Fé —|dr — log 2u'™ - in C°([t1,12])

and

¢ - [E(@)

\/a—(l e Y e C’([t1, 12]),
— Y ¢“|)(/l 0) > 0 inC[t;,5]).
=

Proof. We just prove the second claim, since the the proofs of the other two claims are similar. In
fact, if it was false, then there would exist z, € [#1,1,] and 6, € [0, 27] such that

9¢a -, [E(h)
(5.24) (r | |)(/1 O) =" >b>0.
Va -1 T
However, by Lemma we have
A3 0da
e 6, - 2
Va-19
where [@| = p!limoste E(‘T . This yields the following
o i E(c!
ALz, ) — et \[ETD
Va1 .
which contradicts to (5.24)). We finished the proof of this corollary. o

For 0 < t; < t, < 1, define the following curve:

1 27
we(r) === | ¢o(r,0)do : [A2,20] > RF,
2 0
which is denoted by v,, where (r, ) is the polar coordinate around the point x,,.

Denote
d

L 2 .
Wy = (E,_) Wy, Wy = ——Wq.

dr
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By a direct computation, we have

1 27 2
(.1')([ = E ﬁ(ﬁa(f‘, 9)d6’
1 21 1 2,,1 P
- — A - _9
5= | anodo -5 [ oo
(5.25)

a-—1

1 27 1 21 o i
= —2— f A(P)ddy, dd,)dO — —f 0(|V¢a”wa|2)d9 + f 0(|V2¢a|)d9 ~ @,
e 27 Jo 0 r

T

Proposition 5.9. After passing to a subsequence, the sequence of the curves {y,} in RN, which is
defined by w,, and parameterized by its arc length, converges to a curve w C N as a \, 1, where w
is a geodesic on N, i.e.

d*w dw dw
— + A(w)(—,—) =0.
ds? (@X ds’ ds)
Proof. Denote the induced second fundamental form of y, in R¥ by A, . Set
Gy = =0y — La,
r

By Lemma 3.1} it is easy to see that y, converges to some curve on N denoted by 7.
Next, we will show that 7y is just a geodesic on N. Let s be the arc length parameter of y,, i.e.

s(r) = f r o (T)ld,
A

o
@

where t, € [t1, 12].
By Lemma 5.7]and Corollary [5.8] for any 7, € (0, 1), we have

oy PH R sy
a a _ 1 E 1
f Ic'ualdrsf Ty @) 4y
28 28 r n

|E(o! E(o!
=(t; —t,) Va — 1log A,u ﬂ—>(li{1}ta—t1)logvu @)
i a

T

asa \, 1. So, if v = oo, then for any s € (0, ),
wa'[O,s] - wal[/l;z,/lt,]l]‘

If v € (1, 00), then u = 1 and noting that

A SR S

@ @ _1 E 1
f oaldr > f o1 JHDy,
R Al r T

E(o! E(o!
= (ty — 1) Va — 110g A, +/ (0-)—>(1i{r]1ta—tl)logv @)
T a T

as a N\ 1, there exists 7] € (0, #;) such that

wal[O,s] c w‘ll[/ltz /lrll]
@
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whenever s € (0 (limg~; 2, — tl)logv,/E(‘T )).

Computing directly, we obtain

dzwa dwa dw, 1 dw(, dw,
v _Ay(,(wa(S))( R ) = PNE ya(wa(l))( 7 —)
o <wa’wa>. 1 (Gmwa>.
= o T O T e T
1 1 27 1 1 27 ) 5
=T 2 A(¢<1)(V¢mv¢(t)d9+ 12 0(|V¢a”lr//(t| )+(CZ— 1)0(|V ¢w|)d9
lwal* 27 Jo lwol? 27\
) 2
+ = 04_ <A(¢Q)(V¢aav¢a)’ wa>d0
|woz| 2r 0
. 271
(526) -

—— (O(V@ollal®) + (@ — DO(V?Py), 0o)d0 := T+ 11 + I + IV.
|iel* 27 Jo

On the one hand, by Lemma 5.7 and using the fact that

(AG)(V b, Vo), ¢“> _ 0,

we have
) 27 ¢
m = —— (A@) Vo, Vo), g — —— >d9
|wel* 27 Jo
|X - -xal
5.27 < ||—=V(¢. — ¢, -0
(5.27) e (G — &)

CO(DAEY1 (x,])\DAg, (Xa))

as @ \, 1, where we used the fact from Lemma and Corollary that

Va—1 Va—1
ol = C~2"— and |Vg,| < C~2——
|x — Xl |x — Xl

On the other hand, by (5.22)) and Corollary [5.6] Corollary [5.8] we have

_ _ 2 22
(5.28) M+1IV< C(lX \/Xanvld’al |x \/Xa”lﬂlal i mbc Xol |V1 ¢a| 0
a — a — a —
as a \ 1.

Therefore, we obviously see that

2

d“w,

| < C(N).

Thus, ¢, (s) will converge locally to a smooth vector valued function from [0, 5] into RX, denoted by

w(s), in the sense of C', i.e. yal[ 2,417 converges locally to the curve .
Next, we will show that y is a geodesic.
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By Lemma 5.7]and Corollary we obtain

1 1 27
= s fo AV, V,)d6
1 1 27
= o on ( ; (A(¢a) = AlWa))(Va, Vo) + Alwe)(V(de — wa), V¢a)d9)
1 1 27 1 1 27
| 2 f A(U.)Q)(V(,UQ, V(¢(l - wa))dg + — 2 f A(wa)(vwa’ wa)dg
wal 27T 0 |C()a| 27T 0
|X - xallv(¢a - wa)l
(5.29) = la)a|2A(wa)(Vwa, Vw,) + 0( Nra ) + O(|opy — Wy ).

Combining (5.27), (5.28), (5.29) with Lemma[5.7] letting @ N\, 1, we have
dw dw y dw dw
o) -ZZ0)= - | A==, 22
75 (s) 75 0) fo (w)( 75 ds)

which implies

d*w do dw
— = —A(wW)(—, —).
ds? @) ds’ ds )
We finished the proof of this proposition. O

Now we can prove our main theorem in this section.

Proof of Theorem[5.1l By Proposition we just need to compute the length of the geodesic.
Without loss of generality, we assume A3} = 2”12 for some integer

_h—h
~ log2

My

log A,,
which tends to infinity as @ N\, 1. Then it is sufficient to consider the following three cases.
Case (3): v = .

By Corollary there holds

E(oh)
Pis

IJ()/all)szrl/l,2 (xw)\Dzkﬂfz(xa)) > Va-1 ( 10g2 + 0(1)) .

Then
L(Ye) = Cmp Vo — 1 2 =CVa — 1log A, — co.

Case (2): v € (1, ).

First, we prove the following equalities

(5.30) Lim lim lim Oscp,x,\0,g () Pa = 0
and
(5.31) 1%1_{1010 ltl—r>Ill }rl{‘rll OSCDAL(xa)\DMR(Xa)(ﬁd =0.
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In fact, by Lemma/5.2] there holds

(f |x — xo|” 2| % *dx ) (f lx — x|~ *l wal dx) 5((a—l)+e Tte (k(YZl)L)o(a o, R).

where Pi = De(”l)L/l(yR \ DeiL/l(,Ra 0<i< k(l = [n] - 1.
By (5.21)), we obtain

f |V¢a|2d-x < C”lx - -x(yl_
P;

109 L
a||L2(P)+|||'~/’(1||L4(P)”|x Xl ™ a;llwp)

1094
+ CllIgallfa Il = xal lﬁllum) +Cla—1+27)

(5.32) <(eTre — 1 +eLA,R).
According to Lemma 3.1} we get
(5.33) Oscpde < (€T +e T )o(,6,R) + C(Va — 1 +e% JAR).

Let i, € [1, k,] be the positive integer such that
AR < A < e"VEAR.
Then k, — i, < Clog % and

OSCD(S(xa)\DA, x)Pa < Z Oscp,po < 0(a,6,R) + C(Va — 1log /l_ + \/_)

i=i;

and (5.30) follows immediately. The proof of (5.31) is similar.
Secondly, since v € (1, o) implies u = 1, by Corollary there holds

o) = Va1 ( E(:l) log?2 + 0(1)).

L(7“|D2k+1 y2Ca\Dyy

L) = lim Vo= Im, ( \/ E(Zl) log?2 + 0(1)] —(th—1))

Case (1): v = 1.
By (5.33), we have
OSCD(x)\Dyr(xe)Par < Z Oscp¢o < 0(@,0,R) + C(Va — 11og /l_ + Vo)

i=1

Then

1
) logv.

which implies that

lim lim lim Osc =
5—0 R—oo (1/\1 Do(xu)\D 1‘YR(X(,)¢(Y

We finished the proof of Theorem[5.1]
Proof of Theorem It is easy to see that Theorem [2.3]is a consequence of Theorem 5.1]
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